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Abstract

We calculate the curvature tensor of an arbitrary Riemannian g-
natural metric on the unit tangent sphere bundle 771 M of a Riemannian
manifold M. This calculation is the fundamental tool to generalize
classical theorems on the unit tangent sphere bundle, equipped with
either the Sasaki metric or the standard contact metric structure.
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1 Introduction

The study of the geometry of a Riemannian manifold (M, ¢g) through the prop-
erties of its unit tangent sphere bundle 77 M, represents a well known and in-
teresting research field in Riemannian geometry. Traditionally, 77 M has been
equipped with one of the following Riemannian metrics:
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e cither the Sasaki metric gg, induced by the Sasaki metric gg of the tan-
gent bundle T'M (or the metric § = igs of the standard contact metric
structure (n, g) of TyM), or

e the metric gog, induced by the Cheeger-Gromoll metric gog on TM.

Since g is homothetic to gg, these Riemannian metrics share essentially
the same curvature properties. As concerns (T M, gog), it is isometric to the
tangent sphere bundle 7,.M, with radius r = %, equipped with the metric
induced by the Sasaki metric of T'M, the isometry being explicitly given by
o:T'M — T%M: (z,u) — (z,u/V?2).

Several curvature properties on 177 M, equipped with one of the metrics
above, turn out to correspond to very rigid properties for the base manifold
M. We can refer to [9] for a survey on the geometry of (T3 M, gg). A survey
on the contact metric geometry of (T3 M, n, g) was made by the second author
in [10].

In [8], the first author and M. Sarih investigated geometric properties of
the tangent bundle T'M, equipped with the most general ”g-natural” metric.
On unit tangent sphere bundles, the restrictions of g-natural metrics possess a
simpler form. Precisely, it was proved in [4] that for every Riemannian metric
G on T1M induced by a Riemannian g-natural metric G on TM, there exist
four constants a, b, ¢ and d, with

a>0,a:=ala+c)—b*>0, and ¢ :=a(a+c+d) —b* >0, (1.1)

such that G = a.¢° + b.gfvh +c.g" + d.l;”, where
* k is the natural F-metric on M defined by

E(u; X, V) = g(u, X)g(u,Y), foral (u,X,)Y)eTMa&TMoTM,

* g%, !}71, ¢° and k* are the metrics on T1 M induced by the three lifts ¢°,
g", g° and kY, respectively (we refer to Section 2 for the definitions of
F-metrics and their lifts).

In Section 3 of this paper, we shall give the explicit expression of the cur-
vature tensor of any Riemannian g-natural metric G of Ty M. This calculation
is an essential step for further investigations about Riemannian geometry of
(TyM, G). For example, it will be used in [2] to completely classify all (Ty M, G)
with constant sectional curvature, and in [3] to investigate curvature conditions
on g-natural contact metric structures introduced by the authors in [1]. More-
over, we announce here some of the results we can obtain by applying these
curvature equations.
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Theorem 1. [2] (T1M,G) has constant sectional curvature K if and only
if the base manifold is a Riemannian surface (M?,g) of constant Gaussian
curvature ¢ and one of the following cases occurs:
(i) d =0 and ¢ = 0. In this case, K = 0.
d ~ d
(11) b= 0 and ¢ = —. In this case, K = —.
a ap
a+c

(i1i)) b=0,d=a+c and ¢ =
a

~ 1
> 0. In this case, K = — > 0.
2a

Theorem 2. [2] Let (M?,g) be a Riemannian surface. The following proper-
ties are equivalent:

(i) (M?g) has constant Gaussian curvature ¢,

(i1) The scalar curvature

1 4
%:_{—a252+2{a+¢+b—}c—d2}. (1.2)
2ap «

of (TyM?, G) is constant,
(iii) (T\M?, Q) is curvature homogeneous.

Moreover, when one of the properties above s satisfied, then all g-natural Rie-
mannian metrics on Ty M? are curvature homogeneous.

