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Abstract. Let .# be a von Neumann algebra with cyclic and separating vector £2,
and let U(a) be a continuous unitary representation of R with positive generator
and Q as fixed point. If these unitaries induce for positive arguments endo-
morphisms of .# then the modular group act as dilatations on the group of
unitaries. Using this it will be shown that every theory of local observables in two
dimensions, which is covariant under translations only, can be imbedded into a
theory of local observables covariant under the whole Poincaré group. This theory
is also covariant under the CPT-transformation.

1. Introduction

The CPT-theorem played an important role in relativistic quantum field theory.
In the beginning of the fifties Schwinger [22] observed that there is an extra
symmetry in Lagrange field theory which is now called the CPT-symmetry, ic. a
combination of space-time reflection and charge conjugation. However, this sym-
metry was not a symmetry in the usual sense, because Schwinger had to reverse
the order of factors in the products of field operators. Three years later G. Liiders
[16, 17] showed that the CPT-operation is, indeed, an exact symmetry of Lagrange
field theory following from the Lorentz-symmetry and the standard assumptions
of commutativity and the requirement that the Lagrange-function must formally
be selfadjoint. For a detailed discussion see W. Pauli [19]. In 1957 R. Jost [14]
gave a proof of the CPT-theorem in the frame of Wightman field theory [26] in
which he revealed the connection of the CPT-symmetry with the assumptions of
positivity of the energy, Lorentz-invariance, and the standard locality assumptions.
In this proof the existence of a vacuum state was essential. But up to now there
is no proof of the CPT-theorem in the theory of local observables in the sense of
Araki, Haag and Kastler.

Initiated by the result of R. Jost also many results about the connection of
spin with statistics have been obtained in the Wightman frame, large parts of
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which are presented in the book by Streater and Wightman [23]. In the theory
of local observables the question about the connection of spin with statistics went
along another line because charged fields are not the fundamentals of this theory
and they have to be constructed. The first result in that respect has been obtained by
Borchers [3]. Some years later the subject has been re-investigated and generalized
by Doplicher, Haag and Roberts [10,11] and again some years later by Buchholz
and Fredenhagen [9]. In these investigations no CPT-symmetry was required.
However, there was one question for which the CPT-symmetry would have been
useful, namely, for the existence of anti-particles. K. Fredenhagen [12] succeeded
to prove their existence without using the CPT-invariance.

An absolutely different aspect of the CPT-operator has been realized in con-
nection with the Tomita [25] Takesaki [24] theory of modular Hilbert-algebras.
Bisognano and Wichmann [1, 2] observed that the CPT-operator and the Lorentz-
boosts are related to the modular conjugation and to the modular group of the
wedge algebra (see Sect. IV for its definition), provided the theory of local observ-
ables is generated from a Wightmann field which is covariant under Lorentz-
transformations. Here, again, one is dealing with the vacuum-sector.

The result of Bisognano and Wichmann shows that the modular group of the
wedge algebra coincided with the Lorentz-boosts of the wedge. This result held
out hopes for some converse conclusion to be true, namely, that the modular
group of the algebra, associated to the wedge domain, can indeed be identified
with a Lorentz-boost. This hope has been supported by a recent result of the
author [5] showing that there is a close connection between the translations and
the modular operator for local regions.

In this paper we want to show that the modular group for the algebra of the
wedge domain can always be interpreted as the group of Lorentz-boosts, provided
the cyclic and separating vector is the vacuum-vector. In order to obtain this result
one must show that the modular group induces outer automorphisms of the
translation group. To prove this two properties are essential. One is the spectrum
condition for the translations, the other is the structure of the wedge domain,
which is mapped by a semi-group of translations into itself. If the wedge is fixed
then one is dealing with a two-dimensional problem. Therefore, in most of the
investigations we shall only deal with field theories in two space-time dimensions.
Also in this situation the construction of the Lorentz-group is not unique because
one can start either with the right wedge or the left wedge. Only if the algebra of
the left wedge is the commutant of the algebra of the right wedge then the con-
structed Lorentz-group is unique. If we don’t have this identity then one can
construct two local nets containing the original net and both fulfilling the duality
condition. The construction will be done by a method due to Bisognano and
Wichmann. We call these nets Bisognano—Wichmann-nets. If the original net
happens to be a Lorentz-covariant net then the given Lorentz-transformations
and those constructed from the modular group need not to coincide. If they are
different then the difference gives rise to a local gauge. Such situations might appear
when considering Wightman fields with an infinite number of components.

All of our investigations are essentially two-dimensional. This implies that we
can prove a CPT-theorem only for the theory of local observables in two dimensions.
An extension to higher dimensions needs additional information about the action
of the modular group on sub-algebras. Such information is not known to me.
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Using the information about the two dimensional situation one is able to construct
for every element of the Lorentz group unitary operators inducing on the translations
the correct automorphisms. But we do not know whether or not we can choose
a family which also forms a representation of the Lorentz group. The main question
however remains the problem of the locality of the action in higher dimensions.

