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The Critical Fluctuation of the Order
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We study here the effect of the critical fluctuation (Le. the thermodynamical Huctuation)
of the order parameter in dirty type-I1I superconductors in a magnetic field I slightly above
the upper critical field. We find that the fluctuation gives rise to a singular contribution to
various transport coefficients, which diverge like (H—FHy) =12, 1t is shown at the same time
that in the usual dirty superconductor (say, with the electronic mean free path I~100A), the
above effects will probably be unaccessible experimentally, because of the smallness of the
coefficient in front of the singular terms. However, in extremely dirty superconductors (say
with I~A), we may expect significant modifications of the transport properties duc to the
fluctuation.

§ 1. Introduction

The critical fluctuation of the order parameter in the vieinity of the transi-
tion point has been well known in stalistical mechanics. However, it has been
generally believed that the critical fluctuation plays no important role in the
supercondueting transition, since the phase space for the fluctuation of the order
parameter is quite limited (i.e. of the order ($p,) % where p, is the fermi mo-
mentum and § is the coherence distance of eclectron pairs).” ™ Very recently
Ferrell and Schmidt? havé suggested that in a dirty superconductor such
fluctuation, in fact, gives rise to observable effects. Making use of a semi-
phenomenological consideration as to the spatial behavior of the correlation

function of the local order parameter, they were able to explain the eritical

behavior of the electric resistivity Tound experimentally by Glover.”

Y which we shall reler to as I, Caroli and Maki have

In previous works,
shown that the (dynamical) fluctuation of the order parameter in tvpe-11 super-
conductors in high field region modifies significantly the electromagnetic con-
ductivity, which becomes strongly anisotropic depending on the relative direction
of the polarization vector of the electromagnetic wave to the applied magnetic
field.

The purpose of this paper is to study the effeet of the lllcr,nmdy'mlmiczil
(luctuation of the order parameter on the properties of type-Il superconductors
at the critical region (i.e. in the magnetic field slightly above the upper critical

#) Present address: Department of Physics, T8hoku University, Scodai.

220z 1snbny |z uo1sanb Aq £zz61/.68/7/6€/e19Mue/did/woo dnoolwepede//:sdyy woly papeojumoq



398 K. Maki

field H,,). In the following we shall restrict our consideration on dirty type-11
superconductors, where the effect of the critical fluctuation is most prominent.”

We can describe the fluctuation of the order parameter in field H larger
than H,, by making use of the formalism developed in 1. The collective modes
associated with the fluctuation of the order parameter are classified into the
longitudinal and the transversal mode and so on according to the helecity of
the fluctuation along the axis parallel to the external field (we take it here as

. -~ . . ~ G
the z-axis). Tor example, we have in the presence of a magnetic field FH®

0, ) =cxp( Ly (q) L) exp Ugz)exp (ky)exp (—eld(w—Fk/2e11)?), (1)

and .
Iy (q) = 2eD (I~ I1,) 1- Dy*,  for the longitudinal mode,
04(r, 1) =exp (-~ 15, (q) ) exp (igz) || T exp Ghy)exp (—elH (e —k/2el1)?), (2)
and

