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The Current State of the Arbitrage
Pricing Theory

JAY SHANKEN*

ABSTRACT

This paper provides a simple proof of a recent theorem presented by Reisman
(1992), concerning the use of proxies for the factors in the return-generating process
of the arbitrage pricing theory (APT). In the single-factor case, the theorem asserts
that any variable correlated with the factor can serve as the benchmark in an
approximate APT expected return relation. The significance of this result is consid-
ered and a new direction for empirical work on “arbitrage pricing” is outlined.

GIVEN A FACTOR MODEL for an infinite sequence of asset returns, Ross (1976)
showed that the absence of arbitrage implies an approximate linear relation
between expected returns and the factor betas.! Ross assumed that returns
conform to a strict factor structure, i.e., a factor model with uncorrelated
disturbances, but noted that this condition could be weakened in deriving the
arbitrage pricing theory (APT). Nonetheless, statistical methods based on the
strict factor model assumption dominated the early empirical work on the
APT.

At first glance, the requirement of a strict factor structure appeared to
impose a strong restriction on the sets of factors that could be used as a
benchmark for measuring systematic risk. Shanken (1982) demonstrated,
though, that virtually any variables could serve as the factors in a well-
defined strict factor model. One need only repackage an initial (finite) set of
assets into an equivalent set of portfolios in order to fundamentally alter the
associated factor space.? Thus, the statistical assumptions underlying the
APT cannot, by themselves, characterize the economically relevant compo-
nents of returns. '

Chamberlain and Rothschild (1983) shifted attention away from strict
factor structures by proving that the APT holds, more generally, if returns
conform to an approximate factor model.? In this case, the disturbances need

*From the University of Rochester. The comments of an anonymous referee are gratefully
acknowledged.

! The arbitrage assumption implicit in Ross’s analysis was clarified by Huberman (1982).
Shanken (1985, 1987) argues that the more recent equilibrium factor models, so-called
“equilibrium-APT’s,” are subject to essentially the same empirical limitations as other prefer-
ence-based equilibrium models.

% Shanken’s argument has recently been extended by Gilles and Leroy (1991). Dybvig and Ross
(1985) also discuss some theoretical implications for limiting economies.

% See related work by Stambaugh (1983) and Ingersoll (1984).
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not be uncorrelated, but the eigenvalues of the residual covariance matrix
must remain bounded as the number of assets tends to infinity. While
clarifying the underlying theory, the prescription for empirically specifying
factors remains vague, since the approximate factor structure has precise
meaning only for an infinite set of returns. Moreover, the conclusion of the
APT is the same peculiar sort of approximation that permits arbitrarily large
expected return deviations for any given finite set of assets. As Shanken
(1982) has emphasized, the common interpretation of such arbitrage-based
approximations as tantamount to equality is questionable and the relevance
of the theory for actual investment practice, therefore, doubtful.

A striking new result by Reisman (1992) reinforces these conclusions.
Reisman shows that, as long as there exists an approximate factor structure
for returns, almost any set of variables correlated with the factors can serve
as the benchmark in an approximate APT expected return relation. The
proxy variables need only satisfy the condition that the matrix of their slope
coefficients in the multivariate regression on the factors be invertible. The
variables might account for only a trivial fraction of the common variation in
security returns and still an APT approximation of the sort first derived by
Ross must hold.

If virtually any set of variables can serve as the benchmark in an approxi-
mate APT expected return relation, then it would appear essential to take
into account the degree of approximation. However, Shanken (1982, Ap-
pendix A) notes that the bounds on APT approximations that have been
derived in the arbitrage framework are mathematical tautologies, rather
than economic restrictions, for finite sets of linearly independent assets.
Therefore, there would appear to be no basis for the traditional view that the
APT is a viable alternative to equilibrium asset pricing models like the
Sharpe-Lintner CAPM or the intertemporal model of Merton (1973). Yet, a
casual glance at current finance text books (and some of the academic
literature) suggests that this view is still widely held.

In developing his theorem, Reisman draws upon the mathematical theory
of Hilbert and Banach spaces, thereby limiting the potential audience for his
work. In Section I, I provide a simple but nonetheless rigorous, derivation of
the central conclusion of his analysis. In order to focus on the essential
issues, with a minimum of algebraic and notational distraction, the single-
factor case is considered. Section II emphasizes a fundamental connection
between the APT and recent tautologies derived in the literature on testing
portfolio efficiency. The paper concludes on a positive note, in Section III,
suggesting a new framework for empirical work that exploits these tautolo-
gies in the context of a large asset market.

