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Summary. The effect of attenuation on the coupling of nearly resonant 
multiplets in the Earth's free oscillation spectrum is investigated and 
numerical results are presented for several of the most strongly coupled low 
frequency multiplet pairs. The coupling influences considered are those of the 
Coriolis forces due to rotation and of the Earth's hydrostatic ellipticity of 
figure. It is found that the effects of attenuation (in particular the difference 
in Q-' for the two multiplets) can significantly change the splitting diagrams 
and the degree to which coupling takes place. The Q values for the coupled 
singlets are, in general, all different and lie between the two Q values of the 
uncoupled multiplet pair. In addition it is shown that the diagonal sum rule 
may be readily extended to sets of coupled multiplets. 

Introduction 

Dahlen (1969) and Luh (1973, 1974) have drawn attention to the strong coupling which can 
exist between modes of free oscillation of the Earth whose eigenfrequencies are very close to 
one another. Coupling between such nearly resonant modes is induced by a slight asphericity 
of the model, such as rotation, ellipticity or lateral heterogeneity in mechanical properties. 
Strong coupling may exist between multiplets when the difference between their un- 
perturbed, degenerate eigenfrequencies is comparable to the frequency splitting predicted 
for the modes by ordinary degenerate perturbation theory for the given kind of asphericity 
(Dahlen 1968; Woodhouse & Dahlen 1978). As a result degenerate perturbation theory is 
inapplicable to these multiplets and quasi-degenerate perturbation theory must be employed 
(Dahlen 1969; Luh 1973, 1974). The eigenfunctions of the perturbed, slightly aspherical 
earth model are not even approximately eigenfunctions of the unperturbed model, but will 
be, to zero order in small quantities, h e a r  combinations of the unperturbed eigenfunctions 
of all the singlets within the multiplets which are coupled. 

While it is a necessary condition for coupling that the modes have nearly equal eigen- 
frequencies this may not be sufficient; the Coriolis forces due to rotation, for instance, 
couple either a pair of multiplets of different type (one spheroidal, the other toroidal) 
whose angular orders (I) differ by unity, or a pair of spheroidal multiplets belonging to the 
Same angular order. Ellipticity also couples multiplets of the above kinds and, in addition, 
couples modes of the same type whose angular orders differ by two. 
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If attenuation is introduced the eigenfrequencies may be thought of as possessing an 

imaginary part iw/2Q where o is the unperturbed eigenfrequency and Q is the quality factor 
of the mode. If the quality factors, Q1, Q,, say, of two interacting multiplets were very 
different one would expect the modes to be less strongly coupled than they would be for 
a perfectly elastic earth model since, viewed in the complex plane, their frequencies would 
not be so nearly equal. It is the purpose of the present paper to investigate this effect. It 
will be shown that the introduction of attenuation can produce large changes in the splitting 
diagram of the coupled multiplets and that, even though we shall consider only spherically 
symmetric distributions of the material attenuation parameters Qp,  Q K ,  the quality factors 
for the singlets in the perturbed spectrum will, in general, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAall be different. This is in contrast 
to the result in degenerate perturbation theory, where spherically symmetric distributions 
of Q,, Q,  lead to the same value of Q for all members of a given multiplet. 

For the low frequency multiplets considered by Luh (1974) the dominant coupling 
influences were shown to be rotation and ellipticity, and in this study of the effect of 
attenuation on quasi-degenerate multiplets we shall confine our attention to these 
asphericities alone. In the Appendix, however, we give the completely general matrix 
element, correcting the part pertaining to ellipticity (Dziewonski zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA& Sailor 1976; Dahlen 
1976; Woodhouse & Dahlen 1978) and also correcting some minor misprints in Luh's (1974) 
result. This matrix element, given here for reference, has rather wider applications than those 
considered in the present paper; it is needed, for example, in determining the first order 
corrections to the eigenfunctions in degenerate perturbation theory and also in calculating 
the second and higher order corrections to the eigenfrequencies (Dahlen 1968; Dahlen & 
Sailor 1979). 

In Section 1 of the present paper notation is introduced and the necessary perturbation 
theory reviewed. It is also shown that the diagonal sum rule (Gilbert 1971) can be 
generalized to include the case of quasi-degenerate multiplets. In Section zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 the necessary 
formulae are derived for the particular application which is the subject of this paper and the 
results for some strongly coupled multiplets are discussed. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
1 Perturbation theory 

1.1 N O T A T I O N  

The normal mode eigenvalue problem for a spherically symmetric, non-rotating, elastic 
isotropic (SNREI) earth model may be written symbolically 

( H o - p 0 w 2 ) s = O  (1) 

where Ho is a self-adjoint integro-differential operator, also thought of as incorporating the 
appropriate boundary conditions; zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBApo is the spherically symmetric density distribution of the 
model and the eigenvalue zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAo2 is the squared angular frequency of a mode of free oscillation. 
The vector field s is the elastic displacement eigenfunction, which takes the form: 