5 (q) = 4de DI, Dy, for the transverse mode,

respectively, where £ and ¢ are constants and D=/[v/3 is the dilfusion coelficient
of the dirty metal (i.e. v is the {ermi velocity and /is the electronic mean free
path). In the field H > H, all these modes are damped exponentially in time.
At H= H,, the longitudinal mode becomes of diffusion like and remains essentially
undamped, while other modes are still damped exponentially.  Therefore the
critical fluctuation is essentially duc to the longitudinal modes,™ which give
rise to additional contribution to various transport propertics at [d =, We
stress here that our treatment of the fluctuation is carried out in the spirit of
the random phase approximation (i.e. the {luctuations are essentially of classical
type as in the theory of Ornstein and Zernike), which precludes a possible
critical behavior as discussed by Ferrell and Schmidt.” When the amplitude
of the fluctuation is small, we can treat the effect of the fluctuation on the
equilibrium as well as on the nonequilibrium properties of the system as a small
perturbation. In §2 we consider the modification of the electron Green’s {unc-
tion in the presence of fluctuation field (in the magnetic field I slightly larger
than F1,). It is shown that such a fluctuation gives rise to a diverging contri-
bution to the density of state like (H - H,) "* at I1=H,,. This follows from
the fact that in the linear approximation the average amplitude of the fluctua-
tion diverges like (H—H,) . We study in §3 the effect of the non-linear
correction of the fluctuation field, which completely suppresses the divergence
found in §2. In fact, we show that the average of the amplitude of the fluc-
tuation field at [l=FH, is of the order (/£(1")py) ", where [ is the electronic
mean {ree path, £(7") the coherence distance in the dirty superconductor and

P is the fermi momentum. In §4 we shall discuss various transport properties

# A slightly different formulation has been already given by Eilenberger,® who discussed the
singularity in the specific heat of type-1I superconductors in the temperature 7" close to T
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The Critical Fluciuation of the Order Parameter 899

such as electrical conductivity and thermal conductivity in the presence of the
fluctuation of the order parameter.

§2. Formulation

We shall limit here our consideration to dirty type-l1l superconductors. In
order to describe the fluctuation of the order parameter and the interaction of

the fluctuation field with electrons, we begin with the following hamiltonian:”

[[f/? o ‘gfg(/T] (T’, Z) (/)J,] (ra l) (/)L (", l) (/"T (rs /> (["39 (:)’)
which can be written also as
..... |glg7lf (r, YV (r, 1) dr’, C))
where
Ve, £) ==y ey )" (ry 1)
and

Uir, 1) =gy, Du(r, 1) -

Following the procedure given in I, we know that the fluctuation spectrum of
the order parameter is determined by

(L= [g[<L? " T 10) 040,40, - (6)

where {[¥ ", 1,4 is the Fourier transform of the retarded product. {[7'¥15,,
has been obtained as,”

e 1 T /1 —in+ DO\
L rp= 1 N(o){l 040 1/2) ( s )5, ™

where |g| is the interaction constant, N(0) is the density of states of the clectron
at the fermi level and ¢ (2) is the digamma function and @ is the gauge in-

variant momentum operator:

and A4 is the vector potential and D is the diffusion constant of the dirty metal.
Making use of Eq. (7)., I5q. (6) is transformed into

Jlgl =DV 2ied (V] 04, ) = d (r. D), ®)
{
where

ey=2Dell,, .

The solutions of LEq. (8) is classified according to the helecity along the
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900 N. Maki

z-axis” (here we take the direction of the external field along the z-axis).
a) the longitudinal mode (7=0):

0d (e, 1) —exp (- D exp (gz)exp (tky)exp:

RS N—

,,,,,, oIl ( P >1
90T/}

wilh
Iy =2eD(IT Il | Dqg*. (9)

b) the transverse mode (#-1):

X ‘ o £
A, ) =oxp (- I expGa) 1] ex kr.'jwnH(:w- >.
04, 1) =cxp( Yexp Gig) | rexp (7 _\)0\1)1 Il vor1) |

with
Ide DI, Dy, (10)

efe.

At H=H, the longitudinal mode is of dilfusion type, while the other modes

(for example the transverse mode) are simply damped in this field region.

Therefore the eritical fluctuation is caused essentially by the longitudinal modes.