II. Some General Results

In this section we will derive some general results which are interesting by them-
selves and which will be used in the following sections. We assume that ./ is a
von Neumann-algebra acting on a Hilbert-space # and that Qe# is cyclic and
separating for .#. The modular operator and the modular conjugation associated
with the pair {#,Q} will be denoted by 4 and J, respectively. First we show

IL1. Lemma. Let {#,#,90,A,J} be as described above. Assume, moreover,
U(t)e () is a continuous unitary one parametric group with

(i) adU(@t)# =U@)MU*(t)= MV t.
(i) U()R2 =0Vt
(ili) U(t) has an analytic extension into the upper t-halfplane.

Then U(t) is entire analytic.
If, moreover, U(t) has a positive generator then U(t) = 1.

Proof. From the assumptions one knows that U(f) commutes with A as well as
with J, [6] Theorem 3.2.18. We will make use of the latter fact. For , pe # we have

W, UWe) =W, JUDJ o) = (o, U(—1)Jy). 1)

Now the left-hand side has an analytic extension into the upper halfplane and the
right-hand side has an extension into the lower halfplane. Since both sides coincide
on the real points, (i, U(t)p) extends to an entire analytic function. Since this holds
for arbitrary ¢,y e, it follows that U(z) itself is entire analytic.

If U(t) has a positive generator, which must have the eigenvalue zero, then
(Y, U(t)g) is bounded on the upper halfplane and (Jo, U(— t)Jy) is bounded on
the lower halfplane. Since a bounded entire analytic function is constant one
obtains (¢, U(t)p) = (¥, @), which implies U(t)=1. [

From this result we learn that a von Neumann-algebra .#, with cyclic and
separating vector £2, cannot have an invariance group for which w, is an invariant
state and for which the canonical group-representation fulfills the spectrum
condition. This is not true if we only require ad U(t).# < .# for t > 0. An example
is the “wedge algebra” in the theory of local observables. Here one has to take
the translation along the lightcone coordinate appearing in the definition of the
wedge and as Hilbert-space that of the vacuum sector. Before starting these investi-
gations we show

IL.2. Lemma. Let {M,#,0,A,J} be as described before. Assume UeB(H#) is
unitary, suchthat U4 U* c M and UQ = Q, then one has with S = JA'/? the relation

US=SU. (2
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Proof. For Ae it follows that both vectors AQ and UAQ = UAU*{2 belong

to the domain of S and one obtains
SUAQ=SUAU*Q=UA*U*Q=UA*Q=USAQ.

Assume now { 4,2} converges in the graph topology of S. This means the sequence
{A,92, A* 2} converges in # @ A to a vector {y,y*}, and one has Sy =y*.
Multiplying this with U we see that also {U 4,2, UA*Q} converges to {Uy, Uy*}.
This shows UDg < Dy and it follows

SUY =1im SUA,Q2=1im UA*Q=Uy*=USy. [

As a consequence of this lemma we show next:
I1.3. Lemma. Let {#,#,0,U,A,J} be as in Lemma I1.2. Then the operator
AtuA~" 3
has an analytic extension into the strip,
S(—30)={z, —3<3Imz <0}
which is continuous on the boundary fulfilling the estimate
[4*UA™| = L.

Proof. 1f y, pe D(A)nD(A™?) then (y, AZUA™ ¢} is defined on the closed strip
and analytic in the interior. Moreover, it is bounded by || AY/2y/ || || A™'?¢ . Putting

1 .
now z=t— > we obtain

(l/l, AnAl/Z UA—I/ZA—n(P) — (lp, AttJSUA—l/Z—zt(p)
=y, A"JUJA " o). 4

Since, now, a bounded function, analytic in a strip, takes its maximum value of
its modulus on the boundary we obtain

W, 4704 p) = Y| lloll.

Since i and ¢ are running through a dense set of vectors it follows that A“UA™*
has an extension as a bounded operator valued function with norm not exceeding
. O

I1.4. Remarks.
(i) Since U is unitary one has U*.#'U < ' because of the equation U*4A'UA =
U*AUAU*U = U*UAU*A'U = AU*A'U.
(ii) If one has in addition U*Q= 2 we obtain from Lemma II.1 the equation
FU* =U*F.
According to Lemma I1.2 the expression
AIIU*A—H
has an analytic continuation into the strip S(0,3) and fulfills the estimate
| A2U*A™ = <1 for zeS(0,1).
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Next we assume that we have a continuous unitary group U(a) which fulfills
spectrum condition and which leaves the cyclic and separating vector (2 invariant.
Moreover, we shall assume that the semi-group ad U(a), a =2 0 maps the algebra
 into itself. Remark that .# is not invariant under the whole group if we assume
that U(q) is not trivial (see Lemma II.1).

