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The Critical .~'lucluation of the Order 
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Kyoto Uni'ucrsily, Kyoto 

(L\cccivcd Novemher ~J, J %7) 

'vVe study here the effect of the critical fluctuation (i.e. tile 111ennodynalliical Jiuduatioll) 
of the order parameter in dirty type-I [ sLlperconductors in a magnetic lield II sl ightly above 
the upper critical field. 'vVe lind that j'he fluctuatioll gives rise to it singular contribution to 
various transport coefficients, which diverge like (11-1102)-1/2. It is shown at the same time 
that in the usual dirty superconductor (say, with the electronic mean free path 1~"-'lOOA), the 
above effects will probably be unaccessible experimentally, because of the smallness of the 
coefficient in front of the singular terms. However, in extremely dirty superconductors (say 
with Z",-, A), we may expect significant modifications of tIle transport properties due to the 

fluctuation. 

~ 1. Introduetion 

The critical Jluctuation oJ the order paralJ1eter III the vicinity of the trallsi­

tion point has been well blOwn in statistical mecbanics. llowever, it has been 

generally believed that the critical flueLuation plays no important role in the 

sLlperconducting transition, since the phase space for the fluctuation of the order 

parameter is quite limited (i.e. of the order (';}.Jo) 2, where /)0 is the fermi mo­

mentum and;; is the coherence di~,tallce of electron pairs) .1) :,) Very recently 

Ferrell and Schmidt4
) have suggested that in a dirty supercondueLor such 

fluctuation, in fact, gives rise to observable dfects. Making use of a semi­

phenomenological cOllsideration as to the spatial behavior of the correlation 

function of the local order parameter, they were clblc 10 cxplain the critical 

behavior of the electric resistivity found exp(~rill1enti:llly by GJOV(~r.!i) 

In previous wo1'ks,6) which we ~)haJl refer to as T, CaroU and Maki have 

showll that the (dynamical) iluctualioll uf the order parameter in type-II supeT .. 

conductors ill high field region modifies significantly the electromagnetic con­

ductivity, which becomes strongly anisotropic depcnding on the relative direction 

of the polari:0atiol1 vector of the elcdrollJagnetic wave to the applied magnetic 

field. 

The purpose of this paper IS to study the effect or the therlll()ciynilIII icnj 

IlueLuatiun of the order parameter Oil t he properties of type-II superconducturs 

at the critical region (i.e. jn the magnetic fjeld slightly above the upper critical 

*) Present address: Departmcnt of Physics, T6hoku University, SCllrlai. 
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iield IIc2)' In the following we ~hall re~trict our consideration on dirty type-ll 

superconductors, where the effect o[ the critical fluctuation is most prominent.7) 

We can describe the fluctuation of the order parameter in field 11 larger 

than Ilc2 , by making use of the formalism developed in I. ]'he collective modes 

associated with the fluctuation o[ the order parameter are classified into the 

longitudinal and the transversal mode and so on according to the helecity of 

the fluctuation along the axis parallel to the external field (we take it here as 

the z-axis). F'or example, we have in the presence of a magnetic field Ij6) 

and 
Eo(q) -='2eD(l1-II:2) ID(/, ror the lungitudinal mode, 

and 
1'01' the transverse mode, 

respectively, where I~ and q arc constants alld Dc.::=Z.uj:3 is the diffusion coellicient 

of the dirty metal (i.e. 'v is the fermi velocity and I is the electronic mean free 

path). In the iielcl I-I> I--Ic2 all these modes are damped exponentially in time. 

