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THE CONTACT HOMOLOGY OF LEGENDRIAN
SUBMANIFOLDS IN RZn+1
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Abstract

We define the contact homology for Legendrian submanifolds
in standard contact (2n 4 1)-space using moduli spaces of holo-
morphic disks with Lagrangian boundary conditions in complex
n-space. This homology provides new invariants of Legendrian
isotopy which indicate that the theory of Legendrian isotopy is
very rich. Indeed, in [4], the homology is used to detect infinite
families of pairwise non-isotopic Legendrian submanifolds which
are indistinguishable using previously known invariants.
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1. Introduction

The motivating problem for this paper is the classification of Legen-
drian submanifolds up to Legendrian isotopy. Here we restrict attention
to the standard contact structure on R?"*!. For n = 1, the Legendrian
isotopy problem has been extensively studied, [2, 6,9, 10, 11], but there
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have been few results for n > 1. In this paper, we give a rigorous defini-
tion of contact homology, a potent new invariant originally described in
[5]. This new invariant was applied in [4] to construct infinite families
of non-Legendrian isotopic, Legendrian n-spheres, n-tori and surfaces
of arbitrary genus. These are the first such high-dimensional exam-
ples. They also demonstrate that the analogues of rotation number and
Thurston-Bennequin invariant (and diffeomorphism type) of a Legen-
drian submanifold are far from complete invariants of Legendrian iso-
topy. (See [4] for a definition of the high-dimensional analogues of the
classical invariants.)

The goal of this paper is to define contact homology and prove that
it is a Legendrian isotopy invariant.

Theorem. The contact homology of Legendrian submanifolds in
R27+1 with the standard contact form is well defined. (It is invariant
under Legendrian isotopy.)

We define the contact homology using punctured holomorphic disks
in C" ~ R?" with boundary on the Lagrangian projection Ic: C* xR —
C™ of the Legendrian submanifold, and which limit to double points of
the projection at the punctures. This is analogous to the approach
taken by Chekanov [2] in dimension 3 who was the first to prove that
the classical invariants are not enough to distinguish isotopy classes. In
dimension 3, however, the entire theory can be reduced to combinatorics.
As discussed in [4], our contact homology also fits into the over arching
philosophy of Symplectic Field Theory outlined in [8]. There it goes by
the name of the “relative contact homology” of the standard contact
(2n + 1)-space.

In Section 2, we define contact homology more concretely and out-
line its invariance under Legendrian isotopy. If L ¢ R?"*! ~ C" x R
is a Legendrian submanifold we associate to L a differential graded al-
gebra (DGA), denoted (A, 0), freely generated by the double points of
I (L) C C™.

Since L is embedded, one may distinguish upper and lower branches
of L at double points of II¢(L) and using this structure, we associate a
sign to every puncture of a holomorphic disk with boundary on I¢(L).
We define the differential of the DGA by counting punctured rigid holo-
morphic disks with boundary on II¢(L) and with exactly one positive
puncture. The contact homology of L is defined to be Kerd/Imd.
Thus, contact homology is similar to Floer homology of Lagrangian in-
tersections. The proof of its invariance is similar in spirit to Floer’s
original approach [13, 14]; we study bifurcations of moduli spaces of
rigid holomorphic disks under variations of the Legendrian submanifold
in a generic 1-parameter family of Legendrian submanifolds. Similar
bifurcation analysis is also done in [19, 21, 30, 31].
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In Section 6, the (formal) dimension of the moduli space of punc-
tured holomorphic disks with boundary on an exact Lagrangian immer-
sion which is an instant in a generic 1-parameter family is expressed in
terms of its boundary data. We compute this dimension by relating the
linearization of the d-equation for punctured disks with boundary on
the exact Lagrangian to the standard vector Riemann—Hilbert problem
on the closed disk (i.e. the disk without punctures).

In Section 7, we show that for Legendrian submanifolds (and their
1-parameter families) in an open dense set in the space of such, the
moduli-spaces of holomorphic disks are being transversely cut out. That
is, we achieve transversality for the d-equation without perturbing the
complex structure on C". The fact that we can keep the standard
complex structure on C™ is important for computations of contact ho-
mology, see [4]. Similar transversality results were obtained by Oh [25]
for closed holomorphic disks with Lagrangian boundary condition, un-
der the additional assumption that the disks have an injective point on
the boundary. In general, disks without such points cannot be excluded
and we manage to prove transversality for disks involved in contact ho-
mology using the fact that they have only one positive puncture, and a
technical result, established in Section 3, that all Legendrian subman-
ifolds may be assumed real analytic close to the preimages of double
points of Il¢.

In Section 9, we show that moduli-spaces of holomorphic disks have
certain compactness properties. We prove a version of Gromov com-
pactness for punctured holomorphic disks with boundary on an im-
mersed exact Lagrangian submanifold in C". In particular, it follows
that O-dimensional moduli-spaces are compact and that 1-dimensional
moduli-spaces have natural compactifications.

In Section 8, we establish gluing theorems. These are used to prove
that the differential 0 of the DGA A satisfies 9 o @ = 0, and that the
homology of (A, 9) is left unchanged by the two basic bifurcations which
occur in generic 1-parameter families: appearance of disks of formal di-
mension —1 and self-tangency instances. The most technically difficult
results are the so-called degenerate gluing theorems which are necessary
to control the changes of the DGA under self-tangencies. Here, holo-
morphic disks with punctures at the self-tangency double point must be
glued. To prove these gluing theorems, we use results from Section 4
which give the blow up rate of the constant in the elliptic estimate for
the linearized 0-equation, as the transverse double point at one puncture
approaches a self-tangency double point. To prove invariance under the
appearance of disks of formal dimension —1, we use an auxiliary Leg-
endrian submanifold, see Section 10 and a method similar to the proof
of Floer theory invariance which uses an elegant “homotopy of homo-
topies” argument (see, for example, [15, 29]).
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2. Contact Homology and Differential Graded Algebras

In this section, we describe how to associate to a Legendrian subman-
ifold L in standard contact (2n + 1)-space a differential graded algebra
(DGA) (A, 0). Up to a certain equivalence relation this DGA is an in-
variant of the Legendrian isotopy class of L. In Section 2.1, we recall the
notion of Lagrangian projection and define the algebra A. The grading
on A is described in Sections 2.2. Sections 2.3 and 2.4 are devoted to
the definition of 9 and Section 2.5 proves the invariance of the homol-
ogy of (A, d), which we call the contact homology. The main proofs of
these three subsections rely on much analysis, which will be completed
in the subsequent sections. In a sense, these last three subsections can
be viewed as an overview of the remainder of the paper.

2.1. The algebra A. Throughout this paper, we consider the standard
contact structure ¢ on R?"*!1 = C" x R which is the hyperplane field
given as the kernel of the contact 1-form

n
(2.1) a:dz—Zyjdxj,
j=1
where 1,91, ..., Zn, Yn, 2 are Euclidean coordinates on R?**1. A Legen-

drian submanifold of R*"*1 is an n-dimensional submanifold L c R?"+!
everywhere tangent to £&. We also recall that the standard symplectic
structure on C” is given by

n
w= Z dx; A dy;,
j=1
and that an immersion f: L — C" of an n-dimensional manifold is
Lagrangian if f*w = 0.
The Lagrangian projection projects out the z coordinate:

(2.2) Il¢: R2tL C™  (T1,Y1, - s TnyYn, 2) = (T1, Y15+« s Ty Yn)-
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If L ¢ C" x R is a Legendrian submanifold, then Ilc: L — C" is a
Lagrangian immersion. Moreover, for L in an open dense subset of all
Legendrian submanifolds (with C'*° topology), the self intersection of
IIc (L) consists of a finite number of transverse double points. We call
Legendrian submanifolds with this property chord generic.

The Reeb vector field X of a contact form « is uniquely defined by
the two equations o(X) = 1 and da(X, ) = 0. The Reeb chords of a
Legendrian submanifold L are segments of flow lines of X startlng and
ending at points of L. We see from (2.1) that in R?"*! X = 8— and
thus Il¢ defines a bijection between Reeb chords of L and double points
of IIc(L). If ¢ is a Reeb chord, we write ¢* = Il¢(c).

Let C = {c1,...,¢m} be the set of Reeb chords of a chord generic
Legendrian submanifold L C R?"*!. To such an L, we associate an
algebra A = A(L) which is the free associative unital algebra over the
group ring Zs[H1(L)] generated by C. We write elements in A as

(2.3) Zt"“ e,

where the ¢;’s are formal variables corresponding to a basis for H;(L)
thought of multiplicatively and ¢; = ¢;, ...¢;, is a word in the gener-
ators. It is also useful to consider the corresponding algebra Az, over
Zs. The natural map Zs[H;(L)] — Zy induces a reduction of A to Az,
(set tj =1, for all j).

2.2. The grading on A. Let A, be the Grassman manifold of La-
grangian subspaces in the symplectic vector space (C",w) and recall
that Hy(Ay) = m1(A,) = Z. There is a standard isomorphism

w: Hi(Ay) — Z,

given by intersecting a loop in A,, with the Maslov cycle ¥. To describe
u more fully, we follow [26] and refer the reader to this paper for proofs
of the statements below.

Fix a Lagrangian subspace A in C™ and let ¥;(A) C A, be the subset
of Lagrangian spaces that intersects A in a subspace of k dimensions.
The Maslov cycle is

S =31 (A) = S1(A) USs(A) U--- U S,(A).

This in an algebraic variety of codimension one in A,,. If I' : [0, 1] — A, is
a loop then p(I") is the intersection number of I' and ¥. The contribution
of an intersection point ¢’ with I'(¢') € X to u(T") is calculated as follows.
Fix a Lagrangian complement W of A. Then for each v € T'(¢') N A there
exists a vector w(t) € W such that v + w(t) € I'(t) for ¢ near ¢. Define
the quadratic form Q(v) = %h:t/w(v,w(t)) on I'(t) N A and observe
that it is independent of the complement W chosen. Without loss of
generality, () can be assumed non-singular and the contribution of the
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intersection point to p(I") is the signature of Q. Given any loop I' in A,,,
we say (') is the Maslov index of the loop.

If f: L — C™ is a Lagrangian immersion then the tangent planes of
f(L) along any loop v in L gives a loop I' in A,,. We define the Maslov
index p(7y) of v as u(vy) = pu(I') and note that we may view the Maslov
index as a map p: Hi(L) — Z. Let m(f) be the smallest non-negative
number that is the Maslov index of some non-trivial loop in L. We
call m(f) the Maslov number of f. When L C C™ x R is a Legendrian
submanifold, we write m(L) for the Maslov number of II¢: L — C™.

Let L € R*™*! be a chord generic Legendrian submanifold and let ¢
be one of its Reeb chords with end points a,b € L, z(a) > z(b). Choose
a path v : [0,1] — L with 4(0) = a and (1) = b. (We call such path a
capping path of c.) Then Ilc oy is a loop in C" and I'(¢) = dllc (T, L),
0 <t <1is a path of Lagrangian subspaces of C". Since ¢* = Il¢(c) is
a transverse double point of II¢(L), I' is not a closed loop.

We close T' in the following way. Let Vi, = I'(0) and Vi = T'(1).
Choose any complex structure I on C" which is compatible with w
(w(v, Iv) > 0 for all v) and with I(V}) = V. (Such an I exists since the
Lagrangian planes are transverse.) Define the path A(Vq, Vp)(t) = eV,
0 <t < Z. The concatenation, I' * A(V1,Vp), of I and \(V1, Vp) forms
a loop in A, and we define the Conley—Zehnder index, v,(c), of ¢ to be
the Maslov index (T % A(Vi, Vp)) of this loop. It is easy to check that
vy(c) is independent of the choice of I. However, v,(c) might depend
on the choice of homotopy class of the path ~. More precisely, if v; and
~9 are two paths with properties as v above then

v (€) = vas(e) =y * (—72)),
where (—v2) is the path =, traversed in the opposite direction. Thus
vy(c) is well defined modulo the Maslov number m(L).
Let C = {c1,...,cm} be the set of Reeb chords of L. Choose a capping
path «y; for each c¢; and define the grading of c; to be

l¢j| = vy, (c5) = 1,

and for any t € Hy(L) define its grading to be |t| = —u(t). This makes
A(L) into a graded ring. Note that the grading depends on the choice
of capping paths but, as we will see below, this choice will be irrelevant.

The above grading on Reeb chords ¢; taken modulo m(L) makes Az,
a graded algebra with grading in Z,,). (Note that this grading does
not depend on the choice of capping paths.) In addition the map from
A to Ay, preserves gradings modulo m(L).

2.3. The moduli spaces. As mentioned in the introduction, the dif-
ferential of the algebra associated to a Legendrian submanifold is defined
using spaces of holomorphic disks. To describe these spaces we need a
few preliminary definitions.
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Let Dyp,q1 be the unit disk in C with m 4 1 punctures at the points
Do, - - - pm on the boundary. The orientation of the boundary of the
unit disk induces a cyclic ordering of the punctures. Let 815m+1 =
aDm+1 \ {p07 s 7pm}

Let L € C" x R be a Legendrian submanifold with isolated Reeb
chords. If ¢ is a Reeb chord of L with end points a,b € L, z(a) > z(b)
then there are small neighborhoods S, C L of a and S, C L of b that
are mapped injectively to C" by IIc. We call TI¢(S,) the upper sheet
of IlIc(L) at ¢* and Ilc(Sy) the lower sheet. If w: (Dpy1,0Dmy1) —
(C™, IIc(L)) is a continuous map with u(p;) = c*, then we say p; is pos-
itive (respectively negative) if u maps points clockwise of p; on 0D, 41
to the lower (upper) sheet of II¢(L) and points anti-clockwise of p; on
0Dy, 41 to the upper (lower) sheet of IIc(L) (see Figure 1).

m A Cg
|

Sp

Figure 1. Positive puncture lifted to R?"*!1. The gray
region is the holomorphic disk and the arrows indicate
the orientation on the disk and the Reeb chord.

If a is a Reeb chord of L and if b = by ... by, is an ordered collection (a
word) of Reeb chords, then let M 4(a;b) be the space, modulo conformal
reparameterization, of maps u : (Dpy41,0Dp41) — (C*, g (L)) which
are continuous on Dy, 41, holomorphic in the interior of D, 1, and which
have the following properties

e po is a positive puncture, u(pg) = a*,
e p; are negative punctures for j > 0, u(p;) = b},

e the restriction u|@D,41 has a continuous lift @: Dy — L C

C" x R, and
e the homology class of @(0D};, ) U (U;v;) equals A € Hi(L),
where «; is the capping path chosen for ¢;, 7 = 1,...,m. Elements

in Ma(a;b) will be called holomorphic disks with boundary on L or
sometimes simply holomorphic disks.

There is a useful fact relating heights of Reeb chords and the area
of a holomorphic disk with punctures mapping to the corresponding
double points. The action (or height) Z(c) of a Reeb chord ¢ is simply
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its length and the action of a word of Reeb chords is the sum of the
actions of the chords making up the word.

Lemma 2.1. If u € M4(a;b), then
(2.4) Z(a) — Z(b) = / u*w = Area(u) > 0.

Proof. By Stokes theorem, [, w'w = [, u*(=3; yjdr;) =
[ @*(—dz) = Z(a) — Z(b). The second equality follows since u is holo-
morphic and w = 377, dx; A dy;. q.e.d.

Note that the proof of Lemma 2.1 implies that any holomorphic disk
with boundary on L must have at least one positive puncture. (In
contact homology, only disks with exactly one positive puncture are
considered.)

We now proceed to describe the properties of moduli spaces M 4(a; b)
that are needed to define the differential. We prove later that the moduli
spaces of holomorphic disks with boundary on a Legendrian submanifold
L have these properties provided L is generic among (belongs to a Baire
subset of the space of) admissible Legendrian submanifolds (L is admis-
sible if it is chord generic and it is real analytic in a neighborhood of all
Reeb chord end points). For more precise definitions of these concepts,
see Section 3, where it is shown that admissible Legendrian submani-
folds are dense in the space of all Legendrian submanifolds. In Section
5, we express moduli spaces M 4(a;b) as O-sets of certain C'-maps be-
tween infinite-dimensional Banach manifolds. We say a moduli space is
transversely cut out if 0 is a regular value of the corresponding map.

Proposition 2.2. For a generic admissible Legendrian submanifold
L C C" xR, the moduli space M 4(a;b) is a transversely cut out man-
ifold of dimension

(2.5) d = (A) + |a| = [b| - 1,
provided d < 1. (In particular, if d < 0 then the moduli space is empty.)

Proposition 2.2 is proved in Section 7.8. If u € M 4(a;b), we say that
d = u(A)+|a|—|b| is the formal dimension of u, and if v is a transversely
cut out disk of formal dimension 0 we say that v is a rigid disk.

The moduli spaces we consider might not be compact, but their lack
of compactness can be understood. It is analogous to “convergence to
broken trajectories” in Morse/Floer homology and gives rise to natural
compactifications of the moduli spaces. This is also called Gromov
compactness, which we cover in more detail in Section 9.

A broken holomorphic curve, u = (u',...,u"), is a union of holomor-
phic disks, u’ : (D, 0Dp;) — (C",c(L)), where each w’ has exactly
one positive puncture p’, with the following property. To each p/ with
J > 2 is associated a negative puncture qf € Dy, for some k # j such
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that v/ (p/) = uk(qf) and qf,/ #+ qf if 7 # 4/, and such that the quotient
space obtained from D,,, U---U D,,, by identifying p/ and qf for each
j > 2 is contractible. The broken curve can be parameterized by a sin-
gle smooth v : (Dy,,0D) — (C",IlIc(L)). A sequence u, of holomorphic
disks converges to a broken curve u = (u!, ..., u") if the following holds:

e For every j < N, there exists a sequence ¢3 : D,,, — Dy, of linear
fractional transformations and a finite set XJ ¢ D,, such that
Uq © ¢h, converges to u? uniformly with all derivatives on compact
subsets of D, \ X7

e There exists a sequence of orientation-preserving diffeomorphisms
fa : Dy — D,y such that u, o f,, converges in the CO-topology to
a parameterization of u.

Proposition 2.3. Any sequence uq in M a(a;b) has a subsequence

converging to a broken holomorphic curve u = (u', ... ,uN). Moreover,
uw € My, (al;b7) with A = Z;VZI A; and

N . .
(2.6) u(A) + lal = b =D (u(4)) + |o?] - [b7]) .

j=1

Heuristically, this is the only type of non-compactness we expect to
see in My (a;b): since mo(C™) = 0, no holomorphic spheres can “bubble
off” at an interior point of the sequence u,, and since ¢ (L) is exact no
disks without positive puncture can form either. Moreover, since ¢ (L)
is compact, and since C™ has “finite geometry at infinity” (see Section
9), all holomorphic curves with a uniform bound on area must map to
a compact set.

Proof. The main step is to prove convergence to some broken curve,
which we defer to Section 9. The statement about the homology classes
follows easily from the definition of convergence. Equation (2.6) follows
from the definition of broken curves. q.e.d.

We next show that a broken curve can be glued to form a family of
non-broken curves. For this, we need a little notation. Let c!,..., c"
be an ordered collection of words of Reeb chords. Let the length of
(number of letters in) ¢/ be I(j) and let a = a; . . . a; be a word of Reeb
chords of length & > 0. Let S = {s1,...,s,} be r distinct integers
in {1,...,k}. Define the word ag(c!,...,c") of Reeb chords of length
k—r+375_11(j) as follows. For each index s; € S, remove as; from

the word a and insert at its place the word c7.

Proposition 2.4. Let L be a generic admissible Legendrian subman-
ifold. Let M4(a;b) and Mp(c;d) be 0-dimensional transversely cut out
moduli spaces and assume that the j-th Reeb chord in b is c. Then there
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exist a p > 0 and an embedding
G: Ma(a:b) x Mp(c;d) x (p,00) — Masp(ai by (d)).

Moreover, if u € Ma(a;b) and v’ € Mp(c;d) then G(u,u', p) converges
to the broken curve (u,u’) as p — oo, and any disk in Ma(a;byg;y(d))
with image sufficiently close to the image of (u,u’) is in the image of G.

This follows from Proposition 8.1 and the definition of convergence
to a broken curve.

2.4. The differential and contact homology. Let L C C" x R be
a generic admissible Legendrian submanifold, let C be its set of Reeb
chords, and let A denote its algebra. For any generator a € C of A we
set

(2.7) da= > (#Ma(a;b))A4b,
dim M4 (a;b)=0

where #M is the number of points in M modulo 2, and where the sum
ranges over all words b in the alphabet C and A € H;(L) for which
the above moduli space has dimension 0. We then extend 9 to a map
0: A — A by linearity and the Leibniz rule.

Since L is generic admissible, it follows from Propositions 2.3 and 2.4
that the moduli spaces considered in the definition of 0 are compact
0-manifolds and hence consist of a finite number of points. Thus 0 is
well defined. Moreover,

Lemma 2.5. The map 0 : A — A is a differential of degree —1.
That is, 000 = 0 and |0(a)| = |a] — 1 for any generator a of A.

Proof. After Propositions 2.3 and 2.4, the standard proof in Morse
(or Floer) homology [28] applies. It follows from (2.5) that 0 lowers
degree by 1. q.e.d.

The contact homology of L is
HC,(R**1 L) = Ker 9/Im 0.

It is essential to notice that since 0 respects the grading on A the contact
homology is a graded algebra.
We note that 0 also defines a differential of degree —1 on Az, (L).

2.5. The invariance of contact homology under Legendrian iso-
topy. In this section, we show

Proposition 2.6. If L; C R*"t!, 0 <t <1 is a Legendrian isotopy
between generic admissible Legendrian submanifolds, then the contact
homologies HC,(R*"*1 Lg), and HC,(R?*"*1, L) are isomorphic.
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In fact we show something, that at least appears to be, stronger.
Given a graded algebra A = Zy[G](aq,...,a,), where G is a finitely
generated abelian group, a graded automorphism ¢ : A — A is called
elementary if there is some 1 < j < n such that

b(as) = {Ai% i F ]

+Aja;+u, uweAlar,...,aj-1,0j41,...,0n), i =j,

where the A; are units in Zs[G]. The composition of elementary auto-
morphisms is called a tame automorphism. An isomorphism from A
to A’ is tame if it is the composition of a tame automorphism with an
isomorphism sending the generators of A to the generators of A’. An iso-
morphism of DGA’s is called tame if the isomorphism of the underlying
algebras is tame.

Let (&;,0;) be a DGA with generators {e!, e} }, where |e}| =i, |¢}| =
i—1 and 9;¢% = e}, d;el, = 0. Define the degree i stabilization S;(A, )
of (A, 9) to be the graded algebra generated by {a1,...,an, e}, es} with
grading and differential induced from A and &;. Two differential graded
algebras are called stable tame isomorphic if they become tame isomor-
phic after each is stabilized a suitable number of times.

Proposition 2.7. If L; C R*"t!, 0 <t <1 is a Legendrian isotopy
between generic admissible Legendrian submanifolds, then the DGA’s
(A(Lo),0) and (A(L1),0) are stable tame isomorphic.

Note that Proposition 2.7 allows us to associate the stable tame iso-
morphism class of a DGA to a Legendrian isotopy class of Legendrian
submanifolds: any Legendrian isotopy class has a generic admissible
representative and by Proposition 2.7, the DGA’s of any two generic
admissible representatives agree.

It is straightforward to show that two stable tame isomorphic DGA’s
have the same homology, see [2, 11]. Thus Proposition 2.6 follows from
Proposition 2.7. The proof of the later given below is, in outline, the
same as the proof of invariance of the stable tame isomorphism class
of the DGA of a Legendrian 1-knot in [2]. However, the details in our
case require considerably more work. In particular, we must substitute
analytic arguments for the purely combinatorial ones that suffice in
dimension three.

In Section 3, we show that any two admissible Legendrian subman-
ifolds of dimension n > 2 which are Legendrian isotopic are isotopic
through a special kind of Legendrian isotopy: a Legendrian isotopy
¢r: L — C" xR, 0 <t <1,is admissible if ¢po(L) and ¢1(L) are ad-
missible Legendrian submanifolds and if there exist a finite number of
instants 0 < t1 <tg < --- <t <1 and a d > 0 such that the intervals
[tj —0,t; + 0] are disjoint subsets of (0,1) with the following properties.
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(&) For t € [0,t1 — ] U (UJLyfty + 6,541 — 0]) Ut + 8,1], (L) is
an isotopy through admissible Legendrian submanifolds.

(B) For t € [tj — 0,t; + 4], 7 = 1,...,m, ¢(L) undergoes a stan-
dard self-tangency move. That is, there exists a point ¢ € C"
and neighborhoods N C N’ of ¢ with the following properties.
The intersection N N Ilc(¢:(L)) equals P; U Py(t) which, up to
biholomorphism looks like Py = 1 x P{ and Py = 72(t) x Pj.
Here 71 and 72(t) are subarcs around 0 of the curves y; = 0 and
22 + (y1 — 1 £ 1) = 1 in the z;-plane, respectively, and P and
P} are real analytic Lagrangian (n — 1)-disks in C"! = {21 = 0}
intersecting transversely at 0. Outside N’ x R the isotopy is con-
stant. See Figure 2. (The full definition of a standard self tangency
move appears in Section 3. For simplicity, one technical condition
there has been omitted at this point.)

N NN/

t >0 t =0 t <0

Figure 2. Type B double point move.

Note that two Legendrian isotopic admissible Legendrian submanifolds
of dimension 1 are in general not isotopic through an admissible Leg-
endrian isotopy. In this case, one must allow also a “triple point move”
see [2, 11].

To prove Proposition 2.7, we need to check that the differential graded
algebra changes only by stable tame isomorphisms under Legendrian
isotopies of type (A) and (B). We start with type (A) isotopies.

Lemma 2.8. Let Lyt € [0,1] be a type (A) isotopy between generic
admissible Legendrian submanifolds. Then the DGA’s associated to Ly
and L1 are tame isomorphic.

To prove this, we use a parameterized version of Proposition 2.2. If
Lt € I =[0,1] is a type (A) isotopy, then the double points of II¢ (L)
trace out continuous curves. Thus, when we refer to a Reeb chord ¢ of
Ly for some ¢’ € [0, 1] this unambiguously specifies a Reeb chord for all
L. For any ¢, we let MY (a;b) denote the moduli space M 4(a;b) for
L; and define

(2.8) Miy(a;b) = {(u, t)lu € Mj(a;b)}.

As above “generic” refers to a member of a Baire subset, see Section 7.2
for a more precise formulation of this term for 1-parameter families.
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Proposition 2.9. For a generic type (A) isotopy L, t € I = [0,1]
the following holds. If a,b, A are such that u(A) + |a| — |b| =d < 1,
then the moduli space MY (a;b) is a transversely cut out d-manifold.
If X is the union of all these transversely cut out manifolds which are
0-dimensional, then the components of X are of the form Mi{j (aj,by),
where p(Aj;) + |aj| — [bj| = 0, for a finite number of distinct instances
ti,...,tp € [0,1]. Furthermore, ti,...,t, are such that Mg(c; d) is a
transversely cut out 0-manifold for every c¢,d, B with p(B)+|c|—|d| = 1.

Proposition 2.9 is proved in Section 7.9. At an instant ¢ = t; in
the above proposition, we say a handle slide occurs, and an element in
Mi{j(aj,bj) will be called a handle slide disk. (The term handle slide

comes form the analogous situation in Morse theory.)
The proof of Lemma 2.8 is similar to that of Lemma 2.5. It uses the
following compactness result.

Proposition 2.10. Any sequence u,, in Mi(a; b) has a subsequence
that converges to a broken holomorphic curve with the same properties
as in Proposition 2.3.

The proof of this proposition is identical to that of Proposition 2.3,
see Section 9.

We now prove Lemma 2.8 in two steps. First, consider type (A)
isotopies without handle slides.

Lemma 2.11. Let Lyt € [0,1] be a generic type (A) isotopy of
Legendrian submanifolds for which no handle slides occur. Then, the
boundary maps 0y and 01 on A= A(Lg) = A(L1) satisfies Oy = O1.

Proof. Proposition 2.10 implies that MY (a; B) is compact when its
dimension is one. Since if a sequence in this space converged to a broken
curve (u',...,u’), then at least one u/ would have negative formal
dimension. This contradicts the assumptions that no handle slide occurs
and that the type (A) isotopy is generic. Thus the corresponding 0
dimensional moduli spaces M% and M}4 used in the definitions of 0y
and 01, respectively, form the boundary of a compact 1-manifold. Hence,
their modulo 2 counts are equal. q.e.d.

In order to see what happens around a handle slide instant, we con-
struct an auxiliary Legendrian submanifold of dimension one larger than
L. The details of this can be found in Section 10 where the following is
proved. Let Ly, t € [-6,6] and MY(a;b) be as M (a;b) in Subsection
10.2. Let 0_ denote the differential on A = A(L_s), and 04 the one on
A = A(Ls). For generators ¢ in A, define

m, A JcC if ¢ # a,
Y (C)_{a—f—mAb if ¢ = a,
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where m € Zy and extend ¢}’ to a tame algebra automorphism of A.

Lemma 2.12. There exists m € Za so that the map ¢' : A — A is
a tame isomorphism from (A,0-) to (A, 04).

This is Lemma 10.8.

Proof of Lemma 2.8. The lemma follows from Lemmas 2.11 and 2.12.
q.e.d.

We consider elementary isotopies of type (B). Let L;,t € I = [, ]
be an isotopy of type (B) where two Reeb chords {a,b} are born as ¢
passes through 0. Let o be the degenerate Reeb chord (double point)
at t =0 and let C' = {a1,...,a;,b1,...,bn} be the other Reeb chords.
Again, we note that ¢; € C’ unambiguously defines a Reeb chord for all
L; and a and b unambiguously define two Reeb chords for all L; when
t > 0. It is easy to see that (with the appropriate choice of capping
paths) the grading on a and b differ by 1, so let |a| = j and |b] = j — 1.
Let (A_,0-) and (A4,04) be the DGA’s associated to L_s and Lsg,
respectively.

Lemma 2.13. The stabilized algebra S;(A—,0-) is tame isomorphic

to (A4, 04).
Proof of Proposition 2.7 and 2.6. The first proposition follows from
Lemmas 2.8 and 2.13 and implies in its turn the second. q.e.d.

We prove Lemma 2.13 in several steps below. Label the Reeb chords
of L; so that

Z(bm) <...<Z(l) < 2(b) < Z(a) < Z(am1) < ... < Z(a),

let B = Zy[Hy(L)]{b1,...,by) and note that B is a subalgebra of both
A_ and Ay. Then

Lemma 2.14. For § > 0 small enough
Ora=b+w,
where v € B.

Proof. Let 0 € Hy(L) denote the zero element. In the model for
the type (B) isotopy, there is an obvious disk in M} (a;b) for ¢t > 0
small which is contained in the z;-plane. We argue that this is the only
point in the moduli space. We restrict attention to the neighborhood
N of 0* that is biholomorphic to the origin in C" as in the description
of a type (B) move. Let m; : C* — C be the projection onto the 7"
coordinate. If u : D — C" is a holomorphic map in M} (a;b), then m;ou
will either be constant or not. If m; o u is non-constant for ¢ > 1, then
the image of 71 o u intersected with IV has boundary on two transverse
Lagrangian submanifolds. As such it will have a certain area A;. Since
Z(a) — Z2(b) — 0 as t — 0+, we can choose ¢ small enough so that
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Z(a) — Z(b) < A, for all i« > 1. Then, 7; o u must be a point for all
i > 1 and for ¢ = 1, it can only be the obvious disk. Lemma 7.24 shows
that M§(a;b) is transversely cut out and thus contributes to dya. If
u € M (a;b), where A # 0, then the image of u must leave N. Thus,
the above argument shows that MY (a;b) = () for ¢ small enough. Also,
for t > 0 sufficiently small Z(a) — Z(b) < Z(by,). Hence, by Lemma 2.1,
v e B. q.e.d.

Define the elementary isomorphism ®q : A, — S;j(A_) (on genera-
tors) by

e{ if ¢ = a,
Po(c) =qeb+v ife=b
c otherwise.

The map ®¢ fails to be a tame isomorphism since it is not a chain map.
However, we use it as the first step in an inductive construction of a
tame isomorphism ®;: Ay — S;(A-). To this end, for 0 < i <1, let A;
be the subalgebra of Ay generated by {ai,...,a;,a,b,b1,...,by} (note
that Ay = A4). Then, with 7 : S;(A-) — A_ denoting the natural
projection and with 9° denoting the differential induced on S;(A-), we
have

Lemma 2.15.
(2.9) Oy odiw = 0% o Pyw
forw e Ay and
(2.10) Todyod, =700° o Py.

Before proving this lemma, we show how to use it in the inductive
construction which completes the proof of Lemma 2.13.

Proof of Lemma 2.13. The proof is similar to the proof of Lemmas 6.3
and 6.4 in [11] (cf. [2]). Define the map H : Sj(A-) — S;(A-) on
words w in the generators by

0 ifwe A,

H(w)=<0 ‘ ifW:aejlﬂandozeA_

aelf ifw=aelfand a e A_,
and extend it linearly. Assume inductively that we have defined a graded
isomorphism ®; 1 : Ay — S5;(A_) so that it is a chain map when
restricted to A;_; and so that ®;_;(ay) = ag, for k > i — 1. (Note that

®( has these properties by Lemma 2.15.)
Define the elementary isomorphism g; : S;(A-) — S;(A-) on gener-

ators by
C if C 75 a;,
gi(c) = .
a;+Ho®;_100:(a;) if c=aqy
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and set ®; = g; o ®;_1. Then ®; is a graded isomorphism. To see that
®; is a chain map when restricted to A; observe the following facts:
ToH =0,709; =7, and 7o ®; = 7o P for all 5. Moreover, dya; € A;_1
and 7 — idg,(4_) = 0% o H + H o 9%, where in the last equation, we
think of 7: Sj(A-) — S;(A-) as 7: Sj(A_) — A_ composed with the
natural inclusion.

Using these facts, we compute

9% gi(a;) = 0% (a;) + (02 H)P;—104(a;)
=0°(a;) + (HO> + 7+ id)®;_10+(a;)
= 0% (a;) + 7P00+(a;) + ®;—10+(a;)
= ®; 104 (a;).
Thus ®; 004 (a;) = 0° og;(a;) = 0% o ®;(a;). Since ®; and P;_; agree on

A;_1 it follows that ®; is a chain map on A;. Continuing, we eventually
get a tame chain isomorphism ®; : AL — S;(A_). q.e.d.

The proof of Lemma 2.15 depends on the following two propositions.

Proposition 2.16. Let L;,t € I = [=6,0] be a generic Legendrian
isotopy of type (B) with notation as above (that is, o is the degenerate
Reeb chord of Lo and the Reeb chords a and b are born as t increases
past 0).

1) Let MY%(o,c) be a moduli space of rigid holomorphic disks. Then

there exist p > 0 and a local homeomorphism

S: M(0s¢) x [p,00) — MPV(as¢),
with the following property. If u € MY(0;c), then any disk in
./\/li?’d}(a; c) sufficiently close to the image of u is in the image of
S.
2) Let M%(c,d) be a moduli space of rigid holomorphic disks. Let
S C {1,...,m} be the subset of positions of d where the Reeb

chord o appears (to avoid trivialities, assume S # (). Then there
exists p > 0 and a local homeomorphism

S': MY(c,d) x [p,00) — MPU(c, dg (b)),

with the following property. If u € My(e;d), then any disk in
/\/lfg(ﬂ(c; ds(b)) sufficiently close to the image of u is in the image
of S'.

This is a rephrasing of Theorem 8.2 and the following proposition is
a restatement of Theorem 8.3.

