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Abstract In this paper, we investigate the photon sphere,
shadow radius and quasinormal modes of a four-dimensional
charged Einstein–Gauss–Bonnet black hole. The perturba-
tion of a massless scalar field in the black hole’s back-
ground is adopted. The quasinormal modes are gotten by
the 6th order WKB approximation approach and shadow
radius, respectively. When the value of the Gauss–Bonnet
coupling constant increase, the values of the real parts of
the quasinormal modes increase and those of the imagi-
nary parts decrease. The coincidence degrees of quasinor-
mal modes derived by the two approaches increases with the
increase of the values of the Gauss–Bonnet coupling con-
stant and multipole number. It shows the correspondence
between the shadow and test field in the four-dimensional
Einstein–Gauss–Bonnet–Maxwell gravity. The radii of the
photon sphere and shadow increase with the decrease of the
Gauss–Bonnet coupling constant.

1 Introduction

Shadows are an important feature of black holes. The
research and capture of the shadows are helpful for us
to understand the fundamental properties of black holes.
Recently, the first image of a black hole in the center of galaxy
M87 has been captured by the Event Horizon Telescope Col-
laboration [1–4]. It is a dark region in a bright background,
which is formed by the black hole’s accretion of photons
and strong gravitational lensing effect. This work provides a
strong evidence for the existence of black holes in our uni-
verse. In the aspect of theoretical research, the expressions
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of shadow radii of some black holes have been gotten and the
influence of the black holes’ parameters on the shapes and
sizes of shadows has been found.

Quasinormal modes (QNMs), which characterize discon-
tinuous complex frequencies, are asymptotic solutions of per-
turbation fields around compact objects under certain bound-
ary conditions. Their real parts maintain oscillations and the
imaginary parts determines oscillation feature (damped oscil-
lation or undamped oscillation). As an important feature of
black holes dynamics, they attract people’s attention. One
of the reasons is that the dominant QNMs can be seen in
the gravitational wave signals from black holes. Through
the observation of the QNMs by LIGO/Virgo laboratories,
astronomers and physicists found the gravitational wave sig-
nals, which indirectly verified the existence of the black holes
[5–7]. Another reason involves the AdS/CFT correspondence
[8–12]. It shows that QNMs of a (D+1)-dimensional asymp-
totically anti-de Sitter spacetime are poles of the retarded
Green’s function in the D-dimensional dual conformal field
theory. This correspondence has been successfully applied to
the research of various properties of strongly coupled quark-
gluon plasmas. In addition, QNMs also play an important role
in the quantization of areas of black holes. Using Bohr’s cor-
respondence principle in the ringing frequencies, Hod quan-
tized the area of the Schwarzschild black hole by the relation-
ship between the real part of the QNMs and the black hole’s
mass and obtained the area spacing as 4l2pln3 [13]. Subse-
quently, Dreyer and Kunstatter quantized the Bekenstein–
Hawking entropies by the loop quantum gravity and semi-
classical method [14,15], respectively. Considering the trans-
formation between arbitrary states of a black hole, Maggiore
regarded the black hole as a damped harmonic oscillator and
found that its area spectrum is related to the physical fre-
quency of the harmonic oscillator [16].
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There are various approaches to derive QNMs.1 Differ-
ent approaches produce different preciseness [18–48]. Null
geodesics are useful tools to obtain QNMs. The angular
velocities at the unstable null geodesics orbits of the black
holes determine the real parts of the QNMs. The second
derivatives of the effective potentials for radial motions are
introduced to express the Lyapunov exponents in the imag-
inary parts. In the eikonal limit, the relation between the
QNMs and null geodesics was gotten by Cardoso et al. [49].
However, the correspondence between QNMs in the eikonal
limit and null geodesics does not always exist. As shown in
[50,51], this correspondence is guaranteed only for the test
fields, while for the gravitational and other non-minimally
coupled fields it may not be fulfilled. Shadow radii are closely
related to QNMs. Through the relationship between the pho-
ton spheres and shadow radii, Jusufi expressed the real parts
of the QNMs in the eikonal limit by the shadow radii [52,53].
This shows a correspondence between the shadows and test
fields in the spacetimes of the black holes. And then, he stud-
ied the influence of the perfect fluid dark matter parameter
k on the QNMs by the massless scalar and electromagnetic
field perturbations, and found the value of the reflecting point
k0 corresponding to the maximal values for the real parts.
This work is helpful to detect indirectly the dark matter near
the event horizon. Subsequently, this correspondence was
verified by the 3rd order WKB approximation approach in
[54,55] and by the 13th order WKB approximation approach
in [56], respectively.