In equation (2) (Y, 8, @) are spherical polar coordinates and E, 8, will denote unit vectors 
in the coordinate directions. The operator V1 is 8ao + cosec e6a0 and Y;"(e, @) are scalar 
spherical harmonics, as defined by Edmonds (1960); which are normalized so that zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
/[y?'(e, 411 * m  y, (0, $1 m = ~ m m ~ ~ z z ~  

from this by a factor (- 

s = in 4 i m) = uf(r) y,qe, @)i + vf(~)v~ r?(e, $1 - wy(r> i x v1 yy (e, 4). (2) 

(3) 

Note that some geophysical applications (eg. Gilbert & Dziewonski 1975) use a definition which differs * 
for m < 0 (cf. Schiff 1968). 
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where JdC! denotes integration over the unit sphere and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA* denotes complex conjugation. The 
parameters n, I, m are respectively, the radial order, angular order and azimuthal order of 
the eigenfunction and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAq takes the values T or zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS, signifying an eigenfunction of toroidal or 
spheroidal type; thus if q = T then Qq = .Vf = 0 and if q = S, .Wf = 0. For brevity we shall 
use the symbol k to denote the triplet n,  q ,  1 which defines a multiplet and write the un- 
perturbed eigenvalues and eigenfunctioos simply as Wk, Ik m). Thus equation (1) becomes: 

Holk m) = o;polkm). (4) 

For any tensor operator 0 which associates a vector field Ou with a given vector field u, 
and for any two eigenfunctions zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs = Ik m), s' = Ik'm') we shall write for the 'matrix element': 

( k m l 0 l k ' m ' ) ~  ~ v s * . B s ' d u ,  (5) 

where V is the volume of the SNREI earth model. The eigenfunctions will be normalized 
in such a way that 

(k  m 1 Polk' m') = 6kkf6mm' ( 6 )  

where, of course, 6kk' = 1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAif n = n', zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAq = q', 1 = 1' and is zero otherwise. In view of equations 
(2) and (3) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAthis requires, using an obvious notation: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
8ZlI s," po [VU' t Z(1-k 1) (VV' t W W ' ) ] r Z  dr = 8nn'8qq'61p (7)  

where a is the radius of the earth model. If all eigenfunctions are included (not omitting the 
toroidal modes of the inner core or the internal wave modes of the fluid outer core) the 
vector fields Ik m) form a complete set, thus for any vector field u we may write 

u =  c Ikm)(kmIpolu) 

I =  c Ikm)(kmIpo. 

k m  

so that symbolically the identity tensor operator I may be written 

k m  
(9) 

1.2 T H E  P E R T U R B E D  E I G E N V A L U E  PROBLEM 

When the SNREI earth model is perturbed by the influences of rotation, ellipticity and 
asphericity we obtain the perturbed eigenvalue equation 

Po -k El?; - ( P o  -k €P1)O2]U = 0 (10) 

where u2 is an eigenvalue of the perturbed system and u the corresponding eigenfunction. 
The perturbation in density is ep1 and eHl is a perturbing operator. The small parameter e 

has been introduced to identify small quantities in the equations; e will later be set to unity, 
and the small factor incorporated into p l ,  Ifl. Expressing u in the form (8) and making use 
of the unperturbed eigenvalue equation (4) we fmd 

Taking the scalar product with Ik"m")* and integrating over Vwe may also write 

c (k"m"~[E(H1-p12) - ( u 2 - o ~ ) p ~ ] I k ' m ' ) ( k ' m ' I p o l u ) = 0  (12) 
k' m' 

which may be regarded as an (infinite dimensional) algebraic eigenvalue problem for u2. 
Now let us seek an eigenvalue u in the neighbourhood of some chosen frequency wo and 

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
s
://a

c
a
d
e
m

ic
.o

u
p
.c

o
m

/g
ji/a

rtic
le

/6
1
/2

/2
6
1
/6

1
0
0
8
0
 b

y
 g

u
e
s
t o

n
 2

1
 A

u
g
u
s
t 2

0
2
2
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let K denote a set of multiplets with unperturbed frequencies close to zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAoo, i.e. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
w; zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- w’o = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAO(€) f o r k E K  (13) 
Each multiplet k = (n zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAq I) contains 21 t 1 singlets so that the number of singlets in K is 

N =  c (2Zt 1). 
k € K  

Writing u2= w:+ EQ we find that the zeroth order terms of equation (12) give, using 
equation ( 6 )  

1 (a: - 0 ~ ~ ) 6 , ~  k8‘6m’m”(k’ m’ I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBApo I u) = o 
k’@,K 

rn 

and consequently, for k’ not in K 

(k‘ m‘ I po I u) = 0 (1 5) 

(16) 

to zero order in E.  The first order terms of equation (12) give 

[(k” ??‘z’‘Idlk’m’) - (WE- a:‘ + E~)6kfk f ’6m‘m‘ ‘ ]  (k’ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA??‘z’lpOl u) = 0 
k’€K 

in 

where Z = Hl - w$p l .  

