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Abstract
We show that the well-known problem of frame dependence and violation of
local Lorentz invariance in the usual formulation of f{T) gravity is a con-
sequence of neglecting the role of spin connection. We re-formulate f{T)
gravity starting from, instead of the ‘pure tetrad’ teleparallel gravity, the
covariant teleparallel gravity, using both the tetrad and the spin connection as
dynamical variables, resulting in a fully covariant, consistent, and frame-
independent version of f{T) gravity, which does not suffer from the notorious
problems of the usual, pure tetrad, A7) theory. We present the method to
extract solutions for the most physically important cases, such as the Min-
kowski, the Friedmann—Robertson—Walker (FRW) and the spherically sym-
metric ones. We show that in covariant f{7T) gravity we are allowed to use an
arbitrary tetrad in an arbitrary coordinate system along with the corresponding
spin connection, resulting always in the same physically relevant field
equations.

Keywords: modified gravity, f{T) gravity, teleparallel gravity

1. Introduction

Modified gravity [1, 2] is one of the two main approaches that one can follow in order to
describe the two accelerated phases of expansion at early and late times, respectively, (the
other one is to introduce the concept of dark energy in the framework of general relativity
[3, 4]), which moreover has the additional motivation of alleviating the difficulties in the
quantization of gravity and improving its ultraviolet behavior [5, 6]. However, even if one
decides to take the serious step of modifying gravity, there is still the question of what
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formulation of gravity to modify. Most of the works in the literature start from the usual,
curvature-based formulation, and modify/extend the Einstein—Hilbert action, with the sim-
plest example being the f{R) paradigm in which the Lagrangian is considered to be a non-
linear function of the curvature scalar [7, 8].

However, one could start from the teleparallel equivalent of general relativity (TEGR)
[9-19], in which gravity is described through torsion and the gravitational Lagrangian is the
torsion scalar 7, and construct various extensions. Along these lines, the simplest torsional
modification is the f{T) paradigm, in which the Lagrangian is taken to be a non-linear function
of T [20-23]. The crucial issue is that although TEGR coincides completely with general
relativity at the level of equations, A(T) is different from f(R) gravity, with novel features
(amongst others note the significant advantage that the field equations of f{T) gravity are of
second order while those of f{(R) are of fourth order) and interesting cosmological implica-
tions, and that is why it has gained a lot of interest in the literature [24-53].

Unfortunately, in the standard formulation of f{T) gravity local Lorentz invariance is
either completely absent or strongly restricted [54, 55], due to the strong imposition made in
[20-23] that the spin connection vanishes. Although this assumption has a good motivation,
namely to make the theory simpler in order to be able to extract solutions, and although it is
based on the fact that the spin connection is not a tensor and under a local Lorentz trans-
formation it transforms non-covariantly and thus it is always possible to transform to a frame
that it is zero, in general this assumption makes the theory frame-dependent since the

solution of the field equations depends on the choice of the frame [54]. One can neglect this
issue and investigate solutions in particular frames (this is in analogy with the investigation of
electromagnetism in the particular class of inertial frames), however strictly speaking the
problem is there and will become obvious when questions about frame transformations and
Lorentz invariance are raised, which is usual in the case of spherically symmetric solutions.

The feature of local Lorentz invariance violation is clearly a deficit of the standard
formulation of f{T) gravity. While this problem could be avoided by including higher deri-
vative terms [56, 57], the resulting theories lose the most attractive feature of f(7) theories,
which is that the field equations are of second order. In the present work we desire to re-
formulate f{T) gravity in order to be fully covariant, and this will be achieved by relaxing the
strong assumption of setting the spin connection to zero. Hence, we obtain a theory that has
both attractive features: it preserves local Lorentz symmetry and the field equations are of
second order.

The outline of this paper is as follows. In section 2 we briefly introduce the covariant
formulation of teleparallel gravity, keeping both the tetrad and the spin connection as
dynamical variables, and focusing on the role of the inertial effects in the theory, explaining
why the field equations are not affected by them. Based on this, in section 3 we construct the
covariant and consistent version of f{T) theories, deriving the field equations which include
the spin connection. In section 4 we present the method of extracting solutions in such
theories, illustrating it in the most physically relevant cases such as the Minkowski, the
Friedmann—Robertson—-Walker (FRW) and the spherically symmetric ones. Lastly, in
section 5 we summarize our results.