At H = FIc2 the longitudinal mode becomes of diffusion like and remains essentially 

undamped, while other modes ;:'tre still damped exponentially. ]'herefore the 

critical :fluctuation is cssentially duc to the longitudinal mocles,*) which give 

rise to additional contributio1l to various transport properties at 11~?:lI"2' We 

stress here that our treatment of the fluctuation is carried out in the spirit of 

the random phase approximation (i.e. the fluctuations are essentially of classical 

type as in the theory of Ornstein and Zernike) , w hic11 precludes a possible 

critical behavior as discussed by l"errell and Schmidt.4l When the amplitude 

of the fluctuation is small, we can treat the effect of the fluctuation on the 

equilibrium as \vell as on the noncquilibriul11 properties of the system as a small 

perturbation. In ~ 2 we consider the modification of the electron Green's func­

tion in the presence of :fluctuation Geld (in the magnetic field I-I slightly larger 

than F1cz). It is shown that such a fluctuation gives rise to a diverging contri­

bution to the density of state like (J-I---- H c2) 1/2 at II = FL~2' This follows from 

the fact that in the linear approximation the a"verage amplitude of the fluctua­

tion diverges like (I-I-~ I-Ic2 )J/3. We study in ~;) the effect of the non-linear 

correction of the fluctuation Eeld, which completely suppresses the" divergence 

found in ~ 2. In fact, we ~ho\v that the (lyerage of the amplitude of the fluc­

tuation Ji.eld at II ~= I-Jr;2 is of the order (l~ (1') j)02) 1/3, ",here l is the electronic 

mean Jree path, :; (1') the coherence distance in the dirty superconductor and 

j)o is the fermi momentum. In ~ 4 we shall discuss various transport properties 

*) A slightly different formulation has been already given by Eilenberger,8) who discussed the 

singularity in the specific heat of type-II superconductors in the temperature T close to Tco. 
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such as electrical conductivity and thermal conductivity in the presence of the 

fluctuation of the order parameter. 

~ 2. Formulation 

We shall limit here our considerat ion to dirty type-II supercond Llciors. Tn 
order to describe the fluctuation of 1 he order parameter and the interaction of 

the fluctual ion field wit h electrons, we begin wit h the folloV',ring hamiltonian :(j) 

(:3) 

which can be written also (1S 

(4) 

where 

and 

(5) 

Following the procedure given in I, we knovv that the fluctuation spectrum of 

the order parameter is determined by 

(1 - 1!l1 < [?fl i, 7[1 -I ) ) () L1 '" ,q ::c= () , ( 6) 

where < [7[/1, 7[!J )",q is the Fourier transform of the retarded product. < [P' 17[/J )("q 
has been obtained <1S,6) 

< [7[1 + 7[/J \ = 1 + N (0)- {In 1'''0 -I d, (1/2) ____ d, ( 1+ -- io)+ DQ2 _) l , (7) 
- , - / 1!l1 T 'f' 'f' ,2 4nT J 

,vhere 1!l1 is the interaction cOllstant,N(O) is the density of states o[ the electron 

at the fermi level and ¢(.z) is the c1iga1lll11Cl function ,md Q is the gauge in­

vari,lIlt momentUl1l operator: 

Q=-:-:q+2eA. 

and A is the vector potential and D is the diffusion constant of the dirty meta1. 

Making use of Eq. (7), Eq. (G) is transformed into 

(8) 

where 

The solutions of Eq. (8) is classified according to the helecity along the 
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z-axis6
) (here we take the direction of the external field along the z-axis). 

a) the longituc1innl mode (n::::-: 0): 

\\' i j 11 

(9) 

h) i he transverse lllock (ll 1): 

i; L1 (r, !) -- ('x P ( /1;I/)e"-I)(I·(/.':.:)-I·1 :(~"-l)(l':"'\I)('Xl)l ('['1(",.- h )2} 
I" .. .\. '2eI1 )' 

\\' i t h 

(10) 

etc. 

At Ii = 11"2 the longitudinal mocle is of diffusion type, while the other modes 

(for example the transverse mode) are simply damped in this field region. 

Therefore the critical fluctuation is ca Llsed essentially by the longitudinal modes. 

