General Disclaimer

One or more of the Following Statements may affect this Document

e This document has been reproduced from the best copy furnished by the
organizational source. It is being released in the interest of making available as
much information as possible.

e This document may contain data, which exceeds the sheet parameters. It was
furnished in this condition by the organizational source and is the best copy
available.

e This document may contain tone-on-tone or color graphs, charts and/or pictures,
which have been reproduced in black and white.

e This document is paginated as submitted by the original source.

e Portions of this document are not fully legible due to the historical nature of some
of the material. However, it is the best reproduction available from the original
submission.

Produced by the NASA Center for Aerospace Information (CASI)



THE CONDITION OF A FINITE MARKOV CHAIN AND

*
PERTURBATION BOUNDS FOR THE LIMITING PROBABILITIES

by

Carl D. Meyer, Jr.
Department of Mathematics
North Carolina State University
Raleigh, North Carolina 27650

May 1, 1979

THE CONDITION CF A FINITF MARKCV CHAIN AND N79-23724
PERTURBEATION BCUNDS FCR THE LIMITING
PROBABILITIES (North Carolina State Oniv.)

24 p HC A02/MF AO01 CSCL 121 Unclas

G3/64 25807

*
This work was supported in part by NASA Grant NS6-1532 and by NSF Grant MCS76-11989



