
 Open access  Journal Article  DOI:10.1111/JEEA.12132

The demand for liquid assets, corporate saving, and international capital flows
— Source link 

Philippe Bacchetta, Kenza Benhima

Institutions: Swiss Finance Institute, University of Lausanne

Published on: 01 Dec 2015 - Journal of the European Economic Association (Oxford Academic)

Topics: Working capital, Global imbalances, Emerging markets, Capital (economics) and Total factor productivity

Related papers:

 The Demand for Liquid Assets, Corporate Saving, and Global Imbalances

 An Equilibrium Model of "Global Imbalances" and Low Interest Rates

 Financial Integration, Financial Development, and Global Imbalances

 Two-way capital flows and global imbalances: a neoclassical approach

 Financial constraints, working capital and the dynamic behavior of the firm

Share this paper:    

View more about this paper here: https://typeset.io/papers/the-demand-for-liquid-assets-corporate-saving-and-
2egc9yq5cy

https://typeset.io/
https://www.doi.org/10.1111/JEEA.12132
https://typeset.io/papers/the-demand-for-liquid-assets-corporate-saving-and-2egc9yq5cy
https://typeset.io/authors/philippe-bacchetta-51h21ksd23
https://typeset.io/authors/kenza-benhima-1tzjy6nxzh
https://typeset.io/institutions/swiss-finance-institute-7wm9qdv2
https://typeset.io/institutions/university-of-lausanne-3tkqg8t1
https://typeset.io/journals/journal-of-the-european-economic-association-sja4qm3t
https://typeset.io/topics/working-capital-2lyw81q0
https://typeset.io/topics/global-imbalances-3svxod34
https://typeset.io/topics/emerging-markets-2heoc1o5
https://typeset.io/topics/capital-economics-qgjb9iym
https://typeset.io/topics/total-factor-productivity-39kl92nv
https://typeset.io/papers/the-demand-for-liquid-assets-corporate-saving-and-global-3geaet6qpo
https://typeset.io/papers/an-equilibrium-model-of-global-imbalances-and-low-interest-3p8gilaub9
https://typeset.io/papers/financial-integration-financial-development-and-global-26opwvne00
https://typeset.io/papers/two-way-capital-flows-and-global-imbalances-a-neoclassical-k1qipt60k5
https://typeset.io/papers/financial-constraints-working-capital-and-the-dynamic-3h0hyiffz5
https://www.facebook.com/sharer/sharer.php?u=https://typeset.io/papers/the-demand-for-liquid-assets-corporate-saving-and-2egc9yq5cy
https://twitter.com/intent/tweet?text=The%20demand%20for%20liquid%20assets,%20corporate%20saving,%20and%20international%20capital%20flows&url=https://typeset.io/papers/the-demand-for-liquid-assets-corporate-saving-and-2egc9yq5cy
https://www.linkedin.com/sharing/share-offsite/?url=https://typeset.io/papers/the-demand-for-liquid-assets-corporate-saving-and-2egc9yq5cy
mailto:?subject=I%20wanted%20you%20to%20see%20this%20site&body=Check%20out%20this%20site%20https://typeset.io/papers/the-demand-for-liquid-assets-corporate-saving-and-2egc9yq5cy
https://typeset.io/papers/the-demand-for-liquid-assets-corporate-saving-and-2egc9yq5cy


❚❤❡ ❉❡♠❛♥❞ ❢♦r ▲✐q✉✐❞ ❆ss❡ts✱ ❈♦r♣♦r❛t❡ ❙❛✈✐♥❣✱

❛♥❞ ■♥t❡r♥❛t✐♦♥❛❧ ❈❛♣✐t❛❧ ❋❧♦✇s∗

P❤✐❧✐♣♣❡ ❇❛❝❝❤❡tt❛

❯♥✐✈❡rs✐t② ♦❢ ▲❛✉s❛♥♥❡

❙✇✐ss ❋✐♥❛♥❝❡ ■♥st✐t✉t❡

❈❊P❘

❑❡♥③❛ ❇❡♥❤✐♠❛

❯♥✐✈❡rs✐t② ♦❢ ▲❛✉s❛♥♥❡

❈❊P❘

❙❡♣t❡♠❜❡r ✷✵✶✹

❆❜str❛❝t

❚❤❡ r❡❝❡♥t ♣❡r✐♦❞ ♦❢ ❝❛♣✐t❛❧ ♦✉t✢♦✇s ❢r♦♠ ❡♠❡r❣✐♥❣ ❡❝♦♥♦♠✐❡s ❤❛s ❝♦✐♥❝✐❞❡❞

✇✐t❤ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡✐r ❝♦r♣♦r❛t❡ s❛✈✐♥❣✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ♠♦❞❡❧ ❝♦r♣♦r❛t❡

s❛✈✐♥❣ ❛s ❛ ❞❡♠❛♥❞ ❢♦r ❧✐q✉✐❞ ❛ss❡ts ❜② ❝r❡❞✐t✲❝♦♥str❛✐♥❡❞ ✜r♠s ✐♥ ❛ ❞②♥❛♠✐❝

♦♣❡♥✲❡❝♦♥♦♠② ♠❛❝r♦❡❝♦♥♦♠✐❝ ♠♦❞❡❧✳ ❲❡ ✜♥❞ t❤❛t t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ t❤✐s ♠♦❞❡❧