Theorem 3. [3] The g-natural contact metric structure (TyM, 7, G) has con-

stant &-sectional curvature K if and only if the base manifold (M, g) has con-
a-+c

a

d
stant sectional curvature ¢ either equal to — or to > 0.
a

Theorem 4. [3] If the g-natural contact metric structure (Ty M, 7, G) has con-
stant p-sectional curvature, then the base manifold (M, g) is locally isometric
to a two-point homogeneous space.

Theorem 5. [3] A g-natural contact metric structure (7}, G) on Ty M is locally
symmetric if and only if (n, G) = (7, g) is the standard contact metric structure

of T'M and (M, g) is flat.

2 Basic formulae on tangent bundles

Let (M, g) be a Riemannian manifold, V its Levi-Civita connection and R its
curvature tensor, taken with the sign convention R(X,Y) = [Vx, Vy| = Vixy].

We write pys : TM — M for the natural projection and F' for the natural
bundle with FM = p, (T* @ T*)M — M. Then, Ff(X,, ¢.) = (Tf.X,, (T* ®
T*)f.g.) for all manifolds M, local diffeomorphisms f of M, X, € T, M and
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€ (T ®T*),M. The sections of the canonical projection FM — M are
called F'-metrics in literature. So, if we denote by @ the fibered product of
fibered manifolds, then the F-metrics are mappings TM & TM & TM — IR
which are linear in the second and the third argument.

For a given F-metric 6 on M, there are three distinguished constructions
of metrics on the tangent bundle TM [12]:

(a) If § is symmetric, then the Sasaki lift 6° of ¢ is defined by

{ 5830 u)( :) = 5(“7 X? Y)7 5830 u)( Yv) = 07

0 (X" Y ) =0, 5sm>( X" YY) =6(u; X,Y),

for all X, Y € M,. When ¢ is non degenerate and positive definite, so is §°.
(b) The horizontal lift " of § is a pseudo-Riemannian metric on T'M, given

by
Oy (X2, Y1) =0, Oy (XM, YY) = 6(u; X, V),
0y (XU Y") = 0(u; X,Y), 8, (X", V") =0,

for all X, Y € M,. If § is positive definite, then §* is of signature (m,m).
(¢) The vertical lift 0¥ of § is a degenerate metric on T'M, given by

(s

(z,u)

S(u; X,Y), 8%, (X" YY) =0,
0, 00 (X7, YY) =0,

(z,u)

for all X, Y € M,. The rank of §" is exactly that of ¢.
If § = g is a Riemannian metric on M, then these three lifts of § coincide with
the three well-known classical lifts of the metric g to T'M.

The three lifts above of natural F-metrics generate the class of g-natural
metrics on T'M. These metrics were first introduced by Kowalski and Sekizawa
in [12] (see also [7] for the definition of g-natural metrics and [11] for the general
definition of naturality). As we already mentioned in the Introduction, on unit
tangent sphere bundles the restrictions of g-natural metrics possess the simpler
form G = a.g° + b.g" + c.g° + d. kv. Notice that such a metric G on Ty M is
necessarily induced by a metric on TM of the form G = a.¢°+b.¢"+c.g"+.k",
where a, b, ¢ are constants and 3 : [0,00) — IR is a C*°-function depending
on the norm of u € TM, such that a > 0, o :=a(a+c) —b* > 0, and ¢(t) :=
ala+c+tp(t)) —v* >0, for all t € [0, 00). Inequalities (1.1) express the fact
that G is Riemannian (cf. [6]).

The Levi-Civita connection of a Riemannian metric on T'M of the form
G =a.g°+b.g"+c.g’ + 5.k is given by :

Proposition 1 ([7]). Let G = a.g° + b.g" + c.g" + B.k", be a g-natural Rie-
mannian metric on TM. Then, the Levi-Civita connection V of (T'M, Q) is
characterized by
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b b
a +_ﬁ

() (T30 Yy = { (T ) = SEIRCC Y+ ROYVe0)X,] + 50 (XY,

g(¥e ) X] 4 2 (R )Y, ) + (0 — ) (Ko w)g (Ve )}

¢
b2
+9 o B(Xew)Ye — G(C;l_ ) R(X,, Yoyu — ;ac)ﬁ [9(Ya, ) Xo + g(Xa,u) Ya)
+ai¢ [—abQﬁ g(R(an U)Y:m u) + (_a(a +c+ tﬁ)ﬁl + b252) g(Y:m u)g(Xam u)]u}v )