Abstract. Let T denote the transition matrix of an ergodic chain, C, and let

~~~~~~~~

A=1-T, Let E be a perturbation matrix such that i = T - E is also the
trangsition matrix of an ergodic chain, &. Let w and & denote the limiting
probability (row) vectors for C and é. The purpose of this paper is to exhibit
inequalities bounding the relative error lLﬁ-iT%JL by a very simple function
of E and A. Furthermore, the inequality will be shown to be the best one which

is possible. This bound can be significant in the numerical determination of

the limiting probabilities for an ergodic chain.

In addition to presenting a sharp bound for lL%%i%ﬁLlL , an explicit

~

expression for & will be derived in which & is given as a function of E, A, w

and some other related terms.



THE CONDITION OF A FINITE MARKOV CHAIN AND

PERTURBATION BOUNDS FOR THE LIMITING PROBABILITIES

}. Eesfgggssfg?. Let T denote the transition matrix of an ergodic chain, C,
and let A= I - T, (The terminology and notation will be that used in [5] and
[6].) Let E be a perturbation matrix such that i = T - E {8 also the transition
matrix of an ergodic chain, 6. Let w and & denote the limiting probability

(row) vectors for C and C. The purpose of this paper is to exhibit inequalities
bounding the relative error iL%%iT%JL by a very simple function of E and A.

Furthermore, the inequalily will be shown to be the best one which is possible.
This bound can be significant in the numerical determination of the limiting
probabilities for an ergodic chain.

W = W

In addition to presenting a sharp bound for , an explicit

expression for & will be derived in which & is given as a function of E, A, w
and some other related terms.

The approach taken in this paper differs from the traditional methods of
past authors in that group properties of the matrix A are used to produce the
desired result3 where as previous results have relyed upon the so called
"fundamental matrix" given in [5]. (See [9]) Examples will be given which
show that the use of the group properties produce superior results to those

which can be produced using the traditional theories.



2. Group Properties. The fundamental fact on which the analysis of this pape:

N 0 ewme s M A

is based is the following.

THEOREM, If A= I - T where T is any row stochastic matrix, then A belongs

to a multiplicative matrix group.

A proof of this is given in [2] and [6]. It also follows from well known
results found in [4] and [8].

Since A belongs to some multiplicative group, G, A must possess an
inverse in G. This matrix is called the group inverse of A and is denoted by
A#. The identity in G is P = AA#, the projector whose range is R(A) and whose
nullspace is N(A).

As is shown in [6] and {2], almost all of the important information
concerning an ergodic chain is available in terms of the entries of A#. In

particular, the limiting matrix, W, for a chain with transition matrix T is

given by

2 n-1
2.1) W= tl,.%?.! I+T+ Tn+...+ T 1 - AA#. (See 6] or [2])

As pointed out in [6], the computation of at 1s not unduly complicated.
Indeed, computing A# is less of a chore than calculating the "fundamental

matrix." Further properties of A# are available in [2].



3. é ??EE?EE“S%?? ESE?SES f?f (é + §)f. Suppose T and i are trangition matrices
for ergodic chains C and 6, respectively, where i = T -« E g0 that A = A+ E,
In order to analyze E. it suffices to analyze ;#. The purpose of this section
is to provide an expression for (A + E)# which will hold for all possible values
of E. Notice that E cannot be arbitrary. Since % must be a stochastic matrix,
the elements, eij’ of E are constrained so that {eij[ < 1. There are, of course,
other additional restrictions.

If § = (1,1,1,...,1]%, then Aj = 0 and (A + E)§ = 0 so that Ej = 0. If
w and & denote the limiting probability (row) vectors for C and E. respectively,

then (2.1) implies that
#
E(I -4A") = E(Jw) = 0

so that

(3.1 Ead’ = E. (i.e., Row Sp(E) C Row Sp(4))

Since An!n belongs to a matrix group, there exist nonsingular matrices P and
C(n—l)!(n-l) such that

¢l o
p'l, al = p{- -1 - P‘l, and I - AA# = P

o 'o

-1.

(3.2) A=P P
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l
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(These statements are evident, but the reader may wish to consult [2].. Write E

in the form

[
58]
(3.3) E=pf----|P
By i &y



where E1 is (n - 1) x (n - 1), The fact that EAA# = E implies that E3 = (0 and

E4 = 0 go that

(3.4) A=A+E®=P|-=~=--~ P

Since C is again an ergodic chain, it must be the case that the limiting matrix,

~ ~~ g