elements are: * 

Akrrmt~ktmr = (k”m”lEZlk’??‘z’) - ( 0 2 0 - w ~ ) 6 k f k ” G m ~ m ” ,  k”, k ‘EK.  (17) 

Thus €77 is an eigenvalue of the square matrix of dimension N (equation (14)) whose 

The eigenvalues 77 of equation (16) will be denoted by qi, i = 1, 2,. . . , N and the 
components of the corresponding eigenvector by (k’ m’ I polui). Using equations (8) and 
(1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA9, the corresponding displacement eigenfunction of the perturbed system is given by 

ui= c Ikm)(kmIPoIui) (18) 
k E K  

to zero order in E.  The parameter E will now be set to unity, incorporating the small factor 
intOHl,P,,Z,77. 

1.3 T H E  DIAGONAL SUM R U L E  

For a purely aspherical perturbation and to first order in ordinary degenerate perturbation 
theory, Gilbert (1971) has shown that the average squared eigenfrequency of a split 
multiplet is the corresponding squared eigenfrequency of the SNREI starting model. That 
is to say that to this order of approximation the average squared eigenfrequency of a split 
multiplet is an eigenfrequency of the ‘terrestrial monopole’ - the spherically averaged 
earth. This result fails for quasi-degenerate multiplets since, as is clear from the above 
analysis, it is no longer possible to associate a singlet of the aspherical model with a single 
multiplet of the SNREI starting model, but only with the sets of coupled multiplets K .  A 
simple generalization of Gilbert’s result is possible, however, as we now show. 

First we note that, since 2 is a tensor operator, the Wigner-Eckart theorem (Edmonds 
1960) tells us that the matrix element (k‘ m‘(Z(k m) may be written in the form 

*The rows of A are labelled by the pair (k” m”), the columns by (k’ m’) ;  k”, k‘ E K ;  - I ”  < m” G I ” ,  
- 1 ’  G in’ < I ‘ .  
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Coupling and attenuation of free oscillations zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA265 

where the reduced matrix element zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(k‘IIZ(’”~m”) Ilk), itself defmed by equation zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(19), is 
independent of m ,  m’ and where the 3-j symbol is that defined by Edmonds (1960). The 
term on the right hand side with I “ =  0 characterizes the spherical part of the perturbation 
and thus is identically zero if the SNREI starting model is chosen to  represent the terrestrial 
monopole. From the property of the 3-j symbol that 

it follows that zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
1 (kmIZIkm)=o.  
m 

Now the sum of the eigenvalues vi of equation (1 6) is equal to the trace of the matrix zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A, i.e. 
N 

2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAv i=  c A k m k m  (22) 
i = l  k E K  

m 

so that making use of equations (17) and (21) we obtain simply 

1 N  

m 

Thus, since 0’0 + qi, i = 1, 2 , .  . . , N are squared eigenfrequencies of the aspherical model, 
we have shown that the average squared eigenfrequency for all the coupled singlets in K ,  
calculated for the aspherical model, is equal to the same average calculated for the terrestrial 
monopole. 

When K contains only a single multiplet the above results reduce to those of ordinary 
degenerate perturbation theory and equation (24) represents the diagonal sum rule of 
Gilbert (1971); equation (24) gives the extension of this rule to a set of nearly resonant 
multiplets. Just as Gilbert’s result can be used to obtain data about the terrestrial monopole 
from the average eigenfrequency of a split multiplet, the generalized result equation (24) 
shows that if, for instance, two multiplets are strongly coupled, then the average squared 
eigenfrequency of all their singlets is equal to the average (weighted according to the number 
of singlets within each multiplet) of the corresponding squared eigenfrequencies of the 
terrestrial monopole. Thus, while it is not possible in this case to identify individually the 
two unperturbed eigenfrequencies, it is possible to determine the average, which may then 
be used as a datum in an inversion for the spherically averaged earth. 

2 Coupling by rotation and ellipticity 

2.1 D E R I V A T I O N  

We shall restrict our attention to the coupling influences of rotation and ellipticity in an 
earth model possessing spherically symmetric distributions of the intrinsic attenuation 
parameters Q,, Q,. If a coordinate system is chosen in which the axis, 0 = 0, coincides with 
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the axis of steady rotation the matrix elements (k' m' IZ Ik m) are different from zero only 
if m' = m  (equation (Al7)), so that only singlets of the same azimuthal order are coupled. 
An examination of equation (A17) shows that only matrix elements of the following six 
kinds are different from zero: 

where the notation is that of the Appendix. The kernels E@), zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAC(') are those given by 
equations (A18) to (A33) and it is understood that they should be evaluated using the scalar 
eigenfunctions (U, V,  W ,  &), zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(U', V' ,  W ' ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAd) of the multiplets appearing in the right and 
left brackets, respectively, of the matrix elements on the left hand sides of the equations. 
The parameters Q-l in equations (29) and (30) are the quality factors of the multiplets in 
the absence of asphericity, defined by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
a",-' = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAjI [KQ,'(W~)K' + pQj ' (oo)M' ] r2  dr 
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Coupling and attenuation zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof free oscillations 267 

