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ABSTRACT. The n-fold Darboux transformation (DT) is a 22 matrix for the Kaup-Newell (KN)
system. In this paper, each element of this matrix is expressed by a ratio of (n + 1) x (n+ 1)
determinant and n x n determinant of eigenfunctions. Using these formulae, the expressions of
the ¢[" and r[" in KN system are generated by n-fold DT. Further, under the reduction condi-
tion, the rogue wave,rational traveling solution, dark soliton, bright soliton, breather solution,
periodic solution of the derivative nonlinear Schrédinger(DNLS) equation are given explicitly
by different seed solutions. In particular, the rogue wave and rational traveling solution are
two kinds of new solutions. The complete classification of these solutions generated by one-fold
DT is given in the table on page.
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1. INTRODUCTION

The derivative nonlinear Schrodinger equation,
one of the most important integrable systems in the mathematics and physics, is usually called
DNLS(or DNLSI) equation. Here“*” denotes the complex conjugation, and subscript of z (or t)
denotes the partial derivative with respect to  (or t). This equation is originated from two fields
of applied physics. The first is plasma physics in which the DNLS governs the evolution of small
but finite amplitude Alfvén waves that propagates quasi-parallel to the magnetic field [1L12].
Recently, this equation is also used to describe large-amplitude magnetohydrodynamic (MHD)
waves in plasmas [314]. Further, it is natural to improve DNLS equation in more practical
plasmas. For example, DNLS truncation model [5] and the DNLS with nonlinear Landau
damping [6]. In the second area, nonlinear optics, the sub-picosecond or femtosecond pulses in
single-mode optical fiber is modeled by the DNLS [7H9).

However, the crucial feature of the DNLS is that the integrability such as the dynamical
evolution of the associated physical system can be given analytically by using its exact solution.
Under the vanishing boundary condition(VBC), Kaup and Newell(KN) [10] firstly proposed an
inverse scattering transform (IST) with a revision in their pioneer works, and got a one-soliton
solution. Later, Kawata [II] further solved DNLS under VBC and non-vanishing boundary
condition (NVBC) to get two soliton solution, and introduced ”paired soliton” which is now
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regarded as one kind of breather solution. N-soliton formula [I2] of the DNLS with VBC is
expressed by determinants with the help of pole-expansion. Further, the IST of the DNLS with
VBC is re-considered by Huang’s group [13H16] and then the explicit form of the N-soliton is
obtained by some algebraic techniques. Now we turn to the DNLS under NVBC, and some
special solutions are obtained and the existence of the algebraic soliton is also given [I7]. This
is followed by paired-soliton of the DNLS from the IST [18]. Wadati etal. [19] have given the
stationary solutions of the DNLS under the plane wave boundary and the contributions of the
derivative term in the DNLS equation. Recently, to avoid the multi-value problem, Chen and
Lam [20] revised the IST for the DNLS under NVBC by introducing an affine parameter, and
then got single breather solution, which can be reduced to the dark soltion and bright soliton.
Further applications on this method can be found in reference [21]. Cai and Huang [22] found
the action-angle variables of the DNLS explicitly by constructing its Hamiltonian formalism.

Similar to many usual soliton equations, the DNLS is also solved by the Hirota method [23]
and Darboux transformation(DT) [24,25] besides IST. By comparing with the correspond-
ing results [26H28] of nonlinear Schrodinger(NLS) equation, the DT [24,25] of the DNLS has
following essential distinctness:

e the kernel of one-fold DT is one-dimensional and it can be defined by one eigenfunction
of linear system defined by spectral problem,

e the DNLS will be invariant under one-fold DT associated with a pure imaginary eigen-
value(see the last paragraph of the section 2).

Some solutions [24] including multi-soliton and quasi-periodic solutions are obtained by this
DT from a trivial seed: zero solution(or vacuum). Steudel [25] has obtained a general formula
of solutions ¢!™ and r!™ of KN system in terms of Vandermonde-like determinants by N-fold
DTs, and then given n-soliton and N-phase solutions from zero seed, N-breather solutions from
non-zero seed: monochromatic wave. Unlike the usual DT, Steduel used solutions of Riccati
equations, which are transformed from the linear partial differential equations of the spectral
problem for the DNLS, to construct the solutions of the DNLS. So the first difficulty of his
method is to solve nonlinear Riccati, which is not solvable in general. To overcome this difficulty,
Steudel have made an Ansatz(see eq.(51) in reference [25]) and introduced his favorite Seahorse
functions. Moreover, the classification of the solutions(see Figure 1 in reference [25]) generated
by DT is very interesting and useful. But the conditions of parameters to generate dark soliton
and bright soliton of the DNLS are not clear. Therefore, it is natural to question whether the
difficult Riccati equations are indeed unavoidable for the DT from non-zero seeds and whether
the classification of solutions generated by one-fold DT can be fixed thoroughly or not.

It is interesting that the Ablowitz-Kaup-Newell-Segur(AKNS)system [29] can be mapped
to the KN system by a gauge transformation [30]. Moreover, there exists other two kinds of
derivative nonlinear Schrodinger equation, i.e,. the DNLSII [31]

Gt + Quz + 199" ¢ =0, (2)
and the DNLSIII [32]
i+ Qua — 100G+ ing ?=0, (3)

and a chain of gauge transformations between them: DNLSII é)> DNLSI % DNLSIII. Here

a) denotes eq.(2.12) in ref. [30], and b) denotes: eq.(4)— eq.(3) —eq.(6) with v = 0 in ref. [23].

But these transformations can not preserve the reduction conditions in spectral problem of
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the KN system and involve complicated integrations. So each of them deserves investigating
separately.