W, must be a rank l matrix. By virtue of (2.1), it follows that rank(I - 4A") = 1.
By using the formula

I
X 10 # x# ' 0

(3.5) - = --3-- (found in [2] or [7])

Y 10 w? o

it is easy to see from (3.4) that

I~ (C+ El)(c + El)
N
I - A" = Ple = = e e e - e e Lt P,
i
'Ez(c + El)

The fact that rank(I - AA#) = ] now implies that I - (C + El)(C + El)# = Q.

That is, C + E1 is a nonsingular matrix. Since C + El = (T + EIC-I)C, it follows

that (I + EIC—I) is nonsingular so that

I+ EIC , 0
# -1
I+EA =Pl-=--~- 4-1p
-1 1
EZC 1
is also nonsingular and
(I + Elc ) 0
(3.6) (1 + EA#)" e - gy p L.




Now write the expression for (A + E)#. Using (3.4), (3.5), together with the

fact that (I + EIC'l) is nounsingular, yields

¢l + zlc“) 0
(3.7) TR IR . SR .- e
-l -1
-1 -1 -1 -1 !
E,C (I +E,C ) (T +ECTH) 0
- P
From (3.2) and (3.9) it is easy to see that
» v
- - -1
cler+ ECh 1o
# 4 =1 -1
AT +EA) " mp|eeeneaoat ol
0 "o
L ! _
B "]
- 0 F o
(I-AA#)(I-bEA#) 1-p ........... '..-p"l
P PO :
2 1 ) ] 1
- -
and
p . q
.‘! 3 - & - 0
T-aha+rah W areh  epb e oo e oo L. L0 o=l
- -1 -1 ! )
-Ezu 1(I + Elc 1) c'l(: + EIC‘I) g
L- !
so that (3.7) becomes
7 # - E - 3 #} -
(3.8) a+ B eafa syt oo -ty sty W L

R m=-=b~,ar=~47=«7~ - - e e e e —



By using the identity (I + EA#)-l -1- EA#(I + EA#)'I, together with (2.1),

one arrives at the following result.

THEOREM 3.1. Let C be an ergodic chain with transition matrix T and
limiting matrix W and let C be an ergodic chain with transition matrix

TwT-E IfA=1-T, then

#

A+ E)# = A - A#EA#(I + 1-:1»‘#)"1 - W(I + EA#)-IA#(I + EA#)'l.

It is clear that this theorem guarantees that for the situation under

question,

1m (A + E)Y = a?

E+0

so that the following coroflary is obtained

COROLLARY 3.1. For the situation of Theorem 3.1, the elements of Aﬂidepeud

continuously on the elements of A.

This result car also be proven using the information in [2] or [3].

Now that an explicit representation for (A + E)# is known, one can obtain
almost all of the important information regarding ¢ through the results of (6].
However, the purpose here is to now concentrate on the problem of obtaining a
perturbation formula and bounds for the limiting probabilities because it is

these quantities which lie at the heart of any analysis of the chain,




4. A Perturbation Formula and Perturbation Bounds for the Limiting Probabilities.
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If W and W are the limiting matrices for ergodic chains C and C, respectively,
then using Theorem 3.1 together with (2.1) yields an explicit expression for W

One has the following result.

THEOREM 4.1. If C and E arec ergodic chains with transition matrices T

and i = T - E and limiting matrices W and W, respectively, then
wew+ el aw-wmafq + ah?

where A= I - T,

In passing, it is pointed out that as a corollary cne obtains lim W= Y4,
E+0

which is of course the well known result stating that the limiting probabilities
are continuous functions of the elements of T. By making use of (3.1) and (2.1)
another important corollary of Theorem 4.1 is obtained. It is the one which
reveals the structure necessary in order for the limiting probabilities to

remain invariant under a perturbation.

COROLLARY 4.1. For ergodic chains C and C, it is the case that W= W if and
only if R(E) € R(A). ({i.e., the limiting probabilities are unaltered if and

only if the columns of E are linear combinations of columns of A.)

Consider now the problem of bounding the relative error term JLﬁ?ﬁ%fFiL

where w and & are the limiting probability vectors for C and C, respectively.

Since every row of W is equal to w and every row of W is equal to &, Theorem

4.1 yields



(4.1) we== JEA
and
(4.2) W0 wF.A#(I + m’)“.

For the vector l-norm (|| xlll ) Ile) the induced matrix norm is

Nall, = max | xAHl = max | lwij! because one is dealing with row vectors
=il =1 1]

and left hand multiplication. A trivial observation is that the relative error

in w for the l-norm is always bounded by 2. That is,

%1.]“-5”1 <2

and || w - Glll can be made to be arbitrarily close to 2 with particular choices
of w and @, However, this does not take into account the relative size of

Il El[l. The expression in (4.1) can provide a more useful bound in the case of
the l-norm. Using (4.1) to bound the relative error in w provides an additional
desirable feature., Namely, that the bound is obtainable without having to
impose any additional hypothesis on the magnitude of the elements of E.

The above remarks are summarized in the following.

THEOREM 4.2. For ergodic chains C and C with transition matrices T and
T=T ~E and limiting probability vectors w and &, the relative error in