2

(“) (vX’LY’U)(ﬂCvU) = {_;_a R(wiu)XI + % g(Xza u) Y, + ﬁ [azﬂg(R(vau)Yxa u)

0B g(Xe Vo) + (208 — ) g(Xe gV w)]u )

ab b3 b
o R(szu)Xz - Z g(Xzau) Yz + m [_O‘/Bg(Xz;Yz)

0B g(R(Xe, )Y, u) — (208 — af?) g(Xa,w)g(Ye, u)lu}

+ {(VXY)I + 5o

2
1) (Ve V) gy = 4 — ab O g2
('L”)(VX”Y )(x,u) = { 2% R(Xz;u)Yz + 2% g(Yxau) Xe + 200 [a 69(R(Xm;u)yzau)

FaBg(Xe, Vo) + (208 — af®) g(Xe g (Vi u)]u}

20
~aBg(Xe, Ve) = (208 — af?) g(Xe,0)g(Ver )}

{52 RO Y: = 32 g000) Xe 51 (@B (RO Y )

(iv) (vxv Yv)(m’u) =0

for all vector fields X, Y on M and (z,u) € TM.

Substituting from Proposition 1 into the general form for the Riemannian
curvature of an arbitrary Riemannian g-natural metric, some standard but
long calculations lead to the following result:

Proposition 2 ([7]). Let (M,g) be a Riemannian manifold and let G =

a.g° + b.g" + c.g” + B.kY, where a, b and ¢ are constants and (3 : [0,00) — R
is a function satisfying (1.1). Denote by V and R the Levi-Civita connection
and the Riemannian curvature tensor of (M, g), respectively. If we denote by
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R the Riemannian curvature tensor of (TM,G), then:
R(XM yhzh
2
- {R(X, Y)Z 4+ S (2T R)(X,Y)Z ~ (V2R)(X Y Ju] + o [R(R(Y, Z)u,u) X

2b2

— R(R(X, Z)u,u)Y —2R(R(X,Y)u,u)Z] + Z? [R(X,u)R(Y,u)Z — R(Y,u)R(X,u)Z

afB(a —b?)

+ R(X,u)R(Z,u)Y — R(Y,u)R(Z,u)X] + 1oz

ab?

[9(Z,u)R(X,Y)u+ g(Y,u)R(X,u)Z

- g(X, U)R(Ya U)Z] [GQB g(R(Y, u)Zv u) + (aﬁ, - a62) g(Y, u)g(Z, u)]R(X7 U’)u

- 2a2¢
+ {wa [@*8 g(R(X,u)Z,u) + (af' — af?) g(X, u)g(Z, u)]R(Y,u)u
+ % [—a’bg(R(Y,u)Z,u) + (*(B+1°0') + B—;) 9g(Y,u)g(Z, u))l X
_ % [~a®b g(R(X,u)Z,u) + (0*(B + r*0') + 6—;) 9(X,u)g(Z,u)]Y

Cl2

. Z_i{_abg((vuR)(X, Y)Z,u) + 1 [9(R(Y, Z)u, R(X, u)u)

— g(R(X, Z)u, R(Y,u)u) — 2g(R(X, Y )u, R(Z,u)u)] - W

+ % [9(R(Y,u)Z + R(Z,u)Y, R(X,u)u) — g(R(X,u)Z + R(Z,u) X, R(Y,u)u)]
n aﬁ(o;a— b?)
Lle 10)5

9(R(X,Y)Z, u)

[Q(X, u)g(R(Yv U)Z, U) - g(Yv u)g(R(Xa U)Z, u)]

h
l9(X. W (Y, Z) — g(¥, u)g(X, Zﬂ}u}

+ { Y VuR(X.Y)Z + “(“22 ) (V4 R)(X, Y Yu — % [R(R(Y, Z)u, w) X

— R(R(X,Z)u,u)Y —2R(R(X,Y)u,u)Z — R(X, R(Y,u)Z)u
— R(X,R(Z,uw)Y)u+ R(Y,R(X,u)Z)u+ R(Y, R(Z,u) X )u]