There are two aims of this paper. First aim is to present a detailed derivation of the DT
for the DNLS and its determinant representation. Using this representation, the solutions
of DNLS can be expressed by the solutions(eigenfunctions) of the linear partial differential
equations of the spectral problem of the KN system instead of the solutions of the nonlinear
Riccati equations, which shows that the nonlinear Riccati equation and Seahorse functions
are indeed avoidable for the DT from nonzero seeds. A second aim is to present a complete
classification of the solutions generated by one-fold DT from zero seed, non-zero seeds: constant
solution and periodic solution with a constant amplitude.

The organization of this paper is as follows. In section 2, it provides a relatively simple
approach to DT for the KN system, and then the determinant representation of the n-fold DT
and formulae of ¢! and 7 expressed by eigenfunctions of spectral problem are given. The
reduction of DT of the KN system to the DNLS equation is also discussed by choosing paired
eigenvalues and eigenfunctions. In section 3, under specific reduction conditions, several types
of particular solutions are given from zero seed, non-zero seeds: constant solution and periodic
solution with a constant amplitude. The complete classification of dark soliton, bright soliton,
periodic solution are given in a table for one-fold DT of the DNLS equation. In particular, two
kinds of new solutions: rational traveling solution and rogue wave are given. The conclusion
will be given in section 4.

2. DARBOUX TRANSFORMATION
Let us start from the first non-trivial flow of the KN system [10],
Ty — e — (1°q)e = 0, (4)

q: + qux - (qu)x = 07 (5)
which are exactly reduced to the DNLS eq.(dl) for r = —¢* while the choice r = ¢* would lead
to eq.(d]) with the sign of the nonlinear term changed. The Lax pairs corresponding to coupled
DNLS equations(d]) and (B) can be given by the KaupCNewell spectral problem [10]

Dt = (N + Q) = U, (6)
O = (2IN + VaA* + VaX? + i)y = V), (7)

o) i 0 0 q
v=(8) =0 %) e (V).
- 2
Vi =20Q, Vo= Jqr, Vl:(im—?ﬂq qu(;rqr).
Here A, an arbitrary complex number, is called the eigenvalue(or spectral parameter), and
¥ is called the eigenfunction associated with A of the KN system. Equations(]) and (&) are
equivalent to the integrability condition U; — V, + [U, V] = 0 of (@) and ().

The main task of this section is to present a detailed derivation of the Darboux transforation
of the DNLS and the determinant representation of the n-fold transformation. Based on the
DT for the NLS [26-28] and the DNLS [24L125], the main steps are : 1) to find a 2 x 2 matrix T’
so that the KN spectral problem eq.(6) and eq.(7) is covariant, then get new solution (g, )
expressed by elements of T" and seed solution (g, r); 2) to find expressions of elements of 7" in

terms of eigenfunctions of KN spectral problem corresponding to the seed solution (g,7); 3)
3
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to get the determinant representation of n-fold DT T}, and new solutions (¢!, 7["l) by n-times

iteration of the DT; 4) to consider the reduction condition: ¢ = —(r[")* by choosing special
eigenvalue \; and its eigenfunction 1, and then get ¢l of the DNLS equation expressed by its
seed solution ¢ and its associated eigenfunctions {ix,k = 1,2,--- ,n}. However, we shall use

the kernel of n-fold DT(T,) to fix it in the third step instead of iteration.
It is easy to see that the spectral problem ([6) and (7]) are transformed to

Pl =gt gl = (7, + T U)T . (8)
P, = vl vl = (7, 4+ T V)T (9)
under a gauge transformation
Pt =T 4. (10)
By cross differentiating (§]) and (@), we obtain
oW, - v, ¢ oW v =17, - v, + [U, V)T (11)

This implies that, in order to make egs.(]) and eq.(H) invariant under the transformation (I0),
it is crucial to search a matrix T so that UM, VIUhave the same forms as U, V. At the same
time the old potential(or seed solution)(q, r) in spectral matrixes U, V' are mapped into new
potentials (or new solution)(q!"), 71!} in transformed spectral matrixes UM, VI,

2.1 One-fold Darboux transformation of the KN system
Considering the universality of DT, suppose that the trial Darboux matrix 7" in eq.(IQ) is of

form
et (0 a0, (12)
where ag, by, co, do, a1, by, c1, d; are functions of x, t to need be determined. From
T,+TU=U0"YT (13)
comparing the coefficients of M, j = 3,2, 1,0, it yields
Nib =0, ¢, =0,
MNiga—2ibyg—¢ldi =0, ="M gy +rdi+2ic¢=0
Moa, +rby—¢leg =0, diy + qeo — rby = 0, gag — ¢Mdy = 0, —rMag + rdy = 0,
M\ ag, = by, = cop = do, = 0. (14)
The last equation shows ag, by, ¢g, dy are functions of ¢ only. Similarly, from
T,+TV=vUT (15)
comparing the coefficients of M, j = 4,3,2,1,0,it implies
M —2iby — ¢Mdy 4 ga; = 0, 2ico — 2rMay +rdy =0,
A3 —rllgMa i — 2¢Mey + ayrqi + 2rby = 0, qag — ¢Mdy = 0,
rdy — rfay = 0, —dirq + rmqmdli + 2qco — 2rtlp, = 0,
22 agrg — agrMgt = 0, ayrg® — rmqmzdl — borqi + qg[cl]dlz' — ar1qyi — rgMpyi = 0,
corql — r[”2qma1 +dir?q + rMgMegi + dyryi — rVa0i = 0, PMgMdy — rgdy = 0,

A a4+ qW coi + borPq — rmquCO + byt = 0, —rmqmzdo + agrq® + g doi — apqui = 0,
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dorgi 4+ dor’q — rmzqmao — W agi = 0, di; — coqui + corg® — 7,[1]2q[1}b0 — i byi = 0,

)\0 Aoy = b()t = Cot — d()t = O (16)

The last equation shows ag, by, cg, dy are functions of z only. So aqg, by, co, dy are constants.