In this paper, we investigate the photon sphere, shadow
radius and QNMs of a four-dimensional charged Einstein–
Gauss–Bonnet black hole. The QNMs are calculated by
the 6th order WKB approximation approach and shadow
radius, respectively. The influence of the Gauss–Bonnet cou-
pling constant on the shadow radius and QNMs is discussed.
Einstein–Gauss–Bonnet theory is a simple generalization of
the Hilbert Lagrangian for high-dimensional spacetime. It
was obtained by adding the Bach–Lanczos Lagrangian to
the Hilbert Lagrangian. In Einstein–Gauss–Bonnet gravity,
the higher-dimensional black hole solutions have been got-
ten. Four-dimensional black hole solutions have been a chal-
lenge until recently when the work of [57] was presented.
To get a four-dimensional black hole solution, Glavan and
Lin rescaled the coupling constant of the Gauss-Bonnet term,
α → α

D−4 , and let D → 4. Then they searched for the spher-
ically symmetric vacuum solution. This four-dimensional
Einstein–Gauss–Bonnet gravity theory was further improved
and a consistent theory was proposed in [58]. The general-
ization to other black hole solutions are referred to [59–78].

The rest is organized as follows. In the next section, we
investigate the photon sphere and shadow radius of the four-

1 The detailed discussion on this aspect is referred to [17] and the ref-
erences therein.

dimensional charged Einstein–Gauss–Bonnet black hole. In
Sect. 3, we calculate the QNMs by the 6th order WKB
approximation approach and shadow radius, respectively.
The effect of the Gauss–Bonnet coupling constant is dis-
cussed. The last section is devoted to our conclusions.

2 The photon sphere and shadow radius of the charged
Einstein–Gauss–Bonnet black hole

The action for the Einstein–Gauss–Bonnet gravity with elec-
tromagnetic field in D-dimensional spacetime is described
by

S = 1

16π

∫
dxD

√−g
[
R − FμνF

μν

+α
(
R2 − 4RμνR

μν + Rμνβγ R
μνβγ

)]
, (1)

where α is the Gauss–Bonnet coupling constant, and Fμν =
∂μAν−∂ν Aμ is the Maxwell tensor. The spherically symmet-
ric vacuum solution in four-dimensional spacetime was first
gotten by Glavan and Lin. Subsequently, various solutions of
black holes in the four-dimensional Einstein–Gauss–Bonnet
gravity were obtained. The charged Einstein–Gauss–Bonnet
black hole in the four-dimensional spacetime is given by

ds2 = − f (r)dt2 + 1

f (r)
dr2 + r2(dθ2 + sin2 θdφ2), (2)

with the gauge potential Aμ = − Q
r dt , where

f (r) = 1 + r2

2α

⎡
⎣1 ±

√
1 + 4α

(
2M

r3 − Q2

r4

)⎤
⎦ , (3)

M and Q are the mass and charge of the black hole, respec-
tively. In the above equation, “+/−” are labeled as the “pos-
itive/negative” branches. When it is in the far region and
the coupling constant α disappears, the Reissner–Nordström
black hole is recovered by the negative branch. Therefore, we
focus our attention on the negative branch. From f (r) = 0,
the event horizon (r+) and inner horizon (r−) are gotten as
follows

r± = M ±
√
M2 − Q2 − α. (4)

Here, α, M and Q must obey certain conditions to avoid
the disappearance of the event horizon. For convenience, we

let M = 1 in this paper. When 0 < Q <
√

3/2, α obeys
Q2 − 4 − 2

√
4 − 2Q2 < α < 1 − Q2, and there are two

horizons r±. When
√

3/2 < Q <
√

2, α satisfies Q2 − 4 −
2
√

4 − 2Q2 < α < Q2 − 4 + 2
√

4 − 2Q2. In the region
where

√
3/2 < Q <

√
2 and Q2 − 4 − 2

√
4 − 2Q2 < α <

Q2 − 4 + 2
√

4 − 2Q2, there is only one horizon r+.
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We first investigate a free photon orbiting around the equa-
torial orbit of the black hole (2). The photon moves along a
null geodesic. Its Lagrangian is