- %‘[;[)2) [9(Z,u)R(X,Y)u+ g(Y,u)R(X,u)Z — g(X,u)R(Y,u)Z]
+ 2 a0 RO 0,0) + (0 — a) oY) (2 RX,
= B ROG 02,0+ (@ — a3 (X, u)g 2 RCY, )
R g oa)Z,) = 8-+ ) oV wg(Z}x = LD fag(ROX ) Zoa)
~ (3 +7*8) g(X, 0g(Z Y + 2 {abBg(VuR)(X.Y) 2.0
- G?Tﬁ [9(R(Y, Z)u, R(X,w)u) — g(R(X, Z)u, R(Y,u)u) — 2g(R(X,Y)u, R(Z, u)u)]

ab?p
4o

l9(R(Y,u)Z + R(Z,u)Y, R(X, u)u) — g(R(X,u)Z + R(Z,u) X, R(Y, u)u)]
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3a(a+c)p af?(3a — b?)

4o
9(X. W)g(¥. Z) — gV, u)g(X, Z)}}u}

+

9(R(X,Y)Z,u) + [aff —

(a+ c)B?
4

Jg(X;u)g(R(Y,u)Z, u)

—g(Y, u)g(R(X, U')Z’ u)] -

R(X" Y")zZ"
= {—% (VxR)(Y,u)Z + %[R(X, Y)Z + R(Z,Y)X] + a’b [R(X, w)R(Y, u)Z

42
Qbﬂ

- 4Z2b¢ [a*B g(R(Y,u)Z,u) + o g(Y, Z) + (205" — af®) g(Y.w)g(Z, u)] R(X, u}u
+a f¢ (0*B9(R(X,w)Z,w) + (0 — af®) g(X, u)g(Z, w)] R(Y, u)u

b (@ B9(RYV,0)Z0) = (a+ 9)39(Y, 2) = (2la+ O - af) (Y. g(Z )} X

- o BB 02,0 + (0 + 9 - o) g (X 0g(Z Y - - [B9(X.Y)
4
5

+29 90X gl + 1L (VxR 00 + L2 (RO, 0)2, ROX, )
— G(R(X.0)Z + R(Zu)X. ROV, up)] — b (%0 (X u)g(R(Y.0)Z)

al —a 2 afl —a 2
+ L0 g g (RO 0)2.0] - "= (X g (v, 2) 4 9(Zu)g (X, V)

a2
OV g (RO V) Zw) + g(R(Z.Y)X, )

aB3? h
+b-209" Fal(20(1 + 5) 4 =200 - L) g(X gV, ulg(Z)u |
+ {% (VxR)(Y,u)Z + Z—a R(X, R(Y,u)Z)u — 4—1’2 [R(X,w)R(Y,u)Z — R(Y,u)R(X,u)Z
~ R(Y,u)R(Z,u)X] — % R(X,Y)Z + “(“2;: ) R(x,2)Y + “6(4“&_2 %) (o(X. u)R(Y, ) Z
a(a —b?)

—9(Z,u)R(X,Y)u] — [@*8g(R(Y, w)Z,u) + aB g(Y, Z)

a?¢
+ (208" — af?) g(Y, w)g(Z, w)]R(X, u)u —

ab®
= (028 g(R(X,u)Z.u)
C (a8 g(R(Y, w)Z,u) + (a+ ¢)Bg(V, Z)

+ (@ = af?) g(X, u)g(Z W] R(Y, upu+ T

+ (20 +0)F — af) gV, w)g(Z,u))X + [aab%g( (X,w)Z,u) + (2200

dag

B0t @) — 56+ 2) g (X wg(Z Y + SEC 3 9(X,¥) + 28 g (X u)g (Vo)) 2
a2 32
4o =R (VxR 0 Z,) - bﬁ[g(Rmu)z,mx,u)u)

4o
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2

CYRX W Z R, wy)] + TP 2g(R(X.Y) Z,u) + g(R(Z.Y) X, )]

1995 4 SO 0 g (RO Z) + 22 0 — gV og (ROX ) Zo)
+ 220(2(a+ o)+ B — (a+ 228 (X 0)g(¥. 2) + [ala + ¢ + fr)3
B b262

%maf gy

1g<X,u>g<Y,u>g<z,u>}u} 7

51 9(Z,u)g(X.Y)] + [2a(a + e+ Br)8" +

—¢(a 4 2b2)ﬁ)ﬁ' 4 W

4¢

R(X",Y")Z" =0,
forallx € M and X, Y, Z € M,.