For the following investigation we shall replace the variable a by e, which has
the advantage that a > 0 is replaced by £eR and the upper half-plane I3ma >0
by the strip 0 < Im ¢ < n. The boundary of this strip at Im ¢ = n corresponds to
the values a < 0. Now we show

ILS. Proposition. Let {4, #,02,A,J} fulfill the assumptions described above.
Assume U(a), aeR is a continuous unitary group, U(a)e B(H), fulfilling the properties

() adU(a)# = M for a=0.
(i) U(a)2= 2.
(ii)) The generator of U(a) is positive, then

1. The expression
A'U(e)A™ " =V (t, &) (5

has an analytic extension into the tube T and is continuous on the closure, where T
is defined as follows:

T={(z,0); (Smz,Im{)eB}, (6)
where B is the interior of the quadrangle, whose corners are given by the point
{(0,0),(= 3, — m),(—3,0),(0,m)}. (6a)
2. The operator V(z,{) is bounded
1V(zOl=1, for (z{)eT.

3 V(t—é,é— m) has the value

V( t— % E— m) = A"JU(—e5)JA™". 7

Proof. If , peD(A)n D(A™ ) then we consider the function
(Y, A" U(e5)A™ ) =1F(z,{)
which is analytic and bounded in
(z,0)eS(— 3,0) x S(0, m).

But, by the spectrum condition, for z real | U(e*)| is bounded by 1. For { = ¢ real
we know from Lemma IL3 that [|A*U(£)A™*|| <1 for zeS(— 3,0). This implies
[F(z, )| < |yl |l @]l if either z or { is real. Hence we obtain by analytic completion
the estimate

F,O)= 1yl el
for Imz, Im{ in the triangle with the corners {(0,0),(—3,0),(0,n)}. From the
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proof of Lemma I1.3 we know

F(t - % c) =W, ANTU()J A" o).
Since J is an anti-unitary operator and since U(e®) has an analytic extension into

the strip S(0, ) we see that JU(¢°)J is anti-analytic in that strip, which means that
JU(€Y)J is analytic in S(— =,0). This can also be seen by direct calculation:

F(t - %, f) = (¥, AU A" Tg) = (Jop, A"U(— ) A= J)

which has in ¢ an analytic continuation into S(— 7, 0) with the estimate

l
F<t—5,c)|§ Wil

Since we have chosen ¢ and ¢ in D(4)nD(A™!) the function has an analytic
extension into S(0,3) x S(—,0) or F(z,{) into S(—3,0) x S(—=,0). But this
function is bounded by |¢¥|| @] on the boundaries of the degenerated tubes
S(—1,0) x {0} u{—13} x S(— =,0), and hence on the tube which has as basis the
triangle defined by the points {(0,0),(— 3, — n),(—1,0)}. Together with the result
of Lemma I1.3 we find that F(z,{) is analytic in the tube T defined in Eq. (6) and
(6a) and bounded in this domain by

IFEOIZ 1Y el

Hence the operator V(z,{) is an analytic operator in the tube T and fulfills the
estimate

V)l 1.

Finally one has F(t — %, &— m) =, 4" JU(— €°)Je ") which implies

V(t - é - m) = A" JU(= e5)JA",

This proves the proposition. []

11.6. Addendum.

(a) Assume for {4, #, 2, A, J} the same situation as before and let U(a) be again
a unitary group fulfilling spectrum condition which leaves the vector £2 invariant.
Instead of looking at the situation investigated above we consider

adU@) ' M’ for aZ0.

In this case we know from the Remark I1.4 that FU(a)= U(a)F for a <0 holds
and, moreover, that the operator

W(t,&) = A"U(— e5)A™" (5a)

has in ¢ an analytic extension into the strip S(0,%).
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The considerations of Lemma I1.3 and of Proposition IL.5 also have their trans-
scription and one obtains

1. W(t, &) has an analytic extension into the tube — T.
2. For (z,{)e — T one has that W(z,{) is bounded

WOl = 1.

3. W<t +%,é + m) has the form

W(t F3.64 z”) = A"JU(e)JA™ (7a)

(b) However, if we assume
adU@A =M for aZ0
then SU(a) = U(a)S for a £ 0 holds. If we introduce the operator
V(t,&)=A"U(-e)a™" (5a)

then the analytic extension of t does not change, but in £ we have an analytic
extension into the tube S(— =,0). All other considerations are similar as in the
case of the operator V(t,£). Hence we obtain

1. I7(t, £) has an analytic extension into the tube T, where T is obtained from T
by replacing { by —¢. ~
2. For (z,{)eT the operator V(z,{) is bounded

1V@E 0l < 1.