L = 1

2

[
− f (r)ṫ2 + 1

f (r)
ṙ2 + r2φ̇2

]
. (5)

In the above equation, the dot over a symbol is the dif-
ferentiation with respect to an affine parameter. From this
Lagrangian, we get the generalized momenta,

pt = − f (r)ṫ = −E,

pr = ṙ

f (r)
,

pφ = r2φ̇ = L . (6)

Due to the Killing vector fields ∂
∂t and ∂

∂φ
in the spacetime, E

and L are constants and denote the energy and orbital angular
momentum of the photon, respectively. Using Eqs. (5), (6)
and the Hamiltonian for this system [79]

H = 2
(
pμ ẋ

μ − L) = −Eṫ + ṙ2

f (r)
+ Lφ̇ = 0, (7)

we obtain the equation of radial motion

ṙ2 + V (r) = 0, (8)

where V (r) = −E2 + L2

r2 f (r) is an effective potential and
determines the position of an unstable orbit. This position
satisfies the condition

V (r) = 0,
∂V (r)

∂r
= 0,

∂2V (r)

∂r2 < 0. (9)

Solving the middle equation of the above equations yields
four roots. But only a root corresponds to this position, and
this root is the radius of the photon sphere. Using the first and
third equations, we can exclude the other three roots and get
the radius rps . Due to the complexity of the expression rps ,
we do not write it here. Its specific values are calculated and
listed in Table 1. As described in [80–82], α cannot be too
negative, because the metric function may not be real inside
the event horizon when α is too negative. The observational
constraints on the coupling parameter α was found in [84].

From Table 1, we find that the radius of the photon sphere
is closely related to the charge and Gauss–Bonnet coupling
constant. When the charge is fixed, the radius decreases with
the increase of the value of the Gauss–Bonnet coupling con-
stant. When the Gauss–Bonnet coupling constant is fixed, the
radius increases with the decrease of the value of the charge.

A black hole shadow is an observable quantity. Its radius is
calculated strictly via celestial coordinates. Through the cal-
culation, it was found that the radius is related to the photon
sphere. For a spherically symmetric black hole, the shadow

Table 1 The radii of the photon sphere and shadow under the different
values of Q and α

Q α rps RSh

0.1 −3.0 3.889873182 6.003984441

−1.0 3.367024270 5.519636364

0.8 2.536680250 4.811597083

0.4 −3.0 3.826945093 5.910587761

−1.0 3.286378595 5.406970581

0.8 2.364595705 4.628872985

0.7 −3.0 3.682145249 5.694974891

−1.0 3.095251850 5.140325436

0.5 2.225312089 4.397492519

1.0 −2.0 3.141336116 5.036599384

−1.0 2.746568247 4.655643115

−0.1 2.129360012 4.101527592

radius is [52]

RSh = r√
f (r)

∣∣∣∣
r=rps

. (10)

Inserting the radius of the photon sphere into the above equa-
tion, we get the shadow radius of the charged Einstein–
Gauss–Bonnet black hole. The specific expression of the
shadow radius is also very complex and is not presented here.
The values of the radius are obtained by using the different
values of Q and α. They are listed in Table 1.

It is found from the table that the shadow radius decreases
with the increase of the value of the Gauss–Bonnet coupling
constant when the charge is fixed and decreases with the
increase of the value of the charge when the Gauss–Bonnet
coupling constant is fixed. The radii of the photon sphere and
shadow increase or decrease at the same time.

3 Quasinormal modes, shadow and the correspondence
with a test field

As an important feature of black holes, QNMs are one of
important ways to detect black holes. A lot of work has been
done on QNMs by analytical and numerical approaches. The
WKB approximation approach, which was first put forward
in [19], is an effective method to derive QNMs. This approach
was extended to the 3rd order WKB approximation in [22]
and higher order WKB approximation in [29–31,39], respec-
tively. The 13th order WKB approximation approach was
developed in [39]. In this section, we adopt the 6th order
WKB approximation approach [29–31] to derive the QNMs
by a scalar field perturbation in the four-dimensional charged
Einstein–Gauss–Bonnet black hole. Although the accuracy
of the QNMs derived by the 13th order WKB approximation
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Table 2 The QNMs derived by the WKB approximation approach and shadow radius and the relative deviations. In the calculation, we let Q = 0.1
and α = −3