❛r❡ ✈❡r② ❞✐✛❡r❡♥t ❢r♦♠ st❛♥❞❛r❞ ♠♦❞❡❧s✱ ❜❡❝❛✉s❡ t❤❡ ❞❡♠❛♥❞ ❢♦r ❢♦r❡✐❣♥ ❜♦♥❞s

✐s ❛ ❝♦♠♣❧❡♠❡♥t t♦ ❞♦♠❡st✐❝ ✐♥✈❡st♠❡♥t r❛t❤❡r t❤❛♥ ❛ s✉❜st✐t✉t❡✳ ❲❡ s❤♦✇ t❤❛t

t❤✐s ❝♦♠♣❧❡♠❡♥t❛r✐t② ✐s ❛t ✇♦r❦ ✇❤❡♥ ❛♥ ❡♠❡r❣✐♥❣ ❡❝♦♥♦♠② ✐s ♦♥ ✐ts ❝♦♥✈❡r❣❡♥❝❡

♣❛t❤ ♦r ✇❤❡♥ ✐t ❤❛s ❛ ❤✐❣❤❡r ❚❋P ❣r♦✇t❤ r❛t❡✳ ❚❤✐s ❢r❛♠❡✇♦r❦ ✐s ❝♦♥s✐st❡♥t

✇✐t❤ ❛ ♥✉♠❜❡r ♦❢ st②❧✐③❡❞ ❢❛❝ts ❢♦✉♥❞ ✐♥ ❤✐❣❤✲❣r♦✇t❤✱ ❤✐❣❤✲✐♥✈❡st♠❡♥t ❡♠❡r❣✐♥❣

❡❝♦♥♦♠✐❡s✳

∗❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ s✐① ❛♥♦♥②♠♦✉s r❡❢❡r❡❡s✱ ◆✐❝♦❧❛s ❈♦❡✉r❞❛❝✐❡r✱ ▼✐❝❤❛❡❧ ❉❡✈❡r❡✉①✱

▼❛r❝❡❧ ❋r❛t③s❝❤❡r✱ ❖❧✐✈✐❡r ❏❡❛♥♥❡✱ ❘♦❜❡rt ❑♦❧❧♠❛♥✱ ❛♥❞ s❡✈❡r❛❧ s❡♠✐♥❛r ❛♥❞ ❝♦♥❢❡r❡♥❝❡

♣❛rt✐❝✐♣❛♥ts ❢♦r ❝♦♠♠❡♥ts✳ ❲❡ ❣r❛t❡❢✉❧❧② ❛❝❦♥♦✇❧❡❞❣❡ ✜♥❛♥❝✐❛❧ s✉♣♣♦rt ❢r♦♠ t❤❡ ◆❛t✐♦♥❛❧

❈❡♥tr❡ ♦❢ ❈♦♠♣❡t❡♥❝❡ ✐♥ ❘❡s❡❛r❝❤ ✧❋✐♥❛♥❝✐❛❧ ❱❛❧✉❛t✐♦♥ ❛♥❞ ❘✐s❦ ▼❛♥❛❣❡♠❡♥t✧ ✭◆❈❈❘

❋■◆❘■❙❑✮✳ ❇❛❝❝❤❡tt❛ ❛❧s♦ ❛❝❦♥♦✇❧❡❞❣❡s s✉♣♣♦rt ❢r♦♠ t❤❡ ❊❘❈ ❆❞✈❛♥❝❡❞ ●r❛♥t ★✷✻✾✺✼✸✳

✶

This is a pre-copyedited, author-produced version of an article accepted for publication in Journal of the 
European Economic Association following peer review. The version of record Bacchetta P., Benhima K. 
(2015). The demand for liquid assets, corporate saving, and international capital flows. Journal of the 
European Economic Association, 13(6), 1101-1135 is available online at: https://doi.org/10.1111/jeea.12132.

https://doi.org/10.1111/jeea.12132


✶✳ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ✐♥❝r❡❛s❡ ✐♥ ❢♦r❡✐❣♥ ❛ss❡t ❤♦❧❞✐♥❣s ❜② ❡♠❡r❣✐♥❣ ❆s✐❛✱ ♠❛✐♥❧② ✐♥ t❤❡ ❢♦r♠

♦❢ ❧✐q✉✐❞ ❛ss❡ts✱ ❤❛s ❜❡❡♥ ❛ ♠❛❥♦r ❢❡❛t✉r❡ ♦❢ t❤❡ r❡❝❡♥t ❡♣✐s♦❞❡ ♦❢ ❣❧♦❜❛❧

✐♠❜❛❧❛♥❝❡s✳ ❚❤✐s ✐♥❝r❡❛s❡ ✐♥ ♥❡t s❛✈✐♥❣ ❤❛s t②♣✐❝❛❧❧② ❜❡❡♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤

❤♦✉s❡❤♦❧❞ s❛✈✐♥❣✳ ❍♦✇❡✈❡r✱ t❤❡ ❡♣✐s♦❞❡ ♦❢ ❣❧♦❜❛❧ ✐♠❜❛❧❛♥❝❡s ❛❧s♦ ❝♦✐♥❝✐❞❡s ✇✐t❤

❛ s❤❛r♣ ✐♥❝r❡❛s❡ ✐♥ ❝♦r♣♦r❛t❡ s❛✈✐♥❣ ✐♥ ❡♠❡r❣✐♥❣ ❆s✐❛✳ ❋✐❣✉r❡ ✶ s❤♦✇s t❤❡ ♣r❡✲

❝r✐s✐s ❡✈♦❧✉t✐♦♥ ♦❢ ❝♦r♣♦r❛t❡ s❛✈✐♥❣ r❛t❡s ❢♦r ❛ s✉❜s❡t ♦❢ ❆s✐❛♥ ❝♦✉♥tr✐❡s✳✶ ❚❤❡

❛✈❡r❛❣❡ ❝♦r♣♦r❛t❡ s❛✈✐♥❣ r❛t❡ ❞r❛♠❛t✐❝❛❧❧② ✐♥❝r❡❛s❡❞ s✐♥❝❡ ✶✾✾✽✳ ❚❤✐s ❡✈♦❧✉t✐♦♥

❝♦♥tr❛sts ✇✐t❤ ❛ ♠✉❝❤ s♠❛❧❧❡r ✐♥❝r❡❛s❡ ✐♥ ♦t❤❡r ❝♦✉♥tr✐❡s✳ ❯s✐♥❣ t❤❡ s❛♠❡ ❞❛t❛✱

t❤❡ ❧❡❢t ♣❛♥❡❧ ♦❢ ❋✐❣✉r❡ ✷ s❤♦✇s t❤❡ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❝♦r♣♦r❛t❡ s❛✈✐♥❣ r❛t❡

