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1. Introduction

Nhtsl kninvn clwwes of binory Crror.corrcctirlg cocks h:lvc

Iwcn dcsiyrcd for usc on symnwtric ch:innels, i.e.. chonnels for
which the error prob;lbilitit’s I ~ O snd O -+ I are cqu:il.

IIowcvcr. in ccrlvin applications (e.g.. LSI memory protection

(l{cf. I). optic:lt c~)lllttttltlic:llit>n (Ref. 6)). tlw observed errors

:Irc highly :Isynlnwtric. and the uppropriistc ch:lntwl model

moy in f:wl Iw the Z-ckrnncl. in which the trwlsilion O - I is

impossible. Of course any code cap:lble of correcl ing t errors
~m ii symnwtric clurntwl will also be cspable of correcting I

Z.chantwl crrtm; but at present thtre i$ no entirely sotisf:w.
ttlry tccllniquc for chxsling direclly with osymnwtric errors.

Cotllp:lr; lblc wy to the llCl lGIppa const rwlion (Ref. 5) for

symmetric errors, Recently. however. Constnntin 3nd Rno

(l{cf. 1) guve 3n ingenious construction for 3 cksss d Ilinary

C(UICS c;IpJIIle d correcting a single asymmetric error. Since

,mr orticlc is b:lscd on theirs, we Iwgin will) 3 akcriplion of

lltc ~..R. COdCS.

[cl 1’,, denote the set of bin3ry n.luplcs, and Iel G bt any
..\l)cli;lll grf~llil of ~wdcr // + I. \ve suppose the non7cru

(S,,... , X,, ) e 1.,,. WY lIL’IIIIC

PI
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Since S“/(/t + 11 is WI Itppcr bowd on Ihc c;lr.lin:llily of :1
sillglc syln!llclric error.correcting code of lcnglh n. Ihc simple

hound t)f Eq. (3) :Ilrcwly intlicntcs 111:1[sonwllling inlcrcsliny

is :tfout$’ ;Ind onc n:llur;illy wishes 10 know more :IIMutt [Iw

numlrcrs I I’,,(.c)I. As a SICP in this direction, Const:lntin und

1{:!0 Sll(nvcll 111:1[

I l“,,(o) I a I L’,,(N 1, :111g G G (-1)

in clYWl [{q. (4) climin:ltcs thc need 10 consiilcr I’,,[c) for ,V*

O. I lowwvcr. this is :N ~~r m (’onst:mtin ond Roo went: they

were ttn:iblc 10 lintl on cx;wl fortnulu for I 1’,,(0)1 cxccpl for

ccrloin spcciul groups. and Ihcy did no! idcnlify lhc group or

groups of order tr + I yielding the largest VJluc of I 1’,,(0)1. \vc
It:tvc Iwcn :tblc to 1311in these g:Ips using Iinitc Fmwicr w];tlysis,

Tlw dctuils of our work uppc;lr in Sections II :Iml Ill, but Ilcrc

WC sketch our m;lin conclusions.

Firsl. we luwc obl:litwd ;tn csplicit formulo for 11’,,(g)l in

gmwrol. The formul;l depends on the chor:wtcrs of G, :Ind is

given (Ivitll the cllwlgc in notation noted Iwlow) in Theorem I
of Scc”litm II 1, For g = O, the c;tsc of primary inlcrcsl. however.

lllc formuld simplilics 10

~ ,(11+,,,(1(11, -,11”,,(0)1 = + - (s)

11odd

\Vc will ulsu show (Coroll;lry Z, Sci.ti(w Ill):

11’’,,(0)1 < * (:,+,,2’’;’)

C’lmge in notation:

11-I

)(x): = ~.~i.c(’)
j.()

\\~csll:Ill tlIcIlsltI(ly Ihcllumlwrs
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Ill. Main Results