3 Riemannian g-natural metrics on 7;M and their cur-
vature tensor

As it is well known, the tangent sphere bundle of radius p > 0 over a Rieman-
nian manifold (M, g), is the hypersurface T,M = {(z,u) € TM|g,(u,u) = p*}.
The tangent space of T,M, at a point (x,u) € T,M, is given by

(T, M)y = {X"+Y"/X € M,,Y € {u}" C M,}. (3.1)

When p =1, T M is called the unit tangent (sphere) bundle.

Let G = a.g° +b.g" 4+ c.g” + 3.k¥ be a Riemannian g-natural metric on 7'M
and G the metric on Ty M induced by G. Then, G only depends on a, b, ¢ and
d := (1), and these coefficients satisfy (1.1) (see also [4]).

Using the Schmidt’s orthonormalization process, a simple calculation shows
that the vector field on T'M defined by

1
NE = —bu" 4 (a + ¢+ d).u’, 3.2
(&0) w+c+®¢[ ( )-u’] (3:2)

for all (x,u) € TM, is normal to T3 M and unitary at any point of 77 M. Here
¢ is, by definition, the quantity ¢(1) = a(a + ¢ + d) — V°.

Now, we define the "tangential lift” X' —with respect to G— of a vector
X € M, to (z,u) € T\ M as the tangential projection of the vertical lift of X
to (x,u) ~with respect to N9, that is,

ta __ v v G v ¢ G
X =X"— G(ac,u) (X 7N(a:,u)) N(z u) =X \/ m ‘”(X’ u) N(Ivu)'

(3.3)
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If X € M, is orthogonal to u, then X'¢ = X",

The tangent space (T1M ), of T1M at (x,u) is spanned by vectors of the
form X" and Y'¢, where X, Y € M,. Hence, the Riemannian metric G on
T1 M, induced from G, is completely determined by the identities

Gloay(X"YM) = (a+)go(X,Y) + dga (X, u)ga(Y, 1),
Q(w,u) (Xhu th) = bgm (Xa Y)7 (34>

G o) (X1, Y6) = ag, (X, Y) = —2g0 (X, 1) g (Y, w),

for all (z,u) € T'M and X, Y € M,. It should be noted that, by (3.4),
horizontal and vertical lifts are orthogonal with respect to G if and only if
b=0.

CONVENTION 1. Notice that, for (x,u) € TiM, the tangential lift to
(x,u) of the vector u is given by u'¢ = a+ﬁ+d u”, that is, it is a horizontal

vector. It follows that the tangent space (17 M )(x,u) coincides with the set

(X" +Y'/X € M,,Y € {u}" C M,}. (3.5)

Hence, the operation of tangential lift from M, to a point (z,u) € Ty M will
be always applied only to vectors of M, which are orthogonal to .

~ Now, the Riemannian curvature of (Ty M, é’) is determined by the metric
G and the three components of the Riemannian curvature tensor, given in the
following

Proposition 3. Let (M,g) be a Riemannian manifold and let G = a.g® +

b.g" + c.g" + B.kY, where a, b and c are constants and 3 : [0,00) — R is a
function satisfying (1.1). Denote by V and R the Levi-Civita connection and

the Riemannian curvature tensor of (M, g), respectively. If we denote by R the
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Riemannian curvature tensor of (TyM,G), then:

()R(X", Y™ z"

- {R(X, Y)Z + % 2(VLR)(X,Y)Z — (V2R)(X,Y)u] + g IR(R(Y, Z)u, u)X

~ R(R(X, Z)u, )Y — 2R(R(X,Y)u,u)Z] + %bj [R(X, w)R(Y,u)Z — R(Y,u)R(X,u)Z

+ R(X,0)R(Z,u)Y — R(Y,u)R(Z,u)X] + ad(ja; %) 16(Z, ) R(X, Y )