In order to consider the effect of the fluctuation field to the electronic

properties, it is convenient to introduce the following Green’s function, which
deseribes the propagation of the fluctuation field:
ol gl v

1. Sorr 1 arres { ovr 4

b qgpcqr s, vl

(/D (\“)V’ (i) o (W{Wu%&' wy, 4

s ~<7//<u,z,(un i ml."[> ? . ( )
SN 2 s V1 I
ANO)’¢(?«(M1"€¥2> ! *‘U‘
- & A -
where
 Dell,
0= _ and
2nr
" 1 < (co)’ a>l"
Ny, ot w47 1 - l-,, (2 L]
/ @y byl 1 - 1 2(')7! ] (’)y{ 3 ) (

For  w, (w, 1+ m,) >0
1. Tor o, @) <0
and

j. _ | (12)

L
_I(v), /

ﬁv-@(lfr
27
Mere w,=27(n-+5)71" the [requencey associated with electron Green’s func-

. s P . T T ) CRE P '
tion and o, = 27v1" where 7 and vy are integer.  The [actor (7,0, enq)° 100 g (11)

comes from the renormalization of vertices,
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The Critical Fluctuation of the Order Parameler 901

Tig. 1. The diagram for the renormalized Green’s functions in the presence of the fluctuation
field of the order parameter is given.

In terms of D (w,, ) the Green’s [unction for a single clectron in a dirty

metal in the presence of the fluctuation field is given by (see Fig. 1.)

G (o, p) i, Ep 2 (0, P, (13)
and
o A PN 1
X Dy, ) =7 ___‘g . R ) m,, () - : 14)
20w P =T oy PO D 5 16 {

In the presence of a magnetic field, we can decompose D (w,, ) into one
which describes the longitudinal mode and the transverse mode and so on.
Since the transverse mode and other modes with larger helecity do not contri-
bute to the critical fluctuation, we consider only the effect of the longitudinal
flactuation in the following.

Then Eq. (14) reduces to

- 2eH c 1
! (y)n, ) == [, R g (Z( (/) : ()u: G - e -
2. ( & 2 (2’ ) 1D (0, q) i (B4 3,) € pia
: L 2edd i ; 1 | '
=7 N dg D0, g , 15)
273)) "[0 ¢ I ( 4 z {/5'11. -+ 57‘1—14 7 - (
where
D10, g) = <| !‘lN‘)”!‘ 2 f /1 2 DI; Dy? 1 [ - 46
m,| ey < 2eDIH - Dy ) < N )
N(0) ¢ [- = - ol
®), 19/) 9 ArT ¢ 9 { s

In the above treatment we have only retained the term with ©,=0, since
only this term gives rise to a diverging contribution. . The factor 2¢H in front
of the integral comes from the available phase space corresponding to the choice
of 2 in Eq. (9). The final integral over ¢ is easily done and we find

Bl )1 am

;

SUw p) a1 T) (

l“)n\ 8 Eo Z'(A’jn. - EI’
and
a (FL T 2»26[‘{ 1 4771 o 1 .
) NO) ¢Vt ) DV 2e(IT - I,,)
. 6r17 1 1

(TP 0 (5t o) Vh—1 (18)
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902 K. Maki

where

h= T = e (T))

2
and p, is the fermi momentum and ¢ (2) is the tri-gamma function.

IFinally the Green’s function is given Dby

SNl &
G (0n p) — Waker (19)
EvaH T O )

) l(‘)')LI - o

~ 9
Dy -

Making use ol the above Green’s [unction we can calculate the density of
state for example. The density of state in the presence of the f{luctuation field
is given by

2 75
Ny — Y g{; f; G (o, p).

21
~ N Re] LR }
&l 7’)( “’.>
m-- 178,
N e T o | 20
Oty (0 &) (20)

Here a(H, T) has been already defined in IEq. (18) and e¢y=2¢DId,. The
above expression is equivalent to the one we [ind in the gapless superconductor
if we replace a (I, 1) by 4* where 4 is the order parameter.” TFurthermore,
we note that a (1, T") diverges like (H—H,) '* at H=FH,. As we shall soon
see, at the field H = I, the nonlinear effect of the fluctuation field is no longer
negligible and an appropriate treatment of this effect will eliminate the spurious

divergence found above.