Proposition 2.17. Let L;,t € I = [—4, ] be a generic isotopy of type
(B). Let M%l(o; ch), ..., MOAT(O; c”), and M%(c;d) be moduli spaces of
rigid holomorphic disks. Let S C {1,...,m} be the subset of positions
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in d where the Reeb chord o appears and assume that S contains r
elements. Then there exists p > 0 and an embedding

T j —4,0 r
G: M(c;d) X I MO (0;d7) x [p,00) = MEPP ) (erds(cl,... "),

with the following property. If v € Mg(c;d) and uj € Mo(o;¢?), j =
1,...,r then any disk in Mgﬁ’gAj (c;dg(ct,...,c")) sufficiently close

to the image of (v,u1,...,u,) is in the image of G.

Proof of Lemma 2.15. Equation (2.9) follows from arguments similar to
those in Lemma 2.8. Specifically, one can use these arguments to show
that 94b; = 0_b;. Then since d+b; € B and since Py is the identity on
B,

<I>06+bi = 6+bl = a,bl = aiq)obi.

We also compute
Dp0ra = Po(b+v) = eg +v+ov= eé = 0° ®ga,
and, since d4 b and dyv both lie in B,
oD b =D, b, 8 Pob =% (el +v) = d_v =0, v.

Since 0 = 0;0+a = 04+b + 04 v, we conclude that (2.9) holds.

To check (2.10), we write dya; = Wy + Wy + W3, where W lies in
the subalgebra generated by {ai,...,a;,b1,...,bn}, where Wy lies in
the ideal generated by a and where Wj lies in the ideal generated by b
in the subalgebra generated by {ai,...,a;,b,b1,...,bn}.

Let u;, be a family of holomorphic disks with boundary on L;. As
t — 0, ug converges to a broken disk (u',...,u") with boundary on L.
This together with the genericity of the type (B) isotopy implies that
for t # 0 small enough, there are no disks of negative formal dimension
with boundary on L; since a broken curve which is a limit of a sequence
of such disks would have at least one component %’ with negative formal
dimension.

Let us: D — C™, s # 0 be rigid disks with boundary on L. If,
the image u_¢(0D) stays a positive distance away from o* as t — 0+
then the argument above implies that u_; converges to a non-broken
curve. Hence, 0_a; = W1 + Wy where for each rigid disk u_4: D — C"
contributing to a word in Wy, there exists points g_; € 0D such that
u_¢(q—t) — o* as t — 0+4. The genericity assumption on the type
(B) isotopy implies that no rigid disk with boundary on Ly maps any
boundary point to 0¥, see Corollary 7.22. Hence, u_; must converge to
a broken curve (u', ..., u") which brakes at o*. Moreover, by genericity
and (2.6), every component u/ of the broken curve must be a rigid disk
with boundary on Lg. Proposition 2.17 shows that any such broken
curve may be glued and Proposition 2.16 determines the pieces which
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we may glue. It follows that Wy = WQ where Wg is obtained from Wy
by replacing each occurrence of b with v. Therefore,

T®004 (a;) = 7O (W1 4+ Wa + W3) = Wi 4+ Wa = 0_(a;) = 78° Bo(as).
q.e.d.

3. Admissible Legendrian submanifolds and isotopies

3.1. Chord genericity. Recall that a Legendrian submanifold L C
R?"+1 is chord generic if all its Reeb chords correspond to transverse
double points of the Lagrangian projection Ilg. For a dense open set
in the space of paths of Legendrian embeddings, the corresponding 1-
parameter families L;, 0 < ¢ < 1, are chord generic except for a finite
number of parameter values t1,...,t; where H@(Ltj) has one double
point with self-tangency, and where for some § > 0 Ilc(Ly), (t;—0,t;+9),
is a versal deformation of Ilc(Ly; ), for j = 1,..., k. We call 1-parameter
families L; with this property chord generic 1-parameter families.

3.2. Local real analyticity. For technical reasons, we require our
Legendrian submanifolds to be real analytic in a neighborhood of the
endpoints of their Reeb chords and that self-tangency instants in 1-
parameter families have a very special form.

Definition 3.1. A chord generic Legendrian submanifold L C C" xR
is admissible if for any Reeb chord ¢ of L with endpoints ¢; and ¢o, there
are neighborhoods Uy C L and Uy C L of ¢; and ¢s, respectively, such
that IIc(Uy) and IIc(Usz) are real analytic submanifolds of C”.

We will require that self-tangency instants in 1-parameter families
have the following special form. Consider 0 € C™ and coordinates
(21,...,2n) on C". Let P; and P» be Lagrangian submanifolds of C™
passing through 0. Let 2 = (x1,...,2,) € R" and y = (y1,...,yn) € R"
be coordinates on P; and Ps, respectively. Let R C P; and Ry C P be
the boxes |zj| <1 and |y;| <1, j=1,...,n. Let B;(2) and Bj(2 + ¢)
for some small € > 0 be the balls of radii 2 and 2 + € around 0 € P,
j =1,2. We require that in Ry, P; has the form

(3.1) M x Py

where ;1 is an arc around 0 in the real line in the z;-plane and where
Py is a Lagrangian submanifold of C"~! &~ {z; = 0}. We require that
in Ry, P> has the form

(3.2) y(t) x Py,

where 5 is an arc around 0 in the unit-radius circle centered at ¢ in z;-
plane and where P, is a Lagrangian submanifold of C"~! ~ {z; = 0},
which meets P; transversally at 0.
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If ¢ € C", let \; denote the complex line in T,C" parallel to the
z1-line. We also require that for every point p € Bj(2 +¢€) \ B;(2), the
tangent plane T}, P; satisfies

(3.3) T,PiN X, =0, j=1,2.

Definition 3.2. Let L; be a chord generic 1-parameter family of
Legendrian submanifolds such that Lg has a self-tangency. We say that
the self-tangency instant Lg is standard if there is some neighborhood
U of the self-tangency point and a biholomorphism ¢: U — V C C"
such that

(3.4) $(LyNU) = PLUPy(t) NN,

where N is some neighborhood of 0 € C", and where Py(t) is P»
transalted ¢ units in the y;-direction.

Definition 3.3. Let L;, 0 < ¢t < 1 be a chord generic 1-parameter
family of Legendrian submanifolds. Let t¢1,...,t; be its self tangency
instants. We say that L; is an admissible 1-parameter family if L; is ad-
missible for all ¢ # t;, if there exists small disjoint intervals (t; —9,t;+9)
where the 1-parameter family is constant outside some small neighbor-
hood W of the self-tangency point, and if all self-tangency instants are
standard.

Definition 3.4. A Legendrian submanifold L C R x C" which is a
self-tangency instant of an admissible 1-parameter family will be called
semi-admissible.

3.3. Reducing the Legendrian isotopy problem. We prove a se-
quence of lemmas which reduce the classification of Legendrian sub-
manifolds up to Legendrian isotopy to the classification of admissible
Legendrian submanifolds up to admissible Legendrian isotopy.

We start with a general remark concerning lifts of Hamiltonian iso-
topies in C™. If h is a smooth function with compact support in C",
then the Hamiltonian vector field

oh oh

B O, + o2
associated to h generates a l-parameter family of diffeomorphisms @Z
of C™. Moreover, the vector field X}, lifts to a contact vector field

~ oh oh oh
on C™ x R, which generates a 1-parameter family @z of contact diffeo-
morphisms of C" x R which is a lift of ®. We write &, = CID}L and
similarly Py = é}L
We note for future reference that in case the preimage of the support
of h in L has more than one connected component, we may define a

X = By,

(3
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Legendrian isotopy of L by moving only one of these components (for a
short time) using X, and keeping the rest of them fixed.

An e-isotopy is an isotopy during which no point moves a distance
larger than e > 0.

Lemma 3.5. Let L be a Legendrian submanifold. Then, for any ¢ >
0, there is an admissible Legendrian submanifold L¢ which is Legendrian
e-isotopic to L.

Proof. As mentioned, we may after arbitrarily small Legendrian iso-
topy assume that L is chord generic. Thus, it is enough to consider
one transverse double point. We may assume that one of the sheets of
L close to this double point is given by = — (z,df (x), f(z)) for some
smooth function f. Let g be a real analytic function approximating f
(e.g. its Taylor polynomial of some degree). Consider a Hamiltonian
h which is h(z,y) = g(x) — f(z) in this neighborhood and 0 outside
some slightly larger neighborhood. It is clear that the corresponding
Hamiltonian vector field can be made arbitrarily small. Its flow map
at time 1 is given by @} (z,y) = (z,y + dg(x) — df (z)). Using this and
suitable cut-off functions for the lifted Legendrian isotopies the lemma
follows. q.e.d.

Lemma 3.6. Let L; be any chord generic Legendrian isotopy from an
admissible Legendrian submanifold Lo to another one Ly. Then for any
€ > 0, there is an admissible Legendrian isotopy e-close to Ly connecting
LQ to Ll.

Proof. Let t1,...,t; be the self tangency instants of the isotopy. First,
change the isotopy so that there exists small disjoint intervals (t; —
d,t; + &) where the 1-parameter family is constant outside some small
neighborhood W of the self-tangency point. Consider the restriction of
the isotopy to the self-tangency free regions. The 1-parametric version
of the proof of Lemma 3.5 clearly applies to transform this part of the
isotopy into one consisting of admissible Legendrian submanifolds. Then
change the isotopy in the neighborhoods of the self tangency instants,
using essentially the same argument as above, to a self-tangency of the
from given in (3.1) and (3.2).

It remains to show how to fulfill the condition (3.3). To this end,
consider a Lagrangian submanifold of the form (3.1). Locally it is given
by (z,df(z)), where & = (z2,...,x,). Let ¢(z) be a function which

equals 0 in B(2 — 3¢) and outside B(2+ 2¢) and has ¢ # 0 for some

ox1x;
j at all points in B(2+¢) \ B(2). (For example, if K is a small constant
a suitable cut-off of the function Kzq(x2 + ...z,) has this property).
We see as above that our original Legendrian is Legendrian isotopic
to (z,df (x) + dp(x)). The tangent space of the latter submanifold is
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spanned by the vectors

2
(3.5) e, +Z 88 ¢

T 8:61

82¢ o0’ f
3.6 10) Oy, 2<r<n.
( ) $7+Za 8$ja$r Yj =r=n
Any non-trivial hnear combination of the last n — 1 vectors projects
non-trivially to the subspace dx1 = dy; = dys = --- = dy, = 0. The
first vector lies in the subspace dry = --- = dacn = 0; thus, since the

first vector does not lie in the z;-line because (% I = 0 for some j # 1,

no linear combination of the vectors does either. P2 can be deformed in
a similar manner.

After the self-tangency moment is passed, it is easy to Legendrian
isotope back to the original family through admissible Legendrian sub-
manifolds. q.e.d.

4. Holomorphic disks

In this section, we establish notation and ideas that will be used
throughout the rest of the paper.

4.1. Reeb chord notation. Let L C C" xR be a Legendrian subman-
ifold and let ¢ be a Reeb chord of L. The z-coordinate of the upper and
lower end points of ¢ will be denoted by ¢™ and ¢, respectively. See

Figure 3. So as a point set ¢ = ¢* x [¢™, ¢T] and the action of ¢ is simply
Z(c)=ct —c.

Figure 3. A Reeb chord in R3.

If r > 0 is small enough so that Iz (B(c*,r)) intersects L is exactly
two disk about the upper and lower end points of ¢, then we define
U(c*,7) to be the component of Iz (B(c*,r)) N L containing ¢* x c¢*.
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4.2. Definition of holomorphic disks. If M is a smooth manifold,
then let H1°°(M,C") denote the Frechet space of all functions which
agree locally with a function with k& derivatives in L?. Let A,, C C
denote the unit disk with m punctures on the boundary, let L C C"* xR
be a (semi-)admissible Legendrian submanifold.

Definition 4.1. A holomorphic disk with boundary on L consists of
two functions u € HY(A,,, C*) and h € Hs(0A,,, R) such that
2

(4.1) ou(¢) = 0, for ¢ € int(An,),
(u(¢), h(¢)) € L, for ¢ € 0Anp,

and such that for every puncture p on 9A,,, there exists a Reeb chord
¢ of L such that

(4.3) lim u(¢) = ¢*.
(—p
When (4.3) holds, we say that (u, h) maps the puncture p to the Reeb
chord c.

Remark 4.2. Since u € HY(A,,,C"), the restriction of u to the
boundary lies in H¥¢(0A,,, C"). Therefore, both u and its restriction
2

to the boundary are continuous. Hence, (4.2) and (4.3) make sense.

Remark 4.3. If u € HY(A,,,C"), then Ou € HY(Ay,, T**' Dy, ®
C") and hence, the trace of Ju (its restriction to the boundary 9A,) lies
in HY(0A,, T*"' D, ® C"). If u is a holomorphic disk, then du = 0

2

and hence, its trace Ju|0A,, is also 0.

Remark 4.4. It turns out, see Section 9.5, that if (u, f) is a holomor-
phic disk with boundary on a smooth L, then the function u is in fact
smooth up to and including the boundary and thus f is also smooth.
Hence, it is possible to rephrase Definition 4.1 in terms of smooth func-
tions. (Also, it follows that the definition above agrees with that given in
Section 2.3.) The advantage of the present definition is that it allows for
Legendrian submanifolds of lower regularity. (The boundary condition
makes sense for Legendrian submanifolds L which are merely C.)

4.3. Conformal structures. We describe the space of conformal
structures on A,, as follows. If m < 3, then the conformal structure is
unique. Let m > 4 and let the punctures of A, be pi1,...,pm. Then
fixing the positions of the punctures p1, ps, p3, the conformal structure
on A,, is determined by the position of the remaining m — 3 punctures.
In this way, we identify the space of conformal structures C,, on A,,
with an open simplex of dimension m — 3.
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4.4. A family of metrics. Let A denote the unit disk in the complex
plane. Consider A,, with m punctures pi,...,p; on the boundary and
conformal structure . Let d be the smallest distance along A between
two punctures and take

) d
d=minq —,— .
{100 100}

Define D(p, d) to be a disk such that OA(p, d) intersects OA orthogonally
at two points a4 and a_ of distance § (in OA) from p.

Let L, be the oriented tangent-line of A at p and let g, be the
unique Mobius transformation which fixes p, maps ay to the point of
distance ¢ from p along L,, maps a_ to the point of distance —d from
p along L,, and such that the image of g,(A) intersects the component
of C — L, which intersects A.

The function h,: D(p,d) N A, — [0,00) x [0,1] defined by

(€)= —— (108 (~ip(5p(C) — 1) ~ log(9)).

is a conformal equivalence. Let gg denote the Euclidean metric on C.
Then there exists a function s: [0, 1] x [0,1] — R such that h;l*go =
s(¢)go on [0, 3]x[0,1]. Let ¢: [0,00) — [0, 1] be a smooth function which
is 0 in a neighborhood of 0 and 1 in a neighborhood of % for 7 > % Let
gp be the metric

go(m + i) = (6(7) + (1 = 6(7))s(t +it) ) go,

on [0,00) x [0,1].
Now, consider Ap, with the metric g(x) which agrees with hy gp,
on h;jl([ L 00) x [0,1]) for each puncture p;, and with gy on A, —

2
(D(p1,0)U...,D(pm,9)). Then (A, g(k)) is conformally equivalent to
(Amv QO) .

We denote by Dy, (k) the disk A,,, with the metric g(x). If the specific

K is unimportant or clear from context, we will simply write D,,. Also
E,, C Dy, will denote the Euclidean neighborhood [1, 00) x [0,1] of the
7 puncture pj of Dy,. We use coordinates ¢ = 7 + it on Ej; and let
Ep,[M] denote the subset of 7 + it € E),, with |7| > M.
4.5. Sobolev spaces. Consider D,, with metric g(x) for some & € Cp,.
Let D,, denote the open Riemannian manifold which is obtained by
adding an open collar to dD,, and extending the metric in a smooth
and bounded way to g(c).

The Sobolev spaces H}SC(Dm,C”) are now defined in the standard
way as the space of C"-valued functions (distributions) the restrictions
of which to any open ball B in any relatively compact coordinate chart
~ R? lies in the usual Sobolev space Hy (B, C").
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Using the metric g(x) and the finite cover

A

Jint(By, (1) U (D — U By, [2)),

where Ep is the union of Ej,; and the corresponding part of the collar of
D, we define, for each mteger k, the space Hk(Dm, C™) as the subspace
ofall f € HLOC(Dm,(C") with || f||x < oo.
We consider Hy, (Dm, C™) as a space of distributions acting on
C3°(Dpm, C™). We write
e Hy(D,,,C") for the space of restrictions to int(D,,) C D, of
clements in Hy(Dy,, C*), and
o Hj (A, C) for the set of distributions in Hk(Dm, C™) supported in
A C Dy,

Then Hk(Dm, C™) is a closed subspace of Hk(f)m, C™) and if K, =
Dy, — int(D,y,), then

Hie(Dpn, C") = Hy(Dpn, C) /Hpo (K, C).

We endow Hy (D, C") and Hy(D,,,C") with the quotient- and
induced-topology, respectively. Let C3°(Dy,, C™) denote the space of
restrictions of elements in C§°(Dyy,, C") to Dy,

Lemma 4.5. C§°(Dp,, C") is dense in Hy(Dm, C"), C5°(int(Dyy,), C")
is dense in Hy(Dy,, C"), and the spaces Hi(Dy,, C") and H_j (D, C™)
are dual with respect to the extension of the bilinear form

/ ) (u,v) dA

where u € C§°(Dp,, C"),v € C§°(int(Dy,),C") and (, ) denotes the
standard Riemannian inner product on C* ~ R?™.

This is essentially Theorem B.2.1 p. 479 in [20].

We will also use weighted Sobolev spaces: for a € R, let el Dy — R
be a smooth function such that e} (7 + it) = e for 7 + it € E, [3]
and e,(¢) = 1 for ¢ € Dy, — Ey;[2]. For pp = (p1,..., fi) € R™, let
e,: Dy — R®id C GL(C") be

e () = I 1€j (¢)id.

Note that e, (() preserves Lagrangian subspaces. We can now define
Hp, (D, C*) = {u € HP(Dyn, C") : eyu € Hy(Dy, C")}, with norm
lullkp = llepullr-
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4.6. Asymptotics. Let Ag and Ay be (ordered) Lagrangian subspaces
of C™. Define the complex angle 8(Ag, A1) € [0,7)™ inductively as fol-
lows:

If dim(AgNAy)=7r>0,let 4 =--- =06, =0 and let C"" denote
the Hermitian complement of C ® Ag N'A; and let A, = A; N C"™" for
i=0,1. If dim(Ag N Ay) =0, then let A} = A;, i = 0,1 and let r = 0.
Then Aj and A} are Lagrangian subspaces. Let o be smallest angle such
that dim(e’*AgNA;) =7" > 0. Let 6,1 = - -+ = 0,» = a. Now repeat
the construction until #,, has been defined. Note that 0(AAg, AA;) =
0(Ao, A1) for every A € U(n) since multiplication with e'® commutes
with everything in U(n).

Proposition 4.6. Let (u, h) be a holomorphic disk with boundary on
a (semi-)admissible Legendrian submanifold L. Let p be a puncture on
D,,, such that p maps to the Reeb chord c. For M > 0 sufficiently large,
the following is true:

If TIc (L) self-intersects transversely at c*, then

(4.4) lu(t +it)] = O(e™"7), T14it € E,[M],

where 6 > 0 is the smallest complex angle of c.
If LIc(L) has a self-tangency at c*, then either there ezists a real
number co such that

. +2 _0 .
(4.5) wu(r+it) = (m,o, . .,0) +0(e™"") T+it e E,[M],
or
(4.6) lu(r +it)| = O™, r+ite E,[M],
where 0 is the smallest non-zero complex angle of L at p.

In particular, if the punctures pi1,...,pm on Dy map to Reeb chords
Cly-- yCm and if f: Dy, — C™ is any smooth function which is con-
stantly equal to cj, ..., cy, in neighborhoods of p1,...,pm, then u— f €
Ha(D,,, C™).

Proof. Similar statements appear in [13] and [14]. (See also Theorem
B in [27] for (4.4).) To see that (4.5) holds, we may assume that the self-
tangency point is 0 € C™ and that around 0, II¢ (L) agrees with the local
model in Definition 3.3. Elementary complex analysis (see Lemma 6.2
below) shows that for a standard self tangency the first component w;
of a holomorphic disk is given by

+2
(4.7) u(¢) = ¢ —co+ Y ez cnexp(nm()’

where ¢; are real constants, in E,[M]. The remaining components v’
of u are controlled as above and the claim follows. The last statement
follows immediately from the asymptotics at punctures. q.e.d.
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5. Functional analytic setup

As explained in Section 2, contact homology is built using moduli-
spaces of holomorphic disks. In this section, we construct Banach mani-
folds of maps of punctured disks into C™ which satisfy certain boundary
conditions. In this setting, moduli-spaces will appear as the zero-sets of
bundle maps.

In Section 5.1, we define our Banach manifolds as submanifolds in
a natural bundle of Banach spaces. To find atlases for our Banach
manifolds, we proceed in the standard way: construct an “exponential
map” from the proposed tangent space and show it is a diffeomorphism
near the origin. To do this, in Section 5.2, we turn our attention to
a special metric on the tangent bundle of the Legendrian submanifold.
From this, we construct a family of metrics on C" in Section 5.3 and
use it to define a preliminary version of the “exponential map” for the
Banach manifold. Section 5.4 contains some technical results needed
to deal with families of Legendrian submanifolds. In Section 5.5, we
show how to construct the atlas. Section 5.6 discusses how to invoke
variations of the conformal structure of the source space into the present
setup. In Section 5.7, we linearize the bundle map, the zero set of which
is the moduli-space. Section 5.8 discusses some issues involving the
semi-admissible case.

5.1. Bundles of affine Banach spaces. Let Ly, C C" x R, A\ € A,
where A is an open subset of a Banach space, denote a smooth family
of chord generic admissible Legendrian submanifolds. That is, A is
smoothly mapped into the space of admissible Legendrian embeddings
of L endowed with the C'"*-topology.

We also study the semi-admissible case. To this end, we also let Lj,
A € A, be a smooth family of semi-admissible Legendrian submanifolds.
For simplicity, and since it will suffice for our applications, we assume
that in this case, the self tangency point of II¢(Ly) remain fixed as A
varies and that in a neighborhood of this point, the product structure
of TIc(Ly) is preserved and the first components v and 72, shown in
Figure 2 remain fixed as A varies.

Let a(A) = (a1(A),...,am(X)), A € A be an ordered collection of Reeb
chords of Ly depending continuously on A. Consider D,,, with punctures
D1, - - -5 Pm, and a conformal structure x € Cy,.

Fix families, smoothly depending on (A\,k) € A x C,, of smooth
reference functions

uret[a(N), k]: Dy, — C"
such that uef[a()), x| is constantly equal to aj in E,, , and

hyet[a(A), K] : ODp, — R
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such that hyef[a()), x] is constantly equal to a (A) and af (\) on [1,00) C

E, . and [1,00) +1i C E,,, respectively, and, for £ > 2, constantly equal

to a; (\) and a;, (A) on [1,00) C E,,, and [1,00) +i C E,, , respectively.
Let € = (€1,...,€m) € [0,00)™. For u: Dy, — C" and h: dD,, — R

consider the conditions

(5.1) u — Urer[a(N), k] € Ha (D, C"),

(5.2) h — heetla(N), k] € H%E((‘)DWH,R).

(Note that the x-dependence of the right-hand sides in (5.1) and (5.2)

has been dropped from the notation.) Define the affine Banach space

Fae(a(N), k)
= {(u, h): Dy, — C" x R : w satisfies (5.1), h satisfies (5.2)},

endowed with the norm which is the sum of the norms of the compo-
nents. Let

Frenla ) = | Freclan), »)
AEA
be the metric space with distance function

(5.3)
d((v, £, A), (w.g, ) = [[(v — uree[a(N), £]) — (w — uret[a(p), 5])[[2,¢
(= huet[a(A), £]) = (9 = hretlalp), £]) |5
+ A = pl.

We give Fs . a(a, k) the structure of a Banach manifold by producing
an atlas as follows. Let (w, f,\) € Faca(a, ). Let (wy, fu, ) be any
family such that (wy, f,A) = (w, f, A) and such that

n—= (wu — Uref [a(ﬂ)’ ’{]7 f,u - href[a(,u)a ’{])
is a smooth map into Ha (D, C") x Hgve(ﬁDm,R). Then a chart is
given by
(5.4) Ha,e(Dyp, C) X ’H%,e(aDm,R) XA — Fyen(a,k);
(g, 1) = (Wp+ g, fu + 1 10).

If (u, h, \) € Facn(a(N), k) then Ou € Hy (D, T D™ ® C") and
its trace Ou|dD,, lies in 'H% (D, T D, @ CM)).

Definition 5.1. Let Wh a(a, k) C Faa(a, k) denote the subset of
elements (u, h, A) which satisfy

(5.5)  (u,h)(C) € Ly for all ( € 9Dy,

(5.6) / (Bu,v) ds = 0, for every v € C(8Dy,, T**' D,, ® C"),
0D,
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where (,) denotes the inner product on 7*%! @ C™ induced from the
standard (Riemannian) inner product on C".

Lemma 5.2. Wy . z(a, k) is a closed subset.

Proof. If (ug, hi, A\ is a sequence in Wh ¢ A (a, k) which converges in
Foen(a, k), then Ay — X and the sequence (ug|0D,y,, hy) converges in
sup-norm. Hence, (5.5) is a closed condition. Also, 0 is continuous as is
the trace map. It follows that (5.6) is a closed condition as well. q.e.d.

5.2. The normal bundle of a Lagrangian immersion with a
special metric. Let L. C C” x R be an instant of a chord generic
1-parameter family of Legendrian submanifolds. Then Ilc: L — C" is a
Lagrangian immersion and the normal bundle of Il¢ is isomorphic to the
tangent bundle T'L of L. On the restriction T7,(T'L) of the tangent bun-
dle T(TL) of TL to the zero-section L there is a natural endomorphism
J: Ty (TL) — Tp(TL) such that J?> = —1. It is defined as follows. If
p € L, then T{;, ) (T'L) is a direct sum of the space of horizontal vectors
tangent to L at p and the space of vertical vectors tangent to the fiber
of m: TL — L at p. If v € T1,(TL) is tangent to L at p € L, then Jv is
the vector v viewed as a tangent vector to the fiber T),L of m: TL — L
at (p,0), and if w is a vector tangent to the fiber of 7 at (p,0) then
Jw = —w, where —w is viewed as a tangent vector in 7),L. This defines
J on the two direct summands. Extend it linearly.

The immersion II¢: L — C™ extends to an immersion P of a neigh-
borhood of the zero-section in T'L and P can be chosen so that along
L,iodP=dPolJ.

From a Riemannian metric ¢ on L, we construct a metric § on a
neighborhood of the zero-section in T'L in the following way. Let v € T'L
with m(v) = p. Let X be a tangent vector of T'L at v. The Levi-Civita
connection of ¢ gives the decomposition X = X + XV where XV is
a vertical vector, tangent to the fiber, and X lies in the horizontal
subspace at v determined by the connection. Thus XV is a vector in
T,L with its endpoint at v. It can be translated linearly to the origin
0 € T,L. We use the same symbol X V' to denote this vector translated
to 0 € T,L. Write 7X € T, L for the image of X under the differential
of the projection w and let R denote the curvature tensor of g.

Define the field of quadratic forms § on T'L as
(5.7)

G(W(X,Y) = g(p)(x X, 7Y) + g(p)(X",Y") + g(p)(R(x X, v)7Y, v),

where v € TL, m(v) =p, and X,Y € T,,(TL).

Proposition 5.3. There exists p > 0 such that § is a Riemannian
metric on

{veTL: g(v,v) < p}.
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In this metric, the zero section L is totally geodesic and the geodesics
in L are exactly those in the metric g. Moreover, if v is a geodesic in
L and X is a vector field in T(TL) along v, then X satisfies the Jacobi
equation if and only if JX does.

Proof. Since g(R(rX,v)nY,v) = g(R(nY,v)rX,v), ¢ is symmetric.
When restricted to the O-section, § is non-degenerate. The first state-
ment follows from the compactness of L.

In Lemmas 5.5 and 5.6 below, we show L is totally geodesic and the
statement about Jacobi-fields, respectively. q.e.d.

Let x = (x1,...,2,) be local coordinates around p € L and let
(x,€) € R?™ be the corresponding coordinates on TM, where & = £,0,
(here, and in the rest of this section, we use the Einstein summation
convention, repeated indices are summed over) where 0; is the tangent
vector of T'L in the zj-direction. We write 9;« for the tangent vector

of TL in the &;-direction. Let V, V denote the Levi-Civita connections
of g and g, respectively. Let Roman and Greek indices run over the
sets {1,...,n} and {1,1%,2,2* ... n,n*}, respectively and recall the
following standard notation:

9ij = 9(0i,95);  Jap = §(0a, 9p),

Vo,05 = T50k,  Va,03 =T17,0,

R(0i,0)0 = Rij01,  g(R(0:,0;))0k, 0r) = Rijir-

Lemma 5.4. The components of the metric § satisfies
(5.8) Gij(7,8) = gij(x) + &s&¢ (gkr(x)Tfs(x)F§t($) + Rz‘sjt(m))7
(5.9) Gy (7, 8) = gij(x),

(510)  Gije (2,€) = Eagji(2) L35 ().

Proof. Since 0j+ is vertical, (5.9) holds. Note that the horizontal
space at (z, &) is spanned by the velocity vectors of the curves obtained
by parallel translating ¢ along the coordinate directions through x. Let
V (t) be a parallel vector field through z in the d;-direction with V(0) =
¢ and V(0) = a0 Then

V(t) = (& + tay, + O(t%)) 0y,
and applying Vi, to V (t) we get
0="Vy,V(t) =&Vo,0s + ardy + O(t).
Taking the limit as ¢ — 0, we find a0 = —§8F§s(:c)8k. Hence, the

horizontal space at (z,&) is spanned by the vectors 0; — 55]??5(%*, j=
1,...,n and therefore,

k
0} = &I (x) O
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Straightforward calculation gives (5.8) and (5.10). q.e.d.
Lemma 5.5. The Christofel symbols of the metric g at (x,0) satisfies

(5.11) I (z,0) = . (2,0) = T¥(2),

(5.12) I (2,0) =% (2,0) = TE . (2,0) = 0.

Hence, if v is a geodesic in (L, g), then it is also a geodesic in (T'L,§).
Proof. The equations

. 1 .5 X X
Ils= 5976(9015,[5 +985,0 — Gap,s);

where §*? denotes the components of the inverse matrix of § and Lemma
5.4 together imply (5.11) and (5.12).

Let z(t) be a geodesic in (L, g). Then (z,x*) = (x(t),0) satisfies
k
i*j
. NS A L SkEa e
xk* + FZ] .TZ.T] + Pi*jCE,*CE] + Fij*frzfl?]* + Pi*j*.rl*.r]* — 0

i+ Dbty + D iy + Dfjediidije + T judipmdie = &g + Thjdadey = 0,

This proves the second statement. q.e.d.

Lemma 5.6. If v is a geodesic in (T'L,g) which lies in L, then X is
a Jacobi-field along ~v if and only if JX is.

Proof. The proof appears in the Appendix. q.e.d.

5.3. A family of metrics on C". Let L C C™ x R be an instant of a
chord generic 1-parameter family of Legendrian submanifolds and fix a
Riemannian metric g on L. Using the metric § on T'L (see Section 5.2),
we construct a 1-parameter family of metrics g(L,0), 0 <o <1, on C"
with good properties with respect to ¢ (L).

Let c¢1,...,cm be the Reeb chords of L. Fix § > 0 such that all the
60-balls B(c}, 66) are disjoint and such that the intersections B(cj,60) N
IIc(L) are homeomorphic to two n-disks intersecting at a point.

Identify the normal bundle of the immersion Il¢ with the tangent
bundle T'L. Consider the metric § on a p-neighborhood of the 0-section
inTL (p > 0 as in Proposition 5.3). Let P: W — C" be an immersion of
a p/-neighborhood N (p’) of the 0-section p’ < p such that iodP = dPoJ
along the 0-section.

Consider the P-push-forward of the metric ¢ to the image of N(p')
restricted to L \ |J; U(c;,0). Note that if p’ > 0 is small enough this
restriction of P is an embedding and the push-forward metric is defined
in a neighborhood of Ilc(L \ |J; U(c; , 26)). Extend it to a metric gt on
all of C™, which agrees with the standard metric outside a neighborhood
of TIg(L).

Consider the P-push-forward of the metric § to the image of the
p'-neighborhood of the O-section restricted to L\ |J; U(cj,d). This

metric is defined in a neighborhood of (L \ UJ; U(cj, 29)) and can be
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extended to a metric ¢° on all of C", which agrees with the standard
metric outside a neighborhood of ¢ (L).

Choose the metrics ¢° and ¢! so that they agree outside U;B (cj-, 39)
and let g%, 0 < o <1 be a smooth 1-parameter family of metrics on C"
with the following properties:

e ¢° = ¢" in a neighborhood of o = 0,

e ¢° = ¢! in a neighborhood of o = 1,

e g7 is constant in o outside U; B(c},40).
We take g(L,0) = ¢°.

Remark 5.7. If Ly, A € A is a smooth family of chord generic
Legendrian submanifolds then, as is easily seen, the above construction
can be carried out in such a way that the family of 1-parameter families
of metrics g(Ly, o) becomes smooth in A.

Given a vector field v along a disk u: D,, — C" with boundary on
L, we would like to be able to exponentiate v to get a variation of u
among disks with boundaries on L. We will not be able to use a fixed
metric g7 to do this. To solve this problem, let o: C" x R — [0, 1] be a
smooth function which equals 0 on

" xR - UBc 50) [ ——Z(c]) c +1}
and equals 1 on

UBC 40) { ——Z(cj)chr%].

Let expp denote the exponential map of the metric g at the point p.
If p € Ly and v is tangent to Ly at p, then write x(p) = I¢(p) and
&(v) = IIg(v). One may now easily prove the following lemma.

Lemma 5.8. Let Ly, A € A be a family of (semi-)admissible Legen-
drian submanifolds. Let0 € A and let o: C" xR — [0, 1] be the function
constructed from Lo as above. There exists p > 0 and a neighborhood
W C A of 0 such that if p is any point in Ly, A € W and v any vector
tangent to Ly at p with |£(v)| < p then

expg(h"’(p)) t& € lc(Ly) for 0 <t < 1.

5.4. Extending families of Legendrian embeddings and their
differentials. In the next subsection, we will need to exponentiate vec-
tor fields along a disk whose boundary is in Ly (0 € A) to get a disk
with boundary in Ly for A near 0. To accomplish this, we construct
diffeomorphisms of C™.

Consider Ly C C" xR, A € A and let 0 € A. There exists a smooth
family of Legendrian embeddings

k‘/\:Lo—>(Cn><R,
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such that kg is the inclusion, ky(Lg) = Ly, and k,\(cj-[(())) = cj-[()\) for
each j.

As in Section 5.3, fix § > 0 such that all the 64-balls B(cj(0),66)
are disjoint and such that the intersections B(c}(0),66) N c(Lo) are
homeomorphic to two n-disks intersecting at a point.

Let W C A be a neighborhood of 0 such that cj(A) € B(c}(0),0)
for A € W. We construct a smooth A-family (A € W) of 1-parameter
families of diffeomorphisms ¢§: C" — C", 0 < o < 1, A € W. Note
that

(5.13) K} =Tcoky: Ly = Lo\ | JU(c],35) — C",
J
K§ =Tgoky: Ly = Lo\ | JU(¢j,36) — C"
J
are Lagrangian embeddings and that K/{(c;‘(O)) = K&)(c;‘(O)) = (M),
for each Reeb chord ¢;(0) of Ly.

Identify tubular neighborhoods of L} and LY with their respective
tangent bundles so that J along the 0-section of the tangent bundles
corresponds to ¢ in C" (see Section 5.3). Define for (p,v) € TL§ C C,
a=0,1,

(5.14) K3 (p,v) = K3 (p) + idK3 (v).