QNMs Relative deviations

ω(WK B) ω(Sh) Re ω Im ω

l = 1 0.232962 − 0.396877i 0.249834 − 0.118605i −7.242% 70.115%

l = 2 0.443244 − 0.121925i 0.416390 − 0.118605i 6.059% 2.723%

l = 3 0.587432 − 0.121927i 0.582946 − 0.118605i 0.764% 2.725%

l = 4 0.751461 − 0.120694i 0.749502 − 0.118605i 0.261% 1.731%

l = 5 0.917271 − 0.119989i 0.916058 − 0.118605i 0.132% 1.153%

l = 10 1.749280 − 0.118967i 1.748839 − 0.118605i 0.025% 0.304%

l = 50 8.411160 − 0.118620i 8.411081 − 0.118605i 0.0009% 0.013%

Table 3 The QNMs derived by the WKB approximation approach and shadow radius and the relative deviations. In the calculation, we let Q = 0.1
and α = −1

QNMs Relative deviations

ω(WK B) ω(Sh) Re ω Im ω

l = 1 0.259512 − 0.120429i 0.271757 − 0.106983i −4.718% 11.165%

l = 2 0.453456 − 0.109868i 0.452928 − 0.106983i 0.116% 2.626%

l = 3 0.635009 − 0.108202i 0.634100 − 0.106983i 0.143% 1.127%

l = 4 0.816074 − 0.107674i 0.815271 − 0.106983i 0.098% 0.642%

l = 5 0.997130 − 0.107433i 0.996442 − 0.106983i 0.069% 0.419%

l = 10 1.902680 − 0.107102i 1.902299 − 0.106983i 0.020% 0.111%

l = 50 9.149230 − 0.106988i 9.149153 − 0.106983i 0.0008% 0.005%

Table 4 The QNMs derived by the WKB approximation approach and shadow radius and the relative deviations. In the calculation, we let Q = 0.1
and α = 0.8

QNMs Relative deviations

ω(WK B) ω(Sh) Re ω Im ω

l = 1 0.316086 − 0.080425i 0.311747 − 0.078850i 1.373% 1.958%

l = 2 0.522310 − 0.079271i 0.519578 − 0.078850i 0.523% 0.531%

l = 3 0.729380 − 0.079047i 0.727409 − 0.078850i 0.270% 0.249%

l = 4 0.936778 − 0.078967i 0.935240 − 0.078850i 0.164% 0.148%

l = 5 1.144330 − 0.078928i 1.143072 − 0.078850i 0.110% 0.099%

l = 10 2.182890 − 0.078872i 2.182228 − 0.078850i 0.030% 0.027%

l = 50 10.49560 − 0.078851i 10.495476 − 0.07885i 0.001% 0.001%

approach is higher than that derived by the 6th order WKB
approximation approach, the latter is enough for us to elab-
orate the correspondence between the QNMs in the eikonal
limit and test field in the Einstein–Gauss–Bonnet–Maxwell
gravity.

Let us start with a massless scalar field perturbation in the
background of the metric (2). The scalar field in the curved
spacetime obeys

1√−g
∂μ

(√−ggμν∂ν�
) = 0, (11)

where � is a function of coordinates (t, r, θ, φ) and repre-
sents the scalar field. We adopt the following ansatz

� =
∑
l,m

e−iωt�(r)r−1Ylm(θ, φ). (12)

In the above equation, ω is the perturbation frequency, e−iωt

denotes the time evolution of the scalar field, and Ylm(θ, φ)

is a spherical harmonics. Inserting Eqs. (2) and (12) into Eq.
(11) and introducing a “tortoise” coordinate dr = dr

f (r) yield
the Regge–Wheeler equation,[
∂2
r + ω2 − V(r)

]
�(r) = 0, (13)
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Table 5 The QNMs derived by the WKB approximation approach and shadow radius and the relative deviations. In the calculation, we let Q = 0.4
and α = −3

QNMs Relative deviations

ω(WK B) ω(Sh) Re ω Im ω

l = 1 0.262187 − 0.414285i 0.253782 − 0.121017i 3.206% 70.789%

l = 2 0.453712 − 0.122533i 0.422970 − 0.121017i 6.775% 1.237%

l = 3 0.597166 − 0.124275i 0.592158 − 0.121017i 0.839% 2.622%

l = 4 0.763557 − 0.123146i 0.761346 − 0.121017i 0.290% 1.729%

l = 5 0.931902 − 0.122444i 0.930534 − 0.121017i 0.147% 1.165%

l = 10 1.776960 − 0.121395i 1.776473 − 0.121017i 0.027% 0.311%

l = 50 8.544080 − 0.121033i 8.543990 − 0.121017i 0.001% 0.013%

Table 6 The QNMs derived by the WKB approximation approach and shadow radius and the relative deviations. In the calculation, we let Q = 0.4
and α = −1