In order to get the non-trivial solutions, we present a Darboux transformation under the
condition ay = 0,dy = 0. Based on eq.(I4]) and eq.(I6) and without losing any generality, let
Darboux matrix 7" be the form of

0 0 b
leTl()\;Al):<%1 dl)wr(cg 6]) (17)

Here a1, d; are undetermined function of (z, t), which will be expressed by the eigenfunction
associated with A; in the KN spectral problem. First of all, we introduce n eigenfunctions v,
as

wj = ( ZZ;Z ) ) ]: 1,2,....77,, ¢j = ¢j(x>ta )‘j)a PY; = QDj(Zlf,t, )‘j) (18)

Theorem 1.The elements of one-fold DT are parameterized by the eigenfunction 1, associated
with A\ as

1 _ o
dl—a1, ay = ¢1, by =co = A1, (19)
—A% A
& (M) = ' o | (20)
A -\ =
¥Y1

and then the new solutions ¢!l and r!* are given by

1= (PLy2 + 2171\ 0112 r— 2zﬂ)\ 21
q (¢1)q 5" (<p1) o (21)
and the new eigenfunction %m corresponding to \; is
=N v
" b1 | —MP ¢
ol = : (22)
L =Xei ¢
1 A1 1

1
Proof. Note that (a;d;), = 0 is derived from the eq.(I4), and then take a; = A in the

1
followings. By transformation eq.(IT) and eq.(I4]), new solutions are given by

o d
LI L ) L DA Rl (23)
1 dl ay a1

n_ @
d

By using a general fact of the DT, i.e., T1(A\; A1)|a=x,¥1 = 0, then eq.(I9) is obtained. Next,
substituting (ay,d1, by, ¢o) given in eq.([Id) back into eq.(23), then new solutions are given as

eq. (2I). Further, by using the explicit matrix representation eq.(20) of T}, then %m is given
5
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by

o 11 =Xg;

. —)\¢ A1 & & | A1 @1
U = TiO A ey ¥ = o ( ?)= - (24)

M _AE & L =XNw; ¢

b=y 01| —Ap1 1

Last, a tedious calculation shows that 7} in eq.(20)) and new solutions indeed satisfy eq.(I3]) or
(equivalently eq.(T€])). So KN spectral problem is covariant under transformation 77 in eq.(20)
and eq.(2I]), and thus it is the DT of eq.(d) and eq.(H]). O

It is easy to find that 77 is equivalent to the Imai’s result(see eq.(7) of ref. [24]) and to the
Steudel’s result(see eq.(21) of ref. [25]). Our derivation is more transparent, and new solutions
¢ and r!Y can be constructed by the eigenfunction v, which is a solution of linear partial
different equations eq.(d]) and eq.(5]). This is simpler than Steudel’s method to solve nonlinear
Riccati equations. The remaining problem is how to guarantee the validity of the reduction
condition, i.e., ¢! = (r[l) We shall solve it at the end of this section by choosing special
eigenfunctions and eigenvalues.

2.2 N-fold Darboux transformation for KN system

The key task is to establish the determinant representation of the n-fold DT for KN system
in this subsection. To this purpose, set

o (1)
D
as ref. [24].

According to the form of 77 in eq.(IT), the n-fold DT should be the form of [24]

a,d are complex functions of x and t} ,

b, ¢ are complex functions of x and t} ,

T =Tu(A A Aoy, M) = ) PN, (25)
with

P, = (%";) eD, P,_ = (cO b"O_1> €A, PeD(ifl—niseven), P, € A(if | — n is o420,
n n—1

Here P, is a constant matrix, P;(1 < ¢ < n) is the function of z and ¢. In particular, Py € D
if n is even and Py € A if n is odd, which leads to the separate discussion on the determi-
nant representation of 7), in the following by means of its kernel. Specifically, from algebraic
equations,

I[cn = To(N AL An) aan, Un = ZPM =1,2,---,n, (27)

coefficients P; is solved by Cramer’s rule. Thus we get determinant representation of the T,,.
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Theorem2. (1)For n = 2k(k =1,2,3,---), the n-fold DT of the KN system can be expressed

by
(Tn>11 (Tn>12
W, w.,,
T =To( N M, Mg, 0 Ay) = P I (28)
(TAan (Tﬁm
W, w.,
with
Ao Al Xf_iﬁbl N0 o N Mg
W = Noga Ay Thor AR AiTPpe o A3de Aoy
A" 0 A2 0 D ¢ 0 Ao\,
—— AP )‘?_2901 )‘?_%1 )‘?_3% e >\%¢1 Atpr Atde . Ay
(Th)11 = |A2®2 Alor N3 TPha A5 P00 o A3de Aawa Mda.. Mgl
>‘Z¢n Aﬁ_lwn >‘Z—2¢n )‘Z_ggpn s )‘%(pn >\n90n >\1>\2 o )\n¢1
0 Al 0 A3 0 A 0
AT AT AT AT o Ao e e A
(T)) 12 = |22 A lon A T00 A3 P00 oo Ao Aapa AMida.. . Andal
AZQSH )\Z_lgpn AZ_2¢n )\2_39071 s )\igbn Angpn >\1)\2 ... )\n¢1
Mot Ao Ao AP0 o Mo Mgy
o Nowr A5 lha AgTon NS0y . A Aago
AnPn Az_lﬁbn Az_zﬁon AZ_S% cee )\%SOn An®Pn
0 Al 0 A3 0 A 0
—— AT )‘?_lqbl >‘111_2301 >\711_3¢1 e )\%801 A191 Ao A
(T =[N0z A57'02 N7 A% o Mpn Aede Mida.. s
Mo ALg A0 AT36 . A2o0 Audn Mg, A
n¥n n ¢n n  ¥n n ¢n s nPn n¢n 1A2 .- - ApPl
A" 0 A2 0 D ¢ 0 AAg .. A\,
o )‘?901 )‘?_2¢1 >\711_2§01 >\?—3¢1 ce )\%901 )\1(?1 )\1>\2 e )\n(pl
(Tn>22 — )\3()02 )\3_1¢2 >\;L_2Q02 >\;L_3(Z§2 c )\%QOQ )\2(?2 A, .. >\n(p2 .
AZS% )\z_lgbn )\2_29071 )\2_3% s Aigpn >\n¢n )\1>\2 cee >\n901
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(2)For n =2k +1(k=1,2,3,---), then