Then IA(Q‘ is a diffeomorphism on some neighborhood of Ly C C",
a = 0,1. Note that the diffeomorphisms Kg and K )1\ agree outside
U; B(cj, 46).

Extend Kg and K}\ to diffeomorphisms on all of C” in such a way
that their extensions agree outside |J; B(c},46). Call these extensions
P§, a=0,1.

Let 9§, 0 < o <1 be a A-family of 1-parameter families of diffeomor-
phisms which are constant in ¢ near 0 = 0 and ¢ = 1 and with the fol-
lowing properties. First, ¥, 0 < o < 1 connects 1/19\ to w}\. Second, 1§
is constant in o outside U; B(cj, 50) and in U;(B(c}, 56) \ B(cj, 46)) N Lo.
Third, ¢5(c;(0)) = ¢j(A), 0 <o < 1.

For future reference, we let Yy denote the 1-parameter family of 1-
forms on A with coefficients in smooth vector fields on C™ defined by

(5.15) YV (z,p) = DaypS(z) -, AeA,peThh,zeC oel01].
By (5.14), dy§, o = 0,1 are complex linear maps when restricted to

the restriction of the tangent bundle of C" to Lg. Moreover, these maps

fit together to a smooth A-family of maps Ay: Ly — GL(C") which is

obtained as follows. Pick a smooth function 3 on Ly with values in [0, 1]
which is 0 outside U(c;r, 59) and 1 inside U(cj, 40) define

Ax(p) = dyP®)(dlIc(T,L)).
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Let AS: C" — GL(C") be an s-parameter family of 1-parameter fami-
lies of maps with the following properties.

o A = Ay on Tlc(Lo) \ M (U(c], 56))

Al = Ay on T (U (¢, 46))

AS is constant in o on B(c},50) \ B(cj,46) N Lo

0AY = 0 along H@(Lo)\H@(U(c;“, 46)) and A} = 0 along Il (Lo)\
Hc(U(e; , 46)).

o [|AS —id||ce < 2||Ay — id]ce.

5.5. Local coordinates. We consider first the chord generic case. Let
Ly CcC" xR, A € A be a family of chord generic Legendrian submani-
folds. We construct local coordinates on Ws Ala, k).

Let o0: C" x R — [0, 1] be the function constructed from Lg, 0 € A.
For p € Ly and v a tangent vector of IIc(Ly) at ¢ = ¢ (p), write

expg(LA7U(p)) v = eng’U .

Moreover, if p > 0 is as in Lemma 5.8 and |v| < p, we write z(p,v)
for the z-coordinate of the endpoint of the unique continuous lift of the
path expé"o(p) tr,0<t<1,to L CC" xR

Let (w, f) € Waea(a, k). Let F: Dy, — R be an extension of f such
that F' € Ha (D, R) (in particular, F' is continuous) and such that
F is smooth with all derivatives uniformly bounded outside a small
neighborhood of 9D,,. Then w x F: D,, — C" x R. In the case
that w and f are smooth, we take F' to be smooth. Furthermore, in
the case that w and f are constant close to each puncture we take F
to be an affine parameterization of the corresponding Reeb chord in
a neighborhood of each puncture where w and f are constant. The
purpose of this choice of F' is that when we exponentiate a vector field
at the disk (w, f), we need (w, F') to determine the metric.

For r > 0, define

6276((11)7 f),?“) C HQ,E(Dm7Cn)

as the intersection of the closed subspace of v € Ha (D, C") which
satisfies

(5.16) ’U(C) e Il¢ (T(f(C),w(C))L>’ for ¢ € 0Dy,
(5.17) / (Ov,a)ds = 0, for every a € C§°(dDy,, C™)
0D,

and the ball {u: ||ul|2 < r}.
When the parameter space A is 0-dimensional, we can define a coor-
dinate chart around (f,w,0) € W a(a, k) (0 € A) by

O[(w, f,0)]: Bae((w, f),r) x A = Faen(a, K);
O[(w, f,0)](v, A) = (u, 1, A)
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where

1) = 2((w(0). (). v(Q)) ¢ €D,

When A is not 0-dimensional, we will need to use the maps AS to
move the “vector field” v from Lo to L). Moreover, to ensure our new
maps are in the appropriate space of functions, we will also need to cut
off the original map w. To this end, let (w, f,\) € Wa ¢ a(a, k). Then,
there exists M > 0 and vector-valued functions §;, j = 1,...,m such
that

w(T +it) = expi‘;w(t) §i(T +it), for 7+t € By [M],
J

where w: [0,1] — [0, 1] is a smooth approximation of the identity, which
is constant in neighborhoods of the endpoints of the interval. Define
(w[M], f[M]) as follows. Let

w(Q), for ¢ ¢ U; Ey, [M],
wie)r = {expi%w(t)(aij)v for ¢ =7+t € Ep,[M],

where a: E,, — C is a smooth function which is 1 on £, \ E,, [M +1], 0
on Ej, [2M], and holomorphic on the boundary. Let f[M] be the natural
lift of the boundary values of w[M]. It is clear that (w[M], f[M]) —
(w, f) as M — oo. For convenience we use the notation (w[oo], f[oc])
to denote this limit. We write F'[M] for the extension of f[M] to D,.
Let (w, f,0) € Waea(a,x) (0 € A). For large M > 0, consider

(w[M], F[M]). To simplify notation, write o [M](¢) = o(w[M]((),
FIM](¢)) and w[M](¢) = " (w[M](¢)). Define

O[(w, f,0); M]: By e((w[M], f[M]),r) x A — Faen(a,k);

O(w, f,0); M](v,A) = (u,1, A)

where

u(Q) = ey (4500,

1) = 2 (WM. SN, A Ow(0)), ¢ € 0Dy,

In the semi-admissible case, we use the above construction close to
all Reeb chords except the chord ¢y at the self-tangency point. At cf,
we utilize the fact that we have a local product structure of Ilg (L))
which is assumed to be preserved in a rather strong sense under A € A,
see Section 5.1. This allows us to construct the family of metrics ¢ as
product metrics close to ¢j. Once we have metrics with this property, we
can apply the cut-off procedure above to the last (n — 1) coordinates of
an element (w, f,0) € Wa ¢ o and just keep the first coordinate of w in a
neighborhood of ¢ as it is. We use the same notation (w[M], f[M]) for
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the map which results from this modified cut-off procedure from (w, f)
in the semi-admissible case.

Proposition 5.9. Let e € [0,00)™. Then there exists r > 0, M > 0,
and a neighborhood W C A of 0 such that the map

O[(w, f,0)]: Bae((w[M], f[M]),r) x W — Fa e a(a, k)

is C1 and gives local coordinates on some open subset of Waea(a, k)
containing (w, f,0). Moreover, if A is 0-dimensional, then we may take
M = oo.

Proof. Fix some small » > 0. Consider the auxiliary map
U: By ((w[M], f[M]),r) X Hgﬁ(@Dm,R) X A — Faen(a),
(v, r, A) = @[(w[M], f[M]),0](v, A) +(0,0,7)

where (u, h, ) + (0,0,7) = (u, h, u+1r).

We show in Lemma 5.11 that ¥ is C! with differential in a neigh-
borhood of (0,0,0) which maps injectively into the tangent space of the
target and has closed images. These closed images have direct comple-
ments and hence, the implicit function theorem applies and shows that
the image is a submanifold. Moreover, for M large enough (w, f,0) is
in the image.

We finally prove in Lemma 5.13, that W5 ((a, ) lies inside the image
and that it corresponds exactly to r = 0 in the given coordinates. q.e.d.

Lemma 5.11 is a consequence of the following technical lemma.

Lemma 5.10. Let A be an open neighborhood of 0 in a Banach space.
Let (w, f,\) € Facn(a,k), and v,u,q € Ba((w, f),r). Let ¢ be a
coordinate on Dy, and let € € [0,00)™.

(a) Let

G:C"xC'"xC"xC"x[0,1] x A —=C"
be a smooth function with all derivatives uniformly bounded and
let o: C"xR — [0, 1] be a smooth function with the same property.

If
(5.18) G(2,0,0,0,0,)) = 0,
(5.19) G(x,£,0,0,0,0) = 0,

then there ezists a constant C' (depending on ||Dw||1e, ||DF |1

and r) such that G (¢, A) = G (w(¢), v (€), u({), ¢(¢), o (F (¢),
w(()), A) satisfies

(5.20) 1G(G Mlze < Cllullze + llvll2.e + [AD-
(b) Let
G:C"xC"xC"x[0,]]x A—C"



212 T. EKHOLM, J. ETNYRE & M. SULLIVAN

be a smooth function with all derivatives uniformly bounded. If

(5.21) G(x,0,0,0,)) =0,

(5.22) G(x,£,0,0,0) =0,

(5.23) DsG(x,£,0,0,0) =0, and

(5.24) D5;G(x,£,0,0,0) =0
then there ezists a constant C' (depending on ||Dw||1e, ||DF |1,
and 1) such that G(¢,A) = G(w(¢),v(¢), u(C), a(F(¢), w(()),A)
satisfies

1G(¢ M|z, < Cllull3 e + M)
Proof. The proof appears in the Appendix. q.e.d.

In order to express the derivative of ¥, we will use the function
K:C"xC" x [0,1] x A — C"™ defined by

(5.25) K(x,6,0,)) = expye,) ASE — oS ().

We will need to lift K (at least on part of its domain) so that it maps
to C" x R. We describe this lift.

Consider Ly € C" xR, A € A. Let K): TLy — C™ x R be an
embedding extension of k) (see Section 5.4). Consider the immersion
P,: V Cc TLy — C" which extends Il¢ o k), where V is a neighborhood
of the 0-section in T'Lg. Choose V and a neighborhood W C A of 0, so
small that the self-intersection of P, is contained inside J; B(cj(0), 26).
Consider the following subset N of the product C™ x [0, 1].

N =P(V)\ U B(c;(0),38) x [0,1]

U [JP(VIZANU(c],46)) x [1 = €,1]
J

U | JP(VILANU(c; ,46)) x [0,€].
J

We define a map ¥y: N — C" x R in the natural way, ¥)(¢,0) =
K (ps,vs) where (ps, vs) is the preimage of ¢ under P with p € U(cji, 40)
where the sign is determined by o.

Using this construction, we may do the following. If W C C" x C" x
[0,1] x A and G: W — C" is a function such that (G,o)(W) € N, then
we may define a lift G: W — C™ x R.

We now use this construction to lift the function K defined in (5.25).
For x sufficiently close to Lg, & sufficiently small and o sufficiently close
to 0 or 1 when z is close to double points of IT¢(Lg) the lift K of K can
be defined. Let Kr denote the R-coordinate of K.
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Lemma 5.11. IfdimA > 0, let M < co. Ifdim A =0, let M = cc.
The map

U: By ((w[M], f[M]),r) x H%E(@Dm,R) X A — Fyen(a, k)
is C1. Its derivative at (v, h, ) is the map
(1,1, \) — (DgK-v+D4K-)\, (Do - v+ Dy - \) +l,)\),

where all derivatives of K and K are evaluated at (w[M]y,v,o[M],\)
and where (u) denotes restriction of u: Dy, — R to the boundary.

Proof. Using local coordinates on Fa a as described in Section 5.1,
we write U = (W, Uy, ¥3) Statements concerning W3 are trivial. Note
that U1 = K + ¥{(x). So, to see that ¥; is continuous, we note that
K(z,0,0,A) = 0 and apply Lemma 5.10 (a) to get that K is Lipschitz
in v and A and hence continuous. To see that ¥, is differentiable, we
note that if

Gz, & m,0,7) = K(z,§ +n,0,p 4+ A) — K(2,§,0,14)
- (DZK($7£7O—7M) '77+D4K('T7£705M) )\)7

then the conditions (5.21)—(5.24) are fulfilled and Lemma 5.10 (b) im-
plies W, is differentiable and has differential as claimed. Finally, apply-
ing Lemma 5.10 (a) to the map

G($7§77770-7A) :DQK(:Z:7£70-7M)‘77+D4K(‘T7£70-7M)')\

shows ¥, is O
Using K, we can extend the R-valued function z((w[M]y, f[M]y),
ASw) to a small neighborhood of Dy, in D,,. With this done the (non-
trivial part) of the derivative of U5 can be handled exactly as above.
q.e.d.

Let ( = x1 + ix2 be a complex local coordinate in D,,. Then,
if u: Dy, — C™, we may view Ou as O1u + ibu. As in the proof
of Lemma 5.11, we use local coordinates on Fp.x and write ¥ =
(W, Ug, ¥3).

Lemma 5.12. Assume that w: D,, — C" and v: D,, — C" are
smooth functions and let g be any metric on C" with Levi—Civita con-
nection V. Let ¢ = 71 + 112 € Dy, if u(() = expy)(v(¢)) then,
ou = X1(1) + iXa(1), where Xj, j = 1,2 are the Jacobi-fields along
the geodesic exp,)(tv(()), 0 < t < 1, with X;(0) = d;w(() and
th](O) = Vaj’l)(C).

In particular, there exists r> 0 such that if (v((), \) € Ha (D, C")x
A, ||v]l2,c <7, then the restriction of OW1(v,\) to Dy, equals 0 if and
only if the restriction of Ov to the boundary equals 0.
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Proof. Consider
a(s,t) = expycys)(tv(C+5), 0<t<1,-e<s<e

Since for fixed s, t — a(s,t) is a geodesic, we find that Jsc(0,t) =
Xi(t) is a Jacobi field along the geodesic t — exp,, () (tv(¢)) with initial
conditions

Xl (O) = as eXpw(C—i—s) (0 : U) = alw(<)7
V,X1(0) = V:0,0(0,0) = Vs0,0(0,0) = V40 (C).

Moreover,
eXPyy(c+5)(V(C +5)) = a(s, 1)
and hence,
O expy ) (v(€)) = 05a(0,1) = Xy (1).

A similar analysis shows that

02 expyy () (v(¢)) = Xa(1).

This proves the first statement.

Consider the second statement. Note that the metrics g (Ljy,
o(w[M](C), F[M](())) are constant in ¢ for ¢ in a neighborhood of 0 D,,.
Consider first the case that w[M] and v are smooth. Then the above
result together with the Jacobi-field property of the metric g (see Lemma
5.6), from which g(Ly, o) is constructed implies that for ( =7 + im €
0D, O(¥1(v,A)) = X1(1) +iX2(1) equals the value of the Jacobi-field
X, + JX, = Y with initial condition Y (0) = 0, V,Y(0) = (Va, +
iV5,)(A30). ]

Note Y'(0) = 0 since, along the boundary, dw = 0. Let u = ASv. We
check that V;Y (0) = du. To this end, let (z,£) = (z1,...,Zn, &1, ..., &)
be coordinates on T*L, and use notation as in Lemma 5.5. Noting that
u is tangent to L at w((), we compute

_ Ou i [ Ow i [ Ow '
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Since Ow(¢) = 0, we have
ow ow
(5),- (&),
ow ow
), (),

This together with Lemma 5.5 shows that V;Y (0) = du.

Hence, (¥ (v, \)) = 0 for ¢ € OD,, if and only if the same is true for
v provided v is shorter than the minimum of injectivity radii of g(Ly, o).
An approximation argument together with the continuity of ¥; (also in
w[M], see the proof of Lemma 5.10 (a)), 0, and of restriction to the
boundary gives the second statement in full generality. q.e.d.

Lemma 5.13. Forr > 0 small enough, the image of ¥ is a submani-
fold of Faen. Moreover, there exists M >0, r > 0, and a neighborhood
U of (w[M], f[M],0) in Faen such that (w, f) € U and U NWa,p is
contained in the image of ¥ and corresponds to the subset h = 0 in the
coordinates

(v,h,\) € Ba ((w[M], f[M]),r) x ’H%,e(aDm,R) x A.
Proof. Let (w, f) € Wae(a, k). Let K be as in Lemma 5.11. Then

DyK(2,0,0,0)-n =mn and DyK(z,0,0,0) = 0. Hence, the differential
of ¥ at (0,0,0) is

L 0 0
d¥(0,0,0) = | () id 0],
0 0 id

where ¢ denotes the inclusion of the tangent space of By (((f,w),r) into
H2,e(Dp, C*) and (tr)v denotes the R-component of the vector field o
which maps to v under Il¢ and is tangent to Lg. Note that the tangent
space of By (((w, f),r) is a closed subspace of Ha (D, C").

Thus, d¥(0,0,0) is an injective map with closed image. Since the
first component of F3 . is modeled on a Banach space which allow a
Hilbert-space structure, we see that the image of the differential admits
a direct complement. Moreover, applying Lemma 5.10 to the explicit
differential in Lemma 5.11, we conclude that the norm of the differential
of W is Lipschitz in v and A with Lipschitz constant depending only on
|Dw[M]||1,e and || DF[M]|[1,e. Hence, the implicit function theorem
shows that there exists » > 0 and W C A (independent of M) such
that the image of B((w[M], f[M]),r) x W is a submanifold. From the
norm-estimates on the differential, it follows that for M large enough
(w, f) lies in this image.

The statement about surjectivity onto UNWj ¢ a follows from the fact
that IIc(Ly) is totally geodesic in the metric g(Ly, o) and Lemma 5.12.
The statement on coordinates is trivial. q.e.d.
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5.6. Bundle over conformal structures. The constructions above
all depend on the conformal structure x on D,,. This conformal struc-
ture is unique if m < 3. Assume that m > 3 and recall that we identified
the space of conformal structures C,, on D,, with an open simplex of
dimension m — 3.

The space

WQ,&,A(a) = U W2,6,A(av "1)7
KECH
has a natural structure of a locally trivial Banach manifold bundle, over
Cm. To see this, we must present local trivializations.

Let A denote the unit disk in the complex plane and let A,, denote
the same disk with m punctures pi,...,p, on the boundary and con-
formal structure . Fixing the positions of pi, p2, p3, this structure is
determined by the positions of the remaining m — 3 punctures. We
coordinatize a neighborhood of the conformal structure  in C,, as fol-

lows. Pick m — 3 vector fields vy,...,vn_3, with vy supported in a
neighborhood of pgi3, & = 1,...,m — 3 in such a way that v, gen-
erate a 1l-parameter family of diffeomorphism L. A— A 1, € R

which is a rigid rotation around pgy3 and which is holomorphic on the
boundary. Let the supports of vy be sufficiently small so that the sup-

ports of (Z)ZQH, k=1,...,m—3 are disjoint. Then the diffeomorphisms
OXE S o % all commute. Define, for 7 = (71,...,7m—3) € R™73,
¢T =¢pro--0 % and a local coordinate system around & in Cy, by

—1
rio (d7) o jcodgT.
These local coordinate systems give an atlas on Cp,.
Using this family, we define the trivialization over R”™™3 ~ U C C,,

by composition with ¢~". That is, a local trivialization over U is given
by

O: Wha(a, k) x U — Wy a(a);
(w, A7) = (wo o™, foo7,1,0).
In a similar way, we endow the space

H1,(Do, T* D) = | ) Hue(Din, T* Dy, g (1)),
KECm

with its natural structure as a locally trivial Banach space bundle over
Cin.

Representing the space of conformal structures C,, in this way, we
are led to consider its tangent space T;C,, as generated by 1, ..., Vm—3,
where 7y, = i-Ovg, in the following sense. If 7 is any section of End(T'D,,)
which anti-commutes with j. and which vanishes on the boundary, then
there exists unique numbers a1, ..., a;,_3 and a unique vector field v on
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A,, which is holomorphic on the boundary and which vanish at pg,
k=1,...,m such that

(5.26) vy = Z aiy + iov.
k

The existence of such v is a consequence of the fact that the classical
Riemann-Hilbert problem for the 0-operator on the unit disk with tan-
gential boundary conditions has index 3 and is surjective (the kernel
being spanned by the vector fields z + iz, z +— (22 + 1), 2 +— 22 — 1).

Going from the punctured disk A,, to D,, with our standard metric,
the behavior of the vector fields v; close to punctures where they are
supported is easily described. In fact the vector fields can be taken as 0,
in coordinates z = z+iy € (C4,R,0) in a neighborhood of the puncture
p on 0A,,. The change of coordinates taking us to the standard end
[0,00) x [0,1] is 7 4+ it = ( = —Llogz and we see the corresponding
vector field on [0,00) x [0,1] is 2™ (where we identify vector fields
with complex valued functions). As in Proposition 6.13, we see that
equation (5.26) holds on D, with v in a Sobolev space with (small)

negative exponential weights at the punctures.

Consider the space H1 (D, 701D ® C™) and the closed subspace
Hi [0](Dyn, T*%1 D, @ C™) consisting of elements whose trace (restric-
tion to the boundary) is 0. The elements of this space are complex
anti-linear maps T'D,, — C" and so depend on the complex struc-
ture j, on D,,. For simplicity, we keep the notation and consider
Hi [0](Dyn, T**' D, ® C") as a bundle over Cp,. To do this, we must
find local trivializations of this bundle. To this end, we note that any
complex structure j, in a neighborhood of a given complex structure j.
on Dy, can be written as j, = ji(id +7,)(id —y,) ~! where v is a section
of End(T'D,,,) such that v o j, + j, oy = 0. It is then easy to check
that the map which takes A € Hom(T'D,,,C") to Ao (id ++,,) identifies
the (7,j.) anti-linear maps with the (7,j,) anti-linear maps. We thus
trivialize the bundle H; ([0](Dy,, T*%' D, ® C*) over U C C,, around
k € U by taking the (i, j.) anti-linear section A to the (i, j,) anti-linear
map A(1+,).

Note finally that in our local coordinates on Cy, from above, we have
d$™" 0 jw 0 dd” = ju(1+v7)(1 — v7)"L, where v, = —10v up to first
order in 7.

5.7. The O-map and its linearization. Consider the bundle
H1,[0] (D, 79D, ® C™) over C,, as in the previous section. We ex-
tend this bundle to a bundle over A making it trivial in the A directions
and denote the result Hj ¢ A[0](Dyn, %D, cm™).
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The 0-map is the map
r: Waen(@) = Hie,a[0](Dim, 7% Dy, @ C");
D(w, f,k,\) = (dw+iodwojm/€,/\).

We will denote the first component of this map simply I'. An element
(w, f,k,\) is thus holomorphic with respect to the complex structure
jr if and only if I'(w, f, x,A) = (0, K, A). Hence, if Ly, A € A is a fam-
ily of chord generic Legendrian submanifolds, then the (parameterized)
moduli-space of holomorphic disks with boundary on Ly, positive punc-
ture at a1, and negative punctures at ao, ..., a, is naturally identified
with the preimage under I" of the O-section in H1,e,A[0](Dp, 7% D, @
C"™) for sufficiently small € € [0, c0).

We compute the linearization of the d-map. As in Section 5.6, we
think of tangent vectors v to Cy,, at k as sections of End(7D,,). For
k € Cp and u: Dy, — C", let dyu = du + i o du o j, and let dyu =
du —1ioduo jg.

Let (w, f,k,0) € Waa(a). Identify the tangent space of Wy x(a)
at (w, f,K,0) with TBa ((w, f),r) x TxCpr, x ToA.

Lemma 5.14. The differential of T' at (w, f, k,0) is the map
(5.27) dl' (0,7, A) = 0, + 0, (Yy (w, \)) + i 0 Dew 0.
Recall Y{ was defined in (5.15).

Proof. Assume first w and f are constant close to punctures. Let
Ba.e((w, f),7) X Cry x A be a local coordinates around (w, f, &, 0).
Let K(x,&,0,\) = ¢§(x) 4+ &. Then

R(z,&,0,)) = expyf ) A3 — K (2,6,0,)
satisfies
R(z,0,0,\) =0, DyR(x,0,0,0) =0, DyR(x,0,0,0)=0;
thus, Lemma 5.10 (b) implies that
IR(w, v, 0, All2.c < C(l[vll3e + [AI*)-

Continuity of the linear operators

8/-@—&-7: HQ,G(Dma Cn) - H175<Dm7 T*Dm & (Cn)’

where we use local coordinates R™™3 on C,,, K +v € R™ 3 C C,,, and
the trivialization of Hy ([0](Dp,, T 01D ® C™) described in subsection
5.6, shows that

(5.28) 180 R(w, 0,0, N)||1,e < C([v]3 + IA).
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It is straightforward to check that
(5.29)

‘ Ot K (0,0, K + 1, A) — Ogw — (5,.;1) + 0, (Yg(w, )\)) 4+i0dswo ’y) ’
< C([oll3e + AP+ ).

Equations (5.29) and (5.28) imply the lemma in the special case when
(w, f) is constant close to punctures (and in the general case if dim(A) =
0).

If (w, f) is not constant close to punctures, consider the maps (w[M],
f[M]) which are constant close to punctures. We have (w[M], f[M]) —
(w, f) as M — oco. Since the local coordinates are C' a limiting argu-
ment proves (5.27) in the general case. q.e.d.

1,e

5.8. Auxiliary spaces in the semi-admissible case. In Section 7.9,
we show that for a dense open set of semi-admissible Legendrian sub-
manifolds L, no rigid holomorphic disks with boundary on L have expo-
nential decay at their degenerate corners. Once this has been shown, we
know that if 0 is the degenerate corner and L has the form (3.4) around
0, then for any rigid holomorphic disk u: D,, — C" with puncture p
mapping to 0, there exists M > 0 and ¢ € R such that

u(C) = (—2(g +eoL0,.. .,0) + Oy, for ¢ € B [+M],

where 6 > 0 is the smallest non-zero complex angle of the Reeb chord
at 0. (Here we implicitly assume that P, in our standard self tan-
gency model lies above P in the z-direction, and that neighborhoods
of positive (negative) punctures are parameterized by [1,00) x [0, 1]
((—=o0, —1] x [0,1]).) To study disks of this type, we use the follow-
ing construction.

Let ag denote the Reeb chord at 0. Assume that a has the Reeb chord
ap in k positions. For C' = (c1,...,¢;) € RF, fix a smooth reference
function which equals

ue(Q) = (~2(¢ + )7 0,..,0),

in a neighborhood of the j*" puncture mapping to ag and also a smooth
function Frgf: 0D, — R so that (uref, Fref)|0 Dy, maps to L.

Let Ly, A € A be a family of semi-admissible Legendrian subman-
ifolds. We construct for € € [0,00)™, with those components €; of €
which correspond to punctures mapping to the degenerate corner satis-
fying 0 < ¢; < 6 and for fixed C € R*, the spaces

T (a)

by using reference functions looking like urc;f for C € R* in neighbor-

hoods of punctures mapping to a;g = 0 € C". We construct local coor-
dinates as in Section 5.1 taking advantage of the fact that A € A fixes
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ajy. Also we consider the space
C
WQ,&,A (a)7

which is defined in the same way as before. We note that the con-
struction giving local coordinates on this space in Section 5.5 can still
be used since in the semi-admissible case, we need not cut-off the first
component of w in (w, f) close to punctures mapping to ¢g since A € A
are assumed to preserve the product structure and v; and s.

With this done, we consider the bundle

(5.30) 17\72,5,/\2 U WgE,A(a)’
CcRk

which is a locally trivial bundle over R¥.

In the case that a has > 3 elements, we fix for C' € R* the diffeomor-
phism ¢¢: D,, — D,, which equals to ¢ — ¢ + cj in Ep [M] for any
puncture p; mapping to cp, equals the identity on D, \ Uj Ep,[M — 2],
and is holomorphic on the boundary. (Since we often reduce the few
punctured cases to the many punctured case, see Section 8.6, the follow-
ing two constructions will not be used in the sequel, we add them here
for completeness.) In case a has length 1, we think of D; as of the upper
half-plane C;. with the puncture at co. The map z — —% log z identifies
the region {z € C: |2| > R} with the strip [2 log R, 00) x [0, 1] where
we think of the latter space as a part of E,, where p is the puncture of
D;. Also, this map takes the conformal reparameterization z — ™z to
¢¢: ¢ (+Cin E, and we identify R with this set of conformal repa-
rameterizations {¢” }oegr. In case a has length 2, we think of Dy as the
strip R x [0, 1] and identify R with the conformal reparameterizations
() =¢—(+C.

We construct local coordinates
®: By (0,7) X Cpy, X RF x A — WQ’E’A

in a neighborhood of u&;. For fixed (v, c) € B ((0,7) x R¥, ® is depends
on k X A exactly as above. We therefore fix (k,0) € Cp, x A and describe

the dependence of the remaining factors. For ¢ € R* in a neighborhood
of C, define the map A.¢c: D), — End(C"),

(d(ulp)r o d(ul )1 tor, va, son) i€ By,

ref

[AC7C(C)](U1,...7UR):{(Ul,...,vn) ifC¢Epj,

where (uf;)1 denotes the first component of uS.¢, and let

(v, c) = exng((g)))(x‘lc,C(C)v(C))‘

Note that if w: D,, — C" is any holomorphic disk with boundary on L
which is asymptotic to some ugf at the degenerate corner, then we may
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define coordinates on a neighborhood of w in WQ’E by replacing ug,, in
the above formulas by w o ¢°.

Using these coordinates, we find that the linearization of the d-map
I' at a holomorphic (w, f,x,0,0) equals

(5.31)  dl(v,7,¢,\) = Ov + 55((1/0(1117 /\)))

. . P

+io0swoy+ 0 (dw- <%|C:0> 'C> .
Here ¢ = (c1,...,c;) is a tangent vector to RF written in the basis
{él, - ,C’k} where éj is a unit vector in the tangent space to C; € R.
We notice that the second term in (5.31) lies in Hy ([0](Dyn, T*%1 D)
because of the special assumptions on L) in a neighborhood of ¢ and
that the last term does as well since the holomorphicity of w allows us
to control its higher derivatives and since it vanishes in the region where
¢ is just a translation.

5.9. Homology decomposition. Let L C C" xR be a (semi-)admiss-
ible Legendrian submanifold. Let ¢ = cgcy...¢n be a word of Reeb
chords of L. If (u,f) € Wa(c), then the homotopy classes of the
paths induced by (u|0D,,, f) in L connecting the Reeb chord endpoints
determines the path component of (u, f) € Wh ((c).

Let A € Hi(L) and let Wh (c; A) C Wy (c) be the union of those
path components of Wh ((c) such that the homology class of the loop
fODy)U U ; 7;) equals A, where +; is the capping path chosen for the
Reeb chord ¢; endowed with the appropriate orientation, see Section 2.3.
For fixed conformal structure s, we write Wy ¢(c, k; A) and in the chord

semi generic case Wh(c; A) and interpret these notions in a similar
way.

6. Fredholm properties of the linearized equation

In this section, we study properties of the linearized d-equation. In
particular, we determine the index of the J-operator with Legendrian
boundary conditions. It will be essential for our geometric applications
to use weighted Sobolev spaces and to understand how constants in
certain elliptic estimates depend on the weights.

Our presentation has two parts: the “model” case where the domain
is a strip or half-plane; and the harder case where the domain is D,,.

In Section 6.1, we discuss the existence of smooth representatives of
cokernel elements. In Section 6.2, we derive expansions for the kernel
and cokernel elements. We use these two subsections in Sections 6.3
through 6.5, to prove the elliptic estimate for the model problem, as
well as derive a formula for the index. In Sections 6.6, we set up the
boundary conditions for the linearized problem with domain D,,. In
Sections 6.7 through 6.10, we prove the Fredholm properties for the D,,
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case. In Sections 6.10 and 6.11, we connect the index formula to the
Conley—Zehnder index of Section 2.

6.1. Cokernel regularity. To control the cokernels of the operators
studied below, we use the following regularity lemma.

For this subsection only, we use coordinates (z,y) for the half-plane
R2 = {(z,y): y > 0}. Let A: R — GL(C") be a smooth map with
det(A) uniformly bounded away from 0 and all derivatives uniformly
bounded. We also simplify notation for this subsection only and define
the following Sobolev spaces: let H;, = H;(R2?,C"); let H;, denote the
space of restrictions of elements in Hy, to int(R2); let H}. denote the
subspace of elements in Hy, with support in R%; let H;[0] denote the
subspace of all elements in #; which vanish on the boundary; and let
Hs[A] denote the subspace of elements u in Hs such that u(z,0) €
A(xz)R™ and such that the trace of du (its restriction to the boundary)
equals 0 in H%(R, cm).

An element ¢ in the cokernel of 9 will be in the dual space of H1[0].
The dual of H; is H_1 and thus the dual of H;[0] is the quotient space

(6.1) H_1/Ha[0]*,
where H;[0]+ denotes the annihilator of H1[0] in H_;. As usual, let (, )
denote the standard Riemannian inner product on C" ~ R".

Lemma 6.1. Fiz h > 0 and assume that v € H_; satisfies
(6.2) / (Ou,v)dz A dy = 0,
Rx[0,h)

for all u € Ha[A] with compact support in R x [0,h). Then, for every
e with 0 < € < h and every k > 0, the class [v] € H_1/H1[0]* of v
contains an element vy which is C* in R x [0,¢€), up to and including
the boundary.

Proof. The proof is standard and therefore omitted. q.e.d.
6.2. Kernel and cokernel elements. Consider the strip R x [0, 1] C
C endowed with the standard flat metric, the corresponding complex
structure and coordinates ( = 7 + it. For k > 0, let

Hi = Hi(R x [0,1],C"),

and for k < 0, let H}, denote the L?-dual of H_j. We also use the notions
H}fc which are to be understood in the corresponding way.
If u € H°¢, then the restriction of u to (R x [0,1]) = RUR + 1 lies
in H}gof ; (RUR+4,C"). For u € H°°, consider the boundary conditions
2

(6.3) /(u,v) dr =0 for all v € C3°(R,iR"),
R

(6.4) / (u,v)dr =0 for all v € CF°(R + i, R™).
R+4
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Let f: Rx[0,1] — C™ be a smooth function satisfying (6.3) and (6.4).
Define the function f¢: R x [0,2] — C" as

fd(r+it):{f(_7_+it). for 0 <t <1,
—f(r+i(2—-1t)) forl<t<2

where W denotes the complex conjugate of w € C". Then, f¢ and 9, f¢
are continuous, 9 f¢ may have a jump discontinuity over the line R + 3,
fHr40i) = —f4(r +2i), and || f%||; = 2||f|1. Hence, we can define the
double u? € HYP¢(R x [0,2]) of any u € HI°° which satisfies (6.3) and
(6.4). For u € Hi°¢, let Qu = (O; + i0y)u and du = (9, — id;)u.

Lemma 6.2. If u € H° satisfies (6.3) and (6.4) and
(a) Ou = 0 in the interior of R x [0,1] then

u(Q) = 3" Cexp (5 +nm)c)
nez
where C,, € R.
(b) Ou = 0 in the interior of R x [0, 1] then

u(¢) = Z Crexp ((% + mr)f) ,

nez
where C,, € R.

Moreover, if u satisfies (a) or (b) and uw € Hy for some k € Z, then
u = 0.

Proof. We prove (a), (b) is proved in the same way. Clearly, it is
enough to consider one coordinate at a time. So assume the target is C
and let u be as in the statement.

Consider u?, then du? is an element of H{*°(R x [0, 2], C) with support
on R+ i7UOJ(R x [0,2]). Such a distribution is a three-term linear
combination of tensor products of a Dirac-delta in the t-variable and a
distribution on R and hence lies in Ho(R X [0,2],C) only if it is zero.
Thus du = 0 and we may use elliptic regularity to conclude that w is
smooth in the interior of R x [0,2]. (In fact, doubling again and using
the same argument, we find that u is smooth also on the boundary.)

We may now Fourier expand u?(r,-) in the eigenfunctions ¢ of the
operator ¢0; which satisfy the boundary condition ¢(0) = —¢(2). These
eigenfunctions are

t — exp (z(% + mr)t) , for n € Z.
We find
u? = Z cn(7) exp (i(5 + n)t)

n
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where, by the definition of u?, ¢, (7) are real valued functions and
ou? = Z (o () = (5 + nm)en(r)) exp (i(5 + nm)t) .
n

Hence,

u(¢) =Y Crnexp ((§ +nm)C).