♦✈❡r t❤❡ ♣r❡✲❝r✐s✐s ❞❡❝❛❞❡ ✶✾✾✽✲✷✵✵✼✳ ❚❤✐s r❛t❡ ✐♥❝r❡❛s❡❞ s✉❜st❛♥t✐❛❧❧② ♠♦r❡

❢♦r ❡♠❡r❣✐♥❣ ❆s✐❛♥ ❝♦✉♥tr✐❡s ✭✽✳✶✪✮ t❤❛♥ ❢♦r ♦t❤❡r ❡♠❡r❣✐♥❣ ❝♦✉♥tr✐❡s ✭✹✳✵✪✮

♦r ❢♦r ●✲✼ ❝♦✉♥tr✐❡s ✭✶✳✸✪✮✳✷ ❚❤❡ ♠✐❞❞❧❡ ♣❛♥❡❧ ♦❢ ❋✐❣✉r❡ ✷ s❤♦✇s t❤❛t t❤❡

✐♥✈❡st♠❡♥t r❛t❡ ❛❧s♦ ✐♥❝r❡❛s❡❞ s✐❣♥✐✜❝❛♥t❧② ♠♦r❡ ✐♥ ❡♠❡r❣✐♥❣ ❆s✐❛✳ ❍♦✇❡✈❡r✱

✶✳ ❚❤❡s❡ ❝♦✉♥tr✐❡s ❛r❡ ❈❤✐♥❛✱ ■♥❞✐❛✱ ❙♦✉t❤ ❑♦r❡❛✱ P❤✐❧✐♣♣✐♥❡s ❛♥❞ ❚❤❛✐❧❛♥❞✳ ❚❤❡ ♦t❤❡r

❝♦✉♥tr✐❡s ✐♥ ❋✐❣✉r❡ ✶ ✐♥❝❧✉❞❡ ✷✽ ❞❡✈❡❧♦♣❡❞ ❛♥❞ ❡♠❡r❣✐♥❣ ❝♦✉♥tr✐❡s ❢♦r ✇❤✐❝❤ ❯◆ ❝♦r♣♦r❛t❡

s❛✈✐♥❣ ❞❛t❛ ✐s ❛✈❛✐❧❛❜❧❡✳ ❚❛✐✇❛♥ ✐s ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❊♠❡r❣✐♥❣ ❆s✐❛ ❣r♦✉♣ ✐♥ ❋✐❣✉r❡ ✷ ❛♥❞

♥♦t ✐♥ ❋✐❣✉r❡ ✶ ❜❡❝❛✉s❡ ♦❢ ❞❛t❛ ❛✈❛✐❧❛❜✐❧✐t② ❢♦r ❝♦r♣♦r❛t❡ s❛✈✐♥❣✳ ❙❡❡ ❆♣♣❡♥❞✐① ❆ ❢♦r ❞❛t❛

❞❡s❝r✐♣t✐♦♥✳ ❙❡❡ ❛❧s♦ ❑❛r❛❜❛r❜♦✉♥✐s ❛♥❞ ◆❡✐♠❛♥ ✭✷✵✶✷✮ ❢♦r ❛ r❡❝❡♥t ❡st✐♠❛t❡ ♦❢ ❣❧♦❜❛❧

❝♦r♣♦r❛t❡ s❛✈✐♥❣ ❛♥❞ ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ ✐ts ♠❡❛s✉r❡♠❡♥t✳

✷✳ ❚❤❡s❡ ♥✉♠❜❡rs ❝♦rr❡s♣♦♥❞ t♦ ●❉P ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡s✳ ■❢ ✇❡ ❝♦♥s✐❞❡r ✐♥st❡❛❞ t❤❡ s✐♠♣❧❡

❛✈❡r❛❣❡ ✭t❤✉s ❣✐✈✐♥❣ ❧❡ss ✇❡✐❣❤t t♦ ❈❤✐♥❛✮ t❤❡ ✐♥❝r❡❛s❡ ✐♥ ❝♦r♣♦r❛t❡ s❛✈✐♥❣ ✐♥ ❡♠❡r❣✐♥❣ ❆s✐❛♥

❝♦✉♥tr✐❡s ✇❛s ✻✳✼✪✳

✷



✐♥✈❡st♠❡♥t ✐♥❝r❡❛s❡❞ ❧❡ss t❤❛♥ ❝♦r♣♦r❛t❡ s❛✈✐♥❣✱ ✇❤✐❝❤ ✐s ❛♥ ✐♥❞✐❝❛t✐♦♥ t❤❛t

✜r♠s ✐♥❝r❡❛s❡❞ t❤❡✐r ♥♦♥✲♣r♦❞✉❝t✐✈❡ ❛ss❡t ❤♦❧❞✐♥❣s✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ❝♦r♣♦r❛t❡

s❛✈✐♥❣ ❤❛s ❝♦♥tr✐❜✉t❡❞ t♦ t❤❡ ❤✐❣❤ ❝✉rr❡♥t ❛❝❝♦✉♥t s✉r♣❧✉s❡s ♦❜s❡r✈❡❞ ✐♥ t❤❡s❡

❝♦✉♥tr✐❡s ❞✉r✐♥❣ t❤❡ ♣❡r✐♦❞✳ ❋✐❣✉r❡ ✷ ❛❧s♦ s❤♦✇s t❤❛t ❡♠❡r❣✐♥❣ ❆s✐❛♥ ❝♦✉♥tr✐❡s

❡①♣❡r✐❡♥❝❡❞ ❛♥ ❡①❝❡♣t✐♦♥❛❧❧② ❤✐❣❤ ❛✈❡r❛❣❡ ❣r♦✇t❤ r❛t❡ ♦✈❡r t❤❡ ✶✾✾✽✲✷✵✵✼

♣❡r✐♦❞✳

❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ ❛♥❛❧②③❡ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❝♦r♣♦r❛t❡

s❛✈✐♥❣ ❛♥❞ ❝❛♣✐t❛❧ ✢♦✇s ✐♥ ❢❛st✲❣r♦✇✐♥❣ ❡♠❡r❣✐♥❣ ❡❝♦♥♦♠✐❡s✳ ❲❡ ♠♦❞❡❧

❡①♣❧✐❝✐t❧② t❤❡ ❞❡♠❛♥❞ ❢♦r ❧✐q✉✐❞ ❛ss❡ts ❜② ✜r♠s ✐♥ ❛♥ ✐♥✜♥✐t❡ ❤♦r✐③♦♥ ❡❝♦♥♦♠②

✇✐t❤ ❛ ❧♦✇ ❧❡✈❡❧ ♦❢ ✜♥❛♥❝✐❛❧ ❞❡✈❡❧♦♣♠❡♥t ✐♥ t❤❡ ❢♦r♠ ♦❢ str♦♥❣ ❝r❡❞✐t ❝♦♥str❛✐♥ts✳