w for the l-norm is

w-=-all . ¢ E
JLHTU‘ILI =flo-all, <lea"ll, iH{ <, (©)

vhere A= I - T and «,(C) = I AIIIH A#III.




The l-pnorm may not be the most desirable choice of norms. It seems that
the =-norm is a more natural choice of norm when investigating the sensitivity
of the limiting probabilities to perturbations in the transition probabilities.

It is worth completing the statement on norms by noting that for any two

probability vectors, w and &, the following relations always hold for an n-state chain,

”“’“1 = 1 and ““"‘3”152'

n“"'a’nz

s<llwll, 21 and llw-&llzs_fz—,sotha:—rn—n—z— <V .

8 - ;\||--

SHoll,<1land Juw-all, sl so that lw-all, < 1.

W
L]

Consider now an arbitrury vector norm and a compatible matrix norm such

that || I|| = 1. Take the norm of both sides of (4.2) to obtain

s=Bl et e mh?.
,
1f || EA" || < 1, then
e+ byt e —20
1= ]l ea” |

and the inequality takes a familiar form which is given below.

THEOREM 4.3. Let C and C be ergodic chains with transition matrices T and
T, respectively, where T = T - E, lLet d = w - & where w and & are the

limiting probability vectors for C and C, reopectively.. and let A= I - T,
£ | EA#II <1, then

ETIL\T

1 - |l ea” |}




1 |2l 1A% <1, then

x(C)
(4.2) i{ "
x(C)

1.

where <(C) = || Al || A Muceover, there are nontrivial cases where

equality 1s actually attained in each of the above.

Note that (3.1) guarantees that *}%&H—s H EA'!I. vhich i{s less than 1, by

hypothesis.

The term H—%++'is the relative error in w while *%%{+ is the relative

error in A. This inequality is exactly of the same form as the familiar
inequality obtained when analyzing a perturbed nonsingular linear system of
equations. The only difference is the term «(C). The fact that the analysis
of any ergodic chain revolves about the limiting probabilities, together with
the appearance of x(C) in Theorems 4.2 and 4.3, motivates one to make the

following definition.

DEFINITION. Let C be an ergodic chain whose transition matrix is T, and

let A= 1~ T. The condition of the chain C is defined to be the number
#

JOER PV NFWIE

Clearly, if the condition of the chain is relatively small, then the
limiting probabilities will be relatively insensitive to small changes in the

transition probabilities. If the condition of the chain is relatively large,




then the limiting probabilities may or may not be sensitive. Although the
bound in (4.3) can sometimes be pessimistic, it is important to point out
that there are nontrivial cases where equality is actually attained. Examples
are given in following sections.

As a final observation, note that since AA# = I - Wwhere wnxn is the
limiting matrix, one has || AA#III -2 - Zmin:ui,![AA#llz > 1, and

I AA#l =1+ (n - 2)maxw, g that

| ‘

2
KI(C) >2 - 2minw112 -

K, (C) 21,

- RN

k (C) > 1+ (n -~ 2)max w,; > 2 -

A special case which is of frequent interest is that in which the
perturbation affects only a single state. That is, only the probabilities
for leaving (or entering) the i~th state are perturbed. The question is

"how does this effect w, and perhaps the rest of w?"

In this case, the i-th row of T, denoted by tys is perturbed so as to

produce t,, the i-th row of T. If u, = [0.0,...,0.1,0,...,0]T is the i-th unit

vector, then E is the rank 1 matrix E = u(ti - t,). Equation (4.1) degenerates

i
to
d-w-G:-weA#(I**-EA#)-I
i1
where e1 = ti - ti. Since E = uiei, one can write
u,e A#
(I+EA#)-1-(I+ueA#)-1=I- i
171 i
1 + eiA u1

so that (4.2) reduces to the following.

11



COROLLARY 4.2. If C is an ergodic chain and the transition probabilities

for leaving the i-th state are perturbed so as to form an ergodic chain C,

then
eiA#
(4.4) w-ﬁ’mi——r
1 +e,A u,

4
where w, @, e, A", and ui are as described earlier.

In particular,

i i - g
mi l1+g
where o0 = e A#u and
i i
- w e A#
i S S 1 NS il
W w #
k k1l + eiA ui

1f H eiA#li < 1, then

N # . #
w, =@, ) I e A I i W, = B . fl I e A Il
0y ]‘1- el | O i T
#
1f || eill Il A" || < 1, then
- -
el _ ™
wy = @y . “Tall «(C) g W = By . uy Tall k(C)
2 LA o el S L
T TaAT e T AT "
- -




5. Examples. Below, a general example is constructed to show equality in 4.3

- e m w

can be attained for the »-norm as well as the 2-norm. Note that the fact that

row vectors, rather than column vectors, are involved means that the ~-matrix

norm is given by || Al|_ = max || xA|| = max ) lai
I % |f=d g1 Y

Consider the regular chain whose transition matrix is the symmetric

circulant

1
T a ? i 3 1 - 3 1
1 3 1 3 « <1 3
L ] 2ax2n

Since T is symmetric, the limiting probability vector is

-
n -1 0 -1 0« » -1 0 -1
-1 n -1 0 =1 -« 0 -1 0
4
A] - 1 0 -1 n -1 0+ « =1 0 -1