Assume that u € Hy for some k € Z. Then, since for j > 0 the
restriction of any v € H;(R x [0,2],C) to R x [0, 1] lies in H;,

(V) = / (v, ud) dr A dt,
Rx[0,2]

is a continuous linear functional on H;(R x [0,2],C) for j =k if k >0
or j=—kif k <O.

Let ¢: R — [0,1] be a smooth function equal to 1 on [0,1] and 0
outside [—1,2]. For n,r € Z let

Qe (T +it) = (7 + 1) exp(i(§ + nm)t).

Then, a,, € H;(R x [0,2],C) and ||oy, . ||; = K(n) for some constant
K(n) and all r. It is straightforward to see that

r+2
Aulam ) =20, / Y(T +7)exp((§ +nm)T)dr = Iy
r—1

The set {l,,}rez is unbounded unless C,, = 0. Hence, A, is continuous
only if each C,, = 0. q.e.d.

6.3. The right angle model problem. As mentioned, we will use
weighted Sobolev spaces. The weight functions are functions on Rx [0, 1]
which are independent of ¢ and have the following properties.

For a = (a™,a”) € R? and 6 € [0, 7), let

(6.5) m(6,a) :min{|n7r+9+a+|,|mr—i—¢9—l—a_]}
nez

For a € R? with m(5,a) > 0, let e,: R — R be a smooth positive
function with the following properties:
P1. There exists M > 0 such that e,(r) = ¢*' 7 for 7 > M and
eq(7) =€ 7 for 7 < —M.
P2. The logarithmic derivative of e,, a(1) = EZE:;, is (weakly) mono-

tone and o/(7) = 0 if and only if a(7) equals the global maximum
or minimum of a.
P3. The derivative of a satisfies |a/(7)| < tm(5,a)? for all 7 € R.

Let
= (Mlv'-'aﬂn) = (Mii_wul_vaﬂjz_nu;) €R2n7
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be such that m(%, pu;) > 0, for j = 1,...,n. Define the (n x n)-matrix
valued function e, on R as

eu(7) = Diag(e,, (7), .. ., ey, (7).
Define the weighted Sobolev spaces
Hip = {u € HC: e u € Hk} , with norm ||u||k, = [leuullx-

To make the doubling operation used in Section 6.2 work on Hsy, we
impose further boundary conditions. If u € H ¢, then its trace lies in
HYS(RUR +14,C"). We say that u vanishes on the boundary if

2

(6.6) / (u,v)dr =0 for every v € Ci°(RUR +7,C").
RUR+i
Define
Hop(5,. .., 5) = {u € Ha,p: u satisfies (6.3), (6.4),
—

and Ou satisfies (6.6)},
H1,[0] = {u € Hi,: u satisfies (6.6)}.
Proposition 6.3. If m(5, ;) >0 for j =1,...,n then the operator
9: Hop(5,..., %) — Hiu[0]

1s Fredholm with index
n _ _
3t SR W A B Y RS N A |
s 27 T 2 s 20 2
j=1

where #(a,b) denotes the number of integers in the interval (a,b).
Moreover, if ,uj = p; forall j and M () = min{m(Z, p1), ...,
m (5, pin)}, then u € Ha \(5,...,5) satisfies

(6.7) lull2u < C)l|Oull1,p

where C'(p) < ﬁu), for some constant K.

Proof. The problem studied is split and it is clearly sufficient to con-
sider the case n = 1. We first determine the dimensions of the kgrnel and
cokernel. It is immediate from Lemma 6.2 that the kernel of 0 is finite

dimensional on Ha (%) and that the number of linearly independent

L - +
solutions is exactly f (—“7 -1 - - %)

Recall that an element in the cokernel of  is an element ¢ in the dual
space of Hy ,[0]. The dual of H; , is H_1—, and thus, as in (6.1), the
dual of H; ,[0] is the quotient space

M1~/ Haul0]
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Lemma 6.1 implies that any element in the cokernel has a smooth rep-
resentative. Let v be a smooth representative. Then

/ (Ou,v)dr A dt =0,
Rx[0,1]

for any smooth compactly supported function u which meets the bound-
ary conditions (6.3), (6.4), and (6.6). Using partial integration, we con-
clude

(6.8) / (1w, ) dr A dt = 0.
Rx[0,1]

Thus dv = 0 in the interior. Noting that for any two functions ¢g €
CP(R,R) and ¢; € C§°(R,iR), there exists a function u € CP (R x
[0, 1], C) such that du|d(R x [0,1]) = 0, u|R = ¢g, and u|R +i = ¢1, we
find that iv satisfies (6.3) and (6.4). Lemma 6.2 then implies that the

. . [T
cokernel has dimension § { & — 5, > — 3

We now prove that the image of 9 is closed, and in doing so also

establish (6.7). Let
A() = exp ( /0 " (o) da> |

Then multiplication with A defines a Banach space isomorphism A: Hj, ,
— Hp. The inverse A~! of A is multiplication with A(7)~!. These iso-
morphisms give the following commutative diagram

T At %
Hapu(5) «——— Ha(5")

5| |-

Ha,ul0) —— o]

where H(5") is defined as Hz(%) except that instead of requiring that
Ou vanishes on the boundary, we require that (0 — a)u does. We prove
that the operator 0 — v on the right in the above diagram has closed
range and conclude the corresponding statement for the operator on the
left. Note that if u € H2(5"), then both dru and dyu satisfy (6.3) and
(6.4). Hence, the doubling operation described in Section 6.2 induces a
map Hao(3*) — Ha(R x [0,2]) with [|u?l]z = 2|ull2.
Let
(6.9) S(u)={nez: -~

™

(Note that S(u) =0 if pt > p~.) The map v,: Ha(5") — Ha2(R,R),

1 et 1
5 <n<—bE—3}

2
(6.10) U cp(1) = /0 ul(7,t) exp (—i(5 +nm)t) dt
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is continuous. Let W2 C ‘Ha(5") be the closed subspace

(6.11) Wo= () ker(yn).
neS(u)

Using the Fourier expansion of u¢, we see that W5 has a direct comple-
ment

(6.12) Vo= () ker(m).
n¢S(u)

(Note that if p™ > p~, then W = Ha(5") and Vo = 0.)

Similarly, we view the maps -, defined by (6.10) as maps H1[0] —
H1(R,R) and get the corresponding direct sum decomposition H1[0] =
W1 @ V1. If u € Hao(5™), then the Fourier expansion of u® is

ul(r +it) = Z cn(T)ei(%+nw)t.

n

Hence,

(613) (9 - a)u(r +it) = 3 (ch(r) = (@(r) + 5 + m)e () 37"

n

It follows that 9(W2) C Wy and 9(Va) C V4.
Let w € Wa. Fourier expansion of w? gives

(6.14)  2](0 — a)w|}
- Z /R(‘C;’L‘Q + ((% +nm + a(T))2 4 O/) ’Cn’2) dr
)

ngS(u
> 2C|w|?,

where the constant C' is obtained as follows. If u* > p~, then P2
implies that the coefficients of |c,|? are strictly positive, and if u* < u~,
then P3 implies that the coefficients in front of |c,|? are larger than
2m(%, p)? since n ¢ S(p). Finally, if 4~ = p*, then o/ = 0 and the
coefficients in front of |c,|? are larger than m(%, )? for all n.

If w e Ha(5"), then Orw and i0;w satisfies (6.3) and (6.4) and the
Fourier coefficients ¢, (7) of their doubles vanish for n € S(p). Thus, the
same argument applies to these functions and the following estimates
are obtained

10 = @)d-wllo > Cl0-w]y,

10 = a)drwllo = C||pw]s-
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If oy = p_, then o/ = 0 and 0 — a commutes with both 9; and 9.
Hence,

_ 1 _ _
10 = e@)wlls = 5(I(0 = a)wllo + [[07(0 — a)wllo + [[9:(0 — a)wllo)
> C([[wlly + [0-wlly + 10swllr) = Cllwlfz,
where C' = Km(u, 5 ). This proves (6.7).

If . # p_, then 0,(0 — @)w = (0 — @)d,w — &’w, and with K > 0,
we conclude from the triangle inequality

K[(0 — a)wllo + 10-(0 — a)wllo + [|8:(0 — a)wllo
> KCllwly + Cllo-wlly — [e'wllo + Cllowwllx

m(Z, p)?

> —
2 (ot

) lwlls + Cllaywls + Clowwlh,

T )2
since |o/| < i 25#) . Thus, choosing K sufficiently large, we find that

there exists a constant K7 such that for w € W

(6.15) lwll2 < Ki1[l(0 = a)w]1.

Thus, if u* > p~, we conclude that the range of 9 — «a is closed. If
ut < p~, we need to consider also Vs.
For v € V5, we have

vi(r,t) = Z cn(7) exp (i(5 + nm)t) .

neS(u)

Let V2L be the space of functions in V5 which, under doubling, map to
the orthogonal complement of the doubles ¢& of the functions ¢, (¢) =
exp((3 4+ nm)¢ + [adr), n € S(u) with respect to the L-pairing on
Ha(R x [0,2],C). Then V- is a closed subspace of finite codimension in
Va.

We claim there exists a constant K3 such that for all v € V-

(6.16) lotl2 < Kall(@ — a)o™ 1.

Assume that this is not the case. Then there exists a sequence vj- of

elements in Vi~ such that

(6.17) o lla =1,
(6.18) 10— a)vi |1 — 0.
Let P > M be an integer (see condition P1) and let v+ € V+.

Consider the restriction of v+ and dvt to ©p = {r +it: |7| > P}.
Using Fourier expansion as in (6.14), partial integration, and the fact
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that o/(7) = 0 for |7| > M, we find

(6.19) 2010 — a)vt|Op|1

> C(IIUL!@PHa + Y w(lea(P)P + e (P)P)

neS(u)
— 1 (Jen(=P) + Ic;(—P)I2)>-

By a compact Sobolev embedding, we find for each positive integer P
a subsequence {v]l( P)} which converges in H;([—P, P] x [0, 1],C). More-
over, we may assume that these subsequences satisfies {sz P)} D {ij(Q)}
if P<Q.
Let (cp); be the sequence of Fourier coefficient functions associated
to the sequence ij_ The estimates
)

and (6.18) implies that (c,);p) converges to a smooth solution of the

0200 el <€ (lelhor + | (5 - G am )

equation (d% — (5 +nm+a))c=0on [P, P|]. Hence, vjl(P) converges

to a smooth solution of (0 — a)u = 0 on Op satisfying the boundary
conditions (6.3) and (6.4). Such a solution has the form

D kadn(€),

nesS(p)

where k,, are real constants.

We next show that in fact all &, must be zero. Note that by Morrey’s
theorem and (6.17), we get a uniform C°-bound ]vj-] < K. Therefore,
|(cn);| < 2K and hence,

/ (W) ()Y dr A dt

:/R@n)j exp ((g —i—mr)r—i—/adr) dr
= /_};(Cn)j exp ((% +n7T)T+/adT> dr

+ /POO(Cn)j exp((5 + nmw + p)7)dr

-P
+ / (cn)jexp((5 + nm + p™)7) dr.

—00
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But

C)o(cn)j exp((5 + nm+ ph)7) dr
J

-P
+ ’/ (cn)jexp((5 +nm+p7)7)dr
2K

m(5, u)

(exp((% +nm+ put)P)

+ exp(—(5 + nm + ;F)P)) —0as P — oo.

We conclude from this that unless k, = 0, vjz P) violates the orthogo-
nality conditions for P and j(P) sufficiently large.

Consider (6.19) applied to elements in the sequence {’UJJ‘} Asj — 0
the term on the left-hand side and the sum in the right-hand side tends
to 0. Hence, ijﬂ@pHg — 0. Applying (6.20) to (¢,); and noting that
both terms on the right-hand side goes to 0, we conclude that also
ij- [P x P] x [0,1]|]2 — 0. This contradicts (6.17) and hence (6.16)
holds.

The estimates (6.15) and (6.16) together with the direct sum decom-
positions Ha(5") = Wa @ Vo and Hy[0] = W1 @ Vi, and the fact that
0— o respects this decomposition shows that the image of @ —a is closed
also in the case u* < . q.e.d.

Remark 6.4. In many cases, the first statement in Proposition 6.3
still holds with weaker assumptions on the weight function than P1—
P3. For example, if g4 < p—, then we need only know that max{a’, 0}
is sufficiently small compared to (3 4+ nm + a)? for n ¢ S(u) to derive
(6.15) and the derivation of (6.16) is quite independent of o’ as long as
a eventually becomes constant.

6.4. The model problem with angles. We study more general
boundary conditions than those in Section 6.3. Recall (z1+iy1, ..., xn+
iyn) are coordinates on C". Let 0; denote the unit tangent vector in the
xj-direction, for j =1,...,n. For 6 = (01,...,6,) € [0,7)", let A(F) be

the Lagrangian subspace of C™ spanned by the vectors €10y, ..., en0,.
Consider the following boundary conditions for u € HP°.

(6.21) /(u, vydr = 0 for all v € C§°(R, {R"),
R

(6.22) / (u,v)dr =0 for all v € C§°(R +14,iA(0)).
R+

If m(6;, p15) > 0 (see (6.5)) for all j, then define
Hou(0) = {u € Hap: u satisfies (6.21), (6.22), and Ju satisfies (6.6)} ,
Hi1,u[0] = {u € Hip: u satisfies (6.6)} .
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Proposition 6.5. If m(6;, ;) >0 for j =1,...,n then the operator
0 Ha(0) — Ha [0

is Fredholm of index
029 Yop(-HEE ) (M g ),
j=1

Moreover, if ,u;r = p; forall j and M (n) = min{m (u1, 61), ...,
m(fin,0n)}, then u € Ha (01, ... ,0,) satisfies

(6.24) lull2,e < C(1)|0ullr.p

where C'(p) < ﬁ, for some constant K.

Proof. Consider the holomorphic (n x n)-matrix
g0(¢) = Diag ((exp(§ — 01)C), .- ., (exp(§ — 0n)C)) -
Multiplication with gy defines isomorphisms
Ha2,u(0) — Haon(5,...,5) and
H1,u[0] — Hix[0]

where A = (A1,...,\,) and )\;-—L = ,u;E — 5 +0;. Since gy is holomorphic
it commutes with 9. The proposition now follows from Proposition 6.3.
q.e.d.

6.5. Smooth perturbations of the model problem with angles.
Let B: R x [0,1] — U(n) be a smooth map such that

(6.25) OB|OR x [0,1] = 0.

Let 6 € [0,7) and consider the following boundary conditions for u €
Hie:

/(u,v) dr Ndt =0,
R
(6.26)  for all v € C§°(R,C") such that v(7) € iB(7)R",
/ (u,v)dr Ndt =0,
R+
(6.27)  for all v € C§°(R +4,C") such that v(r +¢) € iB(7)A(0).

For = (ut, ™) € R*let A(p) = (uh,p=,put, . pt,u”) € R
define

Ha,.(0, B) = {u € HY®: u satisfies (6.26) and (6.27),
du satisfies (6.6) and ey, yu € Ha}.
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Proposition 6.6. If m(0;, ;1) > 0 for j =1,...,n, then there exists
d > 0 such that for all B satisfying (6.25) with ||B —id|c2 < 0, the
operator
0: Hapu(0, B) — H1,,[0]

is Fredholm of index
(6.28) Ztﬁ ( BT +0 M) .y (u‘+9j 1, pt+60; 1) .

Proof. Multlphcatlon with B and B~! defines Banach space isomor-
phisms

B
and
Hl u[ ] —> Hl M[ ]
Thus up to conjugation, the operator considered is the same as
0+ B10B: Ha,(0) — Ha ,u[0].
The theorem now follows from Proposition 6.5, and the fact that the

subspace of Fredholm operators is open and that the index is constant
on path components of this subspace. q.e.d.

6.6. Boundary conditions. In the upcoming subsections, we study
the linearized d-problem on a disk D,, with m punctures. Refer back
to Section 4.4 for notation concerning D,,.

Definition 6.7. A smooth map A: 9D,, — U(n) will be called small
at infinity if there exists M > 1 such that for each j = 1,...,m, the
restriction of A to dEp, [M] approaches a constant map in the C*-norm
on each component of 6E (M’ as M" — oo. Tt will be called constant
at infinity if there exists M > 1 such that for each j = 1,...,m, the
restriction of A to each component of OE), [M] is constant.

Let A: OD,, — U(n) be small at infinity. For u € H°°(D,,,C"),
consider the boundary condition:

(6.29) / (u,v)ds =0, for all v e CQ(OD,,,C")
oD

such that v(¢) € tA({)R" for all ¢ € OD,,.

In previous subsections, coordinates ¢ = 7+ it on R X [0, 1] were used
and we implicitly considered the bundle T*%'R x [0, 1] as trivialized by
the form d¢, and sections in this bundle as C*-valued functions. We do
not want to specify any trivialization of 7*%'D,, and so we view the 0-
operator as a map from Hso-functions into Hy-sections of T’ *0’1Dm QC™.
Consider, for u € HP¢(Dy,, T**'D,,, ® C"), the boundary condition

(6.30) / (u,v)ds = 0, for all v € C3(8Dy,, T**' D,,, ® C™).
0Dm
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Henceforth, to simplify notation, if the source space X in a Sobolev
space Hi(X, Y)f is D,,, we will drop it from the notation. If v €
HYe(C™), then du € HP¢(T**D,, ® C"). Define

Ho(C™; A) = {u € Ha(C™): u satisfies (6.29) and Ju satisfies (6.30)},
and
H(T**' D, @ C™;[0]) = {u e Hy(T**'D,, ® C"): u satisfies (6.30)} :
Define
Ho,u(C™; A)
= {u € HYC(C™): u satisfies (6.29), Ou satisfies (6.30),

and eyu € HQ(C")}
and
Hiu (T Dy, @ €5 [0])
= {u e HP(T*™' D,,, ® C™): u satisfies (6.30)
and e, u € Hi(T*"'D,, ® C”)}

Let p; be a puncture of D,,. The orientation of D,, induces an
orientation of dD,,. Let A? and A; denote the constant maps to which
A converges on the component of 9E,, close to p; corresponding to R
and R + ¢, respectively. Define

0(y5) = H(A?]R”, A}R").
Then, there are unique unitary complex coordinates
2(j) = (@) + iy, -, 2()n + iy(G)n)
in C" such that
AJR™ = Span (9(j)1,- -, 0(j)n) ,
A}R" = Span <ei6(j)18(j)1, e ,eie(j)"a(j)n> .
Proposition 6.8. Let A: 9D,, — U(n) be small at infinity. If u

satisfies pj # —0(j)r + km for j =1,...,m, r = 1,...,n, and every
k € 7, then the operator

(6.31) 8: Ha , (C™; A) — Hy W (T Dy, @ C5 [0])
is Fredholm.

Proof. Assume that for M > 0, A|0E),,[M — 1] is sufficiently close to
a constant map (see Proposition 6.6). Choose smooth complex-valued
functions ag, a1, . . ., ap, with the following properties: «; is constantly
1 on Ep;[M + 2]; the sum >, a; is close to the constant function 1,
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5ozj =0 on dD,y,; and aj is constantly equal to 0 on Dy, — Ej, [M + 1],
forj=1,...,m.

Glue to each Ej, [M] a half-infinite strip (—oo, M] x [0, 1] and denote
the result £, . Extend the boundary conditions from E, [M] to E,,
keeping them close to constant. Let the weight in the weight function
remain constant. Glue to Dy, —J; Ep,[M +2], m half disks and extend
the boundary conditions smoothly. Denote the result D,,,. Note that the
boundary value problem on D,, is the vector-Riemann-Hilbert problem,
which is known to be Fredholm, and that the weighted norm on this
compact disk is equivalent to the standard norm.

Now let v € Ha,(C"; A). Then «aju is in the appropriate Sobolev
space for the extended boundary value problem on E'p]. (D, if 7 = 0)
and because the elliptic estimate holds for all of these problems and
since all of them except possibly the one on D,, has no kernel, there
exists a constant C' such that

n
(6:32)  lull2y < laoullo + ) lajullzu
j=1

n
< C | flaoullr+ > 19(eju)1,
j=0

n n
< O | X I0ajullip+ llaoullu + ) ladul,,

j=0 7=0

We shall show that (6.32) implies that every bounded sequence u,
such that Ou, converges has a convergent subsequence. This implies that
0 has a closed image and a finite dimensional kernel ([20] Proposition
19.1.3). Clearly, it is sufficient to consider the case du, — 0. Consider
the restrictions of u, to a compact subset K of D,, such that

supp(ap) U supp(dag) U - - - U supp(dayy,) C K.

A compact Sobolev embedding argument gives a subsequence {u,}
which converges in H;(K,C"). Thus, (6.32) implies that {u, } is a
Cauchy sequence in Hs ,(A; C") and hence it converges.

It remains to prove that the cokernel is finite dimensional. Lemma
6.1 shows that any element in the cokernel of  can be represented by
a smooth function v on D,,. Partial integration implies this function
satisfies dv = 0 with boundary conditions given by the matrix function
1A. Assume first that A is constant at infinity. Then, Lemma 6.2 and
conjugation with the holomorphic (n X n)-matrix gy as in the proof
of Proposition 6.5 gives explicit formulas for the restrictions of these
smooth functions to E, [M], for each j. It is straightforward to check
from these local formulas that v lies in Ho _,(C",iA). Thus, repeating
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the argument above with 0 replacing 0 shows that the cokernel is finite
dimensional. The lemma follows in the case when A is constant at
infinity. The general case then follows by an approximation argument
as in the proof of Proposition 6.6. q.e.d.

6.7. Index-preserving deformations. We compute the index of the
operator in (6.31). Using approximations, it is easy to see that it is
sufficient to consider the case when A: 0D,, — U(n) is constant at
infinity. Thus, let A be such a map which is constant on 9E, [M] for
every j and consider the Fredholm operator

(6.33) d: Hau(C™ A) — Hy (T D, @ T [0)),
where p = (u1,. .., tm) € R™ satisfies
(6.34) pi # —6(j)r + nw for every j,r,n.

Lemma 6.9. Let Bs: D,,, — U(n), s € [0,1], be a continuous family
of smooth maps such that

(6.35) B, is bounded in the C*-norm,
Bs|OEy,[M] is constant in T + it,
0Bs|0D,, =0, and
By =id.

Let X: [0,1] — R™ be a continuous map such that \(0) = p and \(s)
satisfies (6.34) for every s € [0,1]. Then the operator

0: Hap1)(C™; B1A) — Hyzq) (T Dy @ €5 [0])
has the same Fredholm index as the operator in (6.33).
Proof. The Fredholm operator
0: Hax(5)(C"s BsA) — Hy z() (T Dy @ C;[0])
is conjugate to
& — ByOB;': Hy (T A) — Hy W (T D,y @ T [0]).

The family 0 — Bs0B; ! is then a continuous family of Fredholm oper-
ators. q.e.d.

In order to apply Lemma 6.9, we shall show how to deform given
weights and boundary conditions into other boundary conditions and
weights keeping the Fredholm index constant using the conditions in
Lemma 6.9. We accomplish this in two steps: first deform the problem
so that the boundary value matrix is diagonal; then change the weights
and angles at the ends into a special form where compactification is
possible.
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Lemma 6.10. Let A: 0D,, — U(n) be constant at infinity. Then,
there exists a continuous family Bs: Dy, — U(n), 0 < s < 1, of maps
satisfying (6.35) such that

B1(¢)A(¢) = Diag(b1(¢), - -, bn(C)), ¢ € ODp,.

Proof. We first make A diagonal on the ends where it is constant.
Note that in canonical coordinates z(j) on the end Ej,,[M] the matrix A
is diagonal. Let B; € U(n) be the matrix which transforms the complex
basis d(j)1, . ..,0(j)n to the standard basis. Let B;(s) be a smooth path
in U(n), starting at id and ending at B;. Define Bs = Bj(s) on Ej,,[M]
for each j.

We need to extend this map to all of D,,. To this end, consider
the loop on the boundary of S = D, — Ej,,[M]. There exists a 1-
parameter family of functions Bs: S — U(n) such that By = id and
B A is diagonal, since any loop is homotopic to a loop of diagonal
matrices. The loops Bs can be smoothly extended to all of D,,.

Finally, we need that 0B, = 0 on the boundary. We get this as
follows: let C' be a collar on the boundary with coordinates 7 along
the boundary and ¢ orthogonal to the boundary, 0 < ¢t < € and let
¢: [0,¢] — R be a smooth function which equals the identity on [0, §]
and 0 for t > 5. Redefine B on the collar as

By = By(¢) exp(i(t) By 1 (()Bs(Q))-

Then Bj satisfies the boundary conditions and equals Bs on the bound-
ary and in the complement of the collar.

Consider the loop on the boundary of S = D, — dE, [M]. There
exists a 1-parameter family of functions Bs: S — U(n) such that By =
id and B1 A is diagonal, since any loop is homotopic to a loop of diagonal
matrices. The loops Bs can be smoothly extended to all of D,, and the
above trick makes Bj satisfy the boundary conditions. q.e.d.

Now let A: D,, — U(n) take values in diagonal matrices. Assume
that A is constant near the punctures and that = (u1,..., tm) € R™
satisfies (6.34).

Lemma 6.11. There are continuous families of smooth maps Bs: Dy,
— Diag € U(n) and X: [0,1] — R which satisfy (6.35) and (6.34)
(where the 6(j) are computed w.r.t. Bg) respectively such that

B1A=id
in a neighborhood of each puncture.

Proof. Let M > 0 be such that A is constant in E, [M] for each
j. Let ¢:]0,1] — [0,1] be an approximation of the identity which is
constant near the endpoints of the interval. Let ¢: [M,00) — [0, 1] be
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a smooth increasing function which is identically 0 on [M, M + 1] and
identically 1 on [M + 2,00). For a = (a1, ..., am) € (—m,m)™, let

5ul(0) 1' forCGDm—UjEpj[M]>
eV(Mid®)  for ¢ =7+ it € By, [M],

and let g, be a function which agrees with g, except on E, [M] —
Ep,[M + 2] and which satisfies 9g4|0Dp, = 0.

Consider the complex angle §(j) € [0, 7)" and the weight ;. Assume
first that p; # km for all k € Z and j = 1,...,m. Let m; be the unique
number 0 < m; < 7 such that m; = kr — pu; for some k£ € Z. By
(6.34) 0(j)r # mj for all r. If 6(j), > m;, define o, = m — 0(j),, and if
0(j)r < mj, define a(j), = —0(j),. Define

Bs = Diag (gsoqv v 7gsan)

and let A(s) = p.

Assume now that p; = km for some j. For 0 < s < %, let B; = id and
take \; = p; — es for some sufficiently small € > 0. Repeat the above
construction to construct By for s < % <1. q.e.d.

6.8. The Fredholm index of the standardized problem. Consider
D,,, with m punctures on the boundary, conformal structure x and met-
ric g(x) as above and neighborhoods E,, of the punctures p1,. .., ppm.

Let A,,, denote the representative of the conformal structure x on D,,
which is the unit disk in C with m punctures at 1,7, —1,¢s, ..., ¢y, with
the flat metric. Then there exists a conformal and therefore holomorphic
map I': Dy, — Ay, We study the behavior of ' on Ej,. Let p = p;
and let ¢ be the puncture on A, to which p maps. After translation
and rotation in C, we may assume that the point ¢ = 0 and that A,,
is the disk of radius 1 centered at i. We may then find a holomorphic
function on a neighborhood U C A,, of ¢ = 0 which fixes 0 and maps
0A,, N U to the real line. Composing with this map, we find that T’
maps oo to 0, 7+0¢ to the negative real axis and 741 to the positive real
axis for 7 > M for some M. Thus this composition equals C exp(—m()
where C' < 0 is some negative real constant. Thus, up to a bounded
holomorphic change of coordinates on a neighborhood of ¢, the map I" on
E,, looks like I'(¢) = exp(—n() and its inverse I'"! in these coordinates
satisfies I 71(z) = —Llog(2).

Let A: 0D,, — Diag C U(n) be a smooth function which is con-
stantly equal to id close to each puncture. We may now think of A as
being defined on 9A,,. We extend A smoothly to 0A by defining its
extension A at the punctures as fl(pj) = id for each j.
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Consider the following boundary condition for u € Ha(A,C"):

(6.36) / (u,v)ds =0 for all v € C3°(0A,C")
0A
with v(z) € iA(z)R™ for all z € OA.

For u € H1 (A, T*%' A ® C"), consider the boundary conditions
(6.37) / (u,v)ds = 0 for all v € C§°(OA, T"'A @ C").
0A

Define

A

Ha(A,C™ A) = {u € Ha(A,C): u satisfies (6.36)
and Ou satisfies (6.37)}
Hi(A, T A [0]) = {u € Ha(A, C): u satisfies (6.37)} .
Lemma 6.12. The operator
d: Hao(A,C™ A) — Hi(A, T A [0])

A~ A~

is Fredholm of index n+ pu(A), where u(A) denotes the Maslov index of
the loop z — A(2)R"™, z € OA, of Lagrangian subspaces in C™.

Proof. This is (a direct sum of) classical Riemann-Hilbert problems.
q.e.d.

Let A(a) = (a,...,a) € R™.

Proposition 6.13. For —m < a < 0, the Fredholm index of the
operator

0 Ho @) (C™5 A) = Hyz@) (T Dy @ € [0])
equals n + u(A).

Proof. The holomorphic map I': D,, — A,, and its holomorphic in-
verse commute with the 0 operator. Any solution on D,,, must look like
> <0 €™ (the negative weights allows for ¢ # 0) in canonical coor-
dinates close to each puncture. Thus, I'"! pulls back solutions on D,, to
solutions on A,,. Using also I', we see that the kernels are isomorphic.

Elements in the cokernel on D, are of the form (3, cn€"™)d( (the
positive weight implies co = 0). Pulling back with I'"! gives elements
of the form (3., 2")% which are in the cokernel of the 0 on A. So,
the cokernels are also isomorphic. q.e.d.
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6.9. The index of the linearized problem. In this subsection, we
determine the Fredholm indices of the problems which are important in
our applications to contact geometry.

Let A: 0D,, — U(n)) be a map which is small at infinity. Assume
that A?]R” and AJIR” are transverse for all j. For 0 < s < 1, let
fi(s) € U(n) be the matrix which in the canonical coordinates z(j) is
represented by the matrix

Diag(e {"0@s  o=ilm=0(n)s),

If p and ¢ are consecutive punctures on dD,,, then let I(a,b) denote
the (oriented) path in dD,, which connects them. Define the loop I'4
of Lagrangian subspaces in C" by letting the loop

(AlL(p1,p2)) * fo % (A|I(p2,p3)) * f5 % - - x (AL (pm, p1)) * £1
of elements of U(n) act on R” C C™.

Proposition 6.14. For A as above, the index of the operator
0: Ha(C™; A) — H1(T*O’1Dm ® C";[0])
equals n + (T 4) where w is the Maslov index.

Proof. Using Lemmas 6.10 and 6.11, we deform A to put the problem
into standardized form with weight —e at each corner, without changing
the index. Call the new matrix B. We need to consider how B is
constructed from A. The key step to understand is the point where
we make B equal the identity on the ends. This is achieved by first
introducing a small negative weight and then rotating the space

A}]R” = Span <ei9(j)131, ce eie(j)"8n>
to Ag-) according to

)

(6.38) Span <ei(e<j>1+s¢<r><w—e(j>1>31, - ez’(@(j>n+s¢<ﬂ<w—e<j>n>3n>

where 0 < s < 1 and ¢: [M,00) — [0,1] equals 1 on [M + 2,00) and 0
on [M,M +1].

We now calculate the Maslov-index p(B). Since as we follow R + ¢
along the negative 7-direction from M + 1 to M, B experiences the
inverse of the rotation (6.38), the proposition follows. q.e.d.

We now consider the simplest degeneration at a corner. Compare
this with Theorem 4.A of [13] or the appendix of [30]. Let ¢ > 0 be a
small number. Let A;: D,, — U(n), 0 < s < 1 be a family matrices
which are small at infinity and constant in s near each puncture in
S C{1,...,m}, where each component of the complex angle is assumed
to be positive. At p,, r ¢ S, assume that 0(r)s = (7—s,602(7), ..., 0,(r)),
where 0;(r) #0, j =2,...,n.. Let B(e) € R™ satisfy B(e), =0if r € S
and [(e), = —eif r ¢ S.
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Proposition 6.15. The index of the operators
9: Ha(C"; As) — H1(T%' Dy [0])
for s > 0 and of the operator
9: HZ,,B(G)((CTL; Ag) — Hi(~e0,...0) (To’le [0]),
are the same.
Proof. This is a consequence of Lemma 6.9. q.e.d.
Finally, we show how the index is affected if the weight is changed.

Proposition 6.16. Let A: D,, — U(n) be constant at infinity and
suppose that the complex angle at each puncture except possibly p1 has
positive components. Assume that 0 < m—6(1); <7 —0(1)2 < --- <
m—0(1),. Let € > 0 be smaller than min,(m—6(r),), and let T—6(1); <
d <m—0(1)j—1 Then, the index of the problem

-----

s j larger than that of
0 Ha(50,...0)(C" A) = Hy50....0) (T Dy [0]).

Proof. First, deform the matrix into diagonal form without changing
the weights. If n > 1, this can be done in such a way that the index
corresponding to the first component is positive. Then put the first
component in standardized form. We must consider the index difference
arising from the first component as the weight changes from negative
to positive. The condition that a solution lies in Hs s means that the
corresponding solution on A vanishes at p;. Thus, the dimension of
the kernel increases by 1. The cokernel remains zero-dimensional. This
argument can then be repeated for other components. To handle the
1-dimensional case, one may either use similar arguments for cokernels
or reduce to the higher dimensional case by adding extra dimensions.

q.e.d.

6.10. The index and the Conley—Zehnder index. We translate
Proposition 6.14 into a more invariant language. Recall from Section 2.2
that we denote by v, (c) the Conley-Zehnder index of Reeb chord ¢ with
capping path . In the following proposition, we suppress v from the
notation.

Proposition 6.17. Let (u, f) € Wa(c,k; B) be a holomorphic disk
with boundary on an admissible L, and with j positive punctures at Reeb
chords ai,...,a; and k negative punctures at Reeb chords by, ..., by.
Then the index of dl'(, 5y equals

J k
(6.39) wB)+ (1= jn+ via) = > vib).

r=1 r=1
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Remark 6.18. Note that (6.39) is independent of the choices of
capping paths.

Proof. We simply translate the result of Proposition 6.14. At a pos-
itive puncture p, the tangent space corresponding to R + 0i (R + ¢) in
OE, is the lower (upper) one and at a negative puncture the situation
is reversed. We must compare the rotation path A(Vi, V) used in the
definition of the Conley—Zehnder index with the rotation used in the
construction of the arcs f; in Proposition 6.14. At a negative puncture,
the path f; is the inverse path of A(V1, V). Hence, the contribution to
the Maslov index of f; at a negative corner equals minus the contribu-
tion from A. Consider the situation at positive puncture mapping to a*.
Let A(V1, 1)) be the path used in the definition of the Conley—Zehnder
index. Then, A(V7, Vj) rotates the lower tangent space V; of Tl (L) at
a* to the upper Vp according to e/, 0 < s < 5, where I is a complex
structure compatible with w. Let A\(Vp, V1) be the path which rotates
Vo to V7 in the same fashion. Then, the path f; is the inverse path of
A(Vo, V1) and hence the contribution to the Maslov index of f; equals
the contribution from A(Vi, V) minus n.

To get the loop B from I' 4 (see Proposition 6.14), the arcs f; must be
removed and replaced by the arcs I';, induced from the capping paths
of the Reeb chords. A straightforward calculation gives

J k
p(Ta) = p(B)+ Y via) —nj—> v(by).
r=1 s=1
Hence,
J k
n+p(la) =pB)+ 1 —jin+> via) = > v(bs).
r=1 s=1

q.e.d.