4 g(Y, W) R(X,u)Z — g(X,0)R(Y, u)Z] + ;%22 [— a“j ;Lf — g(R(Y, 0)Z,)

+dg(Y,w)g(Z, u)] RuX — % [— aai ;Lf) _ g(R(X,u)Z,u) + dg(X,)g(Z,0) | RuY
% [_ - f’i _g(R(Y,u)Z,u) + dg(¥, u)g(Z, u)} X

-4 [—% J(R(X, w)Z,u) + dg(X, u)g(Z, u)} %

d

T et eray b (VeR) (X Y)Z,u) + o [g(R(Y, Z)u, RIX, w)u)

— G(R(X. Z)u, ROV 0)w) — 29(ROX,Y ), RZ. )] + 2 [ (R(Y,0)2

+ R(Z,u)Y, R(X,u)u) — g(R(X,u)Z + R(Z,u) X, R(Y,u)u)]

B [ad(b2 —a)  20%d(¢+2b%)  4ba
pla+c+d) 10

- g(Ya u)g(R(X, U)Z, u)] - 3a(a + C) g(R(Xv Y)Za U)

+a+e)d[g(X,u)g(Y, Z) — g(Y,u)g(X, Z)]}u}”

[9(X,u)g(R(Y,u)Z, u)

+ { Y VuR(X.Y)Z + “(“2:: ) (V4 R)(X, Y )u — % [R(R(Y, Z)u, w) X

— R(R(X, Z)u,u)Y —2R(R(X,Y)u,u)Z — R(X,R(Y,u)Z)u — R(X, R(Z,u)Y)u

ab®

+R(Y. R(X,u)Z)u+ R(Y, R(Z,w)X)u] = 7 [R(X,w)R(Y,u)Z = R(Y,w)R(X,u)Z
+ R(X,w)R(Z,0)Y — R(Y,w)R(Z,u)X] — bd(%ﬂ [9(Z,w)R(X,Y )u

b(b? —a) [ ad+b?

Y, X, u)Z —g(X Y u)Z
+g( ,U)R( au) g( ,u)R( ,’LL) ]+ 202 a_|_c_|_dg

(R(Y,u)Z,u)
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—dg(Y, u)g(Za u)] RuX -

b(b* — ) { et (R(X,u)Z,u) —dg(X,u)g(Z,u) | R.Y

202 atctd’
(a + C)bd te
Yalatctd [9(R(Y,u)Z,u)X — g(R(X,u)Z, u)Y]} ,
(i) R(X", Yte)zh
= {—% (VxR)(Y,u)Z + %[R(X, Y)Z+R(Z,Y)X] + % [R(X,u)R(Y,u)Z
a’bd

— R(Y,u)R(X,u)Z — R(Y,u)R(Z,u)X] + Pl [9(X,vw)R(Y,u)Z — g(Z,u)R(X,Y )u]
ab

— m [a(ad + b2) g(R(Y,u)Z,u) + adg(Y, Z)|R, X

a’b [ ad+b?
202 [a-i—c—i—dg
bd
 dala+c+d)
b [ ad + b?

Tl 2averd)

(R(X,u)Z,u) —dg(X,u)g(Z, u)} R.)Y
[ag(R(Y,u)Z,u)+ (2(a+c) +d)g(Y, Z)]| X

G(R(X,u)Z,u) + dg(X, u)g(Z, uﬂ y

3

bd 22 g((Vx R)(YV,u)Z,w) + = [g ROV, ) Z, R(X, u)u)

_%Q(X’Y)Z+4a(a+c+d){

— G(R(X.w)Z + R(Z,w)X, R(Y, u)u)] + ab {_ oteé, d

« a+c+d

} 9(X, u)g(R(Y ) Z, u)

— 2ab [29(R(Xa Y)Za U) + g(R(Zv Y)Xa u)]

+bd {(3— d ) 9(X,u)g(Y, Z) + 2 g(Z,u)g(X, Y)]}u}h

at+c+d

a’b?

ab a?
+ { (VxR)(Y,u)Z + 1o R(X,R(Y,u)Z)u — rel

20

[R(X,w)R(Y.u)Z

— RV, u)R(X,u)Z — R(Y,u)R(Z,u)X] — gR(X, vz + “ate)

ad(a — b?)
402

a—b?