❲❡ s❤♦✇ t❤❛t ❜✐♥❞✐♥❣ ❝♦♥str❛✐♥ts ✐♠♣❧② ❛ ❝♦♠♣❧❡♠❡♥t❛r✐t② ❜❡t✇❡❡♥ ❢♦r❡✐❣♥

❜♦♥❞s ❛♥❞ ❞♦♠❡st✐❝ ✐♥✈❡st♠❡♥t✱ ✇❤✐❝❤ ✐s ✐♥ s❤❛r♣ ❝♦♥tr❛st ✇✐t❤ st❛♥❞❛r❞

✐♥t❡rt❡♠♣♦r❛❧ ♠♦❞❡❧s ✇❤❡r❡ ❝❛♣✐t❛❧ ❛♥❞ ❢♦r❡✐❣♥ ❜♦♥❞s ❛r❡ s✉❜st✐t✉t❡s✳ ❈♦♥s✐❞❡r

❢♦r ❡①❛♠♣❧❡ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ❞♦♠❡st✐❝ ♣r♦❞✉❝t✐✈✐t② ❣r♦✇t❤✳ ■♥ st❛♥❞❛r❞ ♠♦❞❡❧s✱

✐♥✈❡st♠❡♥t ✐♥❝r❡❛s❡s ✇❤✐❧❡ ❢♦r❡✐❣♥ ❜♦♥❞s ❞❡❝❧✐♥❡ t❤r♦✉❣❤ ❡①t❡r♥❛❧ ❜♦rr♦✇✐♥❣✳

❚❤✐s t❡♥❞s t♦ ✐♠♣❧② ❛ ❝✉rr❡♥t ❛❝❝♦✉♥t ❞❡✜❝✐t✳ ■♥ ❝♦♥tr❛st✱ ❛ ♠♦❞❡❧ ✇✐t❤ ❧✐q✉✐❞✐t②

❞❡♠❛♥❞ ✐♠♣❧✐❡s ❛♥ ✐♥❝r❡❛s❡ ✐♥ ❢♦r❡✐❣♥ ❜♦♥❞s ❤♦❧❞✐♥❣s ❢♦❧❧♦✇✐♥❣ ❛ ♣♦s✐t✐✈❡

♣r♦❞✉❝t✐✈✐t② s❤♦❝❦✳ ■♠♣♦rt❛♥t❧②✱ str♦♥❣ ❣r♦✇t❤ ♠❛❦❡s t❤❡ ❝r❡❞✐t ❝♦♥str❛✐♥t

❛❝t✐✈❡✱ ✇❤✐❝❤ ❣❡♥❡r❛t❡s t❤❡ ❝♦♠♣❧❡♠❡♥t❛r✐t②✳ ❚❤✐s ♠❡❛♥s t❤❛t str♦♥❣❡r ❣r♦✇t❤

♠❛② ❧❡❛❞ t♦ ❛ ❝✉rr❡♥t ❛❝❝♦✉♥t s✉r♣❧✉s✳

❚❤❡ ♠♦❞❡❧✬s ✐♠♣❧✐❝❛t✐♦♥s ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ ✈❛r✐♦✉s ❢❡❛t✉r❡s r❡❧❛t❡❞ t♦

t❤❡ r❡❝❡♥t ❡♣✐s♦❞❡ ♦❢ ❝❛♣✐t❛❧ ✢♦✇✐♥❣ ❢r♦♠ ❡♠❡r❣✐♥❣ ❆s✐❛ t♦ t❤❡ ❯✳❙✳ ❋✐rst✱ t❤❡
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r❡❝❡♥t ♣❡r✐♦❞ ❝♦✐♥❝✐❞❡❞ ✇✐t❤ ❡♣✐s♦❞❡s ♦❢ ❤✐❣❤ ❣r♦✇t❤ ❛♥❞ ✐♥❝r❡❛s✐♥❣ ✐♥✈❡st♠❡♥t

❧❡✈❡❧s ✐♥ ❆s✐❛✱ ❛s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✷✳ ❙❡❝♦♥❞✱ ❡♠❡r❣✐♥❣ ❆s✐❛ ❡①♣❡r✐❡♥❝❡❞

✐♥❝r❡❛s✐♥❣ ♥❡t ❢♦r❡✐❣♥ ❛ss❡t ♣♦s✐t✐♦♥s ❛♥❞ ❤✐❣❤ ❝✉rr❡♥t ❛❝❝♦✉♥t s✉r♣❧✉s❡s✳✸

❊♣✐s♦❞❡s ♦❢ ❣r♦✇t❤ ❛❝❝❡❧❡r❛t✐♦♥ t❤❛t ❛r❡ ❛❝❝♦♠♣❛♥✐❡❞ ❜② ♥❡t ❝❛♣✐t❛❧ ♦✉t✢♦✇s

❤❛✈❡ ❛❧s♦ ❜❡❡♥ ❞♦❝✉♠❡♥t❡❞ ❜② ❙❛♥❞r✐ ✭✷✵✶✹✮✳ ❚❤✐s ❢❡❛t✉r❡ ✐s r❡❧❛t❡❞ t♦ t❤❡

✧❛❧❧♦❝❛t✐♦♥ ♣✉③③❧❡✧ ❞❡s❝r✐❜❡❞ ❜② ●♦✉r✐♥❝❤❛s ❛♥❞ ❏❡❛♥♥❡ ✭✷✵✶✸✮✱ ✇❤❡r❡❜② t❤❡

❢❛st❡st ❣r♦✇✐♥❣ ❡❝♦♥♦♠✐❡s t❡♥❞ t♦ ❡①♣♦rt ❝❛♣✐t❛❧ ✐♥st❡❛❞ ♦❢ ❛ttr❛❝t✐♥❣ ✐t✳ ❖✉r

♠♦❞❡❧ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❛t ❢❛❝t ❛s t❤❡ ❝♦♠♣❧❡♠❡♥t❛r✐t② ❜❡t✇❡❡♥ ✐♥✈❡st♠❡♥t