(To)un (To)re
@n Qn
T - T ()\ )\1,)\2, 7>\n> == - o 5 (29)
(Ta)ar (Tn)22
@n Qn
with
gy NThor AT Ao o Ao Mer s
0, = Moo A Tlon AiTP0 M TPpn o M Awr et
An®n )‘Z_l‘Pn )‘2_2¢n )\3_34)0” con Aiﬁbn Ai@n An®n
A" 0 A2 0 DN 0 A 0
R S N A2 NP0 o Mo Aer Mg —Mde. A
(Th) 11 = |A292 Ny lor A3 TPhe A3 Lo Al )\%% Aaa —MAg. . Appa]
Az¢n )‘Z_lgpn )‘Z_2¢n )\2—3%0” s Ai¢n )\2 n¥n An¢n _)\1)\2 s )\ngpn
0 Ant 0 A3 0 A2 0 —A A2 A,
A A AP0 Ao Mo Mer Mg A
(T)12 = [A292 ANl AP0 A3 TPp0n oo Adde Apa Made —MAs.. A ,
N A7l N720, A3p, o0 Non Nlon Adn —MAa. . Aen
Apr Ao AT A0 L Ao Ao g
0. = >\5902 )\3—1% Ag_%z )\3_3% o Apa ASde Ao
)\”gpn A lgbn A 2g0n A 3¢n e N N2, A
0 At 0 A3 0 A2 0 —AAs . A,
R RS2 N7 A0 AP0 o Al M Mier =M Aad
(Th)21 = Moy ANy e A %00 A0 g o Adps A2ge dape —AMida... Ao :
Ao, A, N2, NP3g, 0 No, A20, Aon —Ada. . A0y
A" 0 A2 0 D & 0 A 0
o >\711901 A?_l(bl )‘?_2@1 )\111_3(?1 cee A:{’(,Ol A%(Zbl >\1Q01 —)\1>\2 e >\n¢1
(Tn)22 = )\3@02 )\g_1¢2 )\3_2g02 )\3_3¢2 c )\%QOQ )\%QSQ )\2@2 —AAa. .. >\n¢2 . (30)
>\n90n >\n 1¢n >\n 29011 )\n 3¢n v )\3 n¥n )\2 QJ)n >\n90n _)\1>\2 nd)n
Next, we consider the transformed new solutions (¢, 7"l)of KN system corresponding to the

n-fold DT. Under covariant requirement of spectral problem of the KN system, the transformed
form should be

Ol = (JN* + QM) = Uy, (31)
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with . .
w:(:ﬁ), Jz(gg), Q["]z(r?n] qo), (32)

T+ T, U=U0"T,. (33)

Substituting 7;, given by eq.(25) into eq.([33]),and then comparing the coefficients of A"*1, it
yields

and then

¢ = 3—nq -2 dnl’ il = a—nr + 2@6%1.

(34)

Furthermore, taking a,,d,, b,_1,c,—1 which are obtained from eq.([28) for n = 2k and from
eq.[29) for n = 2k + 1, into (B4)), then new solutions (¢!, r[") are given by

02 Q219 02 Q252
[n] _ °°11 .8 e118412 [n] _ %%21 YR
" = —=q+2 , M= —=r—2 } 35
a3, ey, RS (35)
Here, (1)for n = 2k,
)‘?_?Pl )‘?_z% )\?_2@1 oA O
Y Ao Ao oA
Q= | | P2 Ay | P2 Ay | P2 : 22302 ¢:2 | (36)
N lo, AP20, AP0, oo Aapn O
Ao A7 N o0 Mg dy
s Ny 7%0a Ay Pp0a oo Aapr o
thy = : : : : : S
Mdn A0 AN 7P0n o Aon O
Ao AN AP0 o M ¢
Ny AT AP T0n . Aagn o
a1 = : : : : : aE
>\Z—1¢n >\Z_2§0n >\Z—3¢n cee )\n¢n ©n
Ao A7%00 X700 0 Mg ¢
Alor A5 200 A 0¢n oo Xade o
{12 = : : : : : uk
(2) for n =2k + 1,
)‘?_?Pl )\?_z% )\?_2@1 N TRl
Y A0 A0 oA
QO = 2 | P2 2 | 0 2 | ©2 | 2:¢2 S0:2 ’ (37)
Al on A 7200 AP0 o0 A 0n
)‘?¢1 )\?_2% )\?_3@1 R TRl
Ads Ny 7%0a Ay Pp0a . Xagn o
thy = : : : : : aE
An®n )‘z_ngn )‘2_39071 cee AOn Op
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Ao N0 AP0 o M