2. Covariant teleparallel gravities

In this section we discuss the Lorentz invariance and the various versions of teleparallel
gravity. In section 2.1 we present the covariant formulation of teleparallel gravity, while
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section 2.2 we present the covariant formulation of the teleparallel equivalent of general
relativity, in which one keeps both the tetrad and the spin connection as dynamical variables.

2.1. General covariance, tetrad and spin connection

Let us first start by discussing ordinary teleparallel gravity and its origins. In his first relevant
papers, Einstein was motivated by the observation that a tetrad has 16 independent compo-
nents, of which only 10 are needed to determine the metric tensor and hence describe gravity,
and thus the additional six degrees of freedom could describe the electromagnetic field [9-
11]. However, later on [11-16] it was realized that the six additional degrees of freedom in the
tetrad were actually related to the possible ways of choosing the observer, and therefore
related to the inertial effects instead of electromagnetism, and the corresponding theory was
named teleparallel gravity (due to the way one ‘parallelizes’ the tetrads from a ‘distance’). We
mention that in this formulation of teleparallel gravity one still uses the original Ein-
stein definition of teleparallelism, which in our modern language can be defined as a geo-
metry where the spin connection vanishes identically. Hence, the only dynamical variable is
the tetrad, and therefore we refer to it as pure tetrad teleparallel gravity. The disadvantage
of such a construction is that the torsion tensor is effectively replaced by the coefficients of
anholonomy, that are not tensors under local Lorentz transformations, which is the cause of
violation of local Lorentz symmetry in this theory. However, it turns out that these violations
do not affect the field equations, which are still invariant under local Lorentz transformations
[58], which ensures that the metric tensor obtained from pure tetrad teleparallel gravity is the
correct one (see [59] for a recent review on this subject).

Later on it was realized that if the teleparallel geometry is defined more generally as a
geometry with zero curvature, the most general spin connection that satisfies this requirement
is the purely inertial spin connection, analogous to a pure gauge connection in gauge theories.
Such a connection vanishes only in a very special class of frames called proper frames, which
are the frames in which inertial effects are absent. This is a very subtle, but important
difference in the pure tetrad formulation, where the spin connection is considered to vanish in
all frames. The main advantage of this approach is that if the purely inertial connection is
used, teleparallel gravity has manifest local Lorentz invariance. We refer to this theory as the
covariant teleparallel gravity. This approach was pioneered in [60] in the framework of
metric-affine theories [61], and then investigated further in [58, 62] and fully adopted in [19].

The resulting, covariant, teleparallel gravity seems to be more complicated than the pure
tetrad one, due to the appearance of the spin connection. However, as it turns out, one can
find a self-consistent method to solve the field equations and determine the spin connection
[63]. In addition to having the theory that respects the crucial local Lorentz symmetry, we are
able to separate the gravitational from inertial effects and remove the infrared divergences
from the action [63, 64].

2.2. Teleparallel equivalent of general relativity

Having discussed above the general idea of covariantizing teleparallel gravity, in this sub-
section we present the covariant formulation of TEGR. In such a formulation the fundamental
variables are the tetrad /¢, and the spin connection w,,. The tetrad is a set of four ortho-
normal vectors that represents a frame of reference for the physical observer, and is related to
the metric tensor through
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apb
guz/ = nubh ;lh v (D

where 7, = diag(1, —1, —1, —1) (we use the notation where the Latin letters denote the
tangent space indices, while Greek letters denote the spacetime indices).