❛♥❞ ❜♦♥❞s ❡♠❡r❣❡s ♦♥❧② ❢♦r ❢❛st✲❣r♦✇✐♥❣ ❝♦✉♥tr✐❡s✳

❚❤❡ ❞❡♠❛♥❞ ❢♦r ❧✐q✉✐❞ ❛ss❡ts ❝♦♠❡s ❢r♦♠ ✐♥✜♥✐t❡❧② ❧✐✈❡❞ ❝r❡❞✐t✲

❝♦♥str❛✐♥❡❞ ❡♥tr❡♣r❡♥❡✉rs ✇❤♦ ❤❛✈❡ ✐♥✈❡st♠❡♥t ♣r♦❥❡❝ts t❤❛t ❧❛st t✇♦ ♣❡r✐♦❞s✳

❊♥tr❡♣r❡♥❡✉rs ♥❡❡❞ t♦ ✐♥st❛❧❧ t❤❡✐r ❝❛♣✐t❛❧ ♦♥❡ ♣❡r✐♦❞ ❜❡❢♦r❡ ♣r♦❞✉❝✐♥❣✱ s♦

❝❛♣✐t❛❧ ✐s ❛ ❧♦♥❣✲t❡r♠ ❛ss❡t ✇❤✐❧❡ ❜♦♥❞s ❛r❡ s❤♦rt✲t❡r♠ ❛ss❡ts✳ ■♥ t❤❡ ♣❡r✐♦❞

✇❤❡r❡ ❡♥tr❡♣r❡♥❡✉rs ✐♥st❛❧❧ t❤❡✐r ❝❛♣✐t❛❧✱ t❤❡② ❛♥t✐❝✐♣❛t❡ ❛ ♥❡❡❞ ❢♦r ❢✉♥❞s

✭✇♦r❦✐♥❣ ❝❛♣✐t❛❧✮ t♦ ♦♣❡r❛t❡ t❤❡✐r ✜r♠s✱ ❡✳❣✳✱ t♦ ❤✐r❡ ❧❛❜♦r✳ ■❢ ❡♥tr❡♣r❡♥❡✉rs

❛r❡ ❝r❡❞✐t✲❝♦♥str❛✐♥❡❞ ❢♦r t❤❡✐r ❢✉t✉r❡ ✇♦r❦✐♥❣ ❝❛♣✐t❛❧✱ t❤❡② ✇✐❧❧ ♥❡❡❞ t♦ s❛✈❡

✐♥ ❧✐q✉✐❞ ❜♦♥❞s ❛t t❤❡ s❛♠❡ t✐♠❡ ❛s t❤❡② ✐♥✈❡st ✐♥ ❝❛♣✐t❛❧✳ ❙✐♥❝❡ ❜♦♥❞s ❛r❡

✉s❡❞ t♦ ✜♥❛♥❝❡ ✐♥♣✉ts t❤❛t ❛r❡ ✐♠♣❡r❢❡❝t s✉❜st✐t✉t❡s t♦ ❝❛♣✐t❛❧✱ t❤✐s ❝r❡❛t❡s ❛

❝♦♠♣❧❡♠❡♥t❛r✐t② ❜❡t✇❡❡♥ ❝❛♣✐t❛❧ ❛♥❞ ❧✐q✉✐❞ ❛ss❡ts✳ ■♥ ❝♦♥tr❛st✱ ✐❢ ❡♥tr❡♣r❡♥❡✉rs

❛r❡ ✉♥❝♦♥str❛✐♥❡❞✱ t❤❡② ❝❛♥ ❜♦rr♦✇ t❤❡✐r ✇♦r❦✐♥❣ ❝❛♣✐t❛❧ ❛♥❞ ❤❛✈❡ ♥♦ ♥❡❡❞

✸✳ ❚❤❡ ❛✈❡r❛❣❡ ●❉P✲✇❡✐❣❤t❡❞ ❝✉rr❡♥t ❛❝❝♦✉♥t s✉r♣❧✉s ✇❛s ✸✳✵✪ ♦❢ ●❉P ♦✈❡r t❤❡ ✶✾✾✽✲

✷✵✵✼ ♣❡r✐♦❞✳ ■t ♣❡❛❦❡❞ ❛t ✻✳✷✪ ✐♥ ✷✵✵✼✳
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❢♦r ❧✐q✉✐❞✐t②✳ ❚❤✐s ❧✐q✉✐❞✐t② ♠♦t✐✈❡ ✐s ❣❡♥❡r❛t❡❞ ❜② ❛ ♣r♦❞✉❝t✐♦♥ str✉❝t✉r❡✱