F =  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAr-l [2U-Z(1+ 1) V]  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. (34) 

Similarly the parameters d in equations (29) and (30) characterize the frequency shifts of 
the multiplets arising from the frequency dependent real parts of the elastic moduli (Liu, 
Anderson & Kanamori 1976), defined to be zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- K ~ , ( w ) ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-pdud,(o).* Thus we have 

In the calculations which follow, however, these dispersive terms have been omitted. The 
reason is that the calculations were performed for model 1066A (Gilbert & Dziewonski 
1975) which was obtained without taking into account the dispersive consequences of 
attenuation. The eigenfrequencies of 1066A, therefore, will be close to the eigenfrequencies 
of the real terrestrial monopole, already modified by dispersion and it would be erroneous 
to incorporate these dispersive effects a second time. We therefore set d equal to zero in 
equations (29) and (30), although it would clearly be preferable to use a model which 
correctly accounted for dispersion and to make use of equation (35). 

We shall consider coupling between a pair of multiplets, so that K contains two multiplets zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
k = (n,  4,  I ) ,  k' = (n' ,  q' ,  1 ') say. Without loss of generality we assume I' zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAQ 1. Since coupling 
occurs oiily between multiplets of the same azimuthal order, those singlets (if any) of 
multiplet k for which I '  < Im 1 G 1 remain uncoupled and equation (1 6) gives simply 

(kml~ lkm)-(woZ+77-wi)=0 ( Z ' <  Imi<Z) (3 6) 

w ; t q = w : t ( k m l Z l k m )  ( l ' <  I r n I Q l )  (37) 

so that the perturbed squared eigenfrequency is 

and the corresponding eigenfunction is simply Ik m), to zeroth order. This is, of course, the 
same result as would be obtained from ordinary degenerate perturbation theory. For singlets 
belonging to multiplets k,  k' and having Im I Q 1' equation (16) reduces to the 2 x 2 eigen- 
value equation 

writing 

y = % ( o ~ t w ~ ~ ) + 1 / 2 ( k m 1 ~ 1 k m ) + ~ ( k ' m i ~ I k ' m )  (39) 

v=%(w i  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-a;!) + % ( k m l ~ l k m )  - %(k'mlZlk'm) (40) 

g = b2 + (k m IZlk' m) (k' m lZlk m)}1'2 (41) 

(L i :=wi t r / f=y fp  (42) 

equation (38) gives the perturbed eigenfrequencies 

r The complex elastic moduli of the spherical part of the perturbed model are thus K [ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 - d, ( w )  + iQ;' 
dw)], ~.r [ 1 -&(a)  + iQ;' ( w ) ] ,  where K ,  ~r are the elastic moduli of the SNREI starting model. 

10 
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268 J. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAH. Woodhouse zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
and the corresponding zero order eigenfunctions zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
u* zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= a,(k m) + b*lk’m) 

where 

= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(Y+ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt ~ - ) l / ~ ( r * ) l / ~  exp [%i(e+ - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAe,)] zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
b+ = (Y+ + Y - ) ~ / ~  (rT)ll2 exp [%i(- e, + e,)] 
and r,, B,, 8, are defined through 

r+ exp (id,) = v * p 

r, exp (ie,) = (k’mlzlkm) (r, > 0, - n < 0, n). 

The eigenfunctions (43) have been normalized so that 

(Ut I Po l U 4  = 1 

(r,  > 0, -T < 8, G n) 

(43) 

(-1.4) 

(45) 

but it should be noted that they are not necessarily orthogonal. In fact we have 

( U - I P ~  IU+) = 2(~+r-) l /~(r+ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt ~ ) - l  cos %(e+ - e-) (46) 

and it is readily shown that this vanishes only if (k m 12 I k m) - (k’ m 121 k’ m) is real, which 
occurs only when the Q values for the multiplets are identical. 

2.2 RESULTS 

For each of the N [ =  2(1 t I ’  + l)] singlets belonging to the coupled multiplets the above 
analysis enables complex eigenfrequencies wi (i = 1 ,  2 , .  . . , N) to be determined, whence 
we may define real eigenfrequencies (1 + ui)wo (i = 1, 2, .  . . ,N) and Q-’ values W(Qil + 

-8 -6 -4 -2  0 2 4  6 8 10 

A c t m  x 1000 

(a) 

Figure 1. (a) The splitting diagram (ui equation (47)) of OSll-OT,2. (b) The parametersqi (equation (47)) 
of OS1,-OTIZ. (c) The piiIametersEi of oSll-oT12. 
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Q,!) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+ qi (i = 1 , 2 , .  . . zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA,N) where Qk, Qkt are the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAQ values belonging to the two multiplets 
k,  k’ in the absence of asphericities. Thus ui, qi are defined by 

ui =- Re (ai) - 1 

q i  =- Im (ai) - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA%(QC1 + Q?). 