~ 4a%(a+c+d)
ab? ad + b*

202 [_a—k c+d?
(a+c)d

da(a+c+d)

Fam |2 (20 sy ) SR 0Z00) — da+ o)+ ) g(X. w2 Y

+(a +co)d
2a

R(X,Z)Y

[¢(X, u)R(Y,u)Z — g(Z,u)R(X,Y )u]

[a(ad + b%) g(R(Y,u)Z,u) + ad g(Y, Z)| R, X

(R(X,u)Z,u)+dg(X,u)g(Z,u)| R,Y

[ag(R(Y,u)Z,u)+ (2(a+¢) +d) g(Y, Z2)|X

g(X, Y>z}tc |
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1
2a(a + ¢+ d)

b+ &)oY 2)X — g(X, 2]} + {~ab? [o(¥, 2)RuX — 9(X, Z)R,Y]

(i) R(X'e, Yto) Zte = {{a% [9(Y, Z)RuX — g(X, Z)R,Y]

+[(a+o)(a+¢) +ad [g(Y, 2)X - g(X, Z)Y] | |

forallz € M, (x,u) € T'M and all arbitrary vectors X,Y, Z € M, satisfying
Convention 1, where R, X = R(X,u)u denotes the Jacobi operator associated
to u.

Proof. Denoting by R and R the Riemannian curvature tensors of (7'M, G)
and (T1 M, G), respectively, from the Gauss equation for hypersurfaces we de-
duce that the tangential component (R(V,W)Z)" of R(V,W)Z satisfies

R(V,W)Z = (R(V,W)Z) — 0(V, Z).ScW + 0(W, Z).5cV,  (3.6)

for all (z,u) € TyM and V, W and Z in (TyM)(g.), where Sg is the shape
operator of Ty M in (T'M,G) derived from N¢ and 6 is the second fundamen-
tal form of Ty M (as a hypersurface immersed in T M), associated to N on
TiM. For all Z € T(T1 M), SaZ s, by definition, the tangential component
(—=V NG of —~V,N€, with respect to the pointwise decomposition

(TM) @y = (TAM)(z0) & (NG )- (3.7)

Then, using Proposition 1, we obtain

Soxh= oL {El-aRX +dX] - [ﬁ’(1)+d(1+%”90{’“)“}h
£ 20?0 RuX — (a+)d X} ],
(3.8)
SaX'o = b g lab RuX + (a4 0) X] — g [9/(1)
Lo }g( wu}' + & {al? BX — [(a+ )(a+¢) +ad X)),
(3.9)

for all (z,u) € /M and X € M,,.

On the other hand, the second fundamental form 6 : X(Ty M) x X(Ty M) —
C>(Ty M), associated to N, is defined by Vi, W = Vi, W + 8(V, W).N€, for
all vector fields V and W on Ty M. So, O(V,W) = G(VyW, NY), for all V,
W e X(T; M) and from Proposition 1 we deduce the following identities:

! 2 u u
(a+6+d)¢{_b AR, w)¥, ) (3.10)

+(a+c+d) g(Xe,u)g(Ya,u)},

O(X" Y") o) = —
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Q(Xh, YtG)(Lu) — H(Xtc, Yh)(a:,u)

b
== (a+c+d>¢{—ag(R(X,u)Y,u)—|—dg(X,Y) (3.11)

+(260'(1) + d) g(Xo, u)g(Ya, u)},

ta la — 1 _
B(X', Y1) (0 (HHM{ b9(X.Y)

b*(B'(1) + d)
a+c+d

(3.12)

#[o- | e o}

for all vector fields X and Y on M and (z,u) € T1 M.

It now suffices to apply (3.6) to various classical lifts to T} M of vectors on

M. Using Proposition 2 and (3.8)-(3.12), we obtain the required formulae for
the curvature tensor. Note that formulae above can also be olgtained calcu-
lating directly R from the Levi Civita connection V of (T1M,G) given in [1]

O
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