In order to consider the effect of the fluctuation field to the electronic 

properties, it is convenient to introduce the follo'wing (;reen's function, which 

descri bes the propagation of the fluctuation fleld: 

\\' here 

:111 cl 

-' \" (11 (t)v·: DQ2\ 
JV(O) .</J •. ·.2 -, ) 

- drr:T ' 

and 

(I) , (I) (1 I I ) . 
'2~! (I)! ' 

(11) 

( 12) 

l1ere (!)/t::-c2-r:(1ll)T the frcqlH'l1cy ilssocialecl wilh electron Creell's rUlle 

lioll and (U v ,,-c 2-r:vT where Jl alld yare illteger. TIH' factor Cr/("It'(',n,,,,",qY il1 Eq. (11) 

comes from the 1'eno1'm(11il':;:]tioll of \-ertices, 
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Fig. 1. The diagram for the renormalized Crcen's functions in 111e presence of 1hefluctuatioll 
field of the order paranwler is given. 

In terms of .(()(O)"' q) 1he en'en's function for a single electTon in C\ dirty 

me ull i 11 the presence of 1 he fluc1uation lield is given by (seeF'ig. 1.) 

(1:1) 
and 

",' _T,,\,(d"q C) 1 
LJ (O)n. p) --- I £-1), 3~) ((I)", q). ~ .. ~ . e . 

" . (2rr) Z((j)nl LU") +"'Plf{ 

(14) 

In the presence of a magnetic iJeld, we can decom pose '(D (0)", q) into one 

which describes the longitudinal mode and 1he transverse mode and so 011. 

Since the transverse mode and other modes with larger helecity do 110t contri­

bute to the critical fluctuation, we consider only the effect of the longitudinal 

fluctuation in the following. 

Then Eq. (14) reduces to 

<Xl 

~ (O)n, p) = TL2c~ ( dC/g) L(O)", q) . ~ _ 1 
" (2rr)' J

w 
l (O)n -+ wv) + t;PHI 

w 

~~ T 2e J J r 1 m (0) 1 
-. ') 3 \ (q.- /, , q . ~ I-

«.rr).; 00 1 (On -+ <;;PI- q 

(15) 

where 

.(1)[,(0, q) = ( Iwnl )2 1 (1G) 
IO)nl 180 N(O) J~/;( 1 I 2eDl1+D(12) ___ ~)( 1 I-(J)l 

t 2 4rr1' 2 J 

In the above treatment \ve have only retained the term with 0)" = 0, since 

only this term gives rise to a diverging contribution .. The factor 2el-I in front 

of the integral comes from the available ph,lse spa(~e corresponding to the choice 

of k in Eq. (9). The fl11<11 integral uver q is easily done and we find 

(17) 

and 

a (II, T) = 2cl1 1 4rr1'~ 1 
(2rr)2 N(O) ~/1) U I (J) DV 2e (11--11,,2)- , 

()"T 2 1 1 
It; (T) /JO:

l 
1)(1) 0 I (J)/ h ---

(18) 
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where 

1z:-c-: II t; (T) c--: (2c I[,,:~ (T) ) - 1/2 
11"" , 

and /)0 is the fermi moment lllll and <//1) (.:::') is the trigaml1ln funet ion. 

Finally the Creen's functiun IS givcn by 

iWn -I- t;p 

(;)} -I t; f>~ -I a (II, T) (- U5n ~ r 
I (On II Co 

G((O-it' p) -- (19) 

Making use of the above Crecn's function \\'e can calculate the density of 

state for example. The density of state in the presence of the fluctuation field 

is given by 

It \ rtlj) ~ iV((I» :--:: 1111 _ . C (- - 1(1), p), 
271 . (271)'l 

5 (;) 1 --: JV(O) He 
l (;):1 {! (II, T) ( iJ).) ~r 

(I) -1- 720 

=N(O) )11 + (lUI, T) oi--S0
2

} (20) 
2 (oi + s02)2 . 

Here (l (II, T) has been already cl eflnec1 in Eq. (18) and Co = 2c DIIc2 • The 

above expression is equivalent to the one we find in the gapJess superconductor 

if we replace {! (II, T) by J2 where J is the order parameter.8) Furthermore, 

we note that a (II, T) diverges like (II - I1c2 ) - 1/2 at II = I-Ic2 ' As we shall soon 

see, at the field II = IIc2 the nonlinear effect of the fluctuation field is no longer 

negligible and an appropri,lte treatment of this effect will eliminate the spurious 

divergence f011lld aho\'(e'. 