We also define Ei = I(k m I polui) l2 where ui is the normalized eigenfunction corresponding 
to the complex eigenfrequency zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAoi and thus Ei is simply la? I = r+/(r+ + r - )  (equations (43), 

1 

a0 

2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
a 0  

(47) 

4 

2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 
0 
0 

X 

CT 

- 
0 

.- 

-2 

-4 

4 6 8 10 -8 -6 -4 -2 0 2 

A C I I Q )  x 1000 

Fig. l(b) 

.- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
w 

0.8 

0 .6  

0 . 4  

0.2 

I 
I , 1 1 1 

-8 -6 -4 -2 0 2 4  6 8 10 

A C I / Q >  x 1000 

Fig. 1 (c) 
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(44)) where the upper or lower sign zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAis taken according to whether w i  is zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAw, or zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAw- given by 
equation (42) for some value of m. Since the results are sensitive to the difference in Q-l 

between multiplets the results for oi, qi,  Ei (i = 1, 2,.  . . zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA, N )  have been calculated as a 
function of 

AQ-' zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAQL1 - Q,! (48) 

which is the abscissa in Figs 1-5. 

Figure 2. (a) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAThe splitting diagrams of ,,Sl8-,,TI9. (b) The parameters q j  (equation (47)) of ,,S18-,,T19. 
(c) The parameters Ej of aS,8-,,T19. 
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1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA.o zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0.8 

0.2 

, 
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- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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Fig. 2 (c) 
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(a) 

&=e 3. (a) The splitting diagrams of oS19-oTzo; (b) The parameters qi (equation (47)) of oSlg-oTzo. 
-=A TIE parameters zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAEi of oS,9-,,T20. 
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Fig. 3(c) 
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273 

free 4. (a) The splitting diagrams of oS32-oT31. (b) The parameters q j  (equation (47)) of oS3z-,,T31. 
o fh parametersEi of oS3z-oT31. 
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I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA.o zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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w zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

J. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAH. Woodhouse 
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Fig. 4(c) 
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Figure 5. (a) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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(a) 

The splitting diagrams of lS3-3Sl. The two uncoupled singlets IS;z, are beyond the 
range of the diagram. (b) The parameters qi of lS3-3Sl. (c) The parameters Ei of lS3-3Sl. 
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4 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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The calculations were performed for model 1066A of Gilbert zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA& Dziewonski (1975) 
using the catalogue of eigenfunctions calculated by Buland & Gilbert (1975). The parameters 
ui, qi, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAEi (i = 1,2, .  . . , zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAN) are plotted in Figs 1-5 for the following five pairs of multiplets: 

k = osii, 

k = oSi8, 

k = oSi9, 

k' = oTi2, 

k' = OT19, 

k' = oT20, 

k = OS32, 

k =  1S3, k '= 3S1. 

k' = OT31, 

Sailor & Dziewonski (1978) have given several models for the distributions of Q, (Y), QP(r) 
consistent with normal mode observations and in each of Figs 1-5 is shown the band of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
AQ-' predicted by their five Q models QMU, QDQ, QBS, QKB, QML. 

Fig. l(a) shows the splitting diagrams ui = ui(AQ-') for the strongly coupled multiplets 
oS1l, 0T12. Notable here is the clustering in frequency of many singlets. Twenty-one of the 
48 singlets, including each azimuthal order Im I < 10 have -0.00282 < of < -0.00267 at 
AQ-' = 0, with some separation as 1AQ-l I increases. The remaining singlets form (at AQ-' = 
0) pairs with azimuthal orders t m ,  -m, 1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAQ Iml 4 12, and these pairs tend to separate as 
lAQ-'l increases. It can be seen in Fig. l(c) that there is strong clustering about Ei = ?4., 
corresponding to perturbed eigenfunctions in which the toroidal and spheroidal components 
are of roughly equal magnitude. Correspondingly in Fig. l(b) it can be seen that the values 
of Q-' of the coupled singlets cluster about the mean Q-' of the initial uncoupled multi- 
plets. 

The diagrams for the pairs OS19-0T20, OS18-OT19, shown in Figs 2 and 3, are basically 
similar, though in Figs 2(c) and 3(c) it can be seen that a distinct separation is maintained 
between singlets predominantly of the toroidal and spheroidal types. 

The diagrams for OS32-OT31 (Fig. 4) show a very complicated pattern. Clearly seen here is 
the decoupling effect for large values of AQ-'; the splitting diagram (Fig. 4(a)) tends to the 
combined ordinary degenerate splitting diagram for the uncoupled multiplets and the para- 
meters Ei (Fig. 4(c)) tend asymptotically to 1 or 0, corresponding to purely toroidal or 
purely spheroidal eigenfunctions. Correspondingly the Q-' values for the singlets (Fig. 4(b)) 
tend asymptotically to the Q-' values of the initial multiplets. It will be seen, however, that 
the differential Q-' predicted for these multiplets by the Q models of Sailor & Dziewonsl@ 
(1978) are not large enough to effect this decoupling. 