3. I7<t +§,¢— zn) has the form

f/(t + -;— E— zn) = A"JU(+ €5)JA™" (7b)

Next we want to apply the results obtained in Proposition I1.5 and Addendum I1.6
in order to compute special matrix elements. But first we introduce some notations:

IL7. Definition. Let {.#,#, 2, A J} be as before and let Ac.# and Be #' then we
define:
F*(t,&)=(9,BA"U(e)A™"AQ)
and
F~(t,&)=(Q,A4"U(~ ) A" "BQ).
From the result of Proposition I1.5 we know that F*(t,&) has a bounded
analytic extension into the tube T and by Addendum I1.6 we know that F~ has

an extension into the tube — T.
Next we show

I1.8. Proposition. The two functions F*(t,&) and F~(t, &), which are holomorphic in
the tubes T and — T respectively, are different representations of one analytic function
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H(z, &), which is holomorphic in the domain
{Rez,Re(eR*}n{—n<2a3mz—Im{ <=} (8)
Here H(z,({) is bounded. One has
|H(z,0)| smax{ | AQ] | B*Q2|, | 4*Q| | BL2]| }.
This latter statement implies that H(z, () is constant along the direction given by the
strip (8) i.e.
H(z,C)=H(z+v2v,C+wr) for weC. 9)

Proof. Since the modular automorphism maps .# into itself one has that
ad A"U(ede™ "M = M

for (¢, £)eR?, which implies that ad A*U(e®)A™" A commutes with B. This implies
that F* (¢, &) = F(t, &) for (¢, §)eR2. Using the edge of the wedge theorem [7], [8]
we see that both functions coincide and have, by the tube-theorem, an analytic
extension into the convex hull of Tu — T. F* is bounded by | B*#2| || A€2| and
F~ is bounded by || 4*Q2| || BR||. This implies H is bounded by the maximum of
the two estimates. From Proposition I1.5 we know

F* ( £ — % £ m) — (@, BAJU(= ¢5)JAQ)
and from Addendum II.6 we obtain
F~ <t + % &+ m> = (£, AA"JU(e%)J BR).

Since JAJ = .4’ it follows that
adJU(—e*)J M < M

F* <t—~,€ ) <t+ £+m>

This implies that the common function H(z,{) is a periodic function
H(z,0)=H(z + 1,{ + wm).

Using again the edge of the wedge theorem we see that H(z, {) is analytic in the tube
described in (8). Since H(z, {) is also bounded in this domain by max { || B*Q2|| | AL/,
| A*€2] || B2]|} it must be constant in the direction of periodicity. This proves the
theorem. []

which implies

Next we want to apply the result of Proposition IL8 in order to obtain the
main result of this section. For this we make use of the assumption that Qis cyclic
and separating for .#.

I1.9. Theorem. Let .# be a von Neumann-algebra acting on a Hilbert-space A and
assume Qe M is cyclic and separating for M. Denote the modular operator and
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modular conjugation of the pair {M,Q} by A, J. Let U(a), acR be a continuous
unitary one parametric group with a positive generator leaving the vector Qinvariant.
(A) Assume in addition

adU(@)# =M for a=0

then we have for (t,a)eR?

(@
A'U@) A" =Ue ™a) (10)
and
(b)
JU(a)J = U(— a). (11)

(B) If we assume instead
adU@ s M for aZ0

then we have for (t,a)eR?:

(a)
A"U(@)A™" = U(e*™a) (10a)
and
(b
JU(a)J = U(—a). (11a)
Proof.

(A) For Ae.# and Be.#' and with V(t,&)= A"U(e*)A™ " we have by Proposition
I1.8 the equation

(2,BV(t,H)AR2)=(2,BV(t + 5, & + 27ns) A)

for arbitrary seC. Since £ is cyclic and separating and since the operators in
question are bounded we conclude

V(t,EYy=V(t+s, &+ 2ns).
Choosing s = — t we obtain
A'U(e)A™ " = Ule™ 2™ef)
and inserting e° = a we have
A'U@A *=Ue *™a) for az=0.
Since both sides of this equation are boundary values of analytic operator valued
functions in the upper half-plane we obtain Eq. (10) by analytic continuation.
For the statement (b) we make use of Eq. (4) which reads
JU(€9)J = AP U(H) A~ 12 = V< - é 5).

But by the invariance property of ¥ we obtain

V< N é 5) =V(0,¢+m)=Ule"e?) = U(~ ¢°)
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or JU(a)J = U(— a)for a = 0. Taking the adjoint of this equation we obtain Eq. (11).
(B) For proving these statements we start from part (b) of Addendum IL.6 which
indicates that there is a similar result as Proposition II.8 with the difference that
we obtain invariance of the form

ﬁ(z, )= ﬁ(z + g,(— nw) for weC.

From this we obtain for the operator V(t, &) = A*U(— e*)A™* the relation
V@, &)=Vt +s,&—2ns).