N s A3 %00 A3y . Aaps oo
g1 = : : : : : c o
>\Z—1¢n >\Z_2§0n >\Z—3¢n cee )\ngpn ¢n
Mo N 7200 X700 .0 Mor é
Aoy A2 A 7hy L Aapr o
922 - : : : : : L
Ao A 20, N30, L0 Aaon Oy

We are now in a position to consider the reduction of the DT of the KN system so that
¢ = —(r")*, then the DT of the DNLS is given. Under the reduction condition ¢ = —r*, the
eigenfunction v, = ( Ok

Pk
(1): o5 = or, A = =M
(il): ¢k* = @i, gOk* = ¢l7 )\k* = _>\l7 where k # [.
Notice that the denominator W, of ¢! is a modulus of a non-zero complex function under
reduction condition, so the new solution ¢[™ is non-singular. For the one-fold DT T3, set

) associated with eigenvalue A, has following properties [24],

A1 = i1 (a pure imaginary constant), and its eigenfunction ; = ( o1 ) , (38)

o1
then 7} in theorem 1 is the DT of the DNLS. We note that ¢!/ = —(r[)* holds with the
help of eq.[2I), ¢ = —r* and this special choice of 1;. This is an essential distinctness of

DT between DNLS and NLS, because one-fold transformation of AKNS can not preserve the
reduction condition to the NLS. Furthermore, for the two-fold DT, according to above property
(i), set

Ao = —A] and its eigenfunction ¢y = < ii ) 1 = < zl ) associated with eigenvalue Aq,
1 1

(39)
then ¢iZ = —(r)* can be verified from eq. ([B5) and Ty given by eq.(28) is the DT of the
DNLS. Of course, in order to get ¢ = —(r12)* so that T, becomes also the DT of the DNLS,
we can also set

A = if(pure imaginary) and its eigenfunction ; = ( gi ) JA=1,2. (40)
!

There are many choices to guarantee ¢ = —(rl")* for the n-fold DTs when n > 2. For

example, setting n = 2k and [ = 1,3, ...,2k — 1,then choosing following £ distinct eigenvalues
and eigenfunctions in n-fold DTs:

AN Y= ( P ) ,andAy = _)‘Sl—la Py = ( @31_1 ) (41)

¥ P31-1
so that ¢* = —(r*)* in eq.[@F). Then Ty, with these paired-eigenvalue \; and paired-

eigenfunctions ¥;(i = 1,3,...,2k — 1) is reduced to the (2k)-fold DT of the DNLS. Similarly,
Top+1 in eq.(29) can also be reduced to the (2k+1)-fold DT of the DNLS by choosing one
pure imaginary Agxi1 = i1 (pure imaginary) and k paired-eigenvalues Ay = —A5, (I =
1,2, -+, k) with corresponding eigenfunctions according to properties (i) and (ii).
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3. PARTICULAR SOLUTIONS

3.1. Darboux transformations applied to zero seed
For ¢ = r = 0 the equations (6) and (7)) are solved by

Ur = ( :ﬁz ) s O =exp(i(NCr +20M)), g = exp(—i( A +20)). (42)

Case 1(N = 1). Under the choice eq.(38]), taking 1, in eq.([@2)) back into eq.(2I]) with A, =i,
then one solution of the DNLS is

g = =26, exp(—2i(—p1%x + 26,'1)), (43)

which is not a soliton but a periodic solution with a constant amplitude.
Case 2(N=2). Considering the choice in eq.(d0) with A; = i(I4+m), Ao = i(l—m), and taking
eigenfunctions in eq. ([@2)) back into Ty,the result of the DT of the DNLS is then simply found

from (B3)),

(mcos(2G) — il sin(2G))3
((m? — 12) cos(2G)? + [?)?
which is a quasi-periodic solution,and here F' = —[%2x + 2[% + 121?m?*t — m?x + 2m*, G =
813mt — 2lmx + 8lm>t. Furthermore, considering the choice in eq.[39) with A\ = a; + i,
Ay = —ay + i3y, and using eigenfunctions in eq. ([@2), then the solution of the DNLS generated
by two-fold DT is simply found from (35,

(—ic cosh(2T) + By sinh(21))?
((—on2 — B1%) cosh(21)2 + 3,2)2
with h = —ﬁ12$€ + 2ﬁ14t - 120&12ﬁ12t + 0412517 + 20(14t, I' = —8a1B13t + 20&1ﬁ1$ + 80&13ﬁ1t. By
letting o; — 0 in([43)), it becomes a rational solution

(4iB*(4B:°t — ) — 1)3
(168:*(4B:°t — x)2 + 1)%’

with an arbitrary real constant ;. Obviously, the rational solution is a linar soliton, and its
trajectory is defined explicitly by

¢ = —4im exp(2iF), (44)

% = diap exp(2ih), (45)

¢ =48, exp (208, (—z + 2,°t)) (46)

Tr = 4512t, (47)

on (x—t) plane. The solutions ¢! and ¢ of the DNLS equation are consistent with the results
of ref. [24,25] except the rational solution. So the rational solution ¢/ in eq.(@6) of the DNLS
equation is first found in this paper, which is plotted in Figure 1.