* This has sometimes incorrectly been interpreted as an argument against the use of factor
models in empirical work. Such models can be motivated outside the theoretical framework of
the APT.
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I. A Simple Proof of Reisman’s Result

Consider two infinite sequences of scalars, denoted x and y. We say that x is
approximately equal to y, written x =y, if the infinite sum of squared
components of the difference, x — v, is finite. One can easily show, appealing
to the Cauchy-Schwarz inequality for finite vectors, that this relation is
transitive; i.e., if x = y and y = z then x = z. When x = cy, for some scalar
¢, we say that x is approximately proportional to y. This relation is symmet-
ric in the sense that x ~ ¢y and ¢ # 0 clearly implies that y ~ ¢ 1x.

Assume that an infinite sequence of asset returns conforms to an approxi-
mate factor structure, as defined earlier. For simplicity, suppose there is a
single factor F. While the APT can be derived under a variety of no-arbitrage
conditions, we need only be concerned here with the conclusion; i.e., that the
infinite sequence of expected returns is approximately equal to some linear
function of the assets’ factor betas. If we can show that the betas on F are
approximately proportional to the betas on a proxy P, it will follow, by
transitivity, that expected returns are approximately equal to a linear func-
tion of the betas on P. We now proceed with the proof.

The factor representation for the first N asset returns is written in vector
form as

Ry =a}y +byF +ey, (D)

where cov(ey, F) = E(ey) = 0. Let Cy, be the N X N covariance matrix for
ey and let u be an upper bound on the eigenvalues of Cy. By the approxi-
mate factor model assumption, u can be taken to be independent of N. We
then have

Lemma 1: Let e, be the residual from a regression of P on F and a constant,
and let dy be the N-vector of covariances between e, and the components of
ey. Then

dydy < var(e,)u. (2)

Proof: The argument is similar to that in Shanken (1987). The vector of
slope coefficients from the regression of e, on ey and a constant is Cyldy.
The corresponding explained variation is dj Cy'dy, which must be less than
var(e,). The desired conclusion now follows from the fact that 1/u is a lower
bound on the eigenvalues of Cy' and hence dydy/u < dyCyldy.

Reisman’s key insight is presented in

Lemma 2: If returns conform to an approximate factor structure then the betas
on P are approximately proportional to the betas on F. If, in addition, P and
F are correlated, then the betas on F are approximately proportional to the
betas on P.

Proof: Assume, without loss of generality, that var(P) = 1. Then, using (1),
the betas on P equal cov(Ry, P) = bycov(F, P) + cov(ey, P). The first con-
clusion, with cov(F, P) serving as the constant of proportionality, follows
from (2) since dy = cov(ey,e,) = cov(ey, P). The second conclusion follows
by symmetry of the approximate proportionality relation since cov(F, P) # 0.
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The main result now follows.

Theorem 1: If returns conform to an approximate factor structure and there is
no arbitrage, then expected returns are approximately linear in the betas on
any proxy P that is correlated with the factor F.

Proof: By the usual APT result, expected returns are approximately linear
in the betas on F. By Lemma 2, these betas are approximately proportional
to the betas on P. The conclusion now follows by the transitivity of the
approximate equality relation.

We note the following technical points. First, the assumption of no arbi-
trage is not needed to derive Lemma 2. Also, in contrast to the development
in Reisman (1992), we do not assume the existence of a riskless asset or
require continuity of the asset pricing functional.

II. Mean-Variance Tautologies and the APT

As noted earlier, bounds on the APT approximation that have been derived
in the arbitrage framework are mathematical tautologies for finite sets of
linearly independent assets. Related tautologies have been obtained more
recently in the portfolio efficiency literature (see Shanken (1987) and
Gibbons, Ross, and Shanken (1989)), but the links between these literatures
have gone largely unexplored. This section draws some important connec-
tions, providing additional perspective on the theoretical content of the APT.
The final section considers the relevance of these connections for empirical
work.

Assume, for simplicity, that the single factor, F, is a portfolio return.
Consider the multivariate linear excess return regression

where Ry is the return on a riskless asset and 1, is a vector of ones. The
intercept vector, a,, can be viewed as the vector of deviations from a linear
risk-return relation with intercept, R, and factor price of risk, E(F) — Rj.
As earlier, let Cy be the residual covariance matrix.