The spin connection determines the torsion and curvature tensors, which in return
completely characterize the spin connection, through

T4, (h%, w%,) = h% — h + w,hY — ", 2)

and
a a _ a a a c a c
R bm/(w b;l) - in bv (9,,(4} bu +w cp? by T Wi Wopy 3)

In general relativity one uses the Levi—Civita connection &’J“bu, which by construction gives
vanishing torsion, and thus all the information of the gravitational field is embedded in the
curvature (Riemann) tensor, while the gravitational Lagrangian is the curvature (Ricci) scalar.
On the other hand, in TEGR one uses the teleparallel (Weitzenbdck) spin connection, which
by construction gives vanishing curvature, and thus all the information on the gravitational
field is embedded in the torsion tensor, while the gravitational Lagrangian is the torsion
scalar. In particular, in TEGR the dynamics is derived from the Lagrangian density’

h
L=—T, 4
4k @
with h = deth‘L and k = 87G the gravitational constant, where
T= T‘LVSG‘”’ ®))

is the torsion scalar constructed by contractions of the torsion tensor, with
Sulw = Kﬂtlll - hay Ta;g + ha# Tul;v (6)
the superpotential and K*/ the contortion tensor defined as

LV 1 a0
Kiy = ST + T = T79). @

The field equations are obtained by varying the gravitational Lagrangian (4) and the matter
Lagrangian £, with respect to the tetrad, namely

14 hap a
h=19, (hS,"") — h,}"S, prW + TT — Wb 8,7 = kO, (8)
where, as usual, we have defined the energy-momentum tensor of matter through
16L
&= ©)
h 6h,
Let us now discuss the Lorentz transformation issues. A local Lorentz transformation is
represented by the Lorentz matrix A% = A% (x) that obeys
Map = Tea AN (10)

3 For convenience, in this manuscript we follow the conventions used in TEGR literature that slightly differ from
those in f{(T) gravity works by a factor of 2. Therefore, the superpotential in f{7) gravity is usually defined as one half
of our definition (6).
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under which the tetrad and spin connection transform simultaneously as

W, = A%h°, and W'Y, = AW A + ALONS, (11)

where A” = (X! is the inverse Lorentz matrix. Hence, if we keep both the tetrad and the
spin connection in the formulation of TEGR, the theory preserves local Lorentz invariance.

As one can see, the most general spin connection with vanishing curvature is the purely
inertial spin connection [19]

W, = AN, (12)

which represents only the inertial effects, since it depends only on the choice of the frame.
However, since it depends only on the choice of the observer represented by a Lorentz matrix,
it is not determined uniquely. In particular, various spin connections represent different
inertial effects for the observer, which, however, do not affect the field equations [63]. This
follows from the fact that the teleparallel Lagrangian can be written as [64]

1
L(h, wh,) = L7, 0) + =0, (hwt), (13)
R

where Wt = w® h,” h,". Therefore, the spin connection enters the teleparallel action only as a
surface term. A variation of the surface term vanishes, and hence the choice of the spin
connection does not effect the field equations. This property allows us to solve the field
equations using an arbitrary spin connection. In practice, we usually choose the zero spin
connection, which is trivially of the correct form (12).

On the other hand, the torsion tensor (2) is a function of both the tetrad and spin
connection. As a consequence, torsion can represent the field strength of both gravity and
inertia [64]. However, there exists a preferred choice of the spin connection, which results in
torsion that is the field strength of gravity only. This spin connection can be obtained by
considering the reference tetrad defined by setting the gravitational constant to zero

h(f)/‘ = h(mGﬂO? (14)

and requiring torsion to vanish there, namely 7, (hy:, w%,) = 0. We find that this defines
the spin connection as

W, = &%, (h). (15)

If the spin connection is chosen in this way the torsion tensor (2) is indeed the field strength of
gravity only. Consequently, the action (4) represents the gravitational effects only, without the
spurious inertial contributions (see [63, 64] for further details).

We close this section by mentioning the crucial fact that in TEGR the spin connection
does not effect the field equations, which allows us to use an arbitrary spin connection to
solve the field equations first, and then calculate the appropriate spin connection from the
solution of the field equations. This feature lies behind the success of the pure tetrad for-
mulation of teleparallel gravity, where the spin connection is considered to vanish identically.
The solution of the field equations will represent, in addition to gravity, the inertial effects, but
these do not affect the metric tensor. Therefore, as far as we are strictly interested in the metric
tensor only, the role of the spin connection can be neglected. However, this is not the case
when one modifies the teleparallel Lagrangian and abandons its linearity in the torsion scalar,
and indeed in this case the covariant formulation is necessary.