Repeating the same steps as in the proof of (A) we obtain the statements of (B).

II1. Two-Dimensional Theories

In this section we assume again that we have a von Neumann-algebra .# acting
on a Hilbert-space # such that there is a vector Qe4#, which is cyclic and
separating for .#. A and J will denote again the modular conjugation of the pair
{#,£}. But now we assume that we have a continuous representation U(a), acR?
of the vector group of R2 Furthermore, we assume

(a) U(@)2= .
(b) The Spectrum of U(a) is contained in the forward light cone ¥V *:= {aeR?% a, =
lay |}

(c) Let W be the set
W:={aeR%a, 2|a,|}
then we assume
adU(a)# c M for acW.

Now we introduce the lightcone coordinates

a0+a1 _ ao_al — —
a+=T, a = 3 or ag=at+a”, a=a"—a .

Since U(a) fulfills the spectrum condition it follows that U(a*) and U(a~) both
have positive generators and, moreover, we have

adU@*)# c# for a*z0 and
adU@ )# 4 for a~ £0.
Therefore, we apply Theorem I1.9 and obtain

IIL.1. Theorem. With the assumptions described in the beginning of this section and
with

A= < co.sh 2at  —sinh 2x¢ 12)
—sinh2nt  cosh2nt
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and
U(A(r)) = A%, (13)

then {U(A), U(a)} induce a representation of the two-dimensional Poincaré-group
which fulfills the spectrum condition and which has 2 as invariant vector. Furthermore,
one has

JU(@)J = U(—a). (14)

Proof. From Theorem I1.9 we know A*U(a*)A™" = U(e"*™a*)and A"U(@™)A™" =
U(e®™a ™). This together gives A*U(a)A™" = U(A(t)a), where A(r) is given by Eq. (12).
This means U(A) induces the correct outer automorphism on the translation group.
This implies that the above system gives a representation of the Poincaré-group.
The statement of Eq. (14) has been proved in Theorem I1.9. O

Remark. In the investigations of Bisognano and Wichmann [1, 2] appears also a
relation between the Lorentz-boosts and the modular group o,, which differs by
a sign. This is due to the fact that the modular automorphism is often defined by
the equation o,(4) = ad A™"A, while we are working with ad A*.

If one is dealing with a theory of local observables then it has been shown by
Borchers [3] that the spectrum is located in a Lorentz invariant set. At first sight
it seems as if the above results do not use any locality conditon. That this is not
true will be shown by the next investigation.

I11.2. Lemma. With the assumptions described in the beginning of this section and
with
My=Ul@)MU(—a), M,=U()H'U(—a) (15)
one has with the notations (12) and (13)
() () =M,
(i) U(A)M U*(A) = M 54
UM UXA) =M,
(i) JAJJ=M"_, and JM J=JM_,J.
Proof. The first statement is trivial. Since U(A) is up to some scaling of the

parameters identical with the modular group, we have ad U(A).# = .# and
ad U(A)4' = #'. Hence we obtain by definition (15) and Theorem IIL1,

U(A) A U*(A) = UA)U @) M UXa)U*(A) = U(Aa)U(A)A U*(AYU*(Aq)
= U(Aa) M U*(Aa) = M ,,.
The arguments for .4, and for the statement (iii) are analogous. [J

Double cones are usually characterized by two points a,b such that b —aeV™.
But since we are working with two-dimensional theories one can characterize them
by two points which are spacelike to each other. To this end one uses the right
wedge Wy and the left wedge W,. We say b is right of a if bea + Wy. Let b be
right of a, then we put

D,y={a+Wgin{b+W_}. (16)

With these notations we obtain
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IIL.3. Proposition. With the assumptions and notations of the last lemma and with
the definition (16) introduce

N (Do) = My M (17)

and let A be the C*-algebra generated by all the A(D,,). Then the system
{AN(D), ¥/, U(A,a)R?}, where U(A,a) is the representation of the Poincaré-group
acting on R?, defines a covariant local net, having J as CPT-operator.

Proof. From Lemma IIL2 we know the co-variance of the systems {.#,} and
{#}. Hence we have co-variance of the intersections. Since J interchanges {./#,}
with {#_} in particular J.# ,J = #'_,. Therefore, J maps .#(D, ;) onto A (D_, _,).
It remains to show the locality. If D, , and D, are spacelike to each other then
either D, , is right of D,, or vice versa. Let us assume D, , is right of D,, then
N(D, )= My and A (D, ;) = M. Since c is right of b we have .#, c .#, and hence
the algebras commute. The other case can be proved in the same manner. [J

Having the local net formed by the von Neumann-algebras 4'(D,,) we can
construct A (Wg) and A'(W,) as the von Neumann-algebra generated by all the
N'(D, ) with D, , « Wy or D,, c W, respectively. One would like to compare
these algebras with .# or .#', respectively. By construction we know that A" (W)
is a sub-algebra of .# and 4" (W) is a sub-algebra of .#".