6.11. The index and the Conley—Zehnder index at a self tan-
gency. In this section, we prove the analog of Proposition 6.17 for semi-
admissible submanifolds. First, we need a definition of the Conley—
Zehnder index of a degenerate Reeb chord. Let L C R x C" be a chord
semi generic Legendrian submanifold. Let ¢ be the Reeb chord of L
such that II¢(L) has a double point with self tangency along one direc-
tion at c*. Let ¢ and ¢~ be the end points of ¢, z(ct) > z(c™). Let
Vo = dllc(T+ L) and Vi = dll¢(T,.-L). Then Vj and V) are Lagrangian
subspaces of C™ such that dimg(VoNVy) = 1. Let W C C™ be the 1-
dimensional complex linear subspace containing Vo NV; and let C*~! be
the Hermitian orthogonal complement of W. Then Vj = V5, N crt
and V{ = V4 N C" ! are transverse Lagrangian subspaces in C"~ 1.
Pick a complex structure I’ on C"~! compatible with w|C"~! such
that I'V/ = V. Define A\(V1,V)) to be the path of Lagrangian planes
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s — VpnNVx eSI/Vl’. Also pick a capping path v: [0,1] — L with
7(0) = ¢* and (1) = ¢~. Then v induces a path I' of Lagrangian
subspaces of C™. Define the Conley—Zehnder index of ¢ as

vy(c) = u(T * A(Vi, V0))-

Let 0 < € < 0, where 6 is the smallest non-zero complex angle of L
at c. Let Wh ¢(c; k) denote the space of maps with boundary conditions
constructed from the Sobolev space with weight € at each puncture
mapping to ¢ and define W ((c; k) as in Section 5.8. If a is a Reeb
chord of L, then let d(a,c) = 0 if a # ¢ and 0(c,c) = 1. Again we
suppress capping paths from the notation.

Proposition 6.19. Let (u, f) € Wa(c,k; B) and (v,g) € WZE(C, K;
B) be holomorphic disks. If ¢ = (a;by,...,by) where a # ¢, then the
index of dU'(, y) equals

k
p(B) +v(a) =Y (v(b;) +(bj, ),
r=1
and the index of dl'(, 4 equals
k
u(B) +v(a) = > v(by).
r=1

If ¢ = (¢;b1,...,bm), then the index of dT'(, 5 equals

k
u(B) +v(e) =Y (b)) +8(bj, ),

r=1
and the index of dI'(, 4y equals
k

u(B) + (v(e) + 1) = w(by).
r=1
Remark 6.20. Note again that the index computations are indepen-
dent of the choices of capping paths.

Proof. The proof is similar to the proof of Proposition 6.17. Consider
first the J-operator with boundary conditions determined by (u, f) and
acting on a Sobolev space with small negative weight. Again we need
to compute the Maslov index contributions from the paths f; in the
loop I'4, where f; fixes the common direction in the tangent spaces at
a self tangency double point. Note that at a positive puncture ¢ the
contribution is now the contribution of A\(V1,Vp) minus (n — 1). At a
negative puncture it is again minus the contribution of A(Vi, V). Apply-
ing Proposition 6.16, the first and third index calculations above follow.
Noting that the tangent space of Wh ((c, x, B) is obtained from that of
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Ws (¢, k; B) by adding one R-direction for each puncture mapping to ¢
the other index formulas follow as well. q.e.d.

7. Transversality

In this section, we show how to achieve transversality (or “surjectiv-
ity”) for the linearized 0 equation by perturbing the Lagrangian bound-
ary condition. When proving transversality for some Floer-type theory,
it is customary to show that solution-maps are “somewhere injective”
(see [22, 16], for example). One then constructs a small perturbation,
usually of the almost complex structure or the Hamiltonian term, which
is supported near points where the map is injective. With a partial in-
tegration argument, these perturbations eliminate non-zero elements of
the cokernel of 0.

For our set-up, we perturb the Lagrangian boundary condition. In
Sections 7.1 through 7.4, we describe the space of perturbations for
the chord generic, one-parameter chord generic, and chord semi-generic
cases. Although we do not have an injective (boundary) point, we ex-
ploit the fact that there is only one positive puncture, and hence, by
Lemma 2.1, the corresponding double point can represent a corner only
once. Of course other parts of the boundary can map to this corner
elsewhere, but not at other boundary punctures. With this observa-
tion, we prove transversality in Sections 7.7 and 7.9 first for the open
set of non-exceptional maps, defined in Section 7.6 and from this for all
maps provided the expected kernel has sufficiently low dimension. We
also prove some results in Sections 7.10 and 7.12 which will be useful
later for the degenerate gluing of Section 8.

7.1. Perturbations of admissible Legendrian submanifolds. Let
L c C" xR be an admissible Legendrian submanifold. Let a(L) denote
the minimal distance between the images under Il¢ of two distinct Reeb
chords of L and let A(L) be such that IIc(L) is contained in the ball
B(0,A(L)) c C". Fix 6 > 0 and R > 0 such that § < a(L) and such
that R > A(L).

Definition 7.1. Let Ham(L, §, R) be the linear space of smooth func-
tions h: C" — R with support in B(0, R) and satisfying the following
two conditions for any Reeb chord c.

(i) The restriction of h to B(c*,J) is real analytic,
(ii) The differential of h satisfies Dh(c*) = 0 and also h(c*) = 0.

We are going to use Hamiltonian vector fields of elements in Ham(L, 4,
R) to perturb L. Condition (i) ensures that L stays admissible, and (ii)
that the set of Reeb chords {co,...,cm} of L remains fixed.

Lemma 7.2. The space Ham(L, 0, R) with the C*°-norm is a Banach
space.
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Proof. Using the characterization of real analytic functions as smooth
functions, the derivatives of which satisfy certain uniform growth re-
strictions, one sees that the limit of a C'*°-convergent sequence of real
analytic functions on an open set is real analytic. q.e.d.

Lemma 7.3. If L is admissible and h € Ham(L,d, R), then ®(L)
(see Section 3) is admissible.

Proof. For each Reeb chord ¢, the Hamiltonian vector field is real an-
alytic in B(c*,d). Also, ®,(c*) = ¢* and hence, there exists a neighbor-
hood W of ¢* such that @} (W) C B(c*,d) for 0 <t < 1. A well-known
ODE-result implies that the flow of a real analytic vector field depends
in a real analytic way on its initial data. This shows that ®(L) is
admissible. q.e.d.

7.2. Perturbations of l-parameter families of admissible sub-
manifolds. Let L;, t € [0,1] be an admissible 1-parameter family of
Legendrian submanifolds without self-tangencies. Let a=ming<¢<1a(L¢)
and A = maxo<<1 A(L¢). Fix 6 > 0 and R > 0 such that § < a and
R > A.

We define a continuous family of isomorphisms Ham(d, R, Ly) —
Ham(d, R, L¢), 0 < t < 1. Let (ci(t),...,cm(t)) be the Reeb chords
of Ly. Then (cf(t),...,¢,(t)), 0 < t < 1 is a continuous curve in
(CY™. Let ¢': B(0,R) — B(0,R) be a continuous family of com-
pactly supported diffeomorphisms which when restricted to B (c;‘»(O), J),
j=1,...,m agree with the map

z =z + (cj(t) — ¢;(0)).
Composition with 1! can be used to give the space
pHam(Ly, 6, R) = | ] Ham(Ly,d, R)
0<t<1

the structure of a Banach manifold which is a trivial bundle over [0, 1].
We note that if (h,t) in pHam(L¢, 0, R), then Lemma 7.3 implies that

®, (L) is admissible.

7.3. Bundles over perturbations. Let L. C C" x R be an admissible
chord generic Legendrian submanifold. Above we constructed a smooth
map of the Banach space Ham(L, d, R) into the space of admissible chord
generic Legendrian embeddings of L into C" x R.

Let ¢ = (¢p,c1, ..., ¢m) be Reeb chords of L and let € € [0, 00)™ and
consider, as in Section 5.1, the space

(71) W2,e,Ham(L,6,R) (C)
and its tangent space

(72)  Tiw,fra)Woetam(Ls,R) = Tlw,pyWa,e © TiCr @ Ham(L, d, R).
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In a similar way, we consider for a 1-parameter family L; the space

(73) W2,e,pHam(Lt,5,R) (C)
and its tangent space.

For A = Ham(L, d, R) or A = pHam(L¢, d, R), consider also the bun-
dle map T': W e a(c) — HyA[0](T**! D,,, ®C"). Here, we are thinking
of the spaces as bundles over Ham(L,d, R) and we denote projection
onto this space by pr. To emphasize this, we will write (I, pr) instead
of just I in the sequel. The differential dI" was calculated in Lemma 5.14.

7.4. Perturbations in the semi-admissible case. Let L C C" x R
be a semi-admissible Legendrian submanifold. Let (cy,...,¢y) be the
Reeb chords of L. Assume that the self tangency Reeb chord is cg,
that ¢ = 0, and that L has standard form in a neighborhood of 0, see
Definition 3.3.

Let a(L) denote the minimal distance between the images under Il¢
of two distinct Reeb chords of L. Fix § > 0 such that § < a(L).
For r > 0, let C(r) = C x B'(0,r) C C", where B'(0,r) is the r-ball in
C"! =~ {z = 0}, where as, always, (21,...,2n) = (21 +iy1, ..., Tn+iy,)
are coordinates on C™.

Definition 7.4. Let Hamg(L, d) be the linear space of smooth func-
tions h: C" — R with support in C(100)Ul,~, B(cj, 100) and satisfying
the following conditions.

(i) The restriction of h to B(cj,d) 1 < j < m is real analytic,

(ii) In C(105), 2 =0 = g—h and the restriction of h to C'(9) is real

? Omy Y1
analytic.
(iii) The differential of & satisfies Dh(c}) = 0 and also h(cj) = 0, for
all j.

Lemma 7.5. The space Hamg(L, §) with the C*°-norm is a Banach
space.

Proof. See Lemma 7.2 and note that the restriction of h to C(106)
can be identified with a function of (n — 1)-complex variables supported
in B'(0,100). q.e.d.

Let @, be the Legendrian isotopy which is defined by using the flow
of h locally around the Reeb chords of L. This is well-defined for
h sufficiently small. Let Hamg(L,d,s) denote the s-ball around 0 in
Hamg(L, 9).

_ Lemma 7.6. There exists s > 0 such that for h € Hamy(L, 9, s),
O, (L) is an admissible chord semi-generic Legendrian submanifold.

Proof. Note that the product structure in C'(100) is preserved since h
does not depend on (x1,y;). Moreover, the isotopy is fixed in the region
B(0,2+¢)\ B(0,2) for s and ¢ sufficiently small. q.e.d.
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We have defined a smooth map of Hamg(L,d, s) into the space of
admissible chord semi-generic Legendrian submanifolds and this maps
fulfills the conditions on A in Section 5.8. We can therefore construct
the spaces

(74) WQ,e,Hamg(Lﬁ,s)a and W2,6,Ham0(L,5)7
see Sections 5.1 and 5.8, respectively. Moreover, as there, we will con-
sider the 0-map and its linearization.

7.5. Consequences of real analytic boundary conditions. For
r>0,let By = {z € C:|z] < r,Im(z) > 0}. If w: (E+,0E;) —
(C™, M) where M is a real analytic Lagrangian submanifold and w is
holomorphic in the interior and continuous on the boundary, then by
Schwartz-reflection principle, w extends in a unique way to a holomor-
phic map w?: E — C" mapping Im(z) = 0 to M, where E = {z €
C: |¢| < r} for r sufficiently small. We call w? the double of w.
Let L € C" x R be a chord (semi-)generic Legendrian submanifold.

Lemma 7.7. Let p be a point in U C L such that Hc(U) is real
analytic, where U C L is a neighborhood of p on which Il¢ is injective.
Assume that

w: (E—H aE—HO) - (Cn7HC(U)7p)7
1s holomorphic. Then, there is a holomorphic function u with Taylor
expansion at 0,
u(z) =ap+arz+...,a0 #0
such that w(z) = p + zFu(z) for some integer k > 0.

Proof. The double w? has a Taylor expansion. q.e.d.

Lemma 7.8. Let p,U and L satisfy the conditions of Lemma 7.7.
Assume that w: Dy, — C" is holomorphic with boundary on Ilc(L).
Then w™Y(p) N OD,, is a finite set.

Proof. Using Lemma 4.6, we may find M > 0 such that there are
no preimages of p in U;E, [M]. Since the complement of U;E, [M] is
compact, the lemma now follows from Lemma 7.7. q.e.d.

Lemma 7.9. Let p € L satisfy the conditions of Lemma 7.7, and let
(7.5) wy,wy: (B4, 0E4+,0) — (C*, (L), p),

be holomorphic maps such that wo maps one of the components I of
OE;L \ {0} to wi(I). Then there exists a map w: E — C™ and integers
ki > 1 such that w“f(z) = w(2M), j=1,2.

Proof. As above, we may reduce to the case when Il¢(L) = R™ C C™.
The images C; = wjl(E), j = 1,2 are analytic subvarieties of complex
dimension 1 which intersects in a set of real dimension 1. Hence, they

agree. Projection of C' = C1 = (5 onto a generic complex line through
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p identifies C (locally) with the standard cover of the disk possibly
branched at 0. This gives the map . q.e.d.

7.6. Exceptional holomorphic maps. Let A be one of the spaces
Ham(L, 4, R), pHam(L, §, R), or Hamg(L, d, s). Let (w, f,\) € Wa . a(c)
(or Wa ¢ a(c)) be a holomorphic disk and let ¢ be a point on 9D, such
that w(q) lies in a region where IIc(Ly) is real analytic. Assume that
dw(q) = 0. Since w has a Taylor expansion around ¢ in this case, we
know there exists a half-disk neighborhood E of ¢ in D,, such that ¢ is
the only critical point of w in F. The boundary JF is subdivided by
q into two arcs OF \ {q} = I+ UI_. We say that q is an exceptional
point of (w, f) if there exists a neighborhood FE as above such that
w(ly) =w(l-).

Definition 7.10. Let (w, f,A) € Waea(c), where ¢ = (co(A), c1(N),
..., cm(A)) and ¢o(A) is the Reeb chord on L) of the positive puncture
of Dppy1. Let Bi(\) and Ba(A) be the two local branches of IIg(Ly) at
cy(N). Then (w, f) is exceptional holomorphic if it has two exceptional
points g1 and g2 with w(q1) = w(g2) = ¢i(A) and if a neighborhood in
0Dy, of g¢j maps to Bj()), j =1,2.

Definition 7.11. Let W, 5 (c) (W5 5(c)) denote the complement
of the closure of the set of all exceptional holomorphic maps in Wh . a(c)

(Waen(c)).

We note that Wé ‘. A(c) is an open subspace of a Banach manifold and
hence a Banach manifold itself.

7.7. Transversality on the complement of exceptional
holomorphic maps in the admissible case.

Lemma 7.12. For L admissible (respectively Ly a 1-parameter family
of admissible submanifolds) the bundle map, see Section 5.7

(T, pr): Wh e a(€) = Hi,eA[0] (D, T D @ C7),
where A = Ham(L, 6, R) (respectively A = pHam(Ly, 6, R)) is transverse
to the 0-section.

Proof. The proof for 1-parameter families L; is only notationally more
difficult. We give the proof in the stationary case. We must show that if
w: Dy, — C" is a (non-exceptional) holomorphic map (in the conformal
structure k on D,,) which represents a holomorphic disk (w, f) with
boundary on L = L) (without loss of generality, we take A = 0 below)
then

dr (T((w7f)7n,0)W2767A(c)> = H1,e(Dm, T" Dy, @ C"),

i.e., dI' is surjective. To show this, it is enough to show that

{dr (T((w f),K,O)WQ,E,A(c)) }L = {0},



248 T. EKHOLM, J. ETNYRE & M. SULLIVAN

where V+ denotes the annihilator with respect to the L2-pairing of
V' C Hi,[0](Dp, T* Dy, @ C™) in its dual space.
An element u in this annihilator satisfies

(7.6) / (Ov,u)dA =0,
for all v € Ty, B2,(0,7). Here dA is the area form on D,,. Lemma 6.1
implies that « can be represented by a C?-function which is anti-holo-
morphic.

We note that integrals of the form

7.7 /D (6, ) dA,

where (, ) is the inner product on 7% D,,, and where ¢ and v are sections,
are conformally invariant. We may therefore compute integrals of this
form in any conformal coordinate system on the disk D,,.

Restrict attention to a small neighborhood of the image of the positive
corner at cj. Recall that w is assumed non-exceptional and consider a
branch B of II¢(L) at ¢ such that w does not have an exceptional point
mapping to ¢ € B. Since B is real analytic we may biholomorphically
identify (C", B, ¢jj) with (C",R™,0).

Let p be the positive puncture on D,,. For M large enough, by Propo-
sition 4.6, the image of the component of 0FE,[M] which lies in B is a
regular oriented curve. Denote it by ~. For simplicity we assume that
the component mapping to v is [M,o0) x {0} C Ep,[M] and we let
Eo = [M,00) x [0,1).

Let p1,...,pr be the preimages under w of ¢ with the property that
one of the components of a punctured neighborhood of p; in D,;, maps
to 7. Note that r < oo by Proposition 4.6 and Lemma 7.8 and that by
shrinking v, we may assume that all these images are exactly ~.

We say that a point p; is positive if close to pj, w and the natural
orientation on the boundary of dD,, induce the positive orientation on
~. Otherwise, we say it is negative.

The image of the other half of the punctured neighborhood of p;
in dD,, maps to a curve v/ under w. Our assumption that w is non-
exceptional guarantees that v and +/ are distinct.

Let w; denote the restriction of w to a small neighborhood of p;.
Let B = {2z € C: |z| < r},let Ex = {z € E: Im(z) > 0}, and let
E_ = {z € E: Im(z) < 0}. Lemma 7.9 implies that we can find a
map w: £ — C" and coordinate neighborhoods (E+(j),0FE+(j)) of p;
(where the sign + is that of p;) such that w;l(z) = (%) for each j.
Note that w non-exceptional implies all k; are odd.

Let k = k1ko ...k, and let fcj = % Let ¢j: E — E(j) be the map
kj

zZ =z Consider the restrictions u; of the anti-holomorphic map u
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to the neighborhoods (E+(j),0F+(j)). Because of the real analytic
boundary conditions (recall that (B, C™) is biholomorphically identified
with (R™,C")), these maps can be doubled using Schwartz reflection
principle. Use ¢; to pull-back the maps u; and w; to E.

Let a: C™ — R be any smooth function with support in a small ball
around a point ¢’ € 4/, where ¢ is chosen so that no point outside
U; E+(j) in 0Dy, maps to ¢'. (There exists such a point because of
the asymptotics of w at punctures and Lemma 7.7.) Let Y, be the
Hamiltonian vector field associated with a, see Section 3.3.

If v is a smooth function with support in |J; E4(j) which is real and
holomorphic on |J; 0EL(j), if £ + in are coordinates on E4(j), and if
the support of a is sufficiently small, then

(7.8)
0 :/Dm<8(Ya +),u) dA
(7.9)
=— Zj: /Ei(j)<Ya +v,0u) d§ N dn + Zj: /aEi(j)(—z'(Ya +v),u) dé
(7.10)

_ ZJ: /E)Ei(j)<_¢(ya + ), ) de.

The equality in (7.8) follows since u is an element of the annihilator
and since a can be arbitrarily well C2-approximated by elements in
Ham(L,d, R). The equality in (7.9) follows by partial integration and
the restrictions on the supports of a and v. The equality in (7.10) follows
from Ou = 0. Taking a = 0, we see, since we are free to choose v, that
u must be real valued on 0F(j) for every j.

We then take v = 0 and express the integral in (7.10) as an integral
over I4 = {x + 0i: x > 0} C E. Note that if £ 4 in are coordinates on

E(j) then under the identification by ¢;, d¢ = da*i = l%jx';f_l dx and
(7.11) / (=Y, ) dé
; IEL(j)
— [ i), Y ok ()
I; j

where o(j) = %1 equals the sign of p;. Thus, if

a(z) = z:O_(j)kal%j—luj(Z/;:j)7
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then « is antiholomorphic and by varying a, we see that « vanishes in
the R™-directions along an arc in I,. Therefore, a vanishes identically
on FE.

Pick now instead a supported in a small ball around ¢ in . With the
same arguments as above, we find

(7.12) 0:/ (0(Y, +v),u) dA

m

:_/ <Ya+v,8u>dr/\dt—2/ (Y, + v, 8u) dé A dn
FEy - E+(j)

+/[MOO)< i(Yy +v),u dT+Z/ (—i(Yy + v), u) dé

OF+(j

:/[M’OO)< i(Yo +v),u dT—f—Z/ —i(Yy 4 v), u) de.

OFE+(j

and conclude that u(7,0) € R™ for 7 € [M, 00) as well.
Again taking v = 0, we get for the last integral in (7.12)

GUND /8 o e = [ (@), ) e =0

where I_ = {x + 0i: x < 0} C E, and where the last equality follows
since w = 0. Equations (7.13) and (7.12) together implies (by varying a)
that v must vanish along an arc in [M, c0). Since u is antiholomorphic,
it must then vanish everywhere. This proves the annihilator is 0 and
the lemma follows. q.e.d.

Remark 7.13. In the case that w has an injective point on the
boundary, the above argument can be shortened. Namely, under this
condition, there is an arc A on the boundary of D,, where w is in-
jective and varying v and a, there we see that u must vanish along A
and therefore everywhere. Oh achieves transversality using boundary
perturbations assuming an injective point [25].

Corollary 7.14. Let c = aby .. .by,. For a Baire set of h € Ham(L, 6,
R)=A, T7H0)npr~i(h) N Wy a(c; A) is a finite dimensional smooth
manifold of dimension

p(A) +vy(a ZVW ) + max(0,m — 2).

For a Baire set of h € pHam(L,0, R) = AT~ (O)ﬂpr‘l(h)ﬂW§7€7A(c; A)

s a finite dimensional smooth manifold of dimension

p(A) +v4(a ZVW ) + max(0,m —2) + 1.
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Proof. Let Z C Wé ‘. Alc; A) denote the inverse image of the O-section
in Hy . A[0)(T*%!' D,, ® C*) under (T, pr). By the implicit function the-
orem and Lemma 7.12, Z is a submanifold. Consider the restriction of
the projection w: Z — A. Then 7 is a Fredholm map of index equal to
the index of the Fredholm section I'. An application of the Sard—Smale
theorem shows that for generic A € A, 771()) is a submanifold of dimen-
sion given by the Fredholm index of I'. Note that in the first case, the
restriction of dI' to the complement of the max(0,m — 2)-dimensional
subspace TC,, C TWh(c; A) is an operator of the type considered in
Proposition 6.17. Thus, the proposition follows in this first case. In the
second case, we restrict to a (max(0, m — 2)+ 1)-codimensional subspace
instead. q.e.d.

7.8. General transversality in the admissible case. If ¢ is a col-
lection of Reeb chords, we define I(c) as the number of elements in
c. We note that if (f,w) is a holomorphic disk with boundary on L
with r punctures, then, if r < 2, the kernel of dI" at (f,w) is at least
(3 —r)-dimensional. This is a consequence of the existence of conformal
reparameterizations in this case.

Theorem 7.15. For a dense open set of h € Ham(L,d,R) (h €
pHam(L,8, R)), T71(0) N pr=t(h) C Waa(c) is a finite dimensional
C'-smooth manifold of dimension as in Corollary 7.14, provided this
dimension is <1 ifl(c) >3 and <1+ (3 —I(c)) otherwise.

Proof. After Corollary 7.14, we need only exclude holomorphic disks
in the closure of exceptional holomorphic disks. Let a € Ham (a €
pHam) be such that I'71(0) is regular. Then the same is true for a
in a neighborhood of a. Now assume there exists a holomorphic disk
in the closure of exceptional holomorphic disks at a. Then there must
exists an exceptional holomorphic disk for some @ in the neighborhood.
However, such a disk w has &k > 2 points mapping to the image of
the positive puncture and with w(/;) = w(l-). It is then easy to
construct (by “moving the branch point”) a k-parameter (k4 (3 —1(c))-
parameter if [(c) < 2) family of distinct (since the location of the branch
point changes) non-exceptional holomorphic disks with boundary on
L(a@). This contradicts the fact that the dimension of T~1(0) is < k
(< k+ (3—1(c)) for every a in the neighborhood. q.e.d.

Proof of Proposition 2.2. If the number of punctures is > 3, the propo-
sition is just Theorem 7.15. The case of fewer punctures can be reduced
to that of many punctures as in Section 8.6. q.e.d.

Corollary 7.16. For chord generic admissible Legendrian subman-
ifolds in a Baire set of such manifolds, no rigid holomorphic disk with
boundary on L decays faster than e~ OtIITl close to any of its punctures
mapping to a Reeb chord c. Here 0 is the smallest complex angle of the
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Reeb chord ¢, 6 > 0 is arbitrary, and T + it are coordinates near the
puncture.

Proof. Such a holomorphic disk would lie in W5 ((c), where the com-
ponent of € corresponding to the puncture mapping to the Reeb chord
c is larger than 6. By Proposition 6.16, this change of weight lowers
the Fredholm index of dI" by at least 1. Since the Fredholm index of
dl’ with smaller weight (e.g., O-weight) is the minimal which allows for
existence of disks, the lemma follows from Theorem 7.15. q.e.d.

Proof of Proposition 2.9. The first statement in the proposition follows
exactly as above. To see that handle slides appear at distinct times, let
(a1b1; A1) and (agbg; A2) be such that
(A1) +lar| = [b1] = p(A2) + |ag| — [b2| =0

and consider the bundle Wh a(a1b1; A1) xWa s (azbe; A2). Here X de-
notes the fiberwise product where, in the fibers, the deformation co-
ordinates (t1,t2) are restricted to lie in the diagonal: ¢; = ty = t.
This is a bundle over A, and I" induces a bundle map to the bundle
HiA(Dmy s C") x HiA(Dpmy, C™), where x denotes fiberwise product. It
is then easy to check that I' is a Fredholm section of index —1. As in
Theorem 7.15, we see that dI' is surjective and that the inverse image
of the O-section intersected with pr=!(h) is empty for generic h. This
shows that the handle slides appear at distinct times.

The statement about all rigid disks being transversely cut out at a
handle slide instant can be proved in a similar way: let (a1by; A1) be as
above and let (asbs; A3) be such that

1(As) + lag| — [bg| = 1.
Consider the bundle
Wa a(asbs; A3) xWa a(asbs; A3) xWa p(a1br; Ar),
and the bundle map I' defined in the natural way with target
Hi,A(Dmg, C") x HiaA(Diy, C") X Hi A(Dipy, C™).

Then the map I' has Fredholm index 0 and as above, we see dI" is sur-
jective. Hence, I"1(0) Npr—1(h) is a transversely cut out 0-manifold for
generic h. We show that this implies that if ¢ is such that MtAl (a1;b1) =
{(v,9)} # 0, then MY, (a3;b3) is transversally cut out. Let (u, f) €
MYy 3(ag; bs) and assume the differential dl“f% n which is a Fredholm
operator of index 0 is not surjective. Then it has a cokernel of dimension
d > 0. Furthermore, the image of the tangent space to the fiber under
the differential dI" at the point (((u, ), (u, ), (v,9)), h) is contained in
a subspace of codimension > 2d — 1 in the tangent space to the fiber of
the target space. This contradicts I'"1(0) N pr—1(h) being transversely
cut out. q.e.d.
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7.9. Transversality in the semi-admissible case.

Lemma 7.17. Suppose L is admissible chord-semi-generic and A =
Hamg(L, 4, s), then the bundle maps

(T, pr): Wy a(€) = Hie (D, T Dy @ C),
(T, pr): Wi, () = Hi e (D, T Dy @ CT)
are transverse to the 0-section.

Proof. We proceed as in the proof of Lemma 7.12. Let u be an element
in the annihilator. The argument of Lemma 7.12 still applies up to the
point where we conclude |l equals 0. In the present setup not all
Hamiltonian vector fields are allowed (see Definition 7.4). However, the
ones that are allowed can be used exactly as in the proof of Lemma 7.12
to conclude the last (n — 1) components of u must vanish identically.

Since Dy, is conformally equivalent to the unit disk A,, with m punc-
tures on the boundary and since integrals as in (7.7) are conformally
invariant, we have for any smooth compactly supported v with appro-
priate boundary conditions

(714) 0= /A (B, ) dA = /A {9y dA+ / (u, v db.

0Am,
As usual, the first term in (7.14) vanishes and we find that u is orthog-
onal to eieTw(eie)HC(L).

Now the boundary of the holomorphic disk must cross the region
X =B(0,2+¢) \ B(0,2), and the inverse image of this region contains
an arc A in the boundary. The intersection between the tangent plane
of T,IIc(L), p € X and the z;-line equals 0 and the zj-line is invari-
ant under multiplication by . Hence, the orthogonal complement of
eieTw(ew)Hc(L) intersects the zj-line trivially as well (for § € A). We
conclude that the first component of v must vanish identically along A
and by anti-analytic continuation vanish identically. It follows that wu is
identically zero. q.e.d.

In analogy with Corollary 7.14, we get (with ¢ denoting the degenerate
Reeb chord of L)

Corollary 7.18. For a dense open set of h € Hamg(L,d, s), T ~1(0)N
pri(h) C Wy a(c; A) and r=10)nprt(h) Wy a(e; A) are finite
dimensional manifolds. If c = aby ... by, with a # c, then the dimensions
are

NE

w(A)+v(a) — > (v(bj)+d(bj,c)) + max(0,m — 2) and

ﬁ
Il
—

NE

w(A) +v(a) — » (v(b;)) +max(0,m — 2), respectively.

ﬁ
Il
—
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If ¢ = cby ... by, then the dimensions are

pu(B) +v(c) = Y (v(b;)) + max(0,m — 2) and
r=1
w(B)+v(c)+1— Z(V(bj)) + max(0,m — 2), respectively.
r=1

The same argument as in the proof of Theorem 7.15 gives

Theorem 7.19. For a dense open set of h € Hamg(L, §,s), T=1(0)N
pr (k) N Wa,a(c) and T71(0) npr~t(R) N WZQA(C) are finite dimen-
stonal manifolds of dimensions given by the dimension formula in Corol-
lary 7.18, provided this dimension is < 1 ifl(c) > 3 and < 1+ (3—1(c))
otherwise.

Remark 7.20. Note that the expected dimension of the set of disks
with dimension count in Wh, equal to 1 in Wh, is equal to —k (or
—k+(3—=1(c)) if l(c < 2)), where k is the number of punctures mapping
to the self-tangency Reeb chord. Therefore for a dense open set in
the space of chord semi-generic Legendrian submanifolds, this space is
empty. Since any disk with exponential decay at the self-tangency point
has a neighborhood in W5, we see that generically such disks do not
exist, provided their dimension count in WQ’E is as above.

7.10. Enhanced transversality. Let L be a (semi-)admissible sub-
manifold. If ¢ € L and (y € 9D,,, then define

Wae(e, Go,p) = {(w, f) € Wae(c): (w, f)(¢o) = p}

and in the semi-admissible case also WZG(C, Co,p) in a similar way.

If evey: Wae(c) — L denotes the map eve, (w, f) = (w, f)(¢o). Then
eve, is smooth and transverse to p (as is seen by using local coordi-
nates on W (c)). Moreover, eva)1 (p) = Wa c(c,p) and hence, Ws ((c, p)
is a closed submanifold of W ¢(c) of codimension dim(L). Note that
the tangent space T{,, f)Wz,e(C, p, o) is the closed subspace of elements
(v,7) in the tangent space T\, yWV2(c) which are such that v: Dy, —
C™ satisfies v({y) = 0.

We consider

WQ,E(cyp) = U WQ,G(cv C)p)
C€IDm,
as a locally trivial bundle over 0D,,. Local trivializations are given
compositions with suitable diffeomorphisms which move the boundary
point ¢ a little.

We define perturbation spaces as the closed subspaces Ham” (L, §, R)
C Ham(L, é, R) and Ham{ (L, ) C Hamg(L, ) of functions h such that
h(p) = 0 and Dh(p) = 0. Thus, ®p fixes p. (Note that if p is the
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projection of a Reeb chord, this is no additional restriction.) If A denotes
one of these perturbation spaces, we form the bundles

WQ,E,A(Cap) = U W2,€(Cvp)7
Ly, eEA

WQ,QA(C?])) = U W2,e(cap)
Ly, AEA

with local coordinates as before.
As before, let / denote exclusion of exceptional holomorphic maps.

Lemma 7.21. Assume that p € L has a neighborhood U such that
Ic(U) is real analytic. Then the bundle maps

(715) (Fv pr) : Wé,e,A(CWP) - HI,E,A(Dma TO’I*Dm & Cn)
(T, pr): Wy (e, p) = Hiea(Dim, TV Dy @ C)
are transverse to the 0-section.

Proof. The proof is the same as the proof of Lemma 7.12 in the ad-
missible case and the same as that of Lemma 7.17 in the semi-admissible
case, provided the arcs v and 4/ used there do not contain the special
point p. On the other hand, if one of these arcs does contain p, we
may shorten it until it does not. (The key point is that the condition
that the Hamiltonian vanishes at a point does not destroy the approxi-
mation properties of the elements in the perturbation space for smooth
functions supported away from this point). q.e.d.

Corollary 7.22. Let n > 1. For L in a Baire subset of the space
of (semi-)admissible Legendrian n-submanifolds, no rigid holomorphic
disk passes through the end point of any Reeb chord of L.

Note, when n = 1, this corollary is not true.

Proof. The proof of Theorem 7.15 shows that for a Baire set, there
are no exceptional holomorphic disks. The Sard—Smale theorem in com-
bination with Lemma 7.21 implies that for a Baire subset of this Baire
set, the dimension of the space of rigid holomorphic disks with some
point mapping to the end point of a specific Reeb chord is given by the
Fredholm index of the operator dI' corresponding to I' in (7.15). Since
the source space of this operator is the sum of a copy of R (from the
movement of ¢ on the boundary) and a closed codimension dim L sub-
space of the source space of dI' in Lemma 7.12 which has minimal index
for disks to appear generically, we see the index in the present case is
too small. This implies that the subset is generically empty. Taking the
intersection of these Baire subsets for the finite collection of Reeb chord
endpoints of L, we get a Baire subset with the required properties. q.e.d.
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Corollary 7.23. If L is as in Corollary 7.22, then there are no rigid
holomorphic disks with boundary on L which are nowhere injective on
the boundary.

Proof. Let w: Dp,+1 — C™ represent a holomorphic disk with bound-
ary on L. By Corollary 7.22, we may assume that no point in the
boundary of dD,, maps to an intersection point of II¢(L).

Assume that w has no injective point on the boundary and let the
punctures of D,,+; map to the Reeb chords (cp, . .., ¢y) where the pos-
itive puncture maps to ¢g. Let C be the holomorphic chain which is
the closure of image w(D,,) of w with local multiplicity 1 everywhere.
Then

(7.16) Area(C) < Area(w)

since close to the point in C' most distant from the origin in C", w has
multiplicity at least two.

The corners of C' is a subset S of ¢,...,c;, and by integrating
> ; yjdx; along the boundary 0C of C which lies in the exact Lagrangian
H(c(L) we find

(7.17) Area(C) = Z(cp) — Z Z(c ),
C;GS,j>O

where the first term must be present (i.e. C' must have a corner at cjj)
since, otherwise, the area of C' would be negative contradicting the fact
that C is holomorphic. On the other hand

(7.18) Area(w) = Z(co) — Y Z(cy).
3>0

Hence

(7.19) Area(C) > Area(w),

which contradicts (7.16). This contradiction finishes the proof. q.e.d.