Having developed the techniques for covariantizing the theory, in the following section
we construct the covariant and fully consistent formulation of f{T) gravity, which is the main
goal of this work.
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3. Covariant f(T) gravity

As was mentioned above, in the usual formulation of f{T) gravity one generalizes the pure
tetrad teleparallel gravity [20-23], and thus the violation of local Lorentz invariance is
inherited. However, the crucial novel feature is that although in pure tetrad TEGR this
violation does not affect the field equations that are still invariant under local Lorentz
transformations, which allows us to use an arbitrary, for instance zero, spin connection to
solve the field equations, in the case of pure tetrad f{T) gravity this is no longer true and the
solutions of the field equations do depend on the frame choice. Hence, in the usual for-
mulation of f{T) gravity both the action and the field equations are not invariant under local
Lorentz transformations [54].

In order to clearly see the above problem we recall that according to (13) we can write the
torsion scalar as

T(h, w',) =T, 0) + %8#(%;#). (16)

Hence, as long as the Lagrangian remains a function linear in 7, then the spin connection
appears in the action only as a surface term, and its presence does not affect the field
equations. However, if the function f{7) is anything other than a linear function then the total
divergence in (16) is not a total divergence in the whole T) Lagrangian (17). In such a case
the variation of the second term will be, in general, non-vanishing, and terms proportional to
the spin connection will enter the field equations. This implies that the solution of the field
equations will depend on the choice of the spin connection, which can be understood as that
the field equations are potentially the field equations for both gravity and inertia.

In order to elaborate this problem further, let us recall that the spin connection represents
just a choice of the observer, i.e. the inertial effects associated with the observer. On the other
hand, the solution of the field equations determines the metric tensor, which describes the
spacetime geometry. Therefore, we deduce that we are running into a severe problem, since
the metric tensor of spacetime depends on the inertial effects associated with the observer, i.e.
the geometry itself becomes frame-dependent.

The cause of the problem is that in the usual, pure tetrad, formulation of AT) gravity the
action was constructed using only the first term on the right-hand side of (16) and the surface
term was neglected. However, in the f{T) case, as we have just discussed, this neglected term
is crucial and the solution of the field equations depends on it. Thus, the pure tetrad f(T)
theory leads to physically sensible results only in the case where the total divergence in (16) is
actually zero, which is the case only for the proper tetrad in which the spin connection
vanishes. This is why people were forced to discuss and construct *good’ and ’bad’ tetrads
[65-67].

In this section we resolve the above severe problem, by re-formulating A7) gravity
starting from, instead of the pure tetrad teleparallel gravity, the covariant teleparallel gravity
presented in the previous section. Hence, we can indeed formulate the fully covariant, con-
sistent, and frame-independent, version of f{T) gravity, which does not suffer from the
notorious problems of the usual, pure tetrad, f{T) theory.

In order to construct the covariant f{T) gravity, we generalize the covariant TEGR. In
particular, the action of the theory will be

Ly = f—ﬁf(T), (17)
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where f(T) is an arbitrary function of the torsion scalar (5). The field equations are derived
through a variation with respect to the tetrad. As shown in detail in the appendix, they are
found to be:

1
E} = h%.0,(hS,"™) + frp S 0T — £ T2, S, + fr w2, S, + Zf(T)ha“ = kO/,
(18)

where fr and f;r denote first and second order derivatives of f{T) with respect to the torsion
scalar T.

We mention that the field equations (18) coincide with the field equations of the usual
f(T) gravity in the case w”,, = 0 [20-23].

In summary, the theory (17) and the corresponding field equations (18) are indeed the
covariant version of the theory we were looking for.

4. Solutions

In the previous section we formulated the covariant fT) gravity, resulting in the covariant
field equations (18). Nevertheless, we now face the problem of how to extract solutions. In
particular, although in TEGR the spin connection enters the action only as a surface term, and
thus we can first solve the field equations to determine the tetrad and then calculate the spin
connection from the solution, this no longer holds in the f{T) case where the solution of the
field equation does depend on the choice of the spin connection, but in order to solve the
equations we need to have the spin connection. This feature implies that in principle we face a
loop difficulty.