✇✐t❤ t✐♠❡✲t♦✲❜✉✐❧❞ ❛♥❞ ✇♦r❦✐♥❣ ❝❛♣✐t❛❧✱ t❤❛t ❝❛♥ ❜❡ ♥❛t✉r❛❧❧② ✐♥❝♦r♣♦r❛t❡❞

✐♥ ❛ ❞②♥❛♠✐❝ ♠❛❝r♦❡❝♦♥♦♠✐❝ ♠♦❞❡❧✳✹ ❲❡ ❛ss✉♠❡ t❤❛t ❡♥tr❡♣r❡♥❡✉rs ❤❛✈❡

❛♥ ✐♥✈❡st♠❡♥t ♣r♦❥❡❝t ❡✈❡r② ♦t❤❡r ♣❡r✐♦❞ ❛♥❞ t❤❛t ❛t ❡❛❝❤ ♣❡r✐♦❞ ❤❛❧❢ t❤❡

❡♥tr❡♣r❡♥❡✉rs ❤❛✈❡ ❛ ♥❡✇ ♣r♦❥❡❝t✳ ❲❡ ❝♦♥s✐❞❡r ❜♦t❤ ❛ s♠❛❧❧ ♦♣❡♥ ❡❝♦♥♦♠②

❛♥❞ ❛♥ ❛s②♠♠❡tr✐❝ t✇♦✲❝♦✉♥tr② ❢r❛♠❡✇♦r❦ ❝♦♠♣♦s❡❞ ♦❢ ❛♥ ✐♥❞✉str✐❛❧ ❝♦✉♥tr②

❛♥❞ ❛♥ ❡♠❡r❣✐♥❣ ❝♦✉♥tr②✳ ❲❡ s❤♦✇ t❤❛t✱ ❞✉❡ t♦ ❧♦✇❡r ✜♥❛♥❝✐❛❧ ❞❡✈❡❧♦♣♠❡♥t✱

t❤❡ ❡♠❡r❣✐♥❣ ❝♦✉♥tr② ❤❛s ❛ ❞❡♠❛♥❞ ❢♦r ❧✐q✉✐❞✐t② t❤❛t ❝❛♥ ❣❡♥❡r❛t❡ ♥❡t ❝❛♣✐t❛❧

♦✉t✢♦✇s✳

❖✉r ❢r❛♠❡✇♦r❦ ❢❡❛t✉r❡s ❛♥ ♦✈❡r❧❛♣♣✐♥❣ str✉❝t✉r❡ ✇❤❡r❡ ✜r♠s ❛❧t❡r♥❛t❡

❜❡t✇❡❡♥ ✐♥✈❡st♠❡♥t ♣❡r✐♦❞s ✇❤❡r❡ t❤❡② ❛r❡ ❝❛s❤✲r✐❝❤ ❛♥❞ ♣r♦❞✉❝t✐♦♥ ♣❡r✐♦❞s

✇❤❡r❡ t❤❡② ❛r❡ ❝❛s❤✲♣♦♦r✳ ❚❤✐s ✐s ❛ st②❧✐③❡❞ ✇❛② t♦ r❡♣r❡s❡♥t ✢✉❝t✉❛t✐♦♥s ✐♥

❝♦r♣♦r❛t❡ ❧✐q✉✐❞✐t② ♥❡❡❞s✳ ❚❤✐s ❛♣♣r♦❛❝❤✱ ❜♦rr♦✇❡❞ ❢r♦♠ ❲♦♦❞❢♦r❞ ✭✶✾✾✵✮✱

❤❡❧♣s ❞❡r✐✈❡ ❛♥❛❧②t✐❝❛❧ r❡s✉❧ts ❜❡❝❛✉s❡ ✐t r❡❞✉❝❡s t❤❡ ❞✐♠❡♥s✐♦♥❛❧✐t② ♦❢ t❤❡

♣r♦❜❧❡♠ ❜② ❧✐♠✐t✐♥❣ ❤❡t❡r♦❣❡♥❡✐t②✱ ❛s t❤❡ ♦♥❧② s♦✉r❝❡ ♦❢ ❤❡t❡r♦❣❡♥❡✐t② ✐s t❤❡

❡①✐st❡♥❝❡ ♦❢ t✇♦ ❣r♦✉♣s ♦❢ ❡♥tr❡♣r❡♥❡✉rs ✇❤♦ st❛rt ♣r♦❥❡❝ts ❛t ❛❧t❡r♥❛t✐♥❣ ❞❛t❡s✳

❲❤❡r❡❛s ✐♥ ❲♦♦❞❢♦r❞ ✭✶✾✾✵✮ ❡♥tr❡♣r❡♥❡✉rs r❡❝❡✐✈❡ ❤✐❣❤ ♣r♦❞✉❝t✐✈✐t② ♣r♦❥❡❝ts

♦♥ ❛❧t❡r♥❛t✐♥❣ ❞❛t❡s✱ ♦✉r ❡♥tr❡♣r❡♥❡✉rs ✐♥✈❡st ❛♥❞ ♣r♦❞✉❝❡ ❛t ❛❧t❡r♥❛t✐♥❣ ❞❛t❡s✳

✹✳ ❚❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ t✐♠❡✲t♦✲❜✉✐❧❞ ❛♥❞ ✇♦r❦✐♥❣ ❝❛♣✐t❛❧ ❛r❡ ♦❢t❡♥ ♠❛❞❡ ✐♥ ♠❛❝r♦❡❝♦♥♦♠✐❝

♠♦❞❡❧s✳ ❋♦r ❡①❛♠♣❧❡✱ s❡❡ ●✐❧❝❤r✐st ❛♥❞ ❲✐❧❧✐❛♠s ✭✷✵✵✵✮ ❢♦r ♠✉❧t✐✲♣❡r✐♦❞ ✐♥✈❡st♠❡♥t ♣r♦❥❡❝ts

❛♥❞ ❈❤r✐st✐❛♥♦ ❡t ❛❧✳ ✭✷✵✶✶✮ ❢♦r ✇♦r❦✐♥❣ ❝❛♣✐t❛❧ t♦ ♣❛② ❢♦r t❤❡ ✇❛❣❡ ❜✐❧❧✳

✺



❚❤❡ ✐♥❝♦♠❡ str❡❛♠ ✐s ❞❡t❡r♠✐♥✐st✐❝ ❜✉t ✐t ✢✉❝t✉❛t❡s✱ ✇❤✐❝❤ ❣❡♥❡r❛t❡s ❛❞❞✐t✐♦♥❛❧

s❛✈✐♥❣ ✇❤❡♥ ❛❣❡♥ts ❢❛❝❡ ✜♥❛♥❝✐❛❧ ❝♦♥str❛✐♥ts✱ ❡✈❡♥ ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ r✐s❦✳