7.11. Transversality in a split problem. In this section, we discuss
transversality for disks, with one or two punctures, lying entirely in one
complex coordinate plane. Let L C C" xR be an admissible Legendrian
submanifold. Let A C R? denote the standard simplex. Let A; (Ag)
be the subsets of R? which is bounded by A, smoothened at two (one)
of its corners. Let (z1,...,2,) be coordinates on C". Let m;: C" — C
denote projection to the i-th coordinate and let #;: C* — C"~! denote
projection to the Hermitian complement of the z;-line. Finally, if v(t),
t € I C R is a one parameter family of lines, then we let f,y df denote

the (signed) angle y(t) turns as ¢ ranges over I.
Lemma 7.24. Let (u,h) € Wa(ab; A), p(A) + |a| — |b] = 1, be a

holomorphic disk with boundary on L such that w1 o u is constant and
such that m ou = fog, where g: Ay — Do is a diffeomorphism and
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f: Ao — C is an immersion. Furthermore, if t1,to are coordinates along
components of 0Dy, assume that the paths T'(t) = dH@(T(uvh)(tj)L) of
Lagrangian subspaces are split: T'(t;) = y(t;) x V;, where v(t) C C is a
(real line) and V; C Cn1, j = 1,2, are transverse Lagrangian subspaces.

Then, dl'(, ) is surjective. (In other words, (u,h) is transversely cut
out.)

Proof. The Fredholm index of dI" at (u, h) equals 1. If v is the vector
field on Dy which generates the 1-parameter family of conformal auto-
morphisms of Ds (the vector field 9; in coordinates 7 + it € R x [0, 1]
on Dy), then £ = du - v lies in the kernel of dI" and d7r - £ = 0.

Since the boundary conditions are split, we may consider them sepa-
rately. It follows from Section 6.4 that the 71dl" with boundary condi-
tions given by the two transverse Lagrangian subspaces Vi and Vs has
index 0, no kernel and no cokernel.

Let 61 and 62 be the interior angles at the corners of the immersion
f. Since f(0A3) bounds an immersed disk, we have

/d9+/d9+(7r—91)—|—(7r—02):
71 72

If 93 = m on, where 7 is in the kernel of dI' then, thinking of Dy as
R x [0,1], we find that, asymptotically, for some integers n; > 0 and
n9 Z 0

' Cl67(91+nl7r)(7'+i1‘,)7 for T — +00,
(T +it) = coelO2tn2m)(T+it) for T — —o0,

where ¢ and ¢y are real constants. Cutting Dj off at |7| = M for some
sufficiently large M, we thus find a solution of the classical Riemann—
Hilbert problem with Maslov-class

1
;(914—92—91 — 0y — (n1+n2)7r>.

Since the classical Riemann—Hilbert problem has no solution if the Mas-
lov class is negative and exactly one if it is 0, we see that the solution
& = & produced above is unique up to multiplication with real con-
stants. q.e.d.

Lemma 7.25. Let (u,h) € Wh(a; A), p(A) + |a| = 1, be a holomor-
phic disk with boundary on L such that 71 ou is constant and such that
miou = fog, where g: Ay — Dy is a diffeomorphism and f: Ay — C is
an immersion. Furthermore, if t is a coordinate along 0D+, assume that
the path I'(t) = dlc(T(uny ;) L) of Lagrangian subspaces is split: I'(t) =
Y1(tj) X y2(t) X -+ X Y (t), where v;(t) C C is a (real line) such that

/ df <0, for2<j<n.
Vi
Then dU'(, 1) is surjective.
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Proof. The proof is similar to the one just given. Using asymptotics
and the classical Riemann—Hilbert problem, it follows that the kernel of
dl' is spanned by two linearly independent solutions &7, j = 1,2, with
ﬁ'lfj =0. q.e.d.

7.12. Auxiliary tangent-like spaces in the semi-admissible case.
Let L be a chord semi-admissible Legendrian submanifold and assume
that L lies in the open subset of such manifolds where the moduli-
space of rigid holomorphic disks with corners at c is 0-dimensional (and
compact by Theorem 9.2). Now if (w, f) is a holomorphic disk with
boundary on L, then by Lemma 7.17, we know that the operator

(7.20) ALz Ty pyWae(€) — Hi,e(Dyn, T* Dy @ C™)

is surjective.

For any (w, f) with m + 1 punctures which maps the punctures
p1,...px to the self tangency Reeb chord of Ly, let € € [0, 00)™ 1 F x
(—=0,0)F, where § > 0 is small compared to the complex angle of the
self tangency Reeb chord and the components of € which are negative
correspond to the punctures pi,...,pg. Define the tangent-like space

Tiw, 1,y Wase(c)

as the linear space of elements (v,7) where v € T;Cp41 and where
v € Ha ¢(Dpmt1,C") satisfies

’U(C) S H(C(T(w,f)(C)L) for all ¢ € 0Dy,
/ (Ov,u)ds = 0 for all u € CF(OD,,,C").
0D,

and consider the linear operator
(7.21) dl'(v,7) = dv +iodwor.

The index of this Fredholm operator equals that of the operator in (7.20)
and moreover, by asymptotics of solutions to these equations (close to
the self-tangency Reeb chord, we can use the same change of coordi-
nates in the first coordinate as in the non-linear case, see Section 4.6
to determine the behavior of solutions), we find that the kernels are
canonically isomorphic. Thus, since the operator in (7.20) is surjective
so is the operator in (7.21).

8. Gluing theorems

In this section, we prove the gluing theorems used in Sections 2.3 and
2.5. In Section 8.1, we state the theorems. Our general method of gluing
curves is the standard one in symplectic geometry. However, some of
our specific gluings require a significant amount of analysis. We first
“preglue” the pieces of the broken curves together. For the stationary
case, this is done in Section 8.5 and for the self-tangency case in Sections
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8.10 and 8.15. We then apply Picard’s Theorem, stated in Section
8.2. Picard’s Theorem requires a sequence of uniformly bounded right
inverses of the linearized 0 map. We prove the bound for the stationary
case in Section 8.7 and for the self-tangency case in Sections 8.13 and
8.19. Picard’s Theorem also requires a bound on the non-linear part of
the expansion of 0, which we discuss in Section 8.20. To handle disks
with too few boundary punctures, we show in Sections 8.6 through 8.6.2,
how by marking boundary points the disks can be thought of as sitting
inside a moduli space of disks with many punctures.

Recall the following notation. Bold-face letters will denote ordered
collections of Reeb chords. If ¢ denotes a non-empty ordered collection
(c1y...,¢m) of Reeb chords, then we say that the length of ¢ is m. We
say that the length of the empty ordered collection is 0. Let c!,...,c"
be an ordered collection of ordered collections of Reeb chords. Let the
length of ¢/ be I(j) and let a = (ay,...,ax) be an ordered collection of
Reeb chords of length k£ > 0. Let S = {s1,...,s,} be r distinct integers
in {1,...,k}. Define the ordered collection ag(c!, ..., c") of Reeb chords
of length k —r + 2521 I(j) as follows. For each index s; € S, remove
as; from the ordered collection a and insert at its place the ordered
collection ¢7.

Recall that if a is a Reeb chord and b is a collection of Reeb chords
of a Legendrian submanifold, then M 4(a;b) denotes the moduli space
of holomorphic disks with boundary on L, punctures mapping to (a, b),
and boundary in L which after adding the chosen capping paths rep-
resents the homology class A € Hy(L). After Theorem 7.15, we know
that if the length of b is at least 2, then M 4(a;b) is identified with the
inverse image of the regular value 0 of the 9-map T in Section 5.7. If the
length of b is 0 or 1, then M 4(a;b) is identified with the quotient of
I'~1(0) under the group of conformal reparameterizations of the source
of the holomorphic disk.

Similarly, if Ly, A € A is a 1-parameter family of chord generic Leg-
endrian submanifolds, we write M (a;b) for the parameterized moduli
space of rigid holomorphic disks with boundary in L), and punctures
at (a(A\),b(N), A € A. We also write M?(a,b) to denote the moduli
space for a fixed Ly, A € A.

Finally if K C C" and 6 > 0, then B(K,d) denotes the subset of all
points in C" of distance less than § from K.

8.1. The Gluing Theorems. In this section, we state the various
gluing theorems.

8.1.1. Stationary gluing. Let L be an admissible Legendrian sub-
manifold. Recall that a holomorphic disk with boundary on L is defined
as a pair of functions (u, f), where u: D,, — C" and f: dD,, — R. Be-
low we will often drop the function f from the notation and speak of
the holomorphic disk u. Let M 4(a;b) and M¢(c;d) be moduli spaces
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of rigid holomorphic disks, where b has length m, 1 < j < m, and d
has length (.

Theorem 8.1. Assume that the j-th Reeb chord in b equals c. Then
there exists § > 0, pg > 0 and an embedding

Ma(a;b) x Mc(c;d) x [po,0) = Mayc(a;bgy(d));
(’LL, U7 p) = U ﬁpvv

such that if u € Ma(a;b) and v € Mc(c;d) and the image of w €
Myyc(a;bj(d)) lies inside B(u(Diyy1) Uv(Diy1);0), then w = uf,v
for some p € [pg, 00).

Proof. The theorem follows from Lemmas 8.5, 8.9, and 8.16 and
Proposition 8.4. q.e.d.

8.1.2. Self tangency shortening and self tangency gluing. Let
Ly, A € (—1,1) = A be an admissible 1-parameter family of Legendrian
submanifolds such that Lg is semi-admissible with self-tangency Reeb
chord a. For simplicity (see Section 3), we assume that all Reeb chords
outside a neighborhood of a remain fixed under A. We take A so that
if A > 0, then L_, has two new-born Reeb chords a™ and a~, where
Z(a™) > Z(a”). Assume that all moduli spaces of rigid holomorphic
disks with boundary on L) are transversely cut out for all fixed \ € A,
that for all A € A, there are no disks with negative formal dimension, and
that all rigid disks with a puncture at a satisfy the non-decay condition
of Lemma 4.6 (see Remark 7.20).

Theorem 8.2. Let A~ = (—1,0). Let M%(a,b) be a moduli space
of rigid holomorphic disks where the length of b is l. Then there exist
po >0, 6 >0 and a local homeomorphism

MY (a;b) x [pg,00) = MY (a™;b);
(u7 p) = ﬁpua
such that if u € M%(a;b) and the image of w € M’ (a*;b) lies inside
B(u(Dj41);9), then w = f,u for some p € [po, 00).
Let M%(c, d) be a moduli space of rigid holomorphic disks where the
length of d is m. Let S C {1,...,m} be the subset of positions of d

where the Reeb chord a appears (to avoid trivialities, assume S # ().
Then there exists pg > 0 and § > 0 and a local homeomorphism

M (e, d) x [py, 00) = M¢ (e, dg(a™));
(U,p) = ﬁpua

such that if u € M%(c;d) and the image of w € MY (c;ds(a™)) lies
inside B(u(Dy41);9), then w = §,u for some p € [pg,00).
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Proof. Consider the first case, the second follows by a similar ar-
gument. Applying Proposition 8.4 and Lemmas 8.10, 8.11 and 8.17,
we find a homeomorphism MY (a;b) — Mi( (a™,b) for A= < 0 small
enough. The proof of Corollary 7.14 implies that M, (a™,b) is a 1-
dimensional manifold homeomorphic to My _(a;b) x A_, the theorem
follows. q.e.d.

Theorem 8.3. Let AT = (0,1) and let MY (a;b'),..., MY (a;b")
and MOC(C; d) be a moduli spaces of rigid holomorphic disks where the
length of b/ is 1(j), and the length of d is m. Let S C {1,...,m} be
the subset of positions of d where the Reeb chord a appears and assume
that S contains r elements. Then there exists § > 0, pg > 0 and an
embedding

T j + T
M@ (e;d) x Ty MY (a3 D7) x [pp, 00) — Mé+2j a,(cids (b, ..., b"));
(v, u1y e Uy p) = U (Ut Uy),
such that if v € M%(c;d) and uj € M%j(a; b/), j =1,...,7 and the
image of w € Mé:Z-Aj (c;dg(bl,...,b")) lies inside B(v(Dpy1) U
J
u1(Dyry41) U - Uur(Dy)41)); 0) then w = viy(ua,...,up) for some
p € [po,0).

Proof. Apply Proposition 8.4 and Lemmas 8.13, 8.15, and 8.18 and
reason as above. q.e.d.

8.2. Floer’s Picard lemma. The proofs of the theorems stated in the
preceding subsections are all based on the following.

Proposition 8.4. Let f: By — By be a smooth map between Banach
spaces which satisfies

f(v) = f(0) + df (0)v + N(v),
where df (0) is Fredholm and has a right inverse G satisfying
IGN(u) = GN(v)|| < C(llull + [[v[D[uw = vl

for some constant C. Let B(0,¢€) denote the e-ball centered at 0 € B
and assume that

1
IGFO)I < 5

Then for € < 1, the zero-set of f~1(0)NB(0, €) is a smooth submanifold
of dimension dim(Ker(df(0))) diffeomorphic to the e-ball in Ker(df(0)).

Proof. See [12]. q.e.d.

In our applications of Proposition 8.4, the map f will be the 9-map,
see Section 5.7.
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8.3. Notation and cut-off functions. To simplify notation, we devi-
ate slightly from our standard notation for holomorphic disks. We use
the convention that the neighborhood FE,, of the positive puncture pg
in the source D, of a holomorphic disk (u, f) will be parameterized by
[1,00) x [0,1] and that neighborhoods of negative punctures E, , j > 1
are parameterized by (—oo, —1] x [0, 1].

In the constructions and proofs below, we will use certain cut-off
functions repeatedly. Here we explain how to construct them. Let
K >0,a <b,and let ¢: [a,b+ K + 1] — [0,1] be a smooth function
which equals 1 on [a,b] and equals 0 in [b+ K,b+ K + 1]. It is easy
to see there exists such functions with |DF¢| = O(K %) for k = 1,2.
Let € > 0 be small. Let ¢: [0,1] — R be a smooth function such that
¥(0) = (1) =0, ¢'(0) =¢'(1) = 1, with [¢p| < e. We will use cut-off
functions a: [a,b+ K + 1] x [0,1] — C of the form

a(r +it) = ¢(1) + i (t)d (7).

Note that a|0([a,b + K + 1] x [0,1]) is real-valued and da = 0 on
I([a,b+ K +1] x [0,1]). Also, |[D*a| = O(K1) for k =1,2.

8.4. A gluing operation. Let L be a chord generic Legendrian sub-
manifold. Let (u, f) € Wa (a,b) where b = (b1, ...,by,) and let (vj, hj)
€ Wa(bj,c?), j € S C{l,...,m}. Denote the punctures on D, by
pj» 3 =0,...,m and the positive puncture on Dj(;);1 by g¢;.

Let g7, o € [0, 1] be a 1-parameter family of metrics as in Section 5.3.
Then for M > 0 large enough, there exists unique functions

f: Epj[—M] — Tb;(C”
0 Eqy[M] = ThC",
such that
expl (E(r + it)) = u(T + it),
expi;f (n; (T +it)) = vj(T +it),
where exp? denotes the exponential map of the metric g°. Note that
by our special choice of metrics the functions, £ and n are tangent to
II¢ (L) and holomorphic on the boundary.

For large p > 0, let D (p), r = 1 +m + > jes(U(4) — 1) be the disk
obtained by gluing to the end of

D1\ U By, [—p]
JES
corresponding to p; a copy of
Di(jy+1 — Eqg[p]

by identifying px[0,1] C E}; with —px[0,1] C E,, for each j € S. Note
that the metrics (and the complex structures k1 and k2(j)) on Dy,11
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and Dy(j)41 glue together to a unique metric (and complex structure
kp) on D2 (p). We consider Dy,+1 \Ujes Ep;[—p] and Dy(jy 41\ Eq;[p] as
subsets of D (p).

For j € S, let Q; C DZ(p) denote the subset

Eq;lp—2,pl U Ep[=p, —p +2] = [-2,2] x [0,1]

of D2 (p). Let z = 7+it be a complex coordinate on 2; and let o : Q; —
C be cut-off functions which are real valued and holomorphic on the
boundary and with a™ =1 on [-2,—1] x [0,1], ™ =0 on [0, 2] x [0, 1],
a” = 1lon [1,2] x [0,1], and @~ = 0 on [—2,0] x [0,1]. Define the
function E;f(u, Viy...,0p): D — C™ as

Zg(u, v, 0r)(€)

Uj(C)v C € Dl(j)+1 \qu [p - 2]7
= U(O’ ¢ € Dy \ UjeS Epj [—P + 2]7
expi;(a‘(z)ﬁj(z) + at(2)ni(2)), z=T+1it € Q).

8.5. Stationary pregluing. Let L C C" x R be an admissible Leg-
endrian submanifold. Let u: D,,11 — C" be a holomorphic disk with
its j-th negative puncture p mapping to ¢, (u, f) € Wa(a,b), and let
v: Dijp1 — C™ be a holomorphic disk with the positive puncture ¢ map-
ping to ¢, (v, h) € Wa(c,d). Define

(8.1) w, = S5 (u,v).
Lemma 8.5. The function w, satisfies w, € Wa(a,by;(d)) and
(8.2) 1w, |1 = Oe™"7),

where 0 is the smallest complex angle at the Reeb chord c. In particular,
|wplly — 0 as p — oo,

Proof. The first statement is trivial. Outside €2, w, agrees with u or
v which are holomorphic. Thus it is sufficient to consider the restriction
of w, to ;. To derive the necessary estimates, we Taylor expand the
exponential map at ¢*. To simplify notation, we let ¢* = 0 € C" and
let £ € R?" be coordinates in ToC" and = € R?" coordinates around
0 € C". Then

(8.3) expp(€) = & — T (1€ ), + O(I€P).
This implies the inverse of the exponential map has Taylor expansion
(8.4) ¢ =x+T}()2'2"0), + O(2?).

From (8.3) and (8.4), we get
(8.5) expp(ate;) =atu+ ((a™)? - aﬂff}(t)uiuj@k + O(|ul?)
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and a similar expression for a™7; in terms of v;. Lemma 4.6 implies
that u and Du are O(e~%) in Ej, [p], which together with (8.5) implies
(8.2). q.e.d.

8.6. Marked points. In order to treat disks with less than three punc-
tures (i.e., disks with conformal reparameterizations) in the same way
as disks with more than three punctures, we introduce special points
which we call marked points on the boundary. When disks with few
punctures and marked points are glued to a disk with many punctures
there arises a disk with many punctures and marked points and we must
study also that situation.

Remark 8.6. Below we will often write simply W» ( to denote spaces
like Ws ((c), dropping the Reeb chords from the notation.

Let L C C" x R be a (semi-)admissible Legendrian submanifold and
let w: Dy, — C" represent (u, f) € Wh (k) where & is a fixed confor-
mal structure on D,,. Let U, C l¢(L), r = 1,...,k be disjoint open
subsets where IIc(L) is real analytic and let ¢, € dD,, be points such
that u(q,) € U, and du(g,) # 0. After possibly shrinking U,, we may
biholomorphically identify (C",U,,u(g,)) with (C*,V C R"™0). Let
(x1+4y1,..., 2y +iyy) be coordinates on C™ and assume these coordi-
nates are chosen so du(g,) - vo = 01, where vy € T, Dy, is a unit vector
tangent to the boundary. Let H, C R"™ denote an open neighborhood
of 0 in the submanifold {x; = 0}.

Let S denote the cyclically ordered set of points S = {p1,...,pm,q1,

..,qr} where p; € OD,, are the punctures of D,,. Fix three points
s1, 82,83 € {p1,p2,P3,q1,---,qx}, then the positions of the other points
in S parameterizes the conformal structures on A,, 1. Asin Section 5.6,
we pick vector fields v, j = 1,...,m+k — 3 supported around the non-
fixed points in S. Given a conformal structure on A, %, we endow it
with the metric which makes a neighborhood of each puncture p; look
like the strip and denote disks with such metrics [)m’k.

If (u, f), u: l~)m7k — C™ and f: Gﬁmk — R are maps and & is a con-
formal structure on Dm+k then forgetting the marked points ¢y, . . ., gk,
we may view the maps as defined on D,, and the conformal structure
k gives a conformal structure x on D,,. Note though that the standard
metrics on D,, corresponding to £ may be different from the metric
corresponding to £ (this happens when one of the punctures g; is very
close to one of the punctures p,). However, the metrics differ only on
a compact set and thus using this forgetful map, we define for a fixed
conformal structure & on Dm,k the space

W5 () C Wae(r)

as the subset of elements represented by maps w: D,, — C™ such that
w(gr) € Hy for r =1,..., k. Using local coordinates on W, ((x) around
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(u, f) we see that for some ball B around (u, f), que(/?;) N B is a codi-
mension k£ submanifold with tangent space at (w,g) the closed subset
of T(y,g)WWa,e consisting of v: Dy, — C" with (v(g,),01) = 0. We call
Dm,k a disk with m punctures and k& marked points.

The diffeomorphisms g?)j-j, o; € R generated by v; gives local co-
ordinates 0 = (01,...,0msk—3) € R™* =3 on the space of conformal
structures on Dm,k and the structure of a locally trivial bundle to the
space

Ws. = |J Wi#).
RECm+k
The O-map is defined in the natural way on this space and we denote it
T.

8.6.1. Marked points on disks with few punctures. Let L C
C™ x R be a (semi-)admissible submanifold, let m < 2 and consider
a holomorphic disk (u, f) with boundary on L, represented by a map
u: Dy, — C™ . We shall put 3 — m marked points on Dy,.

Pick U, C IIc(L), 1 < r < 3 —m as disjoint open subsets in which
IIc(L) is real analytic and let ¢ € 0Dy, be points such that u(g,) € U,
and du(q,) # 0. Such points exists by Lemma 7.7. As in Section 8.6, we
then consider the g, as marked points and as there we use the notation
H, for the submanifold into which ¢, is mapped.

Then the class in the moduli space of holomorphic disks of every
holomorphic disk (w, g) which is sufficiently close to (u, f) in Wh  has
a unique representative (w,g§) € Wge. Namely, any such (w,g) must
intersect H, in a point ¢, close to ¢, 1 < r < 3 —m. If ) denotes
the unique conformal reparameterization of D,, which takes ¢, to ¢,
1 <7 <3—m then w(¢) = w(x(¢)). Moreover, if

(8.6) AT gy T, pyWaie = H1,e[0) (D, T Dy @ C),

has index k (note k > 3 — m since the space of conformal reparameteri-
zations of Dy, is (3 —m)-dimensional), then the restriction of dI'(, ) to
T(u,f)WQSZE has index k — (3 —m). In particular, if dl'(, y) is surjective,
so is its restriction.

We conclude from the above that to study the moduli space of holo-
morphic disks in a neighborhood of a given holomorphic disk, we may
(and will) use a neighborhood of that disk in W;e and T rather than a
neighborhood in the bigger space W»  and T'.

8.6.2. Marked points on disks with many punctures. Let L C
C™ x R be as above, let m > 3 and consider a holomorphic disk (u, f)
with boundary on L, represented by a map u: D,, — C" . We shall put
k marked points on D,,.

Pick U, C IIg(L), 1 <r < k as disjoint open subsets in which II¢ (L)
is real analytic and let ¢, € 0D,, be points such that u(g,) € U, and
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du(g,) # 0. As in Section 8.6, we then consider the g, as marked points
and as there we use the notation H, for the submanifold into which g,
is mapped.

Note that (u, f) lies in Wh . as well as in Wﬁe. We define a map

Q: UCW;G_)WZ,E; Q((wvga(gs)) = (w7g7§£t)
where U is a neighborhood of ((u, f), %) as follows.

Consider the local coordinates w € R™*T =3 op Cnir around i and
the product structure

RT3 = RM73  RI X RF,
where R™~3 is identified with the diffeomorphisms

¢ =¢pi 0ot T = (T1,. .., Tim—3) e R™3,

where j is the number of elements in {s1, s2, s3} \ {p1, 2, P3}, and where
R*=J is identified with the diffeomorphisms

@7 = (;5211 o-‘-o¢§:__;, o= (01,...,05—j) € RF—J
where {81,...,8k—;} =S\ ({pa, ..., pm} U {s1, 52, 83}).

For ¢ near &, let {s},...,s] ., s} denote the corresponding positions
of punctures and marked points in A and let 1»: A — A be the unique
conformal reparameterization such that ¢ (p;) = p;- for j = 1,2,3 and
note that we may view 1) as a map from D,, to Dch- Let s] = ¢~1(s))
for3<i<k+m-—3and s #p;,i=123]let (1,0) € RmMTF=3=J he
the unique element such that ¢7 o ¢7(s;) = s;. Define

Q(w,0) = (wo o7, (¢7)7),
where (¢7) 7! is interpreted as a conformal structure on D,, in a neigh-
borhood of x in local coordinates given by ¢™, 7 € R™ 3 and where

we drop the boundary function from the notation since it is uniquely
determined by the C"-function component of Q(w, ) and g.

Lemma 8.7. The map Q maps U NT~1(0) into T1(0). Moreover,
Q is a C'-diffeomorphism on a neighborhood of (u, f).

Proof. Assume that (w,g) € I=1(0). Then w is holomorphic in the
conformal structure 6. Since ¢ is a conformal equivalence and since the
conformal structure 6 is obtained from & by action of the inverses of
@" o @7 this implies

0=dwod+io(dwody)o(dp?) o (d¢7) o jix o (dg7) " o (dp”) "
Thus
0= (dwodyods” +io(dwodyods”)o(dg™) o jiso (ds7) ™) o (de”) 7,

and w o1 o ¢7 is holomorphic in the conformal structure d¢7 j,(d¢™) !
as required.
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For the last statement we use the inverse function theorem. It is
clear that the map Q is C! and that the differential of Q at (u, f)
is a Fredholm operator. In fact, on the complement of all conformal
variations on Dm,k not supported around any of ps, ..., pm, it is just an
inclusion into a subspace of codimension k, which consists of elements
v which vanish at ¢, ..., gx. Since du(q,) # 0 for all r, it follows easily
that the image of the remaining & directions in 7{,, f)Wg . spans the
complement of this subspace. q.e.d.

It is a consequence of Lemma 8.7 that if (u, f) is a holomorphic disk
with boundary on L and more than 3 punctures, then we may view
a neighborhood of (u, f) in the moduli space of such disks either as a
submanifold in qu . or in Wh ¢ in a neighborhood of (u, f).

Remark 8.8. Below we extend the use of the notion W ¢ to include
also spaces WQS .» When this is convenient. The point being that after
Sections 8.6.1 and 8.6.2, we may always assume the number of marked
points and punctures is > 3, so that the moduli space of holomorphic
disks (locally) may be viewed as a submanifold of W_.

8.7. Uniform invertibility of the differential in the stationary
case. Let
T': Wy — H1[0](Dpn, T D, ® C")

be the 9-map defined in Section 5.7 (see Remark 8.6 for notation). Let
u: Dpy1 — C" and v: Djy; — C” be as in Section 8.1.1 and consider
the differential dI', at (w,,k,), where w, is as in Lemma 8.5 and r,
is the natural metric (complex structure) on D,(p), r = m + [. After
Sections 8.6.1 and 8.6.2, we know that after adding 3—m or 3—1 marked
points on holomorphic disks with < 2 punctures, we may assume that
m > 2 and [ > 2 below.

Lemma 8.9. There exist constants C and pg such that if p > po,
then there are continuous right inverses

Gp: Hal0)(T™ Dy (p) ® C") = Tl ) WV2
of dI', with
GO < Cliglh-
Proof. The kernels
ker(dl(y,x1)) C TuWa2 @ Ty Cint1,
ker(dl (4 ) C TuWa © Ty Crin

are both 0O-dimensional. As in Section 8.6, we view elements v; €
Tw,Crmt1 (72 €T, Ci11) as linear combinations of sections of End (7T D,y 41)
(End(T'D;41)) supported in compact annular regions close to all punc-
tures and marked points, except at three. Since these annular regions
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are disjoint from the regions affected by the gluing of D;,4+1 and D;yq,
we get an embedding

Tnlcm+1 @ Tn2cl+1 - Tnpcr-
In fact, using this embedding,
TlipCT — Tnlcm—i-l @ Tﬁgcl—f—l S?) R7

where the last summand can be taken to be generated by a section
vo of End(T'D,(p)) supported in an annular region around a puncture
(marked point) in D, (p) where there was no conformal variation before
the gluing. Then g spans a subspace of dimension 1 in Tw, k) Wa. Let
a be a coordinate along this 1-dimensional subspace. We prove that for
(&,7) € W, = {a = 0}, we have the estimate

(8.7) &N < CllTp(E ) 1es

for all sufficiently large p. Since the Fredholm-index of dI', equals 1,
this shows dI', are surjective and with uniformly bounded inverses G,
as claimed and thus finishes the proof.

Assume (8.7) is not true. Then there exists a sequence of elements
(Ens7N) € Wy, p(N) — 00 as N — oo with

(8.8) 1(En )l =1,
(8.9) 10,5y 6N + 7 0 Dy © yn 1 — 0.

As in Section 8.4, we glue a negative puncture at p to a positive one at
q. Note that on the strip

(8.10) ©, = (B[~ 1\ Ey[~p) U(E11\Eqlp]) ~ [~p. p] [0, 1] € Dy(p)
the conformal structure &, is the standard one and therefore Os , 1s just
the standard 0 operator. Also, since vy does not have support in 0,
the second term in (8.9) equals 0 when restricted to ©,.

Let a,: ©, — C be cut-off functions which are real and holomorphic
on the boundary, equal 1 on [—2,2] x [0, 1], equal 0 outside [—1p, $p] x
[0,1], and satisfy |D*a,| = O(p™1), k =1,2.

Then a,)én is a sequence of functions on R x [0,1] which sat-
isfy boundary conditions converging to two transverse Lagrangian sub-
spaces. Just as we prove in Lemma 6.9 that the (continuous) index is
preserved under small perturbations, we conclude that the (upper semi-
continuous) dimension of the kernel stay zero for large enough p(N);

thus, there exists a constant C' such that
(8.11)

lenli=2,2] x [0 1ll2 < laénll2 < C (llapw) @n) Il + 1 @ap)énh).

As N — oo, both terms on the right-hand side in (8.11) approaches 0.
Hence,

(8.12) IEn][=2,2] % [0,1]]]2 — 0, as N — oo.
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Pick cut-off functions 8y and By on D,(p) which are real valued
and holomorphic on the boundary and have the following properties.
On Dyt \ Ep[—p + 1], B4 = 1 and on D1 \ Eylp], By = 0. On
D11\ Eylp—1], By = L and on Dy, 41\ Ep[—p], By = 0. Let (En,yn)*F =
(BxEN, Buyn). Using the invertibility of dl'y = dl(,,,) and d[— =
dl(y ky), We find a constant C' such that

(8.13) 1, Tn)E| < ClldT+ (En, )|

< C(118%5drp(en 1)l + 108%)enn ).

The first term in the last line of (8.13) tends to 0 as N — oo by (8.9),
the second term tends to 0 by (8.12). Hence, the left-hand side of (8.13)
tends to 0 as N — oco. Thus, (8.12) and (8.13) contradict (8.8) and we
conclude (8.7) holds. q.e.d.

8.8. Self-tangencies, coordinates and genericity assumptions.
Let z =2+ 1y = (21,...,2n) = (1 + Y1, ..., Tn + iy,) be coordinates
on C". Let L C C™ x R be a semi-admissible Legendrian submanifold
with self-tangency double point at 0. We assume that the self-tangency
point is standard, see Section 3.

Theorems 7.19 and 9.2 imply that the moduli-space of rigid holomor-
phic disks with boundary on L is a 0-dimensional compact manifold.
Moreover, because of the enhanced transversality discussion in Section
7.10, we may assume that there exists rg > 0 such that for all 0 < r < rg,
if u: D,,, — C™ is a rigid holomorphic disk with boundary on L, then
D Nu~'(B(0,7)) is a disjoint union of subintervals of 0E,, [+M], for
some M > 0 and some punctures p; on 9D,, mapping to 0.

By Lemma 4.6, if u: D,, — C" is a rigid holomorphic disk with ¢+ a
positive (¢~ a negative) puncture mapping to 0, then there exists ¢ € R
such that for ¢ = 7 + it € E = [+M]

u(C) = (—2(<+ o)~ L0,... ,o) + OO,

for some 6 > 0. For simplicity, we assume below that coordinates on

E,+[M] are chosen in such a way that ¢ = 0 above.

8.9. Perturbations for self-tangency shortening. For 0 < a < 1,
with a very close to 1 and R > 0 with R~! < rg, let br: [0,00) — R
be a smooth non-increasing function with support in [0, R~!) and with
the following properties

(8.14) b(r) = (R+ R) for r € [o, (R+ %Rﬂ)l] ,
[Dbr(r)] = O(R™),
D%bg(r)] = O(R>™2),
Dbr(r)] = O(R5),
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Db (r)| = O(RO'%).

The existence of such a function is easily established using the fact that
the length of the interval where Dbg is supported equals

1 N\"' o1
R - <R+ 53“) = 5RH + O(R2@72),

Let

(8.15) hr(z) = —21(2)br(|2])-

Let L' and L? be the two branches of the local Lagrangian projection
near the self-tangency, see Section 3 or Figure 2. For s > 0, let ¥¥
denote the time s Hamiltonian flow of hr and let Lr(s) denote the
Legendrian submanifold which results when W4, is lifted to a contact flow
on C" xR (see Section 3) which is used to move L?. Let L%(s) = W% (L?).
Let g(R,s,0) be a 3-parameter family of metrics on C" such that L!
is totally geodesic for g(R, s,0), L%(s) is totally geodesic for g(R,s,1)
and such that ¢g(R,s,0) and g(R,s,1) have properties as the metrics
constructed in Section 5.3.

Note that L%(1) N L' consists of exactly two points with coordinates
(£(R+ RY)~'+ O(R™3),0,...,0).

We will use V¥, to deform holomorphic disks below. It will be impor-
tant for us to know they remain almost holomorphic in a rather strong
sense, for which we need to derive some estimates on the flow W% and
its derivatives. Let X g denote the Hamiltonian vector field of hg. Then
if D denotes derivative with respect to the variables in C™ and - denotes
contraction of tensors

d ., .
(8.16) £WR =Xp; ¥ =id,

(8.17)
%D\y; =DXp-DV%; DV} =id,

(8.18)
d

d—DQ\yf% =D?Xp - DU% - DV, + DXp - D*U%; D20 =0,
S

d

%Df’)\yf% =D*Xp - DV%, - DV, - D%, + 2D*Xp - D*U%, - DU,

(8.19) + D*Xp - DV} - D*Uq + DXp - D*Wg;  DPWG = 0.
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Since Xp = i- Dhp and x1(z) = O(R™!) for |z| in the support of bg,

(8.14) implies

(8:20) | Xg| = O(R™(H9),
(8.21) |DXg| = O(RU2Y),
(822) |D*Xg| = O(R®3),
(8.23) |D?X | = O(RC—44),

If 0 <s <1, then
F0. (8.16) and (8.20) imply |¥%, —id | = O(R~(1+).
F1. (8.17) and (8.21) first give [DW¥%| = O(1). This together with
(8.21) imply | DV}, —id| = (R1 2ay,
F2. (8.18), (8.21), (8.22), F1, and Duhamel’s principle imply |D>W¥%|
— O(R3 Sa)
F3. In a similar way, as in F2, we derive |D30%| = O(R>~19).

Let u: Rx[0,1] — C" be a holomorphic function and and let w: [0, 1]
— [0,1] be a smooth non-decreasing surjective approximation of the
identity which is constant in a §-neighborhood of the ends of the interval.
Consider the function ug(7 +1it) = \I/‘;L(t)(u(T +it)). We want estimates
for ugr, Oug and DOug and 0. DOup.