Recall that a portfolio’s Sharpe measure of performance is the ratio of its
expected excess return to standard deviation of return. Gibbons, Ross, and
Shanken (1989) derive the following mathematical tautology:

ayCy'ay = 6y — 67, (4)

where 6 is the Sharpe measure for F' and 6, is the Sharpe measure for the
(efficient) tangency portfolio determined by the N risky assets and the
riskless return.® In the usual case, if portfolios are plotted with expected
return and standard deviation on the vertical and horizontal axes, respec-
tively, 6,y is the slope of the (linear) efficient frontier. When F is itself the
tangency portfolio return, (4) reduces to the familiar tautology, ay = 0. In

5 See Shanken (1987) in the multifactor case.
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general, if u is an upper bound on the eigenvalues of C,, then, as in the proof
of Lemma 1,

ayay < u(8y — 67). (5)

Now consider an infinite sequence of asset returns. If the sequence {6, } is
unbounded, the efficient frontier becomes vertical in the limit along some
subsequence of the assets. Hence, it is possible, in the limit, to achieve
various levels of expected return with no risk and, consequently, a positive
return can be obtained with no risk and zero investment; i.e., there is an
arbitrage opportunity. Therefore, if the eigenvalues of the residual covariance
matrix remain bounded (the approximate factor model assumption) and there
are no arbitrage opportunities, (5) implies that the infinite sum of squared
deviations from the risk-return relation must be finite. Thus, all but finitely
many deviations must be “small,” the usual APT result.®

III. Expected Return Deviations and Approximate Arbitrage

Relations (4) and (5) cannot be viewed as testable hypotheses, since they
are mathematical tautologies that always hold for finite N. Their value, from
an empirical perspective, is that they permit the researcher to transform
observed deviations from a risk-return relation into information about the
efficient frontier and the relative performance of a given index. Gibbons,
Ross, and Shanken (1987) make use of the equality (4) in developing an
economic interpretation of their F test for portfolio efficiency against a
general alternative. Since the quadratic form in (4) involves the inverse of the
residual covariance matrix, however, applications have been limited to rela-
tively small numbers (often 10 or 20) of portfolios.

There is a long tradition in asset pricing empirical work of testing risk-
return relations against specific alternatives like residual variance or firm
size (for example, Fama and MacBeth (1973) and Banz (1981)). Under
appropriate assumptions one could, in such cases, obtain estimates of ex-
pected return deviations for a large number of individual securities. Given a
value for u, the estimated deviations could then be used to obtain a lower
bound on the difference of squared performance measures in (5). Of course, a
number of statistical sampling issues arise, which will have to be considered
in future applications.

As a hypothetical illustration of the suggested framework, suppose that
N = 3000 and the average squared deviation from a given risk-return rela-
tion is (1%)®> per annum. Assume, further, that the residual covariance
matrix is nearly diagonal, with maximum residual variance (20%)* and
maximum eigenvalue slightly larger at 0.05. By (5),

3000(0.01)% = 0.30 < 0.05(62 — 02).

If the index has an expected excess return of 10% and standard deviation

8 See Chamberlain and Rothschild (1983) for an analysis of arbitrage pricing and mean-
variance mathematics in a Hilbert space setting.
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20%, 6z = 0.5 and 6, > 2.5. Thus, in this example, one could obtain the
expected excess return of 10% on an efficient portfolio with standard devia-
tion 4%.” Under the same assumptions, if we imagine that there are
3 million assets, then 6, > 77.4. In this case, something close to a “pure”
arbitrage is possible (ignoring transaction costs), with 10% expected excess
return and standard deviation less than 0.13%.

Computations of this sort provide an informative metric for evaluating the
deviations from an exact pricing relation. At the same time, practical content
is given to the notion of “approximate arbitrage,” by characterizing the
investment opportunities that are available as a consequence of the observed
expected return deviations.® In contrast to this constructive approach, the
traditional APT view treats even a single deviation as evidence of arbitrage,
implicitly inferring the existence of infinitely many other comparable devia-
tions in a hypothetical infinite sequence of assets. Far more will be learned, I
believe, by examining the extent to which we can approximate an arbitrage
with existing assets.

"Other tautologies in the literature could be exploited in a similar manner. A related
computation appears in Ross (1976) but is interpreted quite differently.

8 In conjunction with an assumption about the statistical relation between the factors and the
benchmark in some equilibrium asset pricing model, one could obtain testable restrictions along
the lines of Shanken (1987).
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