A comparison, however, only makes sense if the algebras are big enough. As
criterium we will use the requirement that A" is dense in . First we show

I1.4. Lemma. Let {#'(D,,), &, U(a), R*} be a translation covariant local net and
Ul(a) a representation of the translation group fulfilling the spectrum condition acting
on a Hilbert-space with vacuum vector. Then A/ (Wg)82 and /' (W )2 are both dense
in /€2,

Proof. Let b be in the interior of Wy. Then A (Wy + b) = A (W) and there exists
a neighbourhood U such that A"(Wg) = U U(a)/ (W + b)U*(a). But this implies
’ aclU

by a theorem of Borchers [4] that /" Q = A (Wg)Q2 because 4" is the algebra
generated by all U(a) A (Wg + b)U*(a). The same argument also holds for W,.
After these preparations we obtain:

IIL5. Theorem. Let .# be a von Neumann-algebra such that {#,U(a), 2, #,4,J}
Sulfills the assumptions and conditions described in the beginning of this section. Let
{AN(Doy), A, U(A,a)J,R*} be the covariant local net derived from {.M,U(a)}
described in Proposition I11.3. If we assume that AL is dense in # then we have
N (Wg)=M and V(W)= In particular does this imply that the local net
{AN(D,y), A, U(A,a),J,R?} fulfills the duality condition.

Proof. Since A2 is dense in # we have, by Lemma 111.4, that also A (Wg)Q2 is
dense in #°. A4 (Wp) is by construction contained in .#. A"(Wp) is invariant under
ad U(A). By the form U(A(t)) = A®, where A4 is the modular operator of .#, we
know that 4 (Wy) is invariant under the modular automorphisms of .#. This
implies by a theorem of Rigotti [21], which is based on a result of Rieffel and Van
Daele [20], that A (W) and # coincide. With the same arguments we obtain
N (W)= ' So we have duality for wedges and, since A(D,,) coincides with
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the Bisognano—Wichmann-net, one has duality also for this net [1] provided 2
is cyclic for A(D, ;).

Remark. In this section we assumed that the algebra .# is invariant under the
action of the semi-group {ad U(a), aeW}. If, instead, one takes an algebra .#
invariant under the semi-group {ad U(a), acV *} then the modular group acts as
dilatation, because the scaling for both lightcone coordinates is the same. This
dilatation exists only as an automorphism on the translations and not as local
transformations on the algebras .#(0). If however, the commutant of (V")
coincides with .#(V ™) then the modular transformations also act local on the
algebras. This latter case appears in the theory of free massless fields.

IV. The CPT-Theorem in the Theory of Local Observables
in Two Dimensions

Up to now we started with only one von Neumann-algebra, which had several
properties listed in Sect. III. Out came a representation of the Poincaré-group and
a CPT-operator; and eventually a local structure with the amazing result that the
representation of the Poincaré-group is an extension of the given representation
of the translation group.

Next we start with a net of local observables {.#(0), #,U(a)R? Q, .4}, ie.
to every double cone D,, cR* we have a von Neumann-algebra .#(D,;) on
A fulfilling isotony and covariance under translations. In addition, we assume
Ue)#(D, ,)U¥c)= MDD, .s+.), where U(a) is a continuous representation of the
translation group fulfilling spectrum condition and which has Q as an invariant
vector. Furthermore, we assume that this net fulfills the locality condition, that
means, if D, , and D, are spacelike to each other, then .#(D,,) and .#(D.,) are
commuting von Neumann-algebras. .# is the von Neumann-algebra generated by
all .#(D,,) and we assume that €2 is a cyclic vector for .#.

Let now #(Wg) or #(W,) respectively, be the smallest von Neumann-algebra
containing all .#(D,,) with D, , ¢ Wy or D, , = W, respectively.

Using Lemma I11.4 we see that £2 is a cyclic and separating vector for .#(Wy)
and also for .#(W,). Starting with .# (W) we are in a situation described in Sect. I1I,
i.e. with these methods we obtain a modular operator Az, a modular conjugation
J > and, using the construction described in Sect. 111, a Bisognano—Wichmann-net
N g(D, ) fulfilling the duality condition. Since .#(W ) commutes with .#(Wy) one
has #(D,;) = A g(D,,) so that the originally given net .#(D,,) is contained in
the Bisognano—Wichmann-net A (D, ),

%(Da,b) < MR(Da,b)'

For this construction we had a choice. Instead of starting with the vonNeumann-
algebra #(Wpg) we could have started with .#(W,). In this case we obtain a second
set {A,,J;, A (D,,)}. Here 4, (D, ,)is again a Bisognano—Wichmann-net fulfilling
duality. Each of the two nets contain the original net .#(D, ).