§ 3. Nonlinear effect of the fluctuation

In the previous section we have scen that a simple treatment of the f{lue-
tuation results a diverging expression for the density of state at H=1I,.

We shall consider here the equation which determines the amplitude ol the
{luctuation in the presence ol the (luctuation. IFor this purpose we have (o
caleulate ([, 1>, , in the presence of the fluctuation field. Since the elfect
of the magnetic field is introduced in the theory by a gauge invariant generali-
zation of the momentum operator” we restrict our calculation in the case A=0
(although we maintain the classilication of the spectrum as given in Eqs. (9)
and (10) and consider the modification of Eq. (8) due to the presence of the
longitudinal mode). In order to caleulate 77, U1, . we should consider not

only the renormalization of ®, duc to the {luctuation but also the renormalization
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The Critical Fluctuation of the Order Parameter 903

of the vertex. ,
Making use of the simple rule found for the effect of the fluctuation it is

casy to write down the retarded fanction™®

- N 1 1 \
U, U, =NO) 21T ,J . — oh?
d Do 2 %—[] Dy? B Dy? 5
‘ )/L} I{’)nl -
2 \ 2
. .2 2 - Ny 2
~ N Jm TP (L, Da > . o1 Da >1, 21
Ol ¢<2 1! o nry? <2 anT)) @1

where o, is the Debye [requeney and ¢ is a parameter (the effective amplitude
of the fluctuation field, which should be determined self-consistently). Substi-
tuting Eq. (21) in Eq. (11) we have now for the longitudinal mode

D0, q) :( |65 )2 - , ! 2 :
N0 2y 2ol 0]
(22)

Finally the amplitude ¢ is determined by

=28 Sl L) ol

(/)2 (]I) (0)< 1 I -

- | .
ooty \ o 0>I

_ 2eM 4AmT® - » 1

(27()2 N(0) (/<1) (1 LoD {2(3 (FI— H,) + §(h) i 7{)1)(/(5);{3 05}1/2

(23)

Equation (23) can be rewritten as

(ODY (b (BC)) 2

V(1) A o
where
- | | 0 ]1/6 .
N ] 0 . 25
PO =2 T T o 06 (11 )] N
]I — I[/Z]M
and

3 1) 1 2/5
oo G (’)1 , (26)

fwk r )/! [(/Jm(’ 1) |-

#) The coefficient of ¢* in Eq. (21) is obtained by following the similar procedure given in 9)
and C, Caroli, M, Cyrot and P, G. de Gennes, Solid State Commun. 4 (1966), 17.
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9041 K. Malk:
The above expression gives a finite ¢ (1) for A=1 as expected.

§ 4. Effect of the fluctuation on the transport properties

The formalism developed in preceding sections is easily applied to the
caleulation ol the various 11'('111%])01'1 properties ol the system (i.e. the metal in
the normal state in a magnetic field F1 slightly above the upper critical field).

We shall here present 1]1@ caleculation of the eleetrical conductivity as an
illustration.  Since the elfeet of the {luctuation of the order parameter gives
rise to only a small conection (o the conductivity we can treat these effects as
a perturbation.  The electric conductivity is expressed in terms of the retarded
product of the current operators:

(o0, (0) =Q,, (),

where
Qs (0) =L G 417 (@), (27)
and the current operator is given by
@ =3 0=V A @)@ s (28)
o 2mi

The above retarded product is obtained by making use of the thermal Green’s
function technique. Contribution to Q,,(w) due to the fluctuation comes from
the terms given in the diagrams (TFig. 2). Ilere a wavy line represents the
propagation of the {luctuation. Since the evaluation of each term corresponding
)

to cach diagram is similar to those in dirty type-II superconductors,” we can

immediately write down the result here:

0, () = {m LorT S é‘])] S d
noo (27

o

\,{1 YO < 1 . 1 >
Tl to,] o, LN (o] F (@) (o] +Hale))

!A(l | ( ))(1’ ( ))‘[ f (1> ' 1}" (29)
Ml (g [Ny ( 1, «ly , N |
N(0) [</<‘ o )- il ()>J

where @ -=crN/m the conductivity of the normal metal and «(¢) — 3 {2e DI Dy}
and o= Dell,(T) /27T, Tlere we consider only the contribution lrom the longi-

N\ /
AV

W [
L N4

Fig. 2. Lowest order corrections due to the fluctuation of the order parameter to the conductivity.,
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The Critical Fluctuation of the Order Parameler 905

tudinal mode (i.e. we retain only the contribution comes from D, (o,, q) with
0, =0).

The integration over ¢ is casily done and, keeping only the most diverging
terms in ([1--11.,), we have

N . e 1 10
O, C-iw) =00 J SR P [ ()“)< - - )>
N o 2l L ; 9 oer !

27 2n < < 1 o) ('1 >£l "

Sl ) o) o . (30)
( 0] 70 "»Eo) ¢ 2 2nT j -2 > !

where ¢ (h) has to be determined by Eq. (24).

[t is casy to see that [q. (30) is cquivalent to one in the dirty type-II

superconductors,’® if ¢ (4) is replaced by {J4@) ">, (more precisely speaking
for one with #=y=2)." It is interesting to note that in the dirty metal the
conductivity is always isotropic in the field H slightly larger than I, Since
d*(h) is of the order of ([£(1)p”) ', the eflect of the fluctuation in the usual
type-1l superconductor, say, with [~100 A s extremely  small (i.e. ~107%).
However in the extremely dirly material with /~A, we may expect observable
effects due to the critical fluctuation (i.e. of the order of 107*). IFor example,
the measurement of the surface impedence seems very promising. IFor an elec-

tromagnetic wave in the microwave range, the surface resistence is given by

(A 1 ' .

R,/R, = {1 0 <f>‘ (/)“)< | (})>~ (31)
. Vo 2ornd 2 /s ‘

where R, is the surface resistence in the normal state. In the region where

I~ I, is not too small we can Turther simplily [£q. (31) as

R/R, 1~ : _
dols (1) Py

The elfect of the fluctuation is more important in the high temperature region,
since the fluctuation treated here is of thermodynamical nature. We can discuss

also the effect of the eritical fluctuation to other transport properties, by simply

replacing {J4]*> in the expressions for dirty type-Il superconductors™ by ¢ (h)
defined in Eq. (24). TFor example, we have the following expressions for the
thermal conductivity and the ultrasonic attenuation coellicient in the critical re-
gion respectively:

‘

) K ’ ’
]Vc, N,—=T- ")(/) (/2) I () 1 ] o I . l 33
Ko/ Kl )y 009 (2 o)y L, o) (33)

<o L

and

M Note added in proof: We become aware of the fact that we cannot neglect the contribution
from a diagram having two fluctuation quanta in the intermediate state in the caleulation of Q,, (o).
An appropriate treatment of this term resualts, in fact, in an anisotropic conductivity.
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906 K. Maki

2
a/'r:rL/a/nL =1- %(/)<7§f}]1’1)>2 [()1(/)(1) < i + p) - </)(2) ( ; 7|ﬁ 0)] . (34}

§ 5. Concluding remarks

We have scen above that the eritical fluctuation (or the thermodynamical
fluctuation) of the order paramecter will give rise to observable effects in the
transport properties of the dirty tvpe-II superconductors, if the electronic mean
free path is extremely small.

The measurement of the various transport properties in the extremely dirty
type-II superconductors in the field I1 slightly above FH,, will demonstrate the
existence of the longitudinal modes discussed above if the experimental difficulty
in the preparation of a homogeneous sample with extremely short electronic
mean f{ree path is overcome.
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