LCI (; = {.v(o),. c(’),, o., g (“-’ )} I)c ;I Illlitc Abcli;ln group

(\vc ilsslllllc g(o) = o), ;Inll Icl 1’,, llwlolc Illc Scl of n.ltlplcs ot-

0’s :Ind I “s. ~(~r x = (.vOO .vl ,. “ ,, .Y,, ) G 1’,,, dclltte tlw

mopping y: 1:, ~ (J’l>y

81- I

7(X): = ~ .V,g(’)
1=0

(21)

our prtddcm is I(J count Ilw rlttmlwr of times L’W’11t.%’mcnt in

(; is covcrcd in Ibis m:lpping, i.r.. 10 IInd IIw ntmlbers

f(r): = I{xcv,, :tix) =g}l (22)

Wr will stdvc this problem hy “llsing the wsults of Section I 1,

1Icrc is Ihc wsull:

Theorem 1:

l:or C:icll g G G.

II- I

‘II (1 +(-h,.c(i9)
i. “

Corollary I:

[It p;lrlicul:lr.

f(o) = + ~ ?’/’’(”) (24)

11 odd

(in Eqs. (23) ml (24). lhc symbol o (h) denotes the order of

the clcmcnt h C G, and the summation is extended over all

clcmcnls in G ofodd order,]

Proof:

This will follow from Eq. (12), once we compute .?(h).

From Eq. (I 1).

,?(//)= ~ (h. -.e)fcc)
.Ce(;

= ~ (-,,, .vog(o~ +.. . +.Y,,-,g@-’o

X=1”
It

(from Kq. (22)J

127



QED.

Corollary 2:

~(0) < 1//1(?’ + (n - 1)2’’/3), will] cqu:llily ifmtcl only if n

is:1 power of 3, untl G is on clcmcntury Abclitin .l.grwp.

Prook

From C’(wllisry I.

~ ,!,,’90,,j“(o) = + .
II 11dd

=+- k“+x ~“’’’(”))
h ,I(t,l
I,*O

If/l = O. htll f)(h j is mid. then o(h)> 3. I Iencc ~“t’)(”) < 2’1/J,

:11111so

f(o) < + (2” + (/1 - 1)2’’/3) (28)

I!quulily clc:lrly holds in Eq. (29) if and only if every element

in G (cxccpt O) I1OSortlcr 3, i.e., iff C is on elementary Abelian

.;.group. QED.

To stute our Iln:ll coroll:try, we need to introduce some

tl{ll]ll>cr.tl]c(~rc!ic notolion. Let [he prime-power decomposi.

lion of II Iw

‘1= Iw(”) (29)

pill

Sln(ft): = m c“’)-1)pP (:0)
pE n

Proofi

Let

\Ve conclude with one illustnrtion O( II(MV Thc\urnl I C:III lw

used to compute [he vtiluts J1.c), for uII g E (j. Suppow. lhcn,

that G = Zp@Zq is u direct sum of a cyclic p.~rtmp Jnd ~ cycli~

q-group, p and q being odd primes. \\’c rcprcscn[ [Iw clcnwn[s

of G as pairs (s. .1’). O < s < p. O <Jo < t?. There urc just ftwr

equivalence clwses of elements in G. and \ve c~n CINWSC as

representatives of t!wse CIMWS (0. 0). (O. I). (1. 0). (1, I). TIIC

following table will prow useful:

————.——...——-—— —- . .—
i hi

—---------- .-.._.__J’L!_
(Ii 0(,/, }

o (o. o) I I *P~

1 (0.1) q q-1 *P.

3 (1.0) p p- I *4.

3 (1.1) pq (p- I)(q - 1) 2
———. -.. _-— . . . . . .. . -- —... . . ._— —
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and f is the column veclor whose Lth component is j~h,). In

the present case, clearly

fr= (2p~. 2p.2~, 2)

and from the tihrve toblc we compute

[

I (q- 1) (p- 1)

I
(p-l)(q-1)I-1(p-l)-(p-1)II=I(q-1) -1 -(q- 1)

I -1 -1 +1

I knee

f(ho)=~(wt (q- l)2p+ (p- I)2Q+ (p- I)(f?- 1)2}
pq

j“(h , ) = * (?’~ - y+@-l)y- (p- 1)2]
The best possiblt

lwlglll 14 110sonly
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