In order to avoid this problem we need a method of determining the spin connection
that does not rely on the solution of the field equations. We can recall that in the TEGR case
the spin connection (15) is calculated from the knowledge of the reference tetrad only.
Although in the f{T) case it is not possible to determine the reference tetrad from the solution
of the field equations, the correct reference tetrad can be guessed by making some reasonable
assumptions based on the symmetries of the geometry. As we will show, this is usually
possible to achieve using knowledge of the coordinate system in which the tetrad is written.

In particular, in practice the starting point for any calculation is the ansatz tetrad, which is
given by the symmetry of the problem being investigated. Assuming knowledge of the
reference tetrad corresponding to the ansatz tetrad we can find the spin connection using (15),
and then solve the field equations. If our guess of the reference tetrad is right then we will be
able to remove the inertial effects from the action and hence solve the purely gravitational
field equations that are not contaminated by the spurious inertial contributions. In the fol-
lowing subsections we demonstrate this method for various examples.

4.1. Minkowski spacetime

An illustrative example of the relevance of the spin connection in f{7T) theories is the simple
Minkowski spacetime. We consider two different tetrads representing the Minkowski
spacetime, each in a different coordinate system. Let us start with a diagonal tetrad in the
Cartesian coordinate system:

he, = diag(1, 1, 1, 1). 19)

It is easy to check that this tetrad is a proper tetrad, i.e. the associated inertial spin connection
vanishes. This can be seen from the fact that the torsion tensor vanishes for this tetrad, namely

7
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T, (h%, 0) = 0. (20)

W

The field equations in both TEGR and f(T) cases are then trivially satisfied. This is an
expected result, since the field equations should be equations for gravity, which is absent in
Minkowski spacetime.

On the other hand, if we consider a Minkowski diagonal tetrad in the spherical coordinate
system

h‘L = diag(1, 1, r, rsinf), 2n

we find that this tetrad is not a proper tetrad, since for zero spin connection the corresponding
torsion tensor for this tetrad is non-vanishing, namely

T4, (", 0) = 0. (22)

W

One can clearly see the crucial difference between the TEGR and A(T) cases. In particular, in
the TEGR case, despite the fact that (22) represents the field strength of the inertial effects,
and consequently the associated Lagrangian is non-vanishing

LS, 0) = 1 sin 6, (23)

K

the field equations are still satisfied. This is because the holographic relation (13) allows the
Lagrangian (23) to be written as a surface term and hence the field equations to be trivially
satisfied. By contrast, this does not happen in the f{T) case.

Following the essence of the covariant formulation described in the previous sections, the
above problem can be solved by calculating an appropriate spin connection, which along this
tetrad will remove these spurious inertial contributions from the tetrad. In particular, for the
tetrad (21), the non-vanishing components of the inertial spin connection are

i - _ I = g 53— _
whs, = 1, wh, = sin 6, Wi, = cos 6. (24)
If we use this spin connection, the torsion will vanish identically
T(;w (h y ’ waby) = 0’ (25)
and hence the field equations are trivially satisfied in both the TEGR and f(T) cases.

4.2. FRW universe

Let us now proceed to the physically more interesting case of a FRW geometry, where one
obtains non-trivial gravitational field equations.

We start with the Cartesian coordinate system and the diagonal tetrad that represent the
FRW metric:

hi, = diag(1, a(1), a(t), a(1)), (26)

where a(f) is the scale factor (for simplicity we restrict to the flat case, however the non-flat
case can be studied straightforwardly). The above tetrad leads to the torsion scalar®
T = —12 H?, and hence the field equations (18) give rise to the Friedmann equations

1
Koy = 1%, + . 27)

S We recall that the superpotential (6) is defined without the factor 1/2 usually used in A7) gravity literature, and
therefore the torsion scalar here differs from the usual value by a factor of 2.

8
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K(py + py) = 2H QA H? — fr), (28)

where the subscript T denoting the derivative with respect to T, H = a/a is the Hubble
parameter, and p,, and p,, are the energy density and pressure of the matter fluid, respectively.
These are the correct f{T) modified Friedmann equations capable of explaining the accelerated
expansion of the Universe, as shown in [24-53].