FO implies

(8.24) up = u+ O(R~U1+9),
For the estimates on dup and its derivatives, we note

w(t) Ou

(8.25) Jur = DU 2= —f—Z(D\I’ wipOu , dw

WS+ X)),
By (8.20), (8.21), F1, and the holomorphicity of u,
(8.26) |Oug| = O(R'™2%)|Du| + O(R~(+9),

Taking derivatives of (8.25) with respect to 7 and ¢, we find (using
F0-3 and (8.20)—(8.23))

|DOug| =O(R'2*)|D?u| + O(R***)| Du|?

(8.27) + O(R'™%2%)|Du| + O(R~(+),
|0-DOuR| =O(R'2%)| D3u| + O(R>73%)| Du||D*u| + O(R>~*%)| Du/?
(8.28) + O(R'2)| D?u| + O(R*73%)| Dul? + O(R~1+))| Du).

Finally, let #: [0,1] — R be a smooth function supported in a %5—
neighborhood of the endpoints of the interval with 6'(0) = 6'(1) = 1
Define

(8.29) GRr(T +it) = ug(r +it) +i0(t)Our (7 + it).
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Then ug = ug on the boundary and 4 g is holomorphic on the boundary.
Also for some constant C

(8.30) ir] < C(lur| + |Ourl),
(8.31) |0ur| < C(|0ur| + |Dug|),
(8.32) |DOug| < C(|0ug| + |DOur| + |0; DOug|).

8.10. Self-tangency preshortening. Let u: D, 11 — C” be a rigid
holomorphic disk with boundary on L and with negative punctures
P1,--.,pr mapping to 0. (The case of one positive puncture mapping
to 0 is completely analogous to the case of one negative puncture so for
simplicity, we consider only the case of negative punctures.)

For large p > 0, let R = R(p) be such that the intersection points of
L' and L%(1) are a* = (£(p+p*)71,0,...,0). Then R(p) = p+O(p~ ).
Define

w0 {u<<> for ¢ € Dyyr \ (USy By [=30]).
Uy (T +it)  for (=7+it € E,[—5p].
Then there exist unique functions
§r(d): Ep,[—p] — T,-C"
such that
exp™ (€r(1)()) = up(C)s ¢ € Ep[—p],

where exp/! denotes the exponential map in the metric g(R,w(t),t) at
a”.

Let a,: (—oo0,—p] x [0,1] — C be a smooth cut-off function, real
valued and holomorphic on the boundary and such that a,(7 +it) =1
for 7 in a small neighborhood of —p, a,(7 +it) =0 for 7 < —p — %pa,
and |DFa,| = O(p~2), k = 1,2. Define w,: Dy,+1 — C" as
(8.33)

() for ¢ € Dmia \ (U; By =),
wp(C) = § exp™(a, (Q)ER(H)(C)) for { =7 +it € By, [—pl, j =1,.... k,
a— for ¢ € U; Ep;[—p — 50

8.11. Weight functions for shortened disks. Let u: D,,y1 — C"
be a rigid holomorphic disk with boundary on L. Let € > 0 be small
and let e,: D1 — R be a function which equals eIl for 7 + it €
E,. \ Ep,;[—p] and is constantly equal to e~ for 7+it € E, [—p]. Define
W _e p just as in Section 5.8, but replacing the weight function e, with
the new weight function e,. The corresponding weighted norms will be
denoted || - [|2,—c - We also write Hi ¢ 5[0](Dim+1, T**! ® C™) to denote
the subspace of elements in the Sobolev space with the weight function
e, which vanishes on the boundary.
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8.12. Estimates for self-tangency preshortened disks.

Lemma 8.10. The function w, in (8.33) lies in Wa _¢ , (see Remark
8.6 for notation) and there exists a constant C such that

||5wp||1,—67p < Ce_EpP_l_%a-

Proof. The first statement is obvious. Consider the second. In Dy,41\
Ep.[=p]), wy equals u which is holomorphic. It thus remains to check
By, [—p] % (=00, —p] % [0,1].
Taylor expansion of exp’ gives

(8.34) exp™ € = &€ — T(R, )EE 0y, + O(EP).
The Taylor expansion of the inverse then gives
(8.35) Er = g + T (R, )05 1}0, + O(lag)?).

Thus in (—oo, —p] x [0, 1], we have
(8.36) wy = aplip + (o, — A2)TE (R, )afha,0r + O|ag)?).

Now R = p+ O(p~1) from Section 8.10, | D¥a,| = O(p~2) for all cut-off
functions, and by Lemma 4.6 |D*u| = O(p~ (%), in (=00, —p] x [0, 1];
thus, applying (8.30) through (8.32) to (8.36), we get

|0w,| + |Ddw,| = O(p~1F).

Noting that 5wp is supported on an interval of length % p%, so multi-
plying with the weight function, we find

10wpl1,—e,p < CePp~ 130,
q.e.d.

8.13. Controlled invertibility for self-tangency shortening. Let
dI', denote the differential of the map

Fp: W277€7p - Hl:*G,P[O] (Derl, T*071 ® (Cn)'

Referring to Sections 8.6.1 and 8.6.2, we assume that m > 2 and [(j) > 2
for each j.

Lemma 8.11. There exist constants C and po such that if p > po,
then there is a continuous right inverse G, of dI',

Gt H1,-ep[0)(T* " Dr(p) © C*) = Ty, 0)Warmep
such that for any § > 0
(8.37) IG (&)l < CP €I~ -
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Proof. The kernel
ker(dl'y) C TyWa,—c ® T:Crt1

has dimension 0. By the invertibility of dI',, we conclude there is a
constant C' such that for £ € T,W, 2, we have

(8.38) €]l < ClldT, p€]|1,—e-

Assume that (8.37) is not true. Then there exists a sequence {x €
Tw,Wa,—ep(nvy With p(N) — o0 as N — oo such that

(8.39) [En]l =1,
_1_9
(840) ||dPP£N’ 1,—€,0(N) < Cp =3 .
Let a: Dp41 — C be a smooth function which equals 0 on Ey; [—p—
%pa] and equals 1 on Dj,41 \ (U Ep.[—p — 10]), which is real valued

and holomorphic on the boundary and with |[D*a| = O(p=?), k = 1,2.
Then (8.38) implies

®41) ety < C(1(0e)enllr—c + adlupénll,—c) = O(p™).

Finally, we let ¢: (=00, —p + p*] — C be the function which equals
0(p) — O(1), where 0(7) denotes the angle between the tangent line of
L2(1) intersected with the zi-plane (the plane of the first coordinate in
C™) at u(7+1) and the real line in that plane. From Lemma 4.6, we cal-
culate that |DF¢| = O(p*2), 0 < k < 2. Using the same procedure as
for cut-off functions, we extend it to a function ¢: (—oo, —p+ p®) x [0, 1]
which is holomorphic on the boundary, which equals qg on (—oo,—p +
p?) x {1} and which equals 0 on (—oo, —p+p®) x {0} and with the same
derivative estimates. Let M = Diag(¢, 1,...,1).

Let a be a cut-off function which is 0 in Dy,y1 \ Ep,[—p + p?] and 1
on E, [—p]. Having frozen the angle away from 0, we can use Lemmas
6.8 and 6.9 (assuming that € is smaller than the smallest component of
the complex angle) to get

(842)  [le”"aMey]|| < Cp([le™*(OaM)En|| + e aMdl En])).

The first term on the right-hand side inside the brackets is O(p®~2) +
O(p~2) the second term is O(p~17%). Hence as p — oo the right-hand
side goes to 0. This together with (8.41) contradicts (8.39) and we

conclude the lemma holds. q.e.d.
8.14. Perturbations for self-tangency gluing. For R > 0 with

R < rg, let ar: [0,00) — R be a smooth non-increasing function
with support in [0, %R_l) and with the following properties

(8.43) ar(r) = R~ for r € [0,R7?],
|Dag(r)| = O(1),
|D%ag(r)| = O(R).
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The existence of such functions is easily established. Let hg: C* — C"
be given by
(8.44) hr(z) = z1(2)ar(|21])-
For s > 0, let ® denote the time s Hamiltonian flow of hr and let
Lg(s) denote the Legendrian submanifold which results when ®% is
lifted to a local contact flow on C” x R which is used to move L2
(Note that @7 fixes the last n — 1 coordinates and has small support in
the zp-direction and so its lift can be extended to the identity outside
L%(s).) Let L%(s) = ®%(L?). We pick ag so that L%(s) N L' = 0, for
0 < s < (KR)™! for some fixed K > 4.

As in Section 8.9, we derive the estimates

(8.45) |®% —id| < O(R™?),
(8.46) |D®%, —id| = O(R™Y),
(8.47) |D2®%| = O(1).

For convenient notation, we write 7%(s) for the curve in which L%(s)
intersects the z;-line in a neighborhood of 0.
8.15. Self-tangency pregluing. Let u: D,, — C" be a rigid holomor-
phic disk with boundary on L and with negative punctures p1, ..., px (as
above, we write S = {p1,...,px}) mapping to 0. Let v;: Dy;)41 — C,
be rigid holomorphic disks with positive punctures ¢; mapping to 0.

For 0 < p < o0, let R=p, s = (Kp)~! and let L, be the Legendrian
submanifold which results when ®% is applied. Consider the region =, in
the z1-line bounded by the curves y%(s), vh(s), u'(p+it), 0 <t < 1, and
v(j) (p+it), 0 <t < 1. By the Riemann mapping theorem there exists a
holomorphic map from a rectangle ¢,: [—A(p), A(p)] x [0,1] — C which
parameterizes this region in such a way that [—A(p), A(p)] x {j — 1}
maps to v;(s), j = 1,2. Moreover, since =, is symmetric with respect
to reflections in the Im 21 = yj-axis we have ¢,(0 +¢[0,1]) C {Rez; =
xr1 = 0}.

Lemma 8.12. The shape of the rectangle depends on p. More pre-
cisely, there exists constants 0 < K1 < Ko < 0o such that K1p < A(p) <
Kyp for all p.

Proof. Identify the zi-line with C. Consider the region ©, bounded
by the circles of radius 1 and 1+ 4p~2 both centered at i € C, and the
lines through 4 which intersects the z1-axis in the points £2(p)~!. Mark
the straight line segments of its boundary. The conformal modulus of
this region is easily seen to be p+ O(p~1).

On the other hand, using (8.45) and (8.46) one constructs a (K +
O(p™1))-quasi conformal map from ©, to =,, for some K > 0 indepen-
dent of p. This implies the conformal modulus m, of ©, satisfies

(8.48) (K+0(p™1)) " H(p+0(p™1)) < my < (K+0(p™1))(p+O(p™1))
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and the lemma follows. q.e.d.

Let u' and vjl- denote the zi-components of the maps u and v;. Since

1

d7, fixes 72 outside |x1| < (2p)7", we note that

(8.49) u' maps the region Ep,[=p] \ Ep;[—2p] into ©, \ ¢,(0 x [0,1]).
and that

(8.50) vjl- maps the region E, [p] \ Ep;[2p] into ©,\ ¢,(0 x [0, 1]).

1

Fix 0 < a < 7. Using ul, vjl-, the conformal map ¢, and their

inverses, we construct a complex 1-dimensional manifold D, (p) by glu-

ing ©(p) = [~A(p), A(p)] % [0,1] to Dyny1 \ (U, By, [—(1 +a)p]) and
Dyj)+1E4[(1 + a)p]. Note that, by construction, D, (p) comes equipped
with a holomorphic function

(8.51) wy: Dr(p) — C,

which equals u! on Di+1\U; Ep, [—(14a)p], which equals vjl. on Dygj)41\
E4;[(1+4a)p], and which equals ¢, on €, for all j.

We next exploit the product structure of Il L in a neighborhood of 0.
If v/ and v;. denotes the remaining components of v and v; so that u =
(u,u) and v; = (vjl», vé-), then in some neighborhood of the punctures g;
and pj, v; and u; are holomorphic functions with boundary on the two
transverse Lagrangian manifolds P; and P», see Section 3. As in Section
5.3, we find a 1-parameter family g(o) of metrics on C* ! ~ {z; = 0}.
Then, for M sufficiently large, there exist unique vector valued functions

¢; and 7; such that

(8.52) exp §(r+it) =u/(t+it), 7+it e E,[-M],
(8.53) expy 77;»(7' +it) = v} (r+1t), 7+ite Ey,[M].

Now pick a cut-off function a™* which equals 1 on Dini1\U; Ep;[—p+5]
and 0 on By, [—p+3]. Pick similar cut-off functions a™ on Djj)4;. Define
w),: Dy(p) — C"1 by

u'(€), ¢ € Dy \U Ep,;[—p + 5],
v (C), ¢ € Dyjys1 \ Eqlp — 5],
(8:54)  w,(¢) = { exph(at(¢)&(C)), ¢ € Ep[—p+ 5]\ Ep[—pl,
expo(a ()ni(€), ¢ € Eglp— 5]\ Ep,[pl,

0, C € Qj.

Finally, combining (8.51) and (8.54), we define

(8.55) w, = (w;, w,).
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8.16. Weight functions and Sobolev norms for self tangency
gluing. Consider D, (p) from the previous section, € > 0, and a smooth
function f: D,(p) — C™. Let

e fT denote the restriction of f to
int (Dm+1 \ U Ep [—(1+ a)p]),
J

which we consider as a subset of Dy,11.
e f~ denote the restriction of f

Jine (Dl(j)+1 \ Eg, [(1+ a)ﬂ]>,

J

which we consider as subset of the disjoint union Uj D41
e f¥ denote the restriction of f to the disjoint union U; int(€2;(p)).

For € > 0, let e denote the weight function on Uj Dy(j)+1 which
equals 1 on Dyg)41 \ Ey; and equals el in Ey;, each j. Let || - ||g,e—
denote the Sobolev norm with weight e5. Let ¢ denote the weight
function on Q; which equals e<(A(")++7) and ||+ |4 .0 denote the Sobolev

norm with this weight. Finally, let e/ be the function on D11 which
equals e2<A(P)+0) on D\ U, Ep,] and equals 2 Ao =l in B, .

Let || - ||+ denote the corresponding norm.
Define
(8.56) [ lk.eo = I+ lke+ + [ follreo + 1/~ ke~

Using this norm, we define as in the §hortening case the spaces Wa ¢
and Hi ¢ 5[0](Dys1, T*% @ C"). The 0-map

L Waep = Hiepl0] (T*"' Dy @ C)

is defined in the natural way.

8.17. Estimates for self tangency glued disks.

Lemma 8.13. The function w, in (8.55) lies in Wa, and there
exists a constant C' such that

0w, |1, < Cel=0+2K2)p,

where 0 >> € is the smallest non-zero complex angle at the self tangency
point 0 and where Ko is as in Lemma 8.12.

Proof. Note that the first coordinate of w, is holomorphic and that
the support of Jw, is disjoint from €2;. Using the asymptotics of v" and
v;-, the proof of Lemma 8.5 applies to give the desired estimate once we

note that the weight function is O(e®2¢) by Lemma 8.12. q.e.d.
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8.18. Estimates for real boundary conditions. In order to prove
the counterpart of Lemma 8.11 in the self tangency gluing case, we study
an auxiliary non-compact counterpart of the gluing region.

Let Q(p) = [-A(p), A(p)] x [0, 1] and let M, be the complex manifold
which results when (—oo, —(1 — a)p] x [0,1] and [(1 — a)p,00) x [0,1]
are glued to Q(p) with the holomorphic gluing maps u' o (¢,)~! and
vjl- o(¢,) "1, respectively. (That is, the maps which were used to construct
D, (p).) We consider Sobolev norms on M, similar to those used above.

For € > 0, let

o 0 : [—A(p), A(p)] x [0,1] — R be the function € (7 + it) = e,

€
e ¢ : (—oo,—(1 —a)p] x [0,1] — R be the function e_ (7 + it) =
e€p—A(p)+7)
ec!: [(1—a)p, ) x [0,1] — R be the function el (7 + it) =
e€(—pF+A(p)+7)
If f: M, — Cis function we let as above f~, f0, f* denote the restric-
tions of f to the interiors of the pieces from which M, was constructed

and define the Sobolev norm

(8.57) 1 lkpe = 1 " llie + 110 lne + 1

Lemma 8.14. There are constants C and po if p > 0 and if f: M, —
C s function which is real valued and holomorphic on the boundary and
has || fllipe < 0o, then

k.e-

(8.58) 1/
fork=1,2.

k,p,ﬁ S CHngk‘—l,p,ea

Proof. To prove the lemma, we first study the gluing functions. Let
Y1 [—p,—(1—a)p)x[0,1] — [—A(p), 0] x [0, 1] be the function u'o(¢,) .
Note that 1 is holomorphic and that by (8.49) has a holomorphic ex-
tension (still denoted ) to [—p,0) x [0, 1].

To simplify notation, we change coordinates and think of the source
[—p,0) x [0,1] as [0,p) x [0,1] and of the target [—A(p),0] x [0,1] as
[0, A(p)] x [0,1]. Thus

(8.59) ¥: 10, p] x [0,1] — [0, A(p)] x [0, 1]

is a holomorphic map. Consider the complex derivative g—f. This is

again a holomorphic function which is real on the boundary of [0, p) x
[0,1]. In analogy with Lemma 6.2, we conclude that

8’¢ _ !/ nmwz
(8.60) 5, = > e,

nez

for some real constants ¢,. Integrating this and using 1(0) = 0, we find

(8.61) P(z) = coz + Z cne’z,
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for some real constants ¢,. Then
(8.62) i =) = coi + Y _ cae™™

and we conclude ¢y = 1. Moreover, if )% denotes the double of 1 (which
has the same Fourier expansion), then since % (it) is purely imaginary
for 0 <t < 2, we find that ¢, = —c¢, for all n # 0. Thus

(8.63) P(z) =2+ Z cn (e — e ).

The area of the image of 1? is O(p) by Lemma 8.12. Since this area
equals the L?-norm of the derivative of )%, we conclude that

p p
(8.64) 2/ 12dr + Z / n?m?|c,|?e®"™ dr = O(p).
0 0

nez
Integrating, we find there exists a constant K and 0 < 0 < 1 such that
(8.65) len| < Kp(n) 2e™™ < Ke @m0,

for each n # 0. Thus, in the gluing region [0, ap), we find

(8.66) [1h(z) — 2| S K Y e n(rm0male < gem(m20% e — lemme,
n>0

where 77 > 0. Similarly, one shows |Dy —id| < Ke 2" and |D%| <
Ke 2",

Assume (8.58) is not true, then there exists a sequence f; of functions
on My, p(j) — oo as j — oo, with
(8.67) 1fillz.p.e = 1,
(8.68) 10Fill1.pe = 0, as j— oo

Let v: (=00, —(1 — a)p] x [0,1] be a cut-off function which equals 1
on (—oo, —(1— a)p] x [0, 1] which equals 0 on [—(1 — 3a)p, —(1 —a)p),
has |D¥y| = O(p~1), k = 1,2, and is real valued and holomorphic on

the boundary. Then by uniform invertibility of the d-operator on the
strip with constant weight €, we find

(8.69) 17 fllze < CUHONfIl1e + 17O ll1.0)-

Here both terms on the right-hand side goes to 0 as p — oco. In a similar
way, we conclude

(8.70) 18fll2,e — 0,

for 8 a cut-off function on [(1 — a)p, c0).

Now let a be a cut-off function on [—A(p), A(p)] x [0, 1] which equals
lon [—A(p)+2,A(p)—2] x[0,1] and equals 0 outside [—A(p)+1, A(p) —
1] x [0,1]. We find

(8.71) laefllze < CUI(De) fllre + [ f [|v.e)-
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Here the second term on the right-hand side goes to 0 as p — oo by
(8.68). The first goes to 0 as well since ||vf|| — 0 and ||3f] — 0 and
since the transition functions are very close to the identity for p large.

In conclusion, we find || f||2,p — 0, contradicting (8.67), and (8.58)
holds. q.e.d.

8.19. Uniform invertibility for self tangency gluing. Let dI', de-
note the differential of the map

I Waep — Hiepl0)(Dmgr, T*" @ C"),

at w,. Referring to Sections 8.6.1 and 8.6.2, we assume that m > 2 and
[(j) > 2 for each j.

Lemma 8.15. There exist constants C' and pg such that if p > po
and then there is a continuous right inverse G, of dI',,

Gp: Hl,aﬂ[o](T*O’lDr(p) ®C") — Twp )WV,
such that

1G(O < CllEl,e.p-

Proof. Recall 0 < € < 6, where 6 > 0 is the smallest non-zero complex
angle at the self-tangency point. Assume we glue k disks vq,..., v to
u. The kernels

dF(“v”l) - T(U,H1)W2,—ev
(8.72) dl“(vjm(j)) C 7—'(1}],7@(]-))]/\)2767

are both of dimension 0 and dI'(, ,,) and dl (4} ra(5)) are invertible.
As usual, we consider the embedding

k
(8.73) T, Coni1 & EP T (9 Ciy41 — T, Crs
=1

which identifies the left-hand side with a subspace of codimension & in
1},Cr. Let W, denote the complement of this subspace in T(y,, ) Wa,e,p-
We show that there exists a constant C such that for p large enough
and (§,v) € W,

(8.74) 1M < ClldT, (€, M)l-

Assume (8.74) is not true, then there exists a sequence ({n,7vn) €

Wo(ny, where p(N) — oo as N — oo with
(8.75) [(€n )l =1,
(876) Hde(N)(fN,yN)H — 0, as N — oo.

Let §p: Dy(p) — C be a cut-off function which equals 1 on Dy, 41\
(Uj Epj[_%p])7 equals 0 outside Dyt \ (U] Epj[_%p])’ with |Dkﬂ2’ =
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O(p~1), k = 1,2. By the uniform invertibility of dT (4, c,) We find

(8.77) Hﬂg(j)(fm YN )2,
< CNdT () By EN T 11,6

< (@8N e + 1850y AT o (Ers 1) 1. )
Both terms on the right-hand side go to 0 as N — oo. Hence
(8.78) 182y Ex 1) 12,0 — 0, a5 N — oo,

Similarly, with ﬂg: D,(p) — C a cut-off function which equals 1 on
Dy(j)41 \ qu[%p], equals 0 outside Dj(jy41 \ qu[%p], with |Dkﬁ2| =
O(p~™Y), k = 1,2, we find, by the uniform invertibility of AL (v 0(5)
that

(8.79) Hﬂi(N)(fN,’YN)HQ,e,p — 0, as N — oo for all j.
For 1 < j <k, we consider the region
(3.80) ©5(p)
(8:81) = (By, \ By, [-(1+a)p]) S
Utonr-tont) (B \ By [(1+ )]

Note that there is a natural inclusion ©;(p) C M,, where M, is as in
Lemma 8.14. Also note that the boundary conditions of the linearized
equation over §2;(p) splits into a 1-dimensional problem corresponding to
the first coordinate and an (n — 1)-dimensional problem with boundary
conditions converging to two transverse Lagrangian subspaces in the
remaining (n — 1) coordinate directions.

Let af be a cut-off function on ©;(p) which equals 1 on

(8.82) B, [—ip] \ B, {— (1 + %a) p] ,

equals 0 outside

(8.83) E, [—%p] \ B, [— <1 4 ga) ,0] ,

with |[D*at| = O(p~!), k = 1,2, and which is real valued and holomor-
phic on the boundary. Note that over the region where o™ is supported,
the boundary conditions of w, agrees with those of u. Thus the angle
between the line giving the boundary conditions of w, and the real line
is O(p~!) and it is easy to construct a unitary diagonal matrix function
M on the support o with |[D*M| = O(p~1), k = 1,2 with the property
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that M&y has the boundary conditions of w, in the last (n — 1) coor-
dinates and has real boundary conditions in the first coordinate. Thus
Lemma 8.14 implies that

(8.84)

Jo*end L+ MOEN 1)

Here both terms in the right-hand side goes to 0 as N — oo.
In exactly the same way, we show that

2 < CIMatey || < C(JI(9a" M|

(8.85) la”énll =0 as p— oo,

for a cut-off function o™ with support on the other end of ©,.

Let a® be a cut-off function which equals 1 on [—A(p) +2, A(p) — 2] x
[0,1] and equals 0 outside [—A(p) + 1, A(p) — 1] x [0,1] and with the
usual properties. Then the function

. N N . .
(8.86) (T 41it) — (d@tg((N))(Qﬁp(T +it)) 7Ll (1 +it)En (T + it)
has the boundary conditions of w, in the last (n — 1) coordinates (two
transverse Lagrangian subspaces in this region) and has real boundary
conditions in the first coordinate.

Lemma 8.14 implies

(8.87) 102N 1,0 < CJl( DM (N)) - alen |1
< C (1005 (V)7 - ex o

+ 1(a®d@l; ™ (N) ™) - Bl pe )

Using (8.46) and (8.47) in combination with (8.84) and (8.85), we find
that the first term in (8.87) goes to 0 as N — 0. By (8.76), so does the
second. Hence

(8.88) la®€n 1,0, = 0.
Applying the same argument to 9,.&x and i0;¢x, we conclude that
(8.89) la®€n 2,5, = 0.

Now (8.79), (8.78), (8.84), (8.85), and (8.89) contradict (8.75) and
we find that (8.74) holds.
5ot

To finish the proof, we let p; = ac;» See Section 7.9. Then p;
anti-commutes with j., and we consider the p; as newborn conformal
variations spanning the complement of W), in T(y, ) Wa,e,p-

The images of uj;, 7 = 1,...,k under dI', are clearly linearly inde-
pendent since they have mutually disjoint supports. We show that their
images stays a uniformly bounded distance away from the subspace
dl' ,(W,). Assume not, then there exists a sequence of elements (&,,7,)
in W, with

(890) ||drp((§p77p) - Mj) Hl,e,p —0 asp—o0.
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Since [[dLppjl1,e,0 = O(1), we conclude from (8.74) that [|(€,, Vp)[2,e,0 =

O(1). Then, with the cut-off function 3} from above and notation as in
Section 7.9 we find

(891) “dr(vj,nz(j))(ﬁg(gpv ’YP) —C )’ 1

= Hdrp(ﬁz(fm’ﬁ) — )] Lep
(8.92) < Hﬂf)(drp(fmfﬂ)) — 1) l[1,e0 + H(aﬁz)((fﬁh’ﬂ)) — 1)
The right-hand side of the above equation goes to 0 as p — oco. Hence,
so does the left-hand side. This, however, contradicts the invertibility

of dl'(y; x,(j)) and we conclude dI',(W,) stays a bounded distance away
from dI',(t5). Thus, defining G,(dl' ;) = 5 finishes the proof. q.e.d.

,€

Lep-

8.20. Estimates on the non-linear term. In Section 5.7, we lin-
earized the map I' using local coordinates B around (w, f) € Wa .. To
apply Floer’s Picard lemma, we must study also higher order variations
of I.

For (w, f) € Wa,, w: D,, — C" and conformal structure x on D,,,
we take as in Section 5.5 local coordinates (v, ) € B X R™3 on Wa
around (w, f) and write (in these coordinates)

I'(vy) = 0xv +i00cwoy+ N(v,7).
We refer to N(v,~) as the non-linear term.

We first consider stationary gluing

Lemma 8.16. There exists a constant C such that the non-linear
term N(v,v) of I' in a neighborhood w,, where w, is as in Section 8.5
satisfies

(8:93)  IN@,B) = N(w,)
< C(Jlulls + 181+ llollz + 1) (Ilu = olla +18 =)

Proof. With notation as in Section 5.5, we have
_5 a(¢)
E(0.9) = B (0l v(0)).

We prove (8.93) first in the special case v = § = 0. We perform our
calculation in coordinates z+iy on D, (p), which agree with the standard
coordinates on the ends and in the gluing region on D,(p). On the
remaining parts of the disk, the metric of these coordinates differs from
the usual metric by a conformal factor, but since the remaining part is
compact, the estimates are unaffected by this change of metric. In these
coordinates, we write 0,, = 9 + i0y. Now, as in Lemma 5.12, we find

Oy expy,, v = J[wp, v, 0wy, Opv, 0](1) + I (expy, v) - Dz,

where J[z,&,2/,&, o] denotes the Jacobi field in the metric g(o) along
the geodesic exp? t& with initial conditions J(0) = 2/, J'(0) = ¢'. Of
course a similar equation holds for 9, exp;p .
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Let G: (C")* x [0,1] x R — C" be the function
G(x, &2, 0,0") = Jx, 6,2, € 0](1) — 2’ — & + 0, expl € - o
(unrelated to the earlier right inverses G,) then with w, = w,
N(v) = G(w,v, 0w, 00, 0,0,0) + iG(w, v, Oyw, Oyv, 0, 0y0).

Moreover, the function G is smooth with uniformly bounded derivatives,
it is linear in 2/, £, 0/, and satisfies

(894) G(I’,O,x/,é-/,o-, 0/) = 0’
DQG(:Ca Oa 1"/7 5/) g, Oj) = 07

where the last equation follows from Taylor expansion of the exponential
map and the Jacobi field.

With this established, the arguments needed to prove estimates on
integral norms in the lemma are similar to those given in the proof of
Lemma 5.10 and will be omitted. Finally, we remark that the input of
the space of conformal structures is easily controlled since this space is
finite dimensional. q.e.d.

In the self-tangency shortening case, the estimate is somewhat changed
since we work in Sobolev spaces with negative exponential weights in
the gluing region. Here we have

Lemma 8.17. There exists a constant C such that the non-linear
term N (v,v, ) of I' in a neighborhood of w,, where w, is as in Section
8.10 satisfies

IN (u, 8) = N (v, 5)|

17_67p

< O (|[ulla—ep + 18] + [0ll2—cp + 1) (Ilu = Vllz—cp + 18 = 71)-

Proof. The proof is exactly the same as the proof of Lemma 8.16.
We must only take into account in what way the weights affect the
estimates. Starting with the L?-norm, we see that the norm || - ||2,5 —e
does not control the sup-norm uniformly in p. But it does control e~
times the sup-norm. Thus we conclude instead of the usual L?-estimate
that

(8.95)  [[N(u) = N()|| < Ce(||u|

2,—ep T ||UH27—6,p)||U - UH?,—Gp'

Similarly, we loose this factor in the other estimates where we use the
sup-norm. Let e, denote the weight function from Section 8.11. When
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we use the L*-estimate, we have instead the following

/ (|Du| + | Dv|)?| Du — Dv[zei dA

m

< 626’)/ (|Du| + | Dv|)?| Du — Dv|2eﬁ dA
D,

1 1

2 2

ge%p(/ (|Duy+|m|)4e§> (/ (|Du—Dv|)4e§>
Dm Do,

< CEP([[ullz,—ep + [0ll2,-ep)*([Ju = v]l2,-ep)-
We conclude finally
IN(u) = N()[l1,—ep < CeP([Jull2,—ep + [[0ll2—cp)llt = vll2,—cp-
The conformal structures can be handled as in Lemma 8.16. q.e.d.

Finally, we consider self-tangency gluing, where we have a large weight
function which does not interfere (destructively) with the sup-norm and
the L* estimates.

Lemma 8.18. There exists a constant C' such that the non-linear
term N(v,v) of I' in a neighborhood of w,, where w, is as Section 8.15
satisfies

I[N (u, 8) = N(v, 5)|h

< C(llullzep+ 181 + ella.cp + 1) (Ile = vllz.c +18 = 41).

Proof. See the proof of Lemma 8.16 q.e.d.

9. Gromov compactness

In this section, we prove a version of the Gromov compactness the-
orem. In Section 9.2, we discuss the compactification of the space of
conformal structures which is done in [17]. In Section 9.3, we translate
the notions of convergence and (limiting) broken curves from [22] to
our setting. There are two notions of convergence we must prove: a
strong local convergence and a weak global convergence. In Sections
9.5 and 9.6, we discuss how to adopt Floer’s original approach [13] to
prove the strong local convergence. Local convergence implies that our
holomorphic disks, away from the punctures, are smooth up to and
including the boundaries, see Remark 9.5. To prove the weak global
convergence in Section 9.7, we analyze where the area (or energy) of a
sequence of disks accumulates, and construct an appropriate sequence
of reparameterizations of the domain to recover this area.

We note that although our holomorphic curves map to a non-compact
space, C™, the set of curves we consider lives in a compact subset. This
follows because C" is a symplectic manifold with “finite geometry at
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infinity”: a holomorphic curve with a non-compact image must contain
infinite area. And the area of any disk we consider is bounded above by
the action of the chords mapped to at its corners. Thus, we can prove
the Gromov compactness theorem in this non-compact set-up. For a
review of finite geometry at infinity (also known as “tame”), see [1]
Chapter 5, as well as [7, 18, 31].

9.1. Notation and conventions for this section. Unlike in the
other sections, we need to consider Sobolev spaces with derivatives in L
for p # 2. We define in the obvious way the spaces W,f’lOC(Am, C") to
indicate C"-valued functions on A,,, whose first k derivatives are locally
LP-integrable. For this section only, we denote the corresponding norm
by II- -

In order to define broken curves in the next subsection, we will need to
extend the disk continuously to the boundary punctures. Of course the
extra Legendrian boundary condition, h, does not extend continuously.
For this reason, we will only extend u to A,,, the closure of A,,; thus,
u: A, — C". Note that ||ul|, s might still blow up at these punctures.
We sometimes only consider u and u|0A,, in which case we write u :
(Am, 0Ay,) — (C*,IIc(L)). For X C Ay, let |Jullkp.x = [|u|X||k,p, and
||w||kp:e denote the norm restricted to some disk (or half-disk) of radius
€.

Because we sometimes change the number of boundary punctures, we
will denote by D the unit disk in C™.

9.2. Compactification of space of conformal structures. Recall
Cr, is the space of conformal structures (modulo conformal reparame-
terizations) on the unit disk in C with m boundary punctures.

When m > 3, we define a stable cusp disk representative with m
marked boundary points, (3;p1,...,Pm), to be a connected, simply-
connected union of unit disks in C where pairs of disks may overlap
at isolated boundary points (which we call double points of 3) and each
disk in X has at least 3 points, called marked points, which correspond
either to double points or the original boundary marked points. When
m = 1 or 2, the stable cusp disk representative shall be a single disk.
Two stable cusp disk representatives are equivalent if there exist a con-
formal reparameterization of the disks taking one set of marked points
to the other. We define a stable (cusp) disk with m marked points to
be an equivalence class of stable disk representatives with m marked
points.

In Section 10 of [17], Fukaya and Oh prove that C,,, the compactifi-
cation of C,;,, is the space of stable disks with m marked points.

9.3. The statement. A broken curve (u,h) = ((ul, n1), - (u, hV))
is a connected union of holomorphic disks, (u’, k), (recall v’ is extended
to Amj) where each v/ has exactly one positive puncture and except for
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one disk, say ', the positive puncture of u/ agrees with the negative
puncture of some other u. One may easily check that a broken curve
can be parameterized by a single smooth v : (Dy,, 0D) — (C",IIc(L)),
such that v~ is finite except at points where two punctures were iden-
tified, here v~! is an arc in A,,.

Definition 9.1. A sequence of holomorphic disks (uq, ha) converges
to a broken curve (u, h) = ((u!,h'),..., (", ")) if the following holds

1) (Strong local convergence) For every j < N, there exists a sequence
¢+ D — D of linear fractional transformations and a finite set
X7 C D such that uy o ¢4 converges to u? uniformly with all
derivatives on compact subsets of D\ X7

2) (Weak global convergence) There exists a sequence of orientation-
preserving diffeomorphisms f, : D — D such that u, o f, con-
verges in the C%-topology to a parameterization of w.

Henceforth, to simplify notation when passing to a subsequence, we
will not change the indexing.

Theorem 9.2. Assume (uq,hq) € M(a;by,...,by) is a sequence of
holomorphic disks with L, Legendrian boundary condition. Let k., €
Cmt1 denote the conformal structure on the domain of uy. Assume Lg
converges to an embedded Legendrian L in the C'°°-topology. Then, there
exists a subsequence (g, Roy Ko) Such that ko converges to k € C_m+1 and
(U, ha) converges to a broken curve (u, h) whose domain is a stable disk
representative of k.