~ ~ . Nonlinear effect of fhe fllH~tnation 

In the previous sectio11 we have seen that a simple treat 111e11t of the fluc­

tuation results a diverging expression for the density of state at I-l = lIr,2' 
We shall consider here the equatiol1 -which determines the amplitude of the 

fluctuation in the presence of the fluctuation. For this purpose -we have to 

calculate < [7/! i, 7[!]),,)",'1 in the presence of the fluctuation field. Since the effect 

of the magnetic Jield is introduced in the theory by a gauge invariant generali­

zation of the l110ment1lln operator!)) we ]"estrict our calculation ill tht' case -:-: 0 

(although we maintain the classilicatioll of the spectrulll ,IS givell in Eqs. (9) 

and (lO) and consider the modification uf Eq. (8) chw to the presence of the 

longitudinal mode). In order to calculate ([?F:, ijtl\.),q, WC should cunsider not 

only the renormaJizatl0n of (lJ
" 

clue to the [luctualion lmt also the renonnali:wtion 
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of the vertex. 

Making use of the simp1e rule found for the effect of the flue-tuation it IS 

easy to \vrite do\vl1 the retarded fl1netioll*) 

where (OJ) is the Debye frequency and (p is a parameter (the effective amplitude 

of the fluctuation field, which should be determined self-consistently). Substi­

tuting Eq. (21) in Eq. (11) we have now for the longitudinal mode 

Fill<llly the amplitude rp is determined by 

co 

0(1) 2eI-I T (dq {<fJ(21 -I- 2DeI~+D(2) __ (0(1 +0) 
(p" 1 = (2nY N(O) ) 4rrT l' 2 

-~ 00 

(23) 

Equation (2:~) can be rewritten as 

( (Il (h) ) 2 :=c::- (h- 1 + ( rp (h) ) 2) 1;:1 

\ (P (1) ,/1 rp (1 ) , 
(24) 

where 

(2f)) 

and 

(2<3) 

*) The coefficient of 1)~ in Eq, (~l) is ohtained hy following the similar procedure given in 9) 
and C, Carn1i, M. Cyrot anc! p, (~, de (;ennes, Solid State Commul1, 4 (l9()(j), 17. 
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The above expresslon gIves a finite (p (/z) for h = 1 as expected. 

~ 4. Effect of the fluctuation on the transport llropcl'ties 

The formalism c1e\yelopec! in preceding sections is easily- applied to the 

calculation of the variolls transport properties of the system (i.e. the metal ill 

I he normal sUlte in n mngnet ic field 11 slightly al)(wc the upper critical field). 
We sh,dl here present the c,ticulatioll of the electrical conciuctivity as all 

illustration. Since the effect of the Ouctuation of the order parameter gives 

rise to only a sll1all coneeti()n to the conciuctivity we can treat these effects as 

a perturbation. The electric conductivity is expressed in terms of the retarded 

prod uei of the curren t operators: 

i(!){)pv ((0) = (2/lV (0», 

~\Vhere 

(27) 

and the curren t operator IS given by 

The above retarded product is obtained by making use of the thermal Green's 

function technique. Contribution to Qpv (0» due to the fluctuation comes from 

the terms given in the diagrams (f'ig~ 2). Here a ,yavy line represents the 

propagation of the fluctuation. Since the cYalua1io11 of each term corresponding 

to each diagram is similar to those in dirty type-II superconductors,9) we can 

im mediately write down the result here: 

2r:T ~ 2eI~ T C del 
" 0) (27f)" '~n 

x [' J (tJ/i • OJn " ( 1 f 1 ) 
2 !o)nl·lo)n:"1 (1(!)nI1a(q»)2 ~~~~ (1(l)ni"I-I-a(q»2 

i ( 1 0'" 1 I rr (II) ) /1 0'", ,1 ! (I' ('I) )] N (()) J v' (1 I- "(~I) ') 
t 227fT, 