On the other hand, in the spherical coordinate system a natural choice for the FRW tetrad
is the diagonal one

h = diag(l, (I — kr>)"2a, ra, rasinf), (29)

which, similar to the Minkowski case, is not a proper tetrad. It is easy to check that the field
equations for this tetrad and vanishing spin connection are satisfied only in the TEGR case.

Similarly to the Minkowski case, this can be easily solved by finding the purely inertial
spin connection corresponding to (29). We start with defining the reference tetrad by
a(t) = 1, and using (15) we calculate the non-vanishing components of the spin connection
as

wiée = —(1 — kr2), wiéa = —(1 — kr?)>sin6, wﬁ% = —cosf. (30)

Using this spin connection it is straightforward to check that the tetrad (29) leads to the same
field equations (27)—(28) as the ones obtained from the tetrad (26), however we now have the
advantage of general covariance. This verifies that if we take the role of inertial spin
connection into consideration, then indeed both tetrads are equally good in f{T) gravity, and
the theory is no longer frame-dependent.

4.3. Spherically symmetric geometry

The spherically symmetric spacetime is an important issue that must be addressed properly in
any theory of gravity. In the framework of f(T) theories it has attracted lot of attention
recently [65-87]. In most of these works it was argued that only very specific forms of the
tetrad, with off-diagonal components, can lead to the physical outcome [65-81], but the
physical motivation for this was not understood. Having constructed the covariant formula-
tion of (T) gravity in the previous sections, we can now show that every tetrad corresponding
to the desired metric is equally good and leads to solutions as long as the correct spin
connection is used. Additionally, we will also provide an explanation for the necessity to use
the complicated off-diagonal tetrad in the previous non-covariant formulation of A7) gravity.

As shown in [88], the spherically symmetric spacetime is necessarily static, and hence its
metric can be written as

ds? = A(r)%dt? — B(r)%dr? — r?d0? — r?sin? 0d¢?, (31)

where A(r) and B(r) are arbitrary functions of the coordinate r. The most natural choice of the
tetrad that corresponds to this metric has the simple diagonal form

h¢, = diag(A(r), B(r), r, r sin0). (32)
It is straightforward to check that if we assume the trivial spin connection w,, = 0, then the
field equation E; 0 = —ﬁcotﬁ = 0 gives us necessarily the condition f; = 0, which

restricts the theory to TEGR. In the literature this feature is wrongly interpreted as ‘the
diagonal tetrad is not a good tetrad for spherically symmetric solutions in f{T) gravity’
[65-81].
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Let us now show that the above issue is an artifact of the non-covariant formulation of
f(T) gravity. In particular, using the covariant formulation presented in the previous sections
we will calculate the appropriate spin connection, which will allow us to use any tetrad giving
the metric (31) without restricting the functional dependence of the Lagrangian. Similar to
the previous examples, due to the fact that the solution of the field equations is unknown, we
have to start with a guess for the reference tetrad corresponding to the tetrad (32). It is natural
to expect that in the absence of gravity the diagonal tetrad should reduce to the tetrad (21)
representing the Minkowski spacetime in spherical coordinates. Therefore, the corresponding
spin connection is again given by

i [ 3
whs, = 1, wh, = sin 6, Wi, = cos 6. (33)

Using this spin connection we can now remove the spurious inertial contributions and obtain
the gravitational torsion tensor. The torsion scalar constructed from it is given by

4(—1 4 B)(A — AB + 21A)
r?AB?

where primes denote derivatives with respect to the radial coordinate r. Thus, using the tetrad

(32) and the non-zero spin connection (33), the field equations (18) become

E' = (4r*AB%) '8 Q4fry — fr B + 8(fyr? — 8fyp)B* + friBS
+ 64f;r (rB' — 2rBB" + B)] + 2(r*AB3) ' [(8f;p r + fr 1) B’ — 24f;, ]
X (PABY (16, r(B — 1)2BA* + 2A(B — 1)[f,r*B°A" + 8f,, B2(A' — rA”)
— 16f, rAB' + 8f. B(A'(rB' — 1) + rA")]} =0,