For the pair 1s3-3s1 only the six singlets Jml  Q 1 are coupled. The only contributing 
coupling influence here is ellipticity and it can be seen that a significant degree of decoupling 
is achieved for the most strongly coupled singlets (m = 1) by introducing the differential 
Q-' from the models of Sailor & Dziewonski (1978). 
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Appendix: the general matrix element (k’ m’ lZlk rn) 

The analysis given in Section 1 of this paper was purely formal and no attention was paid to 
the form of the perturbing operator HI or to the boundary conditions. These aspects of the 
problem have received detailed attention in a recent paper by Woodhouse & Dahlen (1978) 
and we may take our initial expressions for the general matrix element (equation (19)) 
directly from that paper (equations (68)-(71)) which will be referred to hereinafter as I. 
These expressions differ from the corresponding results used by Luh (1974) only in those 
>arts relating to  perturbations in the locations of discontinuities; similarly our result for the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
-3art relating to ellipticity will differ from that of Dahlen (1969). We shall omit here the 
=.Sects of anistropy and non-hydrostatic initial stress, so that our perturbation is specified zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
3>- the angular velocity S2 and the consequent centrifugal potential $, the perturbation in 
knsity 6 p ( r ,  8, 4) and the consequent perturbation in gravitational potential 6@,,(r, 8, $), 
&e perturbations in bulk and shear moduli 6K(r,  8, @), 6 p ( r ,  8, 4) and the normal displace- 
n m t  h(6, @) characterizing the perturbation in the location of each of the discontinuity 
HlrZaces of the model. To incorporate the effects of attenuation zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6 ~ ,  61.1 may possess 
&-@nary parts K / Q ~ ,  p/QF and to include the effects of dispersion they may be frequency 
Zqendent. When applying the results to multiplets with eigenfrequencies close to q,, 
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278 J. H. Woodhouse zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
6 ~ ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAFy zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAwill be taken to be those evaluated at w zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa,, since variations within the band of 
splitting lead to only second-order effects. 

Writing zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs = Ik m) = In 4 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI m), s' = Ik' m') = In' q' 1' m') and using the results of I, we find 

(k'rn'IZlkrn)=% po[4ws*( i8x  S')* +s.v(s'*~vJ/)+s'*-v(s.v!b) J, 

+ Jv 

t Y i  Jv 

- s, 

- s, 

- ( S . V ~ ) ( V . S ' * ) - ( S ' * . V J / ) ( v Q . S ) ] d V  

[6K(~ .S) (~ .~ ' * )+26pr : r ' *  + 6 p , ( s . v ~ ; *  + S ' * . V # ~  

t 4.rrGp,srs:* +goR - u ~ s . s ' * ] ~ V  

po[s.v(s'*.v6q50) ts'*.v(s.v6q5,)-(s.v6q5,)(v~s'*) 

- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(S'* -VS#,) (V-S)]  dV 

h [%K (V  . S )  ( V *  S' * - 22,s:") t zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA% K  ( V . S' *) ( V -  S - 2arSr)  

+ pr: (r'* - 2/ars'*) + pr'*: (r - 2i.2,~) + p 0 ( s . v d *  

+ s t *  .V@, t 8.rrGpos,s;* +goA - w2s.s'*]]+dL: 

Vzh . [K( V .  s)s'* t K ( v .  s'*)s t 2 p ( / .  / ) s f *  

+2p(/.r'* +]!a (Al l  

(A21 

where 

A = $ s . Vsi" -!= st* .Us ,  - s,V. s'* - si*V.s -- srsr ( r I*) 

and s,, sk denote the radial components of s, s'. 
As in I we shall express the total perturbations 6po, 6@,, 6 ~ ,  6p,  h as a sum of the 

perturbations 6p:, ti#", 6 ~ ~ ,  6ye, he relating to the hydrostatic, isotropic, rotating, elliptical 
model which has the same spherical average as the SNREI starting model, together with an 
expansion of the remaining asphericities in terms of spherical harmonics, i.e. 
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Coupling and attenuation of free oscillations zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA279 

and E(r) is the hydrostatic ellipticity, the sohtion of Clairaut's equation (Jeffreys 1970). 
The form used in the present paper for the eigenfunctions (equation (2)) and the 

definition used for the scalar spherical harmonics were chosen to be concordant with I and 
with many other papers on the Earth's free oscillations; for the calculation of matrix 
elements, however, the formalism developed by Burridge (1969) and Phinney zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA& Burridge 
(1973) is very advantageous so we point out here the connection between their notation and 
our own. Following Phinney & Burridge (1973) we may define complex, spherical, contra- 
miant components of s (and similarly zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs') zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
5- = 2-"2(Tsg t zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAis,), so = s, (-413) 