QNMs Relative deviations

ω(WK B) ω(Sh) Re ω Im ω

l = 1 0.263484 − 0.124484i 0.277420 − 0.108859i −5.289% 12.552%

l = 2 0.463000 − 0.111939i 0.462366 − 0.108859i 0.137% 2.752%

l = 3 0.648293 − 0.110147i 0.647313 − 0.108859i 0.151% 1.169%

l = 4 0.833116 − 0.109586i 0.832259 − 0.108859i 0.103% 0.663%

l = 5 1.017940 − 0.109331i 1.017205 − 0.108859i 0.072% 0.432%

l = 10 1.942340 − 0.108983i 1.941938 − 0.108859i 0.021% 0.114%

l = 50 9.339880 − 0.108864i 9.339796 − 0.108859i 0.0009% 0.005%

Table 7 The QNMs derived by the WKB approximation approach and shadow radius and the relative deviations. In the calculation, we let Q = 0.4
and α = 0.8

QNMs Relative deviations

ω(WK B) ω(Sh) Re ω Im ω

l = 1 0.327346 − 0.0765758i 0.324053 − 0.074864i 1.006% 2.235%

l = 2 0.542113 − 0.0753940i 0.540088 − 0.074864i 0.374% 0.703%

l = 3 0.757579 − 0.0751335i 0.756124 − 0.074864i 0.192% 0.359%

l = 4 0.973297 − 0.0750294i 0.972159 − 0.074864i 0.117% 0.220%

l = 5 1.189130 − 0.0749761i 1.188194 − 0.074864i 0.079% 0.150%

l = 10 2.268860 − 0.0748956i 2.268371 − 0.074864i 0.022% 0.042%

l = 50 10.90990 − 0.0748655i 10.909783 − 0.074864i 0.001% 0.002%

where

V(r) = f (r)

[
f ′(r)
r

+ l(l + 1)

r2

]
. (14)

The QNMs arise from the solution of the above differential
equation under the specific boundary condition. The bound-
ary condition is r → ±∞ which map the event horizon and
infinity. The solution takes form �(r) ∼ exp[−iω(t∓)r]
with the oscillation modes ω = ωR − iωI . Our interest is
focused on the fundamental modes where n = 0. Since they
have the least damping among the detected ringing signals
and dominate the waveform of gravitational waves. Using

the WKB approximation approach, we get the modes and list
them in Tables 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, and 13. Here
we did not calculate the modes with l = n = 0. The reason
is that this approach does not give a satisfactory accuracy for
n ≥ l. Nevertheless, it does not mean that this fundamental
modes can not be calculated. One can get the modes by other
approaches.

There is a close connection between null geodesics and
QNMs. It was proven in [49] that QNMs in the eikonal limit
can be gotten via properties of null geodesics. In the eikonal
limit, the QNMs takes form
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Table 8 The QNMs derived by the WKB approximation approach and shadow radius and the relative deviations. In the calculation, we let Q = 0.7
and α = −3

QNMs Relative deviations

ω(WK B) ω(Sh) Re ω Im ω

l = 1 0.380439 − 0.437918i 0.263390 − 0.127070i 30.767% 70.983%

l = 2 0.476503 − 0.122625i 0.438983 − 0.127070i 7.874% −3.625%

l = 3 0.620628 − 0.129982i 0.614577 − 0.127070i 0.975% 2.240%

l = 4 0.793031 − 0.129229i 0.790170 − 0.127070i 0.361% 1.671%

l = 5 0.967561 − 0.128571i 0.965764 − 0.127070i 0.186% 1.167%

l = 10 1.844370 − 0.127484i 1.843731 − 0.127070i 0.035% 0.325%

l = 50 8.867580 − 0.127087i 8.867467 − 0.127070i 0.001% 0.013%

Table 9 The QNMs derived by the WKB approximation approach and shadow radius and the relative deviations. In the calculation, we let Q = 0.7
and α = −1