❲❤✐❧❡ ♦✉r ♠♦❞❡❧ ✐s ❜✉✐❧t t♦ st✉❞② ♠❛❝r♦❡❝♦♥♦♠✐❝ q✉❡st✐♦♥s ✇❤✐❝❤ ❤❛✈❡

❤❛r❞❧② ❜❡❡♥ ❛❞❞r❡ss❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ ❧✐q✉✐❞✐t②✱ ✐t s❤❛r❡s ♠❛♥② ❢❡❛t✉r❡s

✇✐t❤ ♣r❡✈✐♦✉s ✇♦r❦ ✐♥ ❝♦r♣♦r❛t❡ ✜♥❛♥❝❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛s ✐♥ ❍♦❧♠str♦♠ ❛♥❞

❚✐r♦❧❡ ✭✷✵✵✶✮✱ t❤❡ ❧❛❝❦ ♦❢ ♣❧❡❞❣❡❛❜✐❧✐t② ♦❢ ❢✉t✉r❡ ♦✉t♣✉t ✐s ❝r✉❝✐❛❧ t♦ ❣❡♥❡r❛t❡

❛ ❞❡♠❛♥❞ ❢♦r ❧✐q✉✐❞ ❛ss❡ts✳✺ ❚❤❡ ❡♠♣✐r✐❝❛❧ ❧✐t❡r❛t✉r❡ ❤❛s ❛❧s♦ ❞♦❝✉♠❡♥t❡❞ t❤❡

❧✐♥❦ ❜❡t✇❡❡♥ t❤❡ ❞❡♠❛♥❞ ❢♦r ❧✐q✉✐❞ ❛ss❡ts ❛♥❞ ✜♥❛♥❝✐❛❧ ❞❡✈❡❧♦♣♠❡♥t✳ ❆❧♠❡✐❞❛

❡t ❛❧✳ ✭✷✵✵✹✮ s❤♦✇ t❤❛t ♠♦r❡ ❝♦♥str❛✐♥❡❞ ✜r♠s ❤♦❧❞ ♠♦r❡ ❝❛s❤ ♦✉t ♦❢ t❤❡✐r ❝❛s❤

✢♦✇✳ ❑❤✉r❛♥❛ ❡t ❛❧✳ ✭✷✵✵✻✮ ✜♥❞ t❤❛t t❤❡ s❡♥s✐t✐✈✐t② ♦❢ ❝❛s❤ ❤♦❧❞✐♥❣s t♦ ❝❛s❤

✢♦✇ ✐s ❤✐❣❤❡r ✐♥ ❧❡ss ✜♥❛♥❝✐❛❧❧② ❞❡✈❡❧♦♣❡❞ ❡❝♦♥♦♠✐❡s✳✻ ✼

✺✳ ▼♦st ♦❢ t❤❡ ❧✐t❡r❛t✉r❡ ❢♦❧❧♦✇✐♥❣ ❍♦❧♠str♦♠ ❛♥❞ ❚✐r♦❧❡ ✭✷✵✵✶✮ ✐s ❝❛st ✐♥ ❛ ♠✐❝r♦❡❝♦♥♦♠✐❝

s❡t✉♣ ✇✐t❤ t✇♦ ♦r t❤r❡❡ ♣❡r✐♦❞s✳ ❍♦✇❡✈❡r✱ ❆❣❤✐♦♥ ❡t ❛❧✳ ✭✷✵✶✵✮ ❛♥❞ ❑②✐♦t❛❦✐ ❛♥❞ ▼♦♦r❡

✭✷✵✶✷✮ ♣r❡s❡♥t ❞②♥❛♠✐❝ ♠❛❝r♦❡❝♦♥♦♠✐❝ ♠♦❞❡❧s ✇❤❡r❡ ❡♥tr❡♣r❡♥❡✉rs ❤♦❛r❞ ✐♥ t❤❡ ♣❡rs♣❡❝t✐✈❡

♦❢ ❢✉t✉r❡ ❧✐q✉✐❞✐t② s❤♦❝❦s✳

✻✳ ❚❤✐s ❛❧s♦ ✐♠♣❧✐❡s ❛ str♦♥❣ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❧✐q✉✐❞✐t② ❛♥❞ ❝♦r♣♦r❛t❡ s❛✈✐♥❣ ✐♥ ❧❡ss

✜♥❛♥❝✐❛❧❧② ❞❡✈❡❧♦♣❡❞ ❝♦✉♥tr✐❡s✳ ❋♦r ❡①❛♠♣❧❡✱ ▼❝▲❡❛♥ ✭✷✵✶✶✮ s❤♦✇s t❤❛t ❛ s✉❜st❛♥t✐❛❧

♣r♦♣♦rt✐♦♥ ♦❢ ❝❛s❤ ✐♥❝r❡❛s❡s ♦❢ ❯❙ ✜r♠s ✐s ✜♥❛♥❝❡❞ ❜② s❤❛r❡ ✐ss✉❛♥❝❡✱ ✇❤✐❝❤ ❞♦❡s ♥♦t

❛✛❡❝t ✜r♠s✬ s❛✈✐♥❣✳

✼✳ ❲❤✐❧❡ ✇❡ ❢♦❧❧♦✇ t❤❡ r❡❧❛t✐✈❡❧② ♠❛✐♥str❡❛♠ ❧✐t❡r❛t✉r❡ ♦♥ ❝♦r♣♦r❛t❡ ❧✐q✉✐❞✐t② t❤❡r❡ ♠❛②

❜❡ ❛❞❞✐t✐♦♥❛❧ ❝❛✉s❡s ❢♦r ❤✐❣❤ ❝♦r♣♦r❛t❡ s❛✈✐♥❣ ✐♥ ❧❡ss ❡❝♦♥♦♠✐❝❛❧❧② ❞❡✈❡❧♦♣❡❞ ❝♦✉♥tr✐❡s✳ ❋♦r

❡①❛♠♣❧❡✱ ✜r♠ ♠❛♥❛❣❡rs ♠❛② ✈❛❧✉❡ ❧✐q✉✐❞ ❛ss❡ts ✇❤❡♥ t❤❡r❡ ✐s ❛ t❤r❡❛t ♦❢ ❡①♣r♦♣r✐❛t✐♦♥✳