Sving s* = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAy&( zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAV ?  i W )  Yf l m ,  so = yr  Wf" where yr  = (4~)-'/~(22 t 1)1'2, fih = [%(l +N)  
il - N  + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1)I1l2 and Y y m ( e ,  4) are the generalized spherical harmonics defined by Phinney & 
Burridge (1973). 

p o t e  Y;" = y1yfm,  2-'12(~ a, + i cosec zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAe a,) yf" = f i h ~ :  I m  ] 

The integrands in equation (Al) may then be readily expressed in terms of the contravariant 
components of the various vectors and tensors which appear, and these in turn may be 
written in terms of U, V, W ,  &. The contravariant components of strain e = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA%(Vs t sV), for 
example, are: 

where 

~ = r - ' ( 2 ~ - 1 ( 1 +  l)v>, X =  V t r - I ( U -  v), Z =  ~ - r - ' W  (A151 

and '" denotes differentiation with respect to r .  It is then a simple matter to evaluate the 
mgular integrals in equation (Al) by making use of the formula 

N'm' N"m" 

- ' f  (Ylr ) Yltt Y;""dfi=(- 1)"-" 
42. 

which is obtainable from equation (4.6.2) of Edmonds (1960) when it is noted that 

$% (e, 4) = g$k ( ~ , e ,  01 = &A (e) exp ( i m ~ )  

4:kTor notations $@$A, d#A see Edmonds 1960). 
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280 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAJ. H. Woodhouse 

velocity vector zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS2 the final result for the matrix element may be written: 
If the axis zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 0 of our spherical coordinate system is chosen to coincide with the angular 

The notations used above are as follows: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I(I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt I )  - 3m2 

(21 -1) (21 t 3 )  

112 (I t m )  ( I  - m)  

+ 1) (21 ~ 1) 
(Luh 1974) J q m =  

c(+)= VV' t ww' t UV' t U'V 

C(-) = % [(L' - L t 2) U -  (L  ' t L -- 2)  V ]  W' - % [(L ~ L' t 2) U' - (L t L' - 2) V' ] W 

with 
(A1 9) 

(A201 

(A211 

(A221 

L = l(1 t I), L' = Z'(Z' + I), 
E(+)=  2 / 3 € ( Y )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA[K(E(+) - (77+1)1?(+))tp(m+)-(77f l )&(+)) tpo(R(+) -(77+3)k(+))] 

E ( - )  = 7 3  €(Y) [- K (77 t 2)Z (-1 t p ( M ( - )  - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(77 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt I)?$ (-)) + p o  (@-I - (77 t 3)k (-91, 
r )  = v(r) = rP(r)/e(r) 

and 

K(+) = - (0 t F )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(0' t % (L' -L  t 2) r-l V ' )  - (U' t F ' )  (U + % (L - L' t 2) r-l V), 

a(+) = - ?h(20-- F) [20 '  + %(L' - L t 6 )  (3v '  -4r - "V ' ) ]+X[%(L - L ' +  6)p 
- %(L t L' - 6 )  p' - %(L' - L t 6)r-'LV'] t r-' [%L'(L' - L t 6 )  

+ 3 (L + L' - 6) ]  ( W ' p +- V' zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAr'> - 1/2 (L' + L - 6 )  kZ' ' - 1/3 ( 2 p  - F' ) [2U 

+ %(L - L' + 6 )  (3 - 47-' V ) ]  t X' [?h(L' - L t 6 )  0 - %(L' t L - 6 )  

(A23) 

- %(L - L' + 6)r-'L'V] + Y-' [%L(L - L' t 6)  + 3(L' t L - 6)](Wp' 

+ V v ' )  - %(L t L' - 6 )  i$'Z, (A241 
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Coupling and attenuation of free oscillations 28 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 

a(+) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= F(r$i + 4nGporU' +goU') + %(L' - L t 6)UV'(w; - r-'go) + 3r-'goUU' zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
+r-'q$ [ % ( L ' t L  - 6 ) V - L ' U ]  tF'(r$,+4nGporU+g0U) 

t %(L - L' + 6)U'V(w; - r-'go) + 3r-'goU'U + r-' zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAG1 [M(L t L' - 6 )  V' - LU' ]  
where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(A251 

(A261 

F=r- ' (2U- LV) ,  F '=r - ' (2U' -L 'V ' ) ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
X =  V + r - ' ( u -  v), 1 x'= V'+r- ' (U ' -  v'), 
Z =  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAW - r - lW,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2' = W' - y - I W ' .  

go=go(r) is the gravitational acceleration in the SNREI starting model and G is the 
gravitational constant. 