n L]
-1 0 -1 0 -l ¢ ¢« o =] 0 n
#t # i # ] {

by verifying that AA"A = A, A"AA" = A", and AA

A'A. (These three conditions

suffice to define A’. See [2] or [6].) Note that || A#[I =2,

x



a
A = n - z \Y 2k-1 M i = 1’2’3’.'!’&1
i kel i

where {“1|i = 1,2,...,2n} 18 the set of the 2n-th roots of unity. (See [1])

since nA’ 1s symmetric, || nA#llz - VmaxlA1| and one can see that max!Ail -

An+l = 2n so that

Haffl, =L aa®y, - 2

s

v2n

From (5.1), || d|i2 = ;?%—:2%57 . Now || w]lz - Jgi' and || E||2 = ¢ /2n so that

hell,
lall, . e 1, Kel, fafy, &, 2©
el " 4=2e 0 e, 1= e, at, , _TEM

T TAT, 2 ©




6. Why Not Treat This Strictly as an Eigenvector Problem?
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In principle, the problem is an eigenvector problem. That is, one is
analyzing the normalized left hand eigenvector associated with the eigenvalue
AT = ] for a row stochastic matrix T, or equivalently, the normalized left
hand eigenvector agssociated with the eigenvalue XA = 0 for A=1~« T, The
known facts concerning the eigenvectors of a perturbed matrix are therefore,
to some extent, relevant. However, there are some peculiar aspects which the
general eigenvector theory does not capitalize upon. For example, the stochastic
nature of the problem sets it apart. The fact that the relevant eigenvalue,

AA = O, (as well as its multiplicity) is unaltered by the perturbation is
certainly smecial. The perturbation E is constrained to be one of a special
kind, namely one which preserves the ergodic nature of the chain.

Moreover, the protlem at hand is not concerned with the sensitivity of the
entire eigensystem of a stochastic matrix. Only a very special eigenvalue and
eigenvector with peculiar properties are involved. One should therefore
not be too surprised to find some sort of special behavior exhibited which is
not present in the general theory.

In general, if x is an gigenvector for B such that (B - AII)x = 0 and
there exists another eigenvallg AZ’ of B which is close to Al, then one expects
X to be gensitive to perturbations in B. (See [10]) However, this can
produce some wrong impressions when applied to the special case at hand. The
following example illustrates how applying this general theory can be somewhat
misleading. Let C1 and C2 be two ergodic chains whose transition matrices are

given by



™ n
. 99995 .00005 0
(6.1) T1 = 0 .99995 .00005
.00005 0 .00005
and
.99998 . .00005
T2 = .

.00005 . 99995

The eigenvalues for A, = T -~ Tl are kl = 0, A235.000100002 and A, . 999949998

1
while the limiting probability vector is w, % (.4999875, .4999875, .000025).

L

The eigenvalues for A2 =1« T2 are u, = 0 and My = .000! and the limiting
probability vector is w, = (.5, .5). In each case the matrices have another
eigenvalue very close to the eigenvalue 0. The general perturbed eigenvector
theory therefore suggests that the eigenvectors associated with the eigenvalue
0 should be "sensitive'" to perturbations in the elements of each of the
matrices A1 and A,.

However, if one allows the term sensitive to mean that smsll relative
errors in the A matrix can produce large relative errors in the limiting vector
w, then the sensitivity of the limiting probabilities may or may not be greatly
influenced by the distance between the eigenvalue 0 and the other eigenvalues
of A.

For the two chains, C1 and C2, of the above example, one finds that

5000 -4999.75 -.25
A v | =5000.25 5000 .25

4999.5 -5000.25 .75
L o

and



' 5000 -5000

-5000 5000

80 thatngicl) v 15,000 whilexaﬂcz) = 1. Theorem 4.3 guarantees that the chain
C2 is well conditioned while C1 is more badly conditioned. Indeed, if C1 is

perturbed so as to produce C1 with T, = T, - E vhere

- T
.001 -.001 0
Ea= 0 0 0
0 0 0

one finds that

ml v (.045452376, .954499897, .000047727)

3

so that a relative error of 10 ° in A1 (using the «~-norm) produces a relative

error of about .91 in Wy In contrast, Theorem 4.3 guarantees that a relative

3 in A, can produce a relative error of at most 1/999 » 10-3 in w,.

error of 10~
The conclusion is that one cannot always use the distance between A =
and the nearest nonzero eigenvalue of A as a measure of how sensitive the

limiting probabilities are to perturbations,



7. Why Not Treat This Strictly as a System of Linear Equations?

If Tnxn is the transition matrix of an ergodic chain, it follows that
A=I-Thasrankn -1 and any subset of n - 1 columns of A i3 linearly
independent. The problem of finding the limiting probability vector is simply

that of solving the system

wA = 0, Zmi =1,

Clearly, this is equivalent to one n X n nonsingular system of the form uM = b