✻



❖✉r ❝♦♥tr✐❜✉t✐♦♥ ✐s ❛❧s♦ r❡❧❛t❡❞ t♦ ❛ ❣r♦✇✐♥❣ ❧✐t❡r❛t✉r❡ ✐♥tr♦❞✉❝✐♥❣ ❝r❡❞✐t

♠❛r❦❡t ✐♠♣❡r❢❡❝t✐♦♥s ✐♥ ♦♣❡♥ ❡❝♦♥♦♠② ♠♦❞❡❧s✳✽ ■♥ ♣❛rt✐❝✉❧❛r✱ ❙♦♥❣ ❡t ❛❧✳

✭✷✵✶✶✮ ♠♦❞❡❧ ❛ ❝❛♣✐t❛❧ ♦✉t✢♦✇ ✇✐t❤ ✜r♠ ❤❡t❡r♦❣❡♥❡✐t② s♣❡❝✐✜❝ t♦ t❤❡ ❈❤✐♥❡s❡

❡❝♦♥♦♠②✳ ❙✐♠✐❧❛r❧② t♦ ♦✉r ❢r❛♠❡✇♦r❦✱ ❛ ❦❡② ❢❡❛t✉r❡ ✐s t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ str♦♥❣

♣r♦❞✉❝t✐✈✐t② ❣r♦✇t❤ ❛♥❞ t✐❣❤t ❝r❡❞✐t ❝♦♥str❛✐♥ts✳✾ ❍♦✇❡✈❡r✱ t❤❡✐r ❢♦❝✉s ✐s ♦♥

❣r♦✇t❤ ❛♥❞ t❤❡② ❞♦ ♥♦t ✐♥tr♦❞✉❝❡ ❛ ❞❡♠❛♥❞ ❢♦r ❧✐q✉✐❞ ❛ss❡ts✳ ❆♥♦t❤❡r r❡❧❛t❡❞

♣❛♣❡r ✐s ❇✉❡r❛ ❛♥❞ ❙❤✐♥ ✭✷✵✶✵✮ ✇❤♦ s❤♦✇ t❤❛t r❡♠♦✈✐♥❣ ❞✐st♦rt✐♦♥s ✐♥ ❣♦♦❞s

♣r♦❞✉❝t✐♦♥ ❝❛♥ ❜♦t❤ ✐♥❝r❡❛s❡ ❚❋P ❛♥❞ ❣❡♥❡r❛t❡ ❝❛♣✐t❛❧ ♦✉t✢♦✇s✳ ❖♥❡ ♦❢

t❤❡ ♠❡❝❤❛♥✐s♠s ❧❡❛❞✐♥❣ t♦ ❛ ❝❛♣✐t❛❧ ♦✉t✢♦✇ ✐s s✐♠✐❧❛r t♦ ♦✉rs✱ ✐♥ t❤❡ s❡♥s❡

t❤❛t ❡♥tr❡♣r❡♥❡✉rs ❢❛❝✐♥❣ ♣r♦❞✉❝t✐✈✐t② ❣r♦✇t❤ ❛♥❞ ❝r❡❞✐t ❝♦♥str❛✐♥ts ✐♥❝r❡❛s❡

t❤❡✐r s❛✈✐♥❣✳ ❈♦❡✉r❞❛❝✐❡r ❡t ❛❧✳ ✭✷✵✶✷✮ ❛❧s♦ ♠♦❞❡❧ ❝❛♣✐t❛❧ ♦✉t✢♦✇s ✐♥ ❣r♦✇✐♥❣

❡♠❡r❣✐♥❣ ❡❝♦♥♦♠✐❡s✱ ❜✉t t❤❡② ❢♦❝✉s ♦♥ ❝r❡❞✐t✲❝♦♥str❛✐♥❡❞ ❝♦♥s✉♠❡rs✳

❚❤❡ r❡❝❡♥t ❧✐t❡r❛t✉r❡ ❤❛s ♣r♦♣♦s❡❞ t✇♦ ♠❛✐♥ ❡①♣❧❛♥❛t✐♦♥s ❢♦r t❤❡ ♥❡t ❝❛♣✐t❛❧

♦✉t✢♦✇s ❢r♦♠ ❡♠❡r❣✐♥❣ ♠❛r❦❡ts✳ ❋✐rst✱ ❡♠❡r❣✐♥❣ ♠❛r❦❡ts ❤❛✈❡ ❛ ❧✐♠✐t❡❞ s✉♣♣❧②

♦❢ ✜♥❛♥❝✐❛❧ ❛ss❡ts ✭❡✳❣✳✱ ❉♦♦❧❡② ❡t ❛❧✳✱ ✷✵✵✺✱ ▼❛ts✉②❛♠❛✱ ✷✵✵✼✱ ❏✉ ❛♥❞ ❲❡✐✱

✷✵✵✻✱ ✷✵✶✵✱ ❈❛❜❛❧❧❡r♦ ❡t ❛❧✳✱ ✷✵✵✽✱ ❛♥❞ ❆❣✉✐❛r ❛♥❞ ❆♠❛❞♦r✱ ✷✵✶✶✮✳ ❙❡❝♦♥❞✱

✽✳ ❊❛r❧✐❡r ❝♦♥tr✐❜✉t✐♦♥s ✐♥❝❧✉❞❡ ❆❣❤✐♦♥ ❡t ❛❧✳ ✭✷✵✵✹✮ ❛♥❞ ●❡rt❧❡r ❛♥❞ ❘♦❣♦✛ ✭✶✾✾✵✮✳

✾✳ ❈♦♥s✐st❡♥t ✇✐t❤ t❤✐s ♣❡rs❡❝t✐✈❡✱ ✉s✐♥❣ ❈❤✐♥❡s❡ ❞❛t❛✱ ❍✉❛♥❣ ✭✷✵✶✶✮ ✜♥❞s t❤❛t ❝❛s❤

❤♦❧❞✐♥❣s ❛r❡ ❧❛r❣❡r ❢♦