K ( ' ) = % ( U + + ) ( - U ' t F ' + ( I , ' - L  t 6)r- 'V')+%(U' t F ' ) ( -  U + F  
- 

+ (L  - L' + 6)r-' V), (A271 

-c(+) = %r-?(VV' + W W ' )  ((L' t L - 8)  (L' + L - 6 )  - 2LL')  + M(L' + L - 6)  

X (xx' t 22' - V'x - W'z - vx' - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAWz') .- 1/3(2a- F )  

x (0' t %F' - (L' - L t 6)r-' V ' )  - 1/3(2U' - F ' )  (0 t %F - (L - L' + 6)r-' V )  
(A281 

k ( + ) = % ( L  t L ' - 6 ) ( 2 r - ' V ' ~ , - w ~ V V ' - ~ ~ W W ' ) + % U ' [ 2 ~ 1 + 8 7 i G p O U - ~ ~ U  

- (L - L' + 6)g0r-' V ]  t %(L' + L - 6 )  (2r-l V#', - 0; V'V - o",'W> 

t % U [24', + 8nGpo U' - W; U' - (L' - L t 6)gor-l V ' ]  ('429) 

$-) = F$' [2 V - 0 + 3 r - 1 ~  - (L - L' + 7)r-I V ]  + r -' W' [71j - 7 V + 5 ~ r - '  v 
- (L t 8)r-'U] - W[2V' - U' + 3r-'U' - (L' - L + 7) r - lV ' ]  

- r-'W[70' - 7V' + 5L'r-'V' - (L' + 8)r-'U'] 

-go@-- '  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAWU' - WU' - Wo') - W(wE U' - r-'$; - 4rGpO U ' )  

(A301 

(A3 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1) 

(-432) 

(A331 

R'-'= W'(oXV-r- '$l)- W(w;V'-r-'G;) @34) 

K ( - ) = g , ( 2 r - l ~ ' ~ -  W ' U -  w ' U ) +  w ' ( o ; u - ~ - ' $ ~  - 4 n ~ p o U )  

i I - )=  r-1 w'(U+ F )  - r-'w(U' t F ' )  - 
W(- )= r -2W' (U-  v ) + ~ / ~ Y - ' w ' ( ~ U -  F ) +  W ' - ~ - * V W ' ( L + L ' - S )  

- r-2W(U' - v') - 2/3r-' W(2U' - F ' )  - V'p t r-*V'W(L' + L - 8) .  
- .  

The above definitions (A18) to (A34) specify completely the first five terms on the right 
b n d  side of equation (A17) which represent the contributions to the matrix element arising 
from the effects of the Coriolis forces, centrifugal forces and ellipticity. The first two terms 
a-z the contribution from Coriolis forces and the fourth and fifth terms represent the 
mmbut ion  from ellipticity, together with the aspherical part of the centrifugal forces (the 
qher ical  part of $). These two terms result from a transformation similar to that outlined 
k &e Appendix to I, which enables the ellipticity contribution to be written in a form 
d&& does not involve the radial derivatives y, K ,  po of the model parameters. The third 
LEIIXI in equation (A17) is the contribution from the spherically averaged centrifugal forces. 
Er may be remarked that this term does not satisfy the diagonal sum rule as formulated in 
*don 1.3 of the present paper but the reason for this is clear; if the 'terrestrial monopole' 
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282 J. H. Woodhouse zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
is defined as the spherically averaged Earth then it should include a spherically symmetric 
body force distribution, everywhere directed outwards along the radius vector, representing 
the spherical average of the centrifugal force. Such a force has not been included, however, 
in our SNREI starting model, and hence a term appears in equation (A17) which does not 
satisfy the diagonal sum rule. 

It is only these first five terms which are needed for the particular application which is 
the subject of the present paper. For completeness, however, the contribution to the matrix 
element from additional arbitrary asphericities has been included as the final summation in 
equation (A17). To complete the specification of this contribution we now list the kernels 
which appear. First we define the following coefficients: 

B:;?,' zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= %(1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAf (- 1 )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(1' zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- N ) ! ( I  - N ) !  

The kernels may then be written as follows: 

- (F'Z - Vz' t zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAQx' - XQ')$,!;i; 
t2/3(2U- F ) ( -  U%::il t r - ' V ' B l ~ I I ~ ~  ( I )+ +i-- lW'iBl~l,~~ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 1 ) -  

t 2/42ir' - F ' ) ( -  U B ~ ~ ~ ~ , ~  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(O)+ t r -  ~ v B , ~ ~ , ~ ~  ( I ) +  -r-lWiB:;l$). (A42) 

This completes the specification of the quantities appearing in equation (A17). If desired, 
the kernels (A36)-(A42) may be reduced to expressions involving only 3-j symbols of the 
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vhere zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
L =Z(l zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt l), L’ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= t ( Z ’  t l), L” = l“(l” t I), zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz = I ’  + I “  t zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1. (A471 

Finally we note that, as in I, the perturbation in gravitational potential 6@? ‘ may be 
th inated from,,the result (A17) by making use of the explicit representation of 6 @  
in terms of 6 p T  (Dahlen 1974, equation 11). The genera1,matrix eleqent is then obtained 
purely in terms of the specified perturbations zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA~ K F ” ,  6pT , 6 p T  , h;l! . This form may be 
obtained from equation (A1 7) by performing the following substitutions, whose combined 
d e c t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAis to leave the result unchanged: 
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