1 
) , 

,I) (I 11 (J) 1 
y 2 ) 

(29) 

where ()c('rN/lJI the clJIHlucti\'il.' ur thl' llormal lllCUtl and a ((/) ---, ~ {2eDIJI De/} 
and ()=D('IJ,,:)(T)/:~t:T. J Jere w(' ('ol1sider olll.' the' contribution fr0111 the JOl1gi, 

Fig.~. Lowest order corrections <tile to 1hellLlc!,ua(ion or the order parameter to the conductivity. 
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tudinal mode (i.e. we retain only the contribution comes from ,(f)l~((1).", q) with 

(I)." == 0). 
The integration over q i:.:; easily dune ~ll1(L kecping ()nly the most di\'(~rging 

lenm, in (lI-Il"J, we h(1\'(' 

., f 
() pfit 

( 2n.~T '2nT \ ( (] 
! ) 0 . 

/(1) i{l) - Co 2 

i(l) 

27TT 

iro ) 
I (!, 

2nT 

where (j;(ll) has to be determincd by Eq. ('24). 

(J) 

(/J( ~I (1)):1} , 

It is easy to sec that Eq. (:30) is equivalent to one in the dirty lype-fl 

superconductors/OJ if (j; (hY is replaced by <ILl (r) I (rnorc precisely speaking 

for one with /l=vc-:c:z).G) [t is interesting 10 note that in the dirty metal the 

cond uctivity is always isot ropic ill the lielcl FI sl ightly larger than IJ{:~. *l Since 

(P(h) is of the order of (l~(T)/}O:l) \ the effect or i1w fluctuation In the usual 

type-II superconductor, say, with [,,-,IOO A is extremely small (l.e. /'-/10-'1). 

However in the extremely clirty material with r,"'A, \ve may expect observable 

effects clue to the critical fluell1ation (i.e. of the order of 1( 2
). For example, 

the measurement of the surface impec1ence s<:'ems very promising. For an elec­

tromagnet ic ,vave i 11 (he III icrowm-e range, the surface resistence lS given by 

en) 

where Rn IS the surftlce resistcnce in the normal slate. III the reglOl1 where 

11--1-1"2 is not too slwlll we C,Ill Curthe'r simplify Eq. (:31) ns 

The effect of the fluctuatiun is morc important III Ihc high teJl1penlture regIOn, 

since the f1uct uation treated here is of thermodynamical nat urc. VI./ c can discuss 

also the effect of the critical n L1ct nation to other trans'port properties, by simpl)T 

replacing <1.11 in the expressions for dirty type-II superconduci:orsll
) by (/J(lIY 

c1cfi11(~c1 in Eq. (24). For exampk, we hm-e the follcHving expressions for the 

thermal conductivity and tilE' ullr<lsol1ic attenl1ati()1l C'oefllciC'l1tin th(: critical re­

gion resp('ctin~ly: 

and 

,n Note added in proof: \Vl' Iw('ollH' aware of the fact that we cannot' lleglect the contribution 
from it diagram having two fluctuation quanta in tilt' intermediate state in the calculation of Qt'" (O). 

An approprinte tr(><1tment of this tenn results. in fact. in nn anisotropic condllctivity. 
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~ 5. Condndiug renmrks 

We have seen above that the critic,ll fluctuatioll (or the thermodynamical 

fluctuation) of the order parameter 'will give rise to observable effects in the 

transport properties of the dirty t:-.rpe-H superconductors, if the electronic mean 

free path is extremely small. 

'1'he measuremenl of the various transport properties in the extremely dirty 

type-II superconductors in the field II slightly above IIc2 'will demonstrate the 

existence of the longitudinal modes discussed above if the experimental diflicuhy 

in the preparation of a homogeneous sample with extremely short electronic 

mean free pa1h is overcome. 
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