where M is obtained from A by replacing one column (say the k-th one) by the
column j = [1,1,....1]T and b is the k-th unit vector.

Since M is nonsingular and b is not subject to perturbation, the standard
result (which is the analogue of Theorem 4.3) holds. That is, if a perturbation
of the transition probabilities causes M to go to ﬁ = M + F where

Iell ot <1, then

F
. . : Cond (M) -
(7.1) nﬁmﬁJ < VF where Cond(M) '”MH“MIW
1 - m Cond (M)

and || I|l= 1. (See [10].) This suggests that Cond(M) 'might also be used as a
measure of the condition of the chain.

However, converting the singular matrix A into the nonsingular matrix M
can drastically alter the condition of the problem. That is, although A is
singular, it can be well conditioned in the sense that H All ] A#II is small

whereas the modified matrix M is nonsingular but | M|| || M.lll can be very large.



For example, consider the chain C whose transition matrix is

1 -¢ € € . e €
n 1 n-1 n-1
€ £ . . €
n-1 1-ce n-1 n-1
Tnxn = . , 0<g<l,
£ 3 £ Ve
n-1 n 1 n-1 1l -¢
L -
so that
= =
n-1 -1 =1 ¢+ o =1
-1 n-1 -l ¢ o ¢ =]
A = . .

Clearly, A is positive semidefinite so that

4 max Ai
KZ(C) = | AIIZH A'H2 = —— Wvhere ), denotes eigenvalue.

Ai $0

It is easy to verify that the eigenvalues of A are given by

{O,nef l’nE? l’neg Treee nsg 1} so that KZ(C) = 1, regardless of what value is

assigned to ¢ and what the size of n is. Now replace any column (say the k-th omne)
of Aby j = [1,1,...,1]T so as to form the matrix M. The matrix MTM then has

the form



n-1 -1 -l ¢ ¢ o 0 =1 v e
-1 n-l-l"' 0 -1 ¢ o @
2 . + 2
T € n=-1 . e e
MM = a(=C7) 0 0 0 - =) 0
-1 -1 -] ¢ o o o n-looo
-1 -1 -] ¢« ¢ o 0 -1 + o en=~-1l
L.
It is not difficult to see that the eigenvalues of MTM are given by
2
{n,n(= £ T .(nnf T) .---,(nnf 7) } so that for large n or small ¢,

» Dax singular value . n -1
Condz(M) min singular value €

Thus Condz(u) can be made arbitrarily large by either taking ¢ small or n large.
Note also that Condz(M) is independent of which column is selected to contain
the 1's.

It clearly would be a mistake to use Cond(M) as any sort of 3uvide to the
sensitivity the limiting probabilities might exhibit to perturbations in the
transition probabilities. Aside from the theoretical hazards which the matrix M
can produce, it is obvious that M could also present numerical difficulties if
it were uged in any sort of computational scheme.

The bound produced by using M and (7.1) is almost always inferior to the
bound obtained from Theorem 4.3. As an example, consider again the three state
chain C, whose transition matrix is given by (6.1). Suppose this chain is

perturbed so that the transition matrix becomes T = T - E where




2.5 x 1070 2.5 x10™ 0
£ = 0 0 0
0 0 0

- p

Then ; = A+ E, M is obtained from A by replacing some column of A by jJ.
Assume that in M as well as in M, the column which is j is taken to be the

second column. Then

“2.5%x10 0 0
FaM-Md= 0 0 0
0 0 0

- e

is the perturbation in M in (7.1). Using the =-norm, one finds that

Cond (M) 60,000 whereas «_(C) » 15,000. The bound for the relative error in
w which (7.1) provides is approximately 1 whereas the bound produced by (4.3) is
about .6. In this case, the actual relative error (with the =-norm) is about
.33334.

This example exhibits only a single case where (4.3) is superior to (7.1).
However, experience has shown this to be typical. For each value of n = 3, 5,
10, 20, and 30, twenty n~state ergodic chains were randomly generated. A
random perturbation (which satisfied the hypothesis of Theorem 4.3 and (7.1))
was introduced and the bounds given by (4.3) and (7.1) were computed using the
w-norm. For n = 3, (4.3) gave a better bound than (7.1) in 13 out of the 20
trials. For n = 5, (4.3) gave a better bound in 18 out of 20 trials. For each
of the cases n = 10, n = 20, and n = 30, (4.3) was found to be superior in 20
out of 20 trials. Moreover, for each of the 100 chains generated, x_(C) was
never significantly greater than 5 whereas CondG(Man) was always in the

neighborhood of n2.



Since the goal was not to use M in any sort of computational scheme, but
rather to determine the degree to which characteristics of M (e.g., Cond(M))
relfect the relative gensitivity of the limiting probabilities, no attempt was
made to scale M. This, of course, could be done and should be done if M is
specifically given and is to be used in computations. However, when M is not
specifically given, no theoretical advantage as far as producing a general

analytical bound on the relative error can be realized.

~~~~~~~~~~~~~~~
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