Looking at examples in the standard Minkowski-space one might expect that
there are some examples giving rise to two different Bisognano—-Wichmann-nets.
Take, for instance, a Poincaré-covariant Wightman field theory with a finite number
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of components, but which is no longer covariant when dropping some of them.
If one starts with the covariant field then, by the construction of Bisognano and
Wichmann, who used Jost’s CPT-theorem [14], one obtains a local net .#(0) such
that 4 (Wg) = #(W.). But if we drop some of the components one loses Lorentz-
covariance and in this case the identity of .#(W(R)) and .#(W,) is doubtful.
We still have to justify the statement that the operator J can be identified with
the CPT-operator. For these investigations we shall restrict ourselves to the case
where one starts from the wedge W;. We know that J, acts as a total reflection
on the algebras A (D, ;). In order to show that J also acts as charge conjugation
we assume that the local rings are structured in such a way that we can write
MDD, ) =Y M;D,,) and that we have a compact gauge group G acting on .#

J
by automorphism f,, yeG which map every .#(D,,) onto itself. In particular we
assume that the following equation holds:

ﬂy'ﬂi(Da,b) = Z ci,j(y)‘//lj (Dyp)s (18)

where c; ;(y) is a finite dimensional representation of G. This formula means, in
detail, that to every A;e.# (D, ;) we can find 4;e.# ;(D, ;), not depending on y, with

ﬁy(Ai) = Z Ci.j(Y)Aj-

In this formula the local observables are those operators which are invariant under
the gauge transformations. Also the vacuum state is invariant under these trans-
formations. Since B, is a local gauge it extends to .#(Wy) and to its commutant.
From this we see that B, commutes with the modular automorphisms and the
modular conjugation. Consequently also the local net Ak(D,,) has the same
structure as #(D, ;). From these remarks we obtain for the conjugated quantities
JR(AN R i(Dyp)) = J g A R i(Dyp)J g the equation

B RN R iDap)) =3 & j()ir(AN & j(Dap))- (19)

We learn from this equation that Jy acts on the local net A% ;(D,,) also as
charge-conjugation. The best example is a field carrying a standard charge. Here
one has B,(A g (D, ;) = e A (D, ;) while the conjugation J changes the face
factor into it’s inverse. This means that the sign of the charge is reversed.

The case of the Fermi-fields can be treated as it has been done by Bisognano
and Wichmann [2] and we don’t have to repeat it here. From this discussion we
see that Jy also acts as a charge-conjugation so that, altogether, it can be viewed
as the CPT-operator.

In the case of #(Wg) # .4 (W) the operators J and J,, are inducing the same
automorphism on the translation group, which implies that JgpJ;'=JgJ;
commutes with the translations, i.e. we have

[JrIn, U@]=[J Jr, U@)]=0. (20)

In the same manner A% and A; " induce the same automorphism on the translations,
which implies

[4RAL U(@)] = [A1 4%, U(@] =0. 21
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If we have the situation #(W,) # #(Wpg) then # (W) and #(W.) do not
commute with each other. This implies that the two nets { #/'s(D,,)} and {4, (D, ;)}
are not relatively local to each other. Since we started from a local net {.#(D, )},
the two algebras .#(Wpg) and .#(W,) commute which implies that

N(D,p) = N(D,4) for D,, to the right of D, ,. (22)

But it is not true for the reverse order, i.. if D, is to the left of D, ,. If, again,
M(Wg) # M(W) then { A r(D, ,)U(a), Ur(A)} and {A (D, ;), U(a), U (A)} are not
the only covariant local nets fulfilling duality, which one can construct from the
local net {#(D,,), U(a)}. We show

IV.1. Theorem. Assume that we start from a local net {.#(D,;), U(a)} fulfilling the
assumptions described above. Assume in addition that M (W) # M(Wy), then there
exist two sequences of different covariant local nets fulfilling duality { A" E(Das),
U(@)Ui(A)} and {A¥}(D,,), U@Ui(A)} i€Z, such that

1)

'/V‘?{(Da,b) = ‘/VR(Da,b)s
‘A/?,(Da,b) = ‘/V‘L(Da,b)’

where A g(D,,) and A (D, ;) are the two nets constructed before.
2)
N 2(Wg) 2 N (W),

N WR) > N (W), icZ
3)
NE(We) D Ni(Wy), iel.