QNMs Relative deviations

ω(WK B) ω(Sh) Re ω Im ω

l = 1 0.273221 − 0.136267i 0.291810 − 0.113586i −6.804% 16.645%

l = 2 0.487400 − 0.117201i 0.486351 − 0.113586i 0.205% 3.084%

l = 3 0.682100 − 0.115066i 0.680891 − 0.113586i 0.176% 1.286%

l = 4 0.876450 − 0.114416i 0.875431 − 0.113586i 0.116% 0.725%

l = 5 1.070830 − 0.114122i 1.069971 − 0.113586i 0.080% 0.470%

l = 10 2.043140 − 0.113726i 2.042672 − 0.113586i 0.023% 0.123%

l = 50 9.824380 − 0.113592i 9.824281 − 0.113586i 0.001% 0.005%

Table 10 The QNMs derived by the WKB approximation approach and shadow radius and the relative deviations. In the calculation, we let Q = 0.7
and α = 0.5

QNMs Relative deviations

ω(WK B) ω(Sh) Re ω Im ω

l = 1 0.343629 − 0.0803095i 0.341103 − 0.078513i 0.735% 2.237%

l = 2 0.570174 − 0.0790292i 0.568506 − 0.078513i 0.293% 0.653%

l = 3 0.797117 − 0.0787623i 0.795908 − 0.078513i 0.152% 0.317%

l = 4 1.024250 − 0.0786622i 1.023310 − 0.078513i 0.092% 0.190%

l = 5 1.251490 − 0.0786127i 1.250713 − 0.078513i 0.062% 0.127%

l = 10 2.388130 − 0.0785405i 2.387724 − 0.078513i 0.017% 0.035%

l = 50 11.483900 − 0.0785143i 11.483817 − 0.078513i 0.0007% 0.002%

ω = �L − i

(
n + 1

2

)
λ, (15)

where � =
√

f ′(r)
2r is the angular velocity at the unstable

null geodesic orbit, L is the angular momentum, n is the

overtone number, and λ =
√

f (r)[2 f (r)−r2 f ′′(r)]
2r2

∣∣∣∣
r=rps

is the

Lyapunov exponent that determines the instability time scale
of the orbit. The connections between QNMs and photon
spheres and between photon spheres and shadow radii have
been found. Therefore, it is natural to conjecture that whether
there is a connection between QNMs and shadow radii. This

conjecture was verified in [52]. The relation between the
QNMs in the eikonal limit and shadow radii of the spheri-
cally symmetrical black holes was found. From this relation,
the QNMs can be rewritten as

ω = R−1
Sh

(
l + D − 3

2

)
− i

(
n + 1

2

)
λ, (16)

where D is the dimension of spacetime and it is equal to 4 in
this paper. In the eikonal limit, the term D−3

2 in Eq. (16) is
neglected. However, we do not neglect it, since the QNMs at
the small multipole number is also in our discussion. Using
Eq. (16), we get the QNMs of the charged Einstein-Gauss-
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Table 11 The QNMs derived by the WKB approximation approach and shadow radius and the relative deviations. In the calculation, we let Q = 1
and α = −2

QNMs Relative deviations

ω(WK B) ω(Sh) Re ω Im ω

l = 1 0.340785 − 0.358543i 0.297820 − 0.133492i 12.608% 62.768%

l = 2 0.521267 − 0.136806i 0.496367 − 0.133492i 4.777% 2.422%

l = 3 0.699962 − 0.136866i 0.694913 − 0.133492i 0.721% 2.465%

l = 4 0.895992 − 0.135613i 0.893460 − 0.133492i 0.283% 1.564%

l = 5 1.093700 − 0.134901i 1.092007 − 0.133492i 0.155% 1.044%

l = 10 2.085430 − 0.133863i 2.084740 − 0.133492i 0.033% 0.277%

l = 50 10.026700 − 0.133507i 10.026606 − 0.133492i 0.0009% 0.011%

Table 12 The QNMs derived by the WKB approximation approach and shadow radius and the relative deviations. In the calculation, we let Q = 1
and α = −1