T(h, w',) = — , (34)

w

(35)
A(8f.B — 8 2B2) 4+ 8f.r(B — 2)A’
gr=AG B8 1P B) B2 (36)
1 4r2AB3
E;¥ = (4rA3B%) (326, r?AA (B°A" + 2iA'B + B2(rA” — 34)
— BIA' (rB' — 2) + rA"]} — 32f,, r3(B — 1)BA"}
+ @rBY) '[(96f,; — 4f,r?)B3 + 8(f,r? — 4fp )B* + (fr* — 4f,.r?)B°
&1 + frr3)B' — 24f,
+ 32fp rB' + 32f, B(1 — 2rB")] + —L TrSB3 T
+ (F*ABY U 2f, r?B*A" + 24f, rAB’ — 8f,. B[A' (=2 + 4rB") + rA"]}
+ (r*AB3) (16f, rA" — 32f, A+ (8fpr + frr)B'A
— 1B[Bf;r? — 16f)A + r(8fp + frrHA"]} = 0, (37)
1
E.% = E.% = 0. 38
3 sinf 2 (38)

As a brief inspection shows, the field equations (35)—-(38) do not restrict the form of the
f(T) function. Hence, due to the covariant formulation used above, the field equations for
every f(T) form can be satisfied by all tetrads related through the Lorentz transformation and
corresponding to the spherically symmetric metric (31), and not only by specifically con-
structed ones.

We stress that the above field equations (35)—(38), generated from the diagonal tetrad
(32) and the non-zero spin connection (33), coincide with those obtained in the usual, non-

10



Class. Quantum Grav. 33 (2016) 115009 M Krésak and E N Saridakis

covariant, formulation of f(T) gravity, for zero spin connection, but for the specific and
peculiar non-diagonal tetrad [65-67]

A 0 0 0
EaL: 0 Bcos¢sinf rcosg.bcosf) — rsin¢gsinf . (39)
! 0 — Bcos# r sin 0

0 Bsingsinf rsingcosf rcos@sinf

This coincidence of the field equations can be easily explained. The off-diagonal tetrad (39) is
related to the diagonal tetrad (32) by a local Lorentz transformation of the form

h, = A4h", (40)
where the Lorentz matrix is given explicitly by
1 0 0 0
« |0 cosgsinf cos¢cos — sing
A% = 0 —cosf sin 6 0 1

0 singsinfd singcosf coso

We should now recall that a local Lorentz transformation simultaneously transforms both the
tetrad and spin connection through (11), and thus the spin connection (33) also gets
transformed. Interestingly enough, the transformed spin connection through (41) is identically
zero, namely

@4, = 0. (42)

Hence, we can see that the off-diagonal tetrad (39) is a proper tetrad, i.e. a tetrad in which the
inertial spin connection vanishes, and that is why the obtained field equations coincide with
the ones of the covariant formulation. In other words, in the usual, non-covariant, formulation
of f(T) gravity, one considers specific peculiar non-diagonal tetrads, thus making the theory
frame-dependent, as a naive way to be consistent with a vanishing spin connection. However,
as we show, the correct and general way to acquire consistency is to use the covariant
formulation of f{T) gravity, in which case frame dependence is absent. In particular, one is
allowed to use any form of the tetrad provided that the corresponding spin connection is
calculated. The off-diagonal tetrad (39) no longer has a privileged position; it is just a specific
tetrad in which the corresponding spin connection happens to be zero.

5. Conclusions

Taking the serious decision to modify gravity, one still faces the question of which for-
mulation of gravity to modify. The usual approach is to start from the curvature-based
formulation, i.e. general relativity, and modify its action. However, one could start from the
torsion-based formulation of gravity, i.e from TEGR. The crucial issue is that although TEGR
coincides with general relativity at the level of equations, their modifications correspond to
different gravitational theories.