Proof. The construction we will use has been introduced by V.F.R. Jones [13]
and by R. Longo [15] for the study of subfactors. Let W be the operator JgJ,,
which is unitary. Moreover, one has W* =W ™! = J, J,. Define

N i Wr) =N g (Wy) and
'/Vi{,L(WR’) = Wi‘/VR,L(WR)W_i~ (23)
Since A and A are constructed from a local net {.#(D,,)} one has

N (Wr) = N (WL)Y o N (W)

which implies 3) by the defining Eq. (23). Statement 1) is only a matter of definition.
Next we show 2). By definition of the modular conjugations we have
JN LW YT =N (W) and Jg A g(WgYJgr= A r(Wg). Since we also have
N g(Wg) = N (WY and A [ (W) € N (W) we obtain WA g(We)W ™1 < A (W)
By Eq. (23) we obtain the line of 2). But the same argument gives
WA (W)W = A (W,). Passing to the commutants and using again Eq. (23) we
obtain the second line of 2). It remains to show that the .4 ;( 1(D,,) form a local
net. From 4 r(Wp)=W* ‘N R, (W)W ™" we obtain, by passing to the commutant,
./V;{ (W) =WiN g (W)W ™!, and hence A" Do) =W* ‘N r.L(Dap)W ™" Since
one has W = Q it follows W'Q = . This 1mp11es that 2 is a cyclic and separatmg
vector for A~ R,L( .p)» Since it is cyclic and separating for A ;(D,,) and W' is
unitary. Finally, since W commutes with U(a), all these local nets are transformed



330 H. J. Borchers

by the same representation of the translations. The representation of the Lorentz-
group is given by

U,R,L(A) = WiUR,L(A)W_i'

Finally it remains to show that all these local nets are different. Assume first we
have A%(D,,)=AN%(D,,), i#j for all double cones then we conclude
NR(Wg) = A 5(Wp). Using the first line of 2) we obtain A 3(Wg) = A p(Wg). This
equation implies J, N YW = Jg N W(Wi) g = Jg N 2(Wg)Jg. From this we
obtain

'/VE(WL) = JLJVﬁ(WL)'JL 2 JL'/V?z(WR)JL = JR'/V(I)Q(WR)JR = -/Vg(WR)/-

This contradicts the assumption. If we assume A"}(D,,)=A#"(D,,) i #j then a
similar argument leads to the same conclusion.

Next assume A"H(D, ;) = AL (D, ;) for all double cones. If we assume i < j then
we have A3 (W) = A ((Wg) < .- = A}(Wy). From this we obtain that the net
N(D,,) fulfills duality and consequently also the net A }(D, ;). This contradicts
the assumption. If we have i >j then we only have to interchange the right and
the left wedge in order to obtain the same conclusion. []

The original net .#(D,,) is contained in A, ;(D, ;) but in general it will not
be contained in A% (D, ,) for i #0.

Finally, we consider the case of starting from a Lorentz-covariant net {.#(D,,),
Ula), V(A)} fulfilling the standard assumptions. Then we obtain:

IV.2. Theorem. Let {#(D,,), U(a), V(A)} be a (two-dimensional) Lorentz-covariant
local net and let { A ;,L(Da,b)U(a)U;' 1(A)} be the derived covariant nets (see Theorem
IV.2) then one has

(i) V(A) commutes with all U;,L(A/), ieZ and with all modular conjugations
Jh o i€Z

(i) { A% 1 (Dap), Ula), V(A)} is again a covariant local net, i.e. one has

VI 21 Dap)V ™ A) = A (D pg, av) (24)

(iiiy The group X%, (A)= U;,,_(A)V*(A) defines local gauges for the algebras
N 1(Day), ic. one has

ad X5, (AN ;,L(Da’,b) =N ;,L(Da,b) ieZ. (25)

Proof. (i) Since we have #(Wg)= AV g(Wg) it follows that C(A) is an
invariance-group of A g(Wg). This implies by [6] Theorem 3.2.18, that V(A)
commutes with Ag and J. Since Ug(A) is derived from Ay it follows that V(A)
commutes with all Ug(A’). Replacing Wy by W, we obtain by the same argument
that V(A) commutes with J; and U,;(A’). But this implies that V(A) commutes with
W = JgJ,. Since all other modular operators and modular conjugations are
obtained by transforming U, and U, or Ji and J; respectively, by powers of W
we see that all of these operators commute with V(A).

(i) From ad V(A)A g(Wg) = & g(Wg) one has ad V(A)A g(Wg) = A g(Wg).
Since V(A) induces the correct automorphism on the translation group it follows
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from the definition of AR(D, ,) that also V(A) transforms these algebras correctly,
1e.

ad V(A)JVR(Da,b) = /VR(DAa, Ab)'

Replacing Wy by W we obtain the corresponding statement for A7, (D, ,). Finally,
since A% (D, ) is obtained by transforming A (D, ;) with W' we obtain again
that V(A) transforms these algebras in the correct manner.

(iii) From the equation

U LA 1(Dg YU (A)* = V(A) N 2 (D, p)V¥(A)
we obtain
X;(,L(A)'/V;,L(Da,b)X;L(A)* = ’/V‘it,L(Da,b)

which means that X;,L(A) defines a group of local gauges for the algebras
N riDap)- O
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