FIGURE 1. Rational solution |¢?|? of the DNLS with 3, = 0.5.
11



3.2. Darboux transformations applied to non-zero seeds: constant solution and periodic
solution.

Set a and ¢ be two complex constants, and take ¢ > 0 without loss of generality, then
q = cexp (i(ax + (—c® + a)at)) is a periodic solution of the DNLS equation, which will be used
as a seed solution of the DT. Substituting ¢ = cexp (i(ax + (—c* + a)at)) into the spectral
problem eq. (@) and eq. (7)), and using the method of separation of variables and the superposition
principle, the eigenfunction v associated with Ay is given by

(gbk(:ﬂ, t, )\k))_(wl(:z, t, )L, k| + w2(x, t, \e)[1, k] + @wl*(z, t, —A))[2, k] + w2*(x, ¢,

t,— AL
or(z,t, \g) ) \wl(x,t, \p)[2, k] + @2(z,t, \p)[2, k] + w1 (x,t, =A})[1, k] + @w2*(z, t, — A}
Here

V(x4 202+ (=2 + a)t)

] exp( i(az + (=c* + a)at)))
]): ia — 2i\.2 + \/_

a)t)

1
wl(z,t, \)[1 9 T3
wl(z,t, \p)[2, V(o + 207t 4 (=2 +

W ; ~ Lifaz + (~¢* + a)ar))
(’WQ(L t, )L, k‘]): | | e;{p(—\/g(x + 2 t;' (—02 +a)t) % i(az + (= + a)at)))
R e L))

s = —a® — 4\ — AN (P —a).

Note that wl(z,t, A\y) and w2(z,t, \;) are two different solutions of the spectral problem eq. ()
and eq.(T), but we can only get the trivial solutions through DT of the DNLS by setting
eigenfunction v, be one of them.

What is more ,we can get richer solutions by using ({48]).
Case 3(N = 1). Under choice in eq. (B8)) with ¢, given by eq.(d8) and A\; = i, the one-fold
DT of the DNLS generates

2(26,% + a)? — 825,
a+ 26,2 + 2¢f; cosh(K (x — 26,%t + at — c2t))’

V) = =20+ (49)

with K = \/402612 — (26, + a)2, according to eq.(2I)). By letting 2 — 0o,t — 00, so |gl]? —
c? — 2a. The trajectory is defined implicitly by

r — 20 %t +at — *t = 0. (50)

The ¢/ in eq.[@3) gives a soliton solutions if 4¢2f,% — (26, + a)? > 0, and gives a periodic
solution if 4c¢23,* — (26, +a)? < 0. This classification is consistent with Steudel( see Figure 1 of
ref. [25]). Further, we find that ¢['l in eq.(@9) can generate a dark soliton if ¢ —2a > (c —20;)?
and a bright solitons if ¢* — 2a < (¢ — 2;)%. Here

2((267 + a)® — 4c*B7)

a + 2510 + 512
12
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Note, § = K? has four roots of 8, and & = (26; — ¢)* — (¢* — 2a) has two roots of f3
in general. Combining the conditions of the bright/dark soliton and periodic solutions, a
complete classification of the different solutions generated by one-fold DT is obtained in Table
1. The depth of the dark soliton is 2(—a + 28,¢ — 263,%) and the height of the bright soliton is
2(a — 2B1¢ + 2/3,?). Particularly, for a = 0, the seed solution ¢ = ¢ is a positive constant, and
then the one fold DT of the DNLS generates a dark soliton under the condition 0 < f; < ¢,
the bright soliton under —c¢ < (; < 0, a periodic solution under f; < —c and 31 > ¢. To
illustrate the table, Figure 2 is plotted for the case of ¢ > 0 and a < 0. Set y; = (c — 2/31)?,
Yo = 42617 — (28, + a)? = 0, y3 = ¢ — 2a with specific parameters a = —1.5 ¢ = 0.8. There
are four roots of ys, which are (1)1 > (51)2 > (51)s > (51)4- Note the (1) and (f;)s are also
the roots of y; — y3 = &. We can see from Figure 2 that, ¢/ in eq.(@J) gives the bright soliton
when 81 € ((B1)4, (1)) because y» > 0 and y1 > ys, dark soliton when 31 € ((B1)2, (B1)1)
because i, > 0 and y; < ys3,periodic solutions for others three cases of 8; because y, < 0.

TABLE 1. Classification of the solutions ¢!l generated by one-fold DT in case 3 ac-
cording to the intervals of the eigenvalue \; = if3;.

Classification of the solutions generated by one-fold DT

zero seed c=0 Vh € R periodic solution
constant seed | a =0,¢> 0 0<pBi<ec dark solitons
—c< 1 <0 bright solitons
(1 belongs to other two intervals periodic solutions
2
27 11 11
periodic seed | a > 0,¢ > 0 3¢~ 5\/02 —2a< 1 < 3¢ + 5\/02 —2a dark solitons
1 1 1 1
—5C 5\/02 —2a < fp < —5C + 5\/02 —2a | bright solitons
[1 belongs to other three intervals periodic solutions

1

1 1 1
a<0,c>0 —§c+ 5\/02 —2a< 1 < §C—|- 5\/02 —2a dark solitons

1 1 1 1
—5C 5\/02 —2a < f; < 3¢~ 5\/02 —2a bright solitons
B1 belongs to other three intervals periodic solutions
2
_Sa
periodic seed | a > 0,c >0 V5 € R periodic solutions

13
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FIGURE 2. Intervals of 5; in one-fold DT geﬁérate different solutions ¢! (dark soliton, bright
soliton and periodic solution) under specific parameters a = —1.5,¢ = 0.8. Here y; = (c—201)?,
Yo = 426, — (2ﬁ12 +a)?, y3 = ¢* — 2a. There are five intervals of 3; divided by the four roots
of y5. From the left to the right, the second interval and the fourth interval correspond to the
bright soliton, dark soliton respectively. The other three intervals correspond to the periodic
solutions.