QNMs Relative deviations

ω(WK B) ω(Sh) Re ω Im ω

l = 1 0.297584 − 0.168863i 0.322190 − 0.123414i 8.564% 26.914%

l = 2 0.540091 − 0.128214i 0.536983 − 0.123414i 0.575% 3.744%

l = 3 0.753793 − 0.125369i 0.751776 − 0.123414i 0.268% 1.559%

l = 4 0.968111 − 0.124504i 0.966569 − 0.123414i 0.159% 0.875%

l = 5 1.182620 − 0.124114i 1.181362 − 0.123414i 0.107% 0.564%

l = 10 2.255990 − 0.123595i 2.255328 − 0.123414i 0.029% 0.146%

l = 50 10.84720 − 0.123422i 10.847051 − 0.123414i 0.0009% 0.006%

Table 13 The QNMs derived by the WKB approximation approach and shadow radius and the relative deviations. In the calculation, we let Q = 1
and α = −0.1

QNMs Relative deviations

ω(WK B) ω(Sh) Re ω Im ω

l = 1 0.371004 − 0.097845i 0.365717 − 0.097172i 1.425% 0.688%

l = 2 0.612625 − 0.097468i 0.609529 − 0.097172i 0.505% 0.304%

l = 3 0.855547 − 0.097328i 0.853341 − 0.097172i 0.258% 0.160%

l = 4 1.098870 − 0.097267i 1.097152 − 0.097172i 0.157% 0.098%

l = 5 1.342370 − 0.097236i 1.340964 − 0.097172i 0.107% 0.066%

l = 10 2.560760 − 0.097189i 2.560022 − 0.097172i 0.029% 0.017%

l = 50 12.3126 − 0.097172i 12.312486 − 0.097172i 0.0008% 0%

Bonnet black hole and list them in Table 2.1-Table 5.3. In
the tables, ω(WK B) denotes the QNMs derived by the 6th
order WKB approximation approach, and ω(Sh) denotes the
QNMs gotten by Eq. (16). The relative deviations of the real
(imaginary) parts of the QNMs calculated by Eq. (16) from
those calculated by the WKB approximation approach are
listed in the last two columns. From these tables, we find the
following phenomena.

1. For the fixed charge and same multipole number, when
the value of the Gauss–Bonnet coupling constant increase,

the values of the real parts of the QNMs increase and those
of the imaginary parts decrease. The coincidence degrees
of the QNMs derived by the two approaches increase with
the increase of the value of α. For α = −3 and l = 1, the
degree of coincidence is the smallest. The reason may be
that the value of α cannot be too negative.

2. For the fixed charge and Gauss–Bonnet coupling con-
stant, the result derived by the WKB approximation
approach shows that the values of the real parts increase
and those of the imaginary parts decrease slowly when
the value of the multipole number increases. However,
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when l = 1, the imaginary parts’ values are the largest
and the degrees of coincidence are the smallest. When
l = 3, the values are the second largest. The reason may
be related to the condition of the accuracy for the WKB
approximation approach.

3. For the fixed Gauss–Bonnet coupling constant and mul-
tipole number, when the value of the charge increases,
the values of the real parts and imaginary parts calcu-
lated by the WKB approximation approach increase at
the same time, but the coincidence degrees of the QNMs
obtained by the two approaches decrease. For example,
when α = −1 and l = 5, we can find the QNMs and the
degrees of coincidence for the different value of Q.

4. The values in the tables show that when the value of the
multipole number is large, the QNMs gotten by the two
approaches are consistent. In fact, when l is small, the
QNMs are in good agreement with each other except for
the values at α = −3. This result is full in consistent with
those derived in [56,83].

4 Conclusions

In this paper, we investigated the photon sphere, shadow
and QNMs of the four-dimensional charged Einstein–Gauss–
Bonnet black hole. The QNMs were gotten by the 6th
order WKB approximation approach and shadow radius,
respectively. When the value of the multipole number is
large, the QNMs calculated by the two approaches are in
good agreement, which shows the correspondence between
the shadow and test field in the four-dimensional Einstein–
Gauss–Bonnet–Maxwell gravity. Equation (16) is obtained
under the condition of the large multipole numbers. How-
ever, we found that when the value of the multipole num-
ber is small, except for the values at α = −3 and l = 1,
the degrees of coincidence of the QNMs obtained by the
two approaches are also in good agreement. The degrees
of coincidence increase with the increases of the value of
the Gauss–Bonnet coupling constant. When the value of the
Gauss–Bonnet coupling constant increase, the values of the
real parts of the QNMs increase and those of the imaginary
parts decrease. It shows that the Gauss–Bonnet coupling con-
stant plays an important role in the QNMs. This investiga-
tion reveals a potential relationship between the black hole
shadow and gravitational wave.
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