AT) gravity is the simplest modification of TEGR, as f{R) is the simplest modification of
GR. However, it is well known that it does not satisfy local Lorentz invariance [54]. The
reason for this is the following: in the usual formulation of fT) gravity [20-23] one starts
from the pure tetrad teleparallel gravity, i.e it is assumed that the spin connection vanishes
identically, and hence, although the theory becomes simpler, the torsion tensor is effectively
replaced by the coefficients of anholonomy, which are not tensors under local Lorentz

11
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transformations. Although in un-modified gravity, i.e in TEGR, the resulting violation of
local Lorentz symmetry is often neglected, since it does not affect the field equations, this
becomes manifest and a severe problem in f{7T) gravity.

In this work we solved the above problem by constructing a consistent, covar-
iant formulation of f{T) gravity. In particular, starting from, instead of the pure tetrad tele-
parallel gravity, the covariant teleparallel gravity, we were able to re-formulate f{7T) gravity in
a frame-independent way, which does not suffer from the notorious problems of the usual,
pure tetrad f(T) theory. In such a theory one uses both the tetrad and the spin connection in a
way that for every tetrad choice a suitably constructed connection makes the whole theory
covariant.

Covariant f{T) gravity is a little bit more involved than the usual, non-covariant one, due
to the necessity of finding the appropriate spin connection to the tetrad. While in covariant
TEGR the spin connection enters the action only as a surface term, and thus we can first solve
the field equations to determine the tetrad and then calculate the spin connection from the
solution, this no longer holds in the f{T) case where the solution of the field equation does
depend on the choice of the spin connection, which naively leads to a loop difficulty. In order
to avoid this problem we need a method of determining the spin connection that does not rely
on the solution of the field equations. In particular, the correct reference tetrad can be guessed
by making some reasonable assumptions based on the symmetries of the geometry. Assuming
the knowledge of the reference tetrad corresponding to the ansatz tetrad, we can find the spin
connection first, and then solve the field equations.

As examples we presented a method of extracting solutions in covariant f{T) gravity in
the most physically relevant cases such as the Minkowski, the FRW and the spherically
symmetric geometries. As we have shown, the field equations for every f{T) form can be
satisfied by all tetrads related through a Lorentz transformation, and not only by specifically
constructed ones. Hence, there are no ‘good’ or ‘bad’ tetrads in f{T) gravity, there is no-frame
dependence, as long as one abandons the strong imposition of zero spin connection (the
peculiar non-diagonal, ‘good’ tetrads were just a naive way of being consistent with a van-
ishing spin connection).

Covariant f(T) gravity is the correct and consistent way to modify gravity starting from its
torsion-based formulation. There is an additional difficulty in finding the spin connection,
however we have developed a consistent method to solve this issue. In summary, we are able
to present a consistent torsional alternative to curvature modifications such as f(R) gravity.
Hence, covariant f{T) gravity and its applications to cosmology and spherically symmetric
geometries must be investigated in detail.
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Appendix. Derivation of the field equations

In this appendix we derive the field equations for the Lagrangian (17), keeping both the tetrad
and the spin connection in the definition of the torsion tensor (2). The left-hand side of the
field equations is given as the Euler—Lagrange expression for the Lagrangian (17), namely
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oL, oL,

Ef=— g (A1)
Oh', 9(0,h )
Up to an overall 1/(4x) factor, the first term is given by
Ohf (T) oT
=h + f(T)hh}t, A2
one, e, T (A2
while the second term reads
Ohf (T) oT oT oT
y———— =0, | Wy —— | =fr 0| h———| + RO, T)f(p ———. A3
d0,h ) [ffa(ayh‘;)] Ir [ a@h‘;)] O 5@ Ay

The derivatives of the torsion scalar are well known in the ordinary TEGR case (for instance
see the appendix C in [19]), namely

8771 = —48,M (A4)
2@0,h%)
= —47° S + 40°,, S, A5
3(]’1 aﬂ) a*b av®b ( )
Assembling the above we finally obtain
1
E} =h" £, 0,(hS,") + frp SO, T — £, T2, + frwhy, S, + Zf(T)ha“. (A6)
Hence, the field equations can be written as
E" = xO /", (A7)
where as usual we have defined the energy-momentum tensor of matter through
o — L0Lku (A8)
h 6h,
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