Case 4.(N = 2). Under the choice in eq.(d0) with Ay = i1, Ay = ifs, 51 # [, the solution of
the DNLS equation is generated by two-fold DT from(35]) as

g2 = (1912 — 52¢1¢§)2q B 2(512 — B2?) 102 (P12 — 52@51(?5)’ (51)

(B1d105 — B2} 2)? (B10105 — B2l 2)?

where ¢; and ¢9 are given by eq.(d8]). Similarly, under the choice in eq.(39) with one paired
eigenvalue \; = a1 + i) and Ay = —ayq + if3;, the two-fold DT eq.(B5]) of the DNLS equation
implies a solution

2 = (AMrpro1* — Ao ™)? o+ 21.()\12 — M) do1* Mpror” — Aagndn¥)

(=A2p101* + M1 ")? (=A2p101* + M1 ")? 7
with ¢; and ¢; given by eq.(8]). Two concrete examples of eq.(52]) are given below.
(a)For simplicity, let a = 2a;,2 — 23, + ¢? so that Im(—a? — 4)\;* — 4\%(¢? — a)) = 0, then

wl cosh(f1)cos(f2) +w2sinh(f1)sin(f2) + w3
w4 cosh(f1)cos(f2) + wbhsinh(f1)sin(f2) + w6 cos(2f2) + w7 cosh(2f1) + w8

(52)

P> = =160 5 + ¢*,(53)

wl = car (¢ = 4,)(c* + don?),

w2 = —cByi(c® + da,?)(c® — 45,7),

w3 = 20181 (¢ — 45,2) (4o + 2),

wd = 8car®Bi(¢® + 4ar?),

whH = —8ca1512(02 - 4ﬁ12)’

w6 = Pon®(® + 4or®) + B2 (P — 487),

w7 = 1601%6,% (a1 + Br?),

w8 = Mar? = %) + 1601512 (an® — %) + 4P (aa® + )7,
f1= K1(4ayt — 48,%t + z),

2 = 4K1oq fit,

K1 = \/160&12612 — 4C2Oél2 + 402512 -t
14



By letting x — 0o, t — 00, so |¢@|? — ¢2, the trajectory of this solution is defined explicitly
by
T = —40&12t + 4612t, (54)
from f; = 0if K12 > 0, and by
t=0 (55)
from f, = 0 if (K1) < 0. According to eq.([53), we can get the Ma breathers [33](time periodic
breather solution) and the Akhmediev breathers [34] (space periodic breather solution) solution.
In general, the solution in eq.(53]) evolves periodically along the straight line with a certain
angle of x axis and ¢ axis. The dynamical evolution of |¢@|? in eq.(53) for different parameters
are plotted in Figure 3, Figure 4 and Figure 5, which give a visual verification of the three
cases of trajectories. Inspired by the extensive research of rogue wave [4,34] for the nonlinear
Schrodinger equation, a limit procedure [34] is used to construct rogue wave of the DNLS
equation in the following. By letting ¢ — —24; in (52) with Im(—a? —4X\,* —4X,*(c? —a)) = 0,

it becomes rogue wave
2] _rlr2r3
qrogue wave ~ rdrs

(56)

rl = 2exp(2i(af + B7)(2taf + x — 2t57))

r2 = B (16877 (4ta] + x)* + 1687 (487 — x)* + 8if3i (v + 4tai — 8tB7) + 1)

r3 = 2(16B82a2(4ta? + x)? + 1681 (4t57 — x)? — 8an By (x + 4ta? — 8tB?) + 1)
X (—aq + 166, (8f — af)t — 4B (aF + BY)x + 16iay 87 (af + Bt — iBy)
— (16832 (4ta? + x)? + 163} (487 — x)* + 8ifB}(z + 4ta? — 8t37) + 1)
x (o 4 1681(8Y — a)t — 4B, (2 + BY)x + 16ia12(a + B2)t + Bii)

rd = oy + 1661(8) — )t — 481 (a2 + BHx + 16icn f2(a? + B2)t + Bi

r5 = (—1687a’ (4ta] + x)* — 1667 (4137 — x)* + 8ifi (v + 4ta? — 8tF7) — 1)

By letting # — 00, t — 00, 50 |gi2ue wave|> — 452, the maximum amplitude of |¢ague wave|?

occurs at t = 0 and = 0 and is equal to 364%,and the minimum amplitude of |q£%]gue wave |
9a?

d —
16+/3(402 + BBy (a3 + ﬁ%) 3F4\/ of + B7)Bi(af + B7)

to 0. Through Figure 9 and Figure 10 of |q7[%]gue wave|?, the main features(such as large amplitude
and local property on (x-t) plane) of the rogue wave are shown. We have found that |¢l?|? in

eq.([B3) gives the same result of |qm]gue wave|? by taking limit of ¢ — —2/3;.

and is equal

occurs at t = =+

(b)When a = —, from eq.(d8)), it is not difficult to find that there are two sets of collinear

eigenfunctions,
2, k]
). 57

1
fg ) | (58)

] w2*(z,t, —\})

1) ond {2t - A1)
w2(xz,t, \p)[1, K] d wl*(z,t,—A;)|
@2z, t, \)[2, k] )" wl*(z,t, =A%)

Therefore, the eigenfunction 1, associated with A; for this case is given by

¢k(flﬁ',t, )\k) . wl(x, t’ Ak)[l, k] + W:[*(x’t, AZ)[2’ ]{}]
<90’f<f”’ b A@)‘(m@, £ A)[2, K]+ w1 (e, 8, =), k:]) | (59)
15
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Here

wl(z, t, \)[1, k
wl(z,t, \)[2, k

]) exp(i( A2z 4 20, + %czz — icﬁ‘t))
] € exp(iOue + 2041))