Note that using the strong local convergence property a posteriori,
this compactness result proves that all derivatives of a holomorphic
disk (u,h) are locally integrable away from the finite set of points. In
particular, such disks are smooth at the boundary away from these
points. See Remark 9.5.

We also remark that, the appropriately modified, Theorem 9.2 holds
if the disks have more than one positive puncture.

9.4. Area of a disk. For holomorphic u : (D,0D) — (C",IIc(L)),
recall that Area(u) = [ u*w, where w = Y, dz; Ady;, denotes its (signed)
area.

Lemma 9.3. Consider an admissible Legendrian isotopy parameter-
ized by A € A. We assume A C R is compact. Denote by Ly the moving
Legendrian submanifold. There exists a positive upper semi-continuous
function h : A — RT such that for any non-constant holomorphic map
u: (D,0D) — (C™" IIc(Ly)), Area(u) > A(N).

Proof. We need the following statement from Proposition 4.3.1 (ii)
of Sikorav in [1]: There are constants 71,k (depending only on C")
such that if r € (0,71] and u: ¥ — B(x,r) is a holomorphic map of a
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Riemann surface containing x in its image and with u(9%) C 9B(«x,r),
then Area(X) > kr2.

Since u is non-constant, Stokes Theorem implies v must have bound-
ary punctures. Choose r > 0, an upper semi-continuous function of A,
such that:

e for all Reeb chords ¢, ¢ (Ly) N B(c*,r) is real analytic and dif-
feomorphic either to R” x {0} U {0} x R™ or the local picture of
the singular moment in a standard self-tangency move (see Defi-
nition 3.3).

e for all distinct Reeb chords ¢, ca, B(cf,r) N B(ch,r) = () and

o r Ty

Let ) be the smallest angle among all the complex angles associated
to all the tranverse double points of II¢(Ly). Now set

2 o2
R(\) = min{ min Z(c), m} > 0.
c€C(Ly) 8

Suppose u maps all n of its punctures to the same double point c¢*,

then by (2.4)

Area(u) > Z(c) > h.
(Note the number of positive punctures of u must be larger than the
number of negative ones since v is not constant.)

Otherwise, assume u maps boundary punctures to at least two dis-
tinct double points cJ,c5 where ¢} is a non-degenerate double point.
Then, c5 ¢ B(ci,r) implies that there exists a point * € u(D) N
(L) N 0B(c], §). Moreover, B(x, %) C B(x,r) intersects IIc(L)
in only one sheet. Using the real-analyticity of the boundary, we double

u(D) N B(z, %) and apply the proposition of Sikorav to conclude
7 cos 0 ) > S kr? cos? 0y,

> h.
3 2

q.e.d.

Area(u) > Area (u(D) nB <9: .

We introduce one more area-related notion, again borrowed from [22].
Given a sequence of holomorphic maps u,, we say z € D is a point mass
of {uq} with mass m if there exists a sequence z, € D converging to
z € D such that

lim lim Area (u|Be(zq) N D) = m.

e—0 a—o0

9.5. Strong local convergence I: bootstrapping. In this subsec-
tion, we formulate the following “bootstrap” elliptic estimate: if we
know a holomorphic curve lies locally in Wlf with p > 2,k > 1, then the
|| - || %-(local)-norm controls the || - ||, k+1-(local)-norm for p’ € [2,p).

Let A C C denote the open disk or half-disk with boundary on the
real line. Let W} (A, C") denote the closure, under the || - || p-norm, of
the set of all smooth compactly supported functions from A to C™.
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Theorem 9.4. Fiz k > 1 and (not necessarily small) 0;_1 > o > 0.
For any compact K C A, there exists a “constant” C1 = C1(||ul|k,2+6,_,)
depending continuously on ||ul|k2+s, , such that for all holomorphic

maps u € W,er(Sk*l(A, C") with u(0A) C llc(L), we have
(9-1) [uller24s:x < Crllullr2+s,:a-

Moreover, if uq is a sequence of holomorphic maps in W:+5k‘l(A, Cc")
such that uqa(0A) C Ilc(L) and ||ual|k2+s,_, s uniformly bounded, then
there exists a subsequence uqy converging in VV,?"HS’C (K,C™) to some holo-
morphic map v : K — C™.

Remark 9.5. Note how we can use the Sobolev embedding theorem
to conclude that all derivatives of the curve lie in L? locally, assuming
we have a finite local || - ||1,245, norm to begin with. In particular, a
holomorphic disk (h,u) with boundary punctures becomes smooth at
the boundary away from the punctures. We did not have to assume this
smoothness a priori.

This proof first appeared as Lemma 2.3 in [13] and later corrected as
Proposition 3.1 [24]. Floer and Oh both prove the k = 1 case and state
the general case. Since there are no new techniques here, we omit the
proof for the general case. Instead, we simply formulate a key lemma
for the proof.

Lemma 9.6. For every | > k, | —2/q > k — 2/p, there exists a
constant C' such that if § € WP (A,C") is compactly supported, £|OA C
R"™, and 0¢ € W [(A,C") then

(9.2) I€lliq < CllOE]l1-14-

This is stated as Lemma 2.2 of [13] and Lemma 3.2 of [24]. Floer
attributes this result to Theorem 20.1.2 of [20]. However, we were
unable to deduce Lemma 9.6 for £ > 1 from Hormander’s theorem.
Alternatively, one can use the Seeley extension theorem (see [23], section
1.4 for example) to extend the map to the full disk (in the case of the
half disk) and then use the well-known full disk version of Lemma 9.6.

9.6. Strong local convergence II: uniformly bounding higher
Sobolev norms. In order to apply Theorem 9.4, we need a uniform
bound on the || - || 245-norm where 6 > 0 might be large. Our holomor-
phic disk only come with a bound on the || - [[; 2-norm in terms of the
action. In this subsection, we indicate how the latter norm controls the
former.

Theorem 9.7. Consider the sequence of holomorphic disks (ue, ha) €
M(a;bi,...,by). There exists a finite number of points z1,...,z €
0Ny, and a “constant” C11 = C11(K,p, k) such that for any positive
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integer k, for any p € R with k > %, and for any compact set K C

Am\{zl,...,zl},
HDkuaHO,p:K < Cll-

Proof. Theorem 2 in [13], and later Proposition 3.3 in [24], prove
this result when m = 2,k = 1 and the boundary conditions are two
embedded Lagrangians instead of one immersed Lagrangian. So for the
sake of brevity, we only sketch the ideas.

Consider a small ball B, centered at z, where ||Dkua|]0,p; B, IS un-
bounded. Zoom in by changing coordinates z +— % where €, con-
verges to 0 at some appropriate rate. We remark that when rescal-
ing variables (s,t) — (0s, Ot), the (1,2)-norm is conformally invariant,
whereas the (k, p)-norm changes like

2

03 [ots], = () o, - o

241,

thus, the cases (k,p), k > % and (1,p), p > 2 from [13] are identical.

If z, converges to an interior point, one can construct, by zooming
in, a holomorphic sphere which contradicts f g2 w = 0. If z, converges to
a boundary point z;, one can construct, by zooming in, a holomorphic
disk

w: (D,0D) — (C",IIc(L))

for which by Lemma 9.3, [[wl|q 5 > R

The limit point z; is an example of a point mass for the sequence
uq. We repeat this for another B, where B!, N B, = () for large o and
|D*uqlo,p:p:, is unbounded. This produces a separate point mass 2.
Since the area of u, divided by £ is bounded (uniformly) from above,
this process can be repeated only a finite number of times. q.e.d.

9.7. Recovering the bubbles. The goal of this subsection is to con-
struct a (not necessarily conformal) reparameterization of A,, which
recovers all disks which bubble off. This reparameterization implies the
second convergence in Definition 9.1.

Consider a sequence (ugq, hq) which converges strongly on any com-
pact K C A, \{z1,...,2}. By the proof of Theorem 9.7, we can assume
that z; is a point mass with mass m; > 0.

Let C4 C C denote the upper-half plane. Let B, = {z € C : ||z]| <
r} and C, = 0B,. Define the conformal map

—z+iR?

¢a:(c+_)Am7 ¢a(z): Z+ZR§

21

where R, € R is such that
Area (uq [ (Br,)) = m1.
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Pass to a subsequence and assume a < o' implies R, < R,/, which
can be done since by the definition of point mass, lim, .. By = oc.
Note that

(9.4) lim o (Bg,) = lim ¥a (BRS/Q) = 2.
a— 00 a—0o0 «
Assume « is large enough so that v, (B R3/2) contains no other point

masses of the sequence u,. However, 1, (B R3/2) might contain bound-

ary punctures.
After passing to a subsequence, we can use Theorems 9.4 and 9.7
to assume that u, converges to some u on any compact set in A,, \

({222} Utha (Byara) ) -
The definition of R, and (9.4) imply
(9.5) QILH;O Area (ua Yo (BR§/2 \ BRQ)> =0.

Use (9.5) and argue as in the previous subsection to find some half
circle Cr, C Cy, with R/, € ( 3/2 -1, Rg’/2] such that

ltto © Yalo.c, — O

Define the center of mass of u, o 1, to be
1
Zo = T + 1Yo = — ]D(uao¢a)]2(x+iy)dx/\dy € Bg,,
mi BRQ

where z+iy are coordinates on C... Define the conformal map ¢, which
sends i to zq:

$a :CL = Cy, ¢a(z) =Yaz + za.
Note that although ¢! (Cg,) might remain bounded, ¢! (Cr,,) con-
verges to oo because
(Ra” 1)
Yol

max{| cosf|,|sinf|}

@ (1)

and yo < Rg.

Define the conformal map
z—1
1241
where D C C is the unit disk. Note that ¥ =11 (CR&) — —1 and that
U 010, 0 Po 0 ¥ all have center of mass at 0 € D. (Recall that the center
of mass uses the Euclidean metric on C,, not on D.)

Since

UV:D—-Cy, Y(z)=

Hua o wa o ¢o¢ o \II“CO:lI!*lqu;l(CR&) - 07

pass to a subsequence as before and conclude that u, 0 ¥, 0 ¢ 0 ¥ con-
verges to some holomorphic w on compact sets outside of some boundary
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point masses and punctures, as well as —1 (since g, © 1)y, © ¢o © ¥ is not
defined at —1).

As before, w can be continuously extended to —1. We claim that
under this reparameterization, —1 is not a point mass of uq 01n 0P 0 V.
Otherwise, in the C set-up, as some mass escaped to oo, the center of
mass would have to go to co as well, contradicting the fact that it is
fixed at ¢ € Cy.

Because u,, converges to u outside of v, (B R3/2) , and because no area
(%

is “unaccounted” for by (9.5), we can continuously extend u to z; so
that u(z1) = w(—1). Considering how u and w were obtained from u,, it
is easy to see that the sign of the punctures (z; for v and —1 for w) will
be opposite. Thus since each of © and w must have a positive puncture,
each will have exactly one. Repeat the above argument at all the other
point masses z;. Then repeat for any new point masses in the sequences
defining the holomorphic disks w; associated to z;. Continuing until all
point masses have been dealt with, we see no holomorphic curves were
overlooked in the reparameterization.

9.8. Proof of Theorem 9.2.Let IIg(L) denote the limiting La-
grangian boundary condition. Let & = /i (Ilc(L)) be the minimal area of
non-constant maps defined in Section 9.4. Use the discussion in Section
9.2 to pass to a subsequence whose conformal structures converge to a
stable disk.

We wish to apply Theorem 9.4 to derive strong local convergence. To
achieve the required uniform bound on ||uq ||k 2+4,_,:x for some compact
set K C A,, which lies away from point masses, we apply Theorem 9.7 k
times to bound ||uq||; 2+, ,:x fori =1,..., k. The reparameterizations

7, in Definition 9.1 come from the discussion in Section 9.7.
The weak global convergence follows readily from Section 9.7. q.e.d.

10. Handle slides

In this section, we will prove Lemma 2.12 which was used to show
that the stable tame isomorphism type of the contact homology algebra
associated to a Legendrian submanifold does not change under handle
slide instances in generic 1-parameter families of Legendrian subamni-

folds.

10.1. An auxiliary Legendrian submanifold. We associate to a 1-
parameter family of Legendrian embeddings ¢;: L — C" xR, 0 <t < 1,
Legendrian embeddings <I>‘}: L xR — C""! x R, depending on § > 0
and a positive Morse function f: R — R.

Let ¢: L € C" x R, t € [—1,1] be a Legendrian isotopy. For small
0 > 0, fix smooth non-decreasing functions

(10.1) ad: [-1,1] — [=6, 6]
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such that a5(:tt) = 44 for % < t <1, and such that a5(t) = It for
—igtg%. Note that o® — 0 as § — 0.
Fix standard coordinates
((‘Tlv Yiy- -+ T, yn)7 2) = (.’E, Y, Z)
on C" x R. Define ¢¢, t € R as
¢_s  forte (—o0,—1],
Qbf = ¢a5(t) for t € [—1, 1],
o for t € [1,00).
Write
¢f(Q) = (mt(Q)vyt(Q)yzt(Q))7 qe L.

Fix a positive Morse function f: R — R and § > 0. Let f/(t) = %
denote the derivative of f. Define @‘}: RxL—CxC"xR,

(I)(}(tvq) = (:ro(t,q),yo(t,q),x(t, Q)7y(tvq)7z(tvq))v (tv(I) € R x Lv

where

xo(g,t) =t,

wn(a.) = 1) (ot + )52 ) + 100
l‘(q,t) - ( )

a.t) = F(Oula).

A0.8) = F(1)2(0)

It is straightforward to check that <I>‘Jsc is a Legendrian embedding.
Assume that the Morse function f: R — R above has local minima
at £1 and no critical points in the region (—oo, —1) U (1, 00). Then the
xo-coordinate ¢y of each Reeb chord ¢ of ® satisfies |cp| < 1.
Let u be a holomorphic disk with boundary on CIJ‘} and one positive
puncture.

Lemma 10.1. If the positive puncture of u maps to a Reeb chord ¢
of ® with co = 1. Then the image of u lies in {xog = +1}.

Proof. For definiteness, assume the positive puncture of v maps to
¢ with ¢g = 1. Project <I>‘]5c to the (xg,y0)-plane. The image of this
projection is contained in the region

{—a\xo -1 <y < alzg — 1]}

for some a. If the projection ug of u to the (¢, yo)-plane is non-constant,
then it covers at least one of the regions

{—alzo—1] >y} NB-((1,0)) or {alzo—1] <y} N B.((1,0)),
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for some ball BT((l,O)). Since u has boundary on @i, ug takes no
boundary point to the line {xyp = 1}. This and the above covering
property contradicts ug being bounded in the yg-direction. The lemma
follows. q.e.d.

Lemma 10.2. The image of every holomorphic disk with boundary
on <I>‘} is contained in the region {|xg| < 1}.

Proof. Arguing as in the proof of Lemma 10.1, we find that the pro-
jection to the (zo,yo)-plane of a holomorphic disk with boundary on
<I>‘} cannot intersect the lines {zg = £1} in interior points. It follows
that the image of any disk lies entirely in one of the regions {zg < —1},
{lzo| < 1}, or {zop > 1}. However, a disk with image in {z¢ > 1}
({xo < —1}) must have its positive puncture at a Reeb chord ¢ with
co =1 (co = —1). The lemma follows from Lemma 10.1. q.e.d.

Assume now that ¢g(L) is generic for each 0 # 0. Then, (see the proof
of Lemma 7.24) any rigid disk with boundary on <I>5f and positive corner
at some Reeb chord ¢ with ¢y = £1 is transversely cut out. Moreover,
by Lemma 7.12, transversality of the d-equation can be achieved by
perturbation near the positive puncture of a disk and it follows that
there exists (arbitrarily small) perturbations of @‘} which are supported
in the region {|xo| < 1} and which makes every moduli space (of formal
dimension < 1) transversely cut out. We fix such a perturbation of ®?,

but keep the notation @‘} for the perturbed Legendrian embedding.

Let .A(<I>‘}) denote the algebra over Zo[H1(R x L)| = Zo[H(L)] gen-
erated by the Reeb chords of @‘} as in Subsection 2 and define the map
(differential) O of .A(CID‘}) as there.

Lemma 10.3. The map 0: A(<I>5f) — .A(CI)‘}) satisfies 0 o 0 = 0.

Proof. In the light of Lemma 10.2, a word by word repetition of the
proof of Lemma 2.5 establishes the lemma. q.e.d.

10.2. Invariance under handle slides. Let ¢;: L — C* x R, —1 <
t < 1 be a Legendrian isotopy such that Ly is a generic handle slide
moment. That is, there exists one handle slide disk in some M 4(a;b),
which is the only non-empty moduli space of formal negative dimension,
that all moduli spaces of holomorphic disk with boundary on ¢ (L) = Ly,
t # 0 of negative formal dimension are empty, and that all moduli spaces
of rigid disks are transversally cut out. We choose notation so that
{bi,...,br,a,c1,...,cs} are the Reeb chords of Ly and so that

Z(b) << Z(b) < Z(a) < Z(er) < - < Z(c).

Let f: R — R be a positive Morse function with local minima at
+1, no critical points in the region (—oco,—1) U (1,00), and one local
maximum at 0.
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Lemma 10.4. For all sufficiently small § > 0, the Reeb chords of <I>‘]5c
are

{oil=1. 050005000} U {al=11,aft) al0] f U {e5[-1],5[2] ;0]
where for any Reeb chord ¢ of Lo, |c[—1]| = |c[1]| = |c[0]| — 1 = |¢|.

Proof. 1t is easy to see that for 6 = 0, the Reeb chords are as described
above and that the corresponding double points in Cx C™ are transverse.
This shows that the Reeb chords are as claimed for all sufficiently small
d.

The second statement in the lemma is a straightforward consequence
of the grading formula (for example, the front projection formula, see
Lemma 3.4 in [4]). q.e.d.

We call b;{0], a[0], and ¢;[0], [0]-Reeb chords, and b;[+1], a[+1], and
c¢;j[£1], [£1]-Reeb chords. As above, we perturb <1>‘} slightly in the region
|zo| < 1 to make it generic with respect to holomorphic disks. Note
that the xg-coordinate of [£1]-Reeb chord equals £1 and that the x¢-
coordinate of a [0]-Reeb chord is very close to 0 for small § > 0.

Consider a sequence of functions fj as above with f — 1 as k — oo
(i.e. each fi has a non-degenerate maximum at 0 and non-degenerate
local minima at +1). Fix k and pick § > 0 sufficiently small so that <I>‘}k
satisfies Lemma 10.4. Let <I>i = @fck.

We next note that as § — 0, CIDi — @2 where

9t ) = (1 SO0, 2(a), By(0). eD)2(0)),

with (2(q),y(q), 2(¢)) = do(q).

Lemma 10.5. There exists ko such that for all k > kg, there exists a
0 > 0 such that for all § < & and any Reeb chord c, the following holds.
The moduli spaces M(c[0], c[1]) and M(c[0], c[—1]) of holomorphic disks
with boundary on @2 consist of exactly one point which is a transversely
cut out rigid disk.

T S

. 9
Jj=1

Proof. First consider the case § = 0. It is easy to find rigid disks in
the (z0,yo)-plane with positive puncture at ¢[0] and negative puncture
at c[+1]. Moreover, by Lemma 7.24, these disks are transversely cut
out.

To see that these are the only disks, let U and V' be neighborhoods of
the endpoints of the Reeb chord ¢ in Lg and consider the projections of
®([—1,1] xU) and ®{([—1,1] x V) to C™. For sufficiently large k, these
projections intersect only at 0 and it follows that there exists a positive
h > 0 such that the area of the projection of any disk with boundary
on ®Y, positive puncture at c[0], and negative at c[£1] is either equal to
zero or larger than h. Since Z(c[0]) — Z(c[£1]) as k — oo, it follows
that for k large enough the disks in the (g, yo)-plane are the only ones.



296 T. EKHOLM, J. ETNYRE & M. SULLIVAN

Finally, we note that the fact that the moduli space M(c[0], ¢[£1])
corresponding to @2 is transversely cut out implies that the statement
of the lemma holds also for ® for all sufficiently small § (where the
smallness depends on k). q.e.d.

We next note that as k& — oo, @2 approaches the Legendrian sub-
manifold

®(t,q) = (t,0,2(q),y(q), 2(q))-

The projection of this Legendrian submanifold to C is simply the zg-axis
and its projection to C™ agrees with that of L.

Lemma 10.6. There exists ko such that for all k > ko, there exists a
0 > 0 such that for all 6 < 0, and any Reeb chord ¢ # a, the following
holds. If the moduli space M 4(c[0]; e), where e is a word constant in the
[0]-generators and e # c¢[+1], has formal dimension O then it is empty.

Proof. Again we start with the case § = 0. Consider a disk u as
above with boundary on <I>2. As k — oo, <I>2 — ® and the projection
of u converges to a broken disk {v/ }3”:1 with boundary on Lg. The
components v? of such a broken disk either have formal dimension at
least 0, or equals the handle slide disk. Also, any Reeb chord b appearing
as a puncture of some v/ has Z(b) < Z(c) and exactly one component
of the broken disk must have its positive puncture at ¢ # a. This
component has formal dimension at least 0 (since it is not the handle
slide disk). For a disk v/, let |v)| be the grading of its positive puncture

and ]vﬂ | the sum of gradings of its negative punctures and the negative
of the grading of the homology data. Then the formal dimension of (the
moduli space of) v7 is |v, | — [v’.| — 1. The above implies that

m
N =3 (|- o) > 1.
j=1

Since the positive puncture of u is its only [0]-puncture, it follows that
the formal dimension of u equals N. The statement of the lemma follows
for 6 = 0. Since emptiness of a moduli space is an open condition, the
lemma follows in general. q.e.d.

Let © be the map from A(®?) to A(Lg) which maps c[+1] to ¢ and
c[0] to 0 for any Reeb chord ¢ of L.

Lemma 10.7. There exists ko such that for all k > ko, there exists a
0. > 0 such that for all § < dy, the following holds. If u is a holomorphic
disk with boundary on ®} in Mc(a[0],e), where e is a word constant
in the [0]-generators and e # a[x1], and if this moduli space has formal
dimension 0, then C' = A and Qe = b.
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Proof. Consider first the case § = 0. Taking the limit as k — oo and
arguing as in the proof of Lemma 10.6, we see that the projection of u
converges to a broken disk {v’ };-":1, that all Reeb chords b appearing as
a puncture of some v/ satisfies Z(a) > Z(b), and that there is a unique
component with its positive puncture at a. If this component is not
the handle slide disk, then the argument in the proof of Lemma 10.6
shows that the formal dimension of u is at least 1. If, on the other hand,
this component is the handle slide disk, then the formal dimension of u
equals 0 only if the broken disk has no other components. This shows
the lemma for 6 = 0. Again since the condition that a moduli space is
empty is open, the lemma follows in general. q.e.d.

Fix k sufficiently large and § > 0 sufficiently small so that Lemmas
10.5, 10.6, and 10.7 holds for @i. We also assume that <I>i is generic
with respect to holomorphic disks. Let ® = éi

Let A = A(®). We denote the differential of A by A, see Lemma
10.3. There are natural inclusions A+ = A(Lis) C A. Lemma 10.1
implies that this is an inclusion of DGA’s in other words,

Ac[£1] =T1(0+c),

where 'y : A+ — A is the map defined on generators by I's(¢) = ¢[+1],
and where 04 is the differential on A4. For generators b;[0], we have
by Lemmas 10.5 and 10.6

(10.2) Abj[0] = by[1] + b;[=1] + 5] + O(2),

where ﬁ{ is linear in the c[0]-generators and O(2) denotes a linear com-
bination of monomials which are at least quadratic in the [0]-generators.
For the generator a[0], we have by Lemmas 10.5 and 10.7

(10.3) Aal0] = a[l] —a[-1] + e+ oy + O(2),

where Q(e) = mAb, where m € Zy and where «y is linear in the [0]-
generators. For generators c;[0] we have by Lemmas 10.5 and 10.6

(10.4) Acj[0] = ¢j[1] + ¢j[~1] ++{ + 6{(a[0]) + O(2),

where v + &{(a[0]) is linear in the [0]-generators, where & (a[0]) lies
in the ideal generated by a[0], and where ~{ is constant in the a[0]
generator.

Below we will consider 0 and J_ as different differentials on the
algebra A. Let € be as in (10.3) and write § = Q(¢). Consider the stable
tame isomorphism ¢ of (A, d;) defined on generators as

_Je if c#£ a,
¢(C)_{a+0 if ¢ =a.
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If v € A and c is a generator of A, then let

(E) o: A A

c

be the map defined on monomials by replacing each occurrence of ¢ by
v. Then with cﬁ = 1)~ ! 0 94 0 denoting the induced differential, a

straightforward calculation gives

a=9) o (9 if
(105) o) = {é@laif) el

Lemma 10.8. The algebra (A, 0_) is isomorphic to the algebra
(A,0Y).

Proof. We prove that the two differentials agree on generators. By
Lemma 10.3, A%2 = 0. Thus, summing the terms constant in the [0]-
generators after acting by A in (10.2), we find

(10.6) 0 = 04b;[1] + 0-bj[—1] + (AB1), ,

where (A1), denotes the part of A~ which is constant in the [0]-
generators. Since the constant part of Abg[0] equals bg[1] + bx[—1], it
follows that

Q(AB1), =0.
Therefore, applying €2 in (10.6), we conclude
(10.7) O_bj = 0.b; = (a - 9) o (0:h;),

since no monomial in J4b; contains a.
Applying A to (10.3), we find similarly

(10.8) O_a[—1] = 0;a[l] + Ae+ (Aay), .
The first equality in (10.7) implies that
Q(Ae) = 046.

Since every [0]-generator in «; is for the form b;[0], we find, as with 5y
above, that Q (Aai), = 0. We conclude

(109) 8_61 = 8+a + 8+9

Applying A to (10.4) gives

(10.10) 0_c;[~1] = yci[1] + (m{)o + (Aa{(am]))o.
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Applying (a[;[lllrg) e to both sides in (10.10) and noting that no mono-

mial in 0_c;j[—1] contains an a[l] generator, we get

et = () e @+ () (a),

+ (%) . (Aa{(a[o]))o.

Each term in (Aé{(a[O]))O arises by replacing a[0] in every monomial
€al0]n of 61 (af0]) with (a[1] — a[—1] + €) yielding &(a[l] + a[—1] + €)n.

When (Z[[lf{f) e is a applied to £(a[l] + a[—1] + €)n, the result is

(10.11)

E(a[-1] 4+ e+ a[-1] +€)n = 0.

Thus, the last term in (10.11) vanishes. Since the [0]-generator of any

monomial in 7] equals either ¢;[0] for some k, or b,[0] for some r and
since the constant part of Acg[0] equals ¢[1] 4 cx[—1], and the constant
part of Abg[0] equals by[1] 4 bx[—1], we conclude that

al—1] + € N
& ( af1] ) * <A71>o =0
Thus, applying €2 to (10.11), we arrive at
(10.12) 0_c; = (“:9> 0 dc;.

The lemma follows from (10.7), (10.9), (10.12). q.e.d.

Corollary 10.9. If L; C C" xR, —1 <t <1, is a Legendrian isotopy
with a generic handle slide at t = 0 as above, then the stable tame
isomorphism classes of (A(L-1,0-1)) and (A(L1),01) are the same.

Appendix
In this appendix, we present the proofs of two technical lemmas.

Proof of Lemma 5.6. We establish the following two properties of the
metric g and the endomorphism J. If 7 is a curve in L with tangent
vector T' and X is any vector field in T'(T'L) along -, then

(10.13) VrJX = JVrX.

If X, Y, and Z are tangent vectors to T'L at (p,0) € L such that Y
and Z are horizontal (i.e. tangent to L) and if R denotes the curvature
tensor of ¢ at (p,0) then

(10.14) R(JX,Y)Z = JR(X,Y)Z.
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For (10.13), use local coordinates and write, for v(t) = z(t), T'(z) =
ap(x)0k, X(x) =bj(x)0; + bj(x)0;+. By Lemma 5.5,

VrJX = axVe,(—bj-0; + b;0;-)
= aj [—(@qu*)aj + (Okb;) 05
= b (C3y0r + Tiy0) + by (3.0, + T 01) |
= ay, [ =(Obj»); + (Ob;)05+ — by T7,0, + b 170,
— Jay |(b;)Dye + (Dkb))0 + by T Oe + 051,60, | = TVTX.
For (10.14), introduce normal coordinates x around p. Then,
(10.15) 9:(0) = &ij, T5;(0) =0
for all ¢, j, k, and hence Lemma 5.4 implies,
§ij(0,€) = 855 + O(€?),  §i=j(0,6) =0, gi=j=(0,8) = &y
Therefore,
(10.16)  §7(0,€) =67 + O(£%), §77(0,6) =0, §77(0,€) =67,
We show that, in these normal coordinates,
(10.17) R(9;+,0;)0 = JR(0:,0;)0
at (0,0). Since R is a tensor field, (10.17) implies (10.14).
Lemma 5.5 implies that all Christofel symbols of § vanishes at (z,&) =
(0,0) and also that 9;I'; (x,0) = 0 all 4, j, k,r*. Hence,
R(8;,0;)01 = V,Va,0r — V,V,0k
= (050, + (0:15)0, — (95T34)0r — (91750
— (O,7)0, — (T30,
and thus,
(10.18) JR(0;,0;)0k = (0:17%;)0p+ — (0,151, Ore.
We compute the left-hand side of (10.17):
R(0;+,0;)0k = V,.Vo,01 — Vo, Vo,. 0
(10.19) = Vo, (f;ka,n + f;;ar*) ~ Vs, (fg*kar + f;f:ka,,*) .
Lemma 5.5 gives @f;;k = 0, and Lemma 5.4 in combination with (10.16)
give &*F}Tk = 0. Hence,

(10.20) ) ) )
R(9;+,0))0% = (0:-T73)0,- — (9;17)0r = (9 T)0r — (9,750
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It thus remains to compute (%fﬁ
(10.21)
A * 1 ApX]* ~ ~ ~ Ar¥ ~ ~ ~
0 Ul = 500 (gr PG e+ G — Gege) 87 (G + Gng — gjk,l))
1

- §Arlai*(gjl*,k + Gk — Gjkae)  [by (10.16)]

1
= 59" (RT3 gt + (OTE) gt — (Ryina + Rias))

2
[Lemma 5.4, (10.15)]
1
= 5(8@7}1‘ + 0,1 — (Rjikr + Rjrri))  [(10.15)].
But
Rjikr = g(Vaj Vaiak - VaiVaj 6k, 6r) = 6j1“§k - @-F;k = ajl—‘zi - 81T§k,
and
Rjrki = Rpijr = 5krfj - @-Fij = 8kr§i - @Tgk.
Hence
Oy 1%, = 0,1,
which together with (10.19) and (10.20) imply (10.17).
Consider a geodesic of (T'L, §) in L with tangent vector T'. By (10.13)
and (10.14),
(10.22) VoVrJX + RUJX,T)T = J(VoVrX + R(X, T)T).
Thus X is a Jacobi field if and only if JX is. q.e.d.
Proof of Lemma 5.10. For simplicity, we suppress intermediate func-

tions in the notation, e.g., we write o(¢) for o(w(¢), F(¢)). Consider
(a). Assume that w,v,u,q, F' are smooth functions. By (5.18)

(10.23) [G(G M) < C(Jo] + [ul),

since the derivatives of G' are uniformly bounded.

(For simplicity, we will use the letter C' to denote many different
constants in this proof. This (constant!) change of notation will not be
pointed out each time.)

Let G’(C) = G(¢,\). We write (w,v,u,q,0) = (x1,x2, T3, 24, 25) and
use the Einstein summation convention. The derivative of G(() is

DG(¢) = D;G - Daj,

where D without subscript refers to derivatives with respect to ¢, and
D;G refers to the derivative of G with respect to its j-th argument. We
use the following notation for functions (y1,...,v),

. . - 1 : m
’D31y|k1 o |D]my’k7n — Z H§€:1|Dﬁyk|ak o | DIy |
a€cA
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where A = {a € (Z>0)™: o} + -+ af =k, }.
Let (w, F,q) = (y1,y2,y3) and (v,u) = (21, 22), then by (5.18)

DiGl < Cla|, j € {1,4,5}
IDiGl<C, je{2.3}
Do = Dyo - DF + Dyo - Dw, hence, |Do| < C|Dyl|.

Then

(1021) DGO < C(1=PIDyl? + |2]|D=l Dy + |D=l2).

The second derivative of G(¢) is
D?G(¢) = D;D;G - Dz; - Dxj + D;G - D*x;.
By (5.18),
|D;D;G| < Clz|, i,5€{1,4,5}
|D;D;G| < C, je€{23}
D?c = D}o - DF - DF 4+ 2DsD10 - Dw - DF
+ D30 Dw - Dw + Dyo - D*F + Dso - D*w,
hence |D%c| < C(|Dy|? + |D?yl).
Thus,
ID*G(Q)P < C(\ZQI(\D?J!4 +[Dyl*|D?y|) + |2||Dz|| Dy||D?y]
(10.25) +|Dz|* 4 |Dz||D?2||Dy| + |Dz|?|D?2| + yD2z|2).

Note that by (5.21) and (5.23), r, which the constant C absorbs,
controls the ¢ (or y3) norms. Moreover, the remaining y; and y2 norms
are also absorbed by C. Thus, using (10.23), (10.24), and (10.25) we
derive the estimate

(10.26) IG(Ollze < Cllullze + I[vll2,e)

as follows. The Sobolev-Gagliardo-Nirenberg theorem implies || Dy|| 4 <
C||Dyl1,2 (and the corresponding statement for u and v). Morrey’s the-
orem implies that ||u||2, controls the sup-norm of u (and the correspond-
ing statement for v). These facts together with Holder’s inequality give

(10.26).
It is now straightforward to prove (a). Let Q = (z,&,7,60,0), then
(10.27) G( ) = G(Q,0) + DgG(Q,0) - A+ R(2,N) - A -\

Differentiating (10.27) twice with respect to A of and applying (5.18),
we find R(z,0,0,60,0,)\) = 0. Applying the argument above to DgG and
R, and to G(€2,0) but using (5.19) and w instead of (5.18) and (u,v),
(5.20) follows.
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The proof of (b) is similar. We first use (5.22) and (5.23) to conclude
(10.28) G = G(w,v,u,0,0) < Clul?
The derivative of G(¢) is
DG(¢) = D,;G - Dz,

and with (w, F,v) = (y1,¥2,Y3)

ID,Gl < Cluf’, je{1,2,4}

|D3G| < Clul,

Do = Dyo - DF + Dyo - Dw, hence |Do| < C|Dy|.
Thus
(1029) DGO < C(Jul*|DyP + [ul*|Dul| Dy| + [uf?| Duf?).

The second derivative of G(¢) is
D*G(¢) = D;D;G - Dx; - Dxj + D;G - D*x;.
We have
|D;D;G| < Clul?, i,5€{1,2,4}
|D;D3G| < Clu|, ie{1,2,4},
|D3G| < C.
This implies
(10.30)
DGO < C(Jul*(IDy|* + |DyP D] + |D%yl?)
+ ul*(| Dul[ Dy[* + | Dul| Dy|| D?y]) + [u|*| Dul*| Dy|?
+ [uf*| Dul* + |Du||Dy||D?y| + |D?ul| D?y| + IUIZIDQuIQ)-

In the same way as above, we derive from (10.28), (10.29), and (10.30)
the estimate

(10.31) IG(Q)ll2.c < Cllu|

2

2"

The proof of (b) can now be completed as follows. Write Q = (z,£,n,0)
then

G(N) = G(Q2,0) + D5G(2,0) - A+ DEG(Q,0) - A= A+ R(Q,A) - A= A=\,

and differentiation gives R(z,0,0,0,A) = 0. For G(€2,0), we use (10.31).

The term DsG(¢) can be estimated as in (a) by Cllu|2.. The two

remaining terms are also estimated as in (a) by C(||ull2,e + ||v]|2,)-
q.e.d.
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