2k
Under the choice in eq.[39) with A\; = a1 + 61, A\ = —ay + i1, and the vy given by eq.(59),
the solution ¢/ is given simply from eq. ([B5). Figure 6 is plotted for |¢?|?, which shows the
periodical evolution along a straight line on (x — t) plane.
Case 5.(N = 4). According to the choice in eq.(4I]) with two distinct eigenvalues A\; = a3 +
i1, A3 = as + if3, substituting ¢; and 3 defined by eq. (48)) into eq.(35]), then the new
solution ¢!¥ generated by 4-fold DT is given. Its analytical expression is omitted because it is
very complicated. But |¢i*|? are plotted in Figure 7 and 8 to show the dynamical evolution on
(z—t) plane: (a) Let a = 20,2 —283;*+c?,i = 1,3, so that Im(—a?—4\;* —4)\;*(c?—a)) = 0, then
Figure 7 shows intuitively that two breathers may have parallel trajectories;(b) Two breathers
have an elastic collision so that they can preserve their profiles after interaction, which is verified
in Figure 8.

4. CONCLUSIONS

In this paper, a detailed derivation of the DT from the KN system and then the determinant
representation of the n-fold case are given in Theorem 1 and Theorem 2. Each element of n-
fold DT matrix T, is expressed by the determinant of eigenfunctions of the spectral problem in
eq.(@) and eq.(@). The determinant representations of the new solution ¢ and 7" of the KN
system are also given in eq.(35]). Further more, by the special choice of the eigenvalue A\, and
its eigenfunction v to construct 7,, so that g = —(r["})*, then the T, is also reduced to the
n-fold DT of the DNLS equation and ¢/ is a solution of the DNLS. To illustrate our method,
solutions of five specific cases are discussed by analytical formulae and figures. In particular,
a complete classification of the solutions of the DNLS equation generated by one-fold DT is
given in Table 1.

By comparing with known results [24,[25] of the DT for the DNLS equation, our results
provide following improvements:

e A detailed derivation of the DT and the determinant representation of 7;,. This repre-
sentation is useful to compute the soliton surfaces of the DNLS equation in the future
as we have done for the NLS equation [2§]. The rogue wave and rational traveling wave
are firstly given about the DNLS equation. The rational solution has been used by
us in a separate preprint to construct the rouge wave of the variable coefficient DNLS
equation [35].

e A complete and thorough classification of the solution generated by the one-fold DT.
The bright soliton and dark soliton is also classified, which is not published before.
At the same time, our results show the nonlinear and difficult Riccati equations in
ref. [25],which are transformed from the linear equations of the spectral problem, and
Seahorse functions are indeed avoidable. Of course, these do not disaffirm the merits of
method in ref. [25].

e The general solution eq.(d8)]) of the linear partial differential equations in spectral prob-
lem is crucial to get non-trivial solution of the DNLS equation.

e The solution in eq.(53)) is a relatively general form of the breather solution of the DNLS,

which can evolve periodically along any straight line on (z—t) plane by choosing different
16



values of parameters aq, 31, c. It has two well-known reductions: Ma breather going
periodically along t-axis, and Akhmediev breather going periodically along z-axis.

At last, we would like to mention the DT [36] of the DNLSIII. Unlike the DNLS equation,
Fan’s results show that the kernel of the one-fold DT of the DNLSIII is two dimensional,and
then support again the necessity of the separate study of the three kinds of derivative nonlinear
Schrodinger equation. So we shall consider the determinant representation of the DT for DNL-
SIT and DNLSIII in the near future. Moreover, we are also interested in the periodic solutions
with a variable amplitude of the DNLS equation.
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FIGURE 3. The dynamical evolution of |¢/Z|?(time periodic breather) in
eq.(®3) on (x — t) plane with specific parameters a; = [, = 0.5,¢ = 0.8.
The trajectory is a line z = 0.
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FIGURE 4. The dynamical evolution of |¢/?|?(space periodic breather) in
eq.(®3) on (x — t) plane with specific parameters a; = [, = 0.5,¢ = 1.5.
The trajectory is a line ¢t = 0.

FIGURE 5. The dynamical evolution of solution 1172 in eq.(53) for case 4(a).
It evolves periodically along a straight line with certain angle of x axis and ¢ axis
under specific parameters a; = 0.65, 81 = 0.5, ¢ = 0.95.

FIGURE 6. The dynamical evolution of |¢lZ|? in case 4(b) on (x —t) plane with
specific parameters oy = 0.5, 1 = 0.35, ¢ = 0.85. It evolves periodically along a
straight line on (x — t) plane.
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FIGURE 7. The dynamical evolution of peribdic breather solution given by case
5(a) on (z — t) plane with specific parameters a; = 0.5, 5, = 0.6,¢ = 0.5, a3 =

0.6, 83 = E\/ﬂ . This picture shows two breathers may parallelly propagate on
(r —t) plane.

FI1GURE 8. The dynamical evolution of periddic breather solution given by case
2

5(b) on (x — t) plane with specific parameters a = %, ap =—0.5,6 =0.5a3 =

0.6,83 = 0.5,¢ = 0.95. This picture shows the elastic interaction of the two
breathers.

FIGURE 9. The dynamical evolution of |q,[«2o]gue wave|® given by eq.(B6) on (z —t)

plane with specific parameters o = 5,51 = §.By letting * — oo, t — 00, so

|q¥%]gue wave |2

x = 0 and is equal to 9,and the minimum amplitude of |q,[«20]gue wave|? Occurs at
V15 3V15

t=+—— and x =
0 T

— 1, the maximum amplitude of |giue wave|? occurs at ¢ = 0 and

and is equal to 0.
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FIGURE 10. Contour plot of the wave amplitudes of |q,[3,]gue wave|? in the (z —t)
1

1
plane is given by eq.(56]) for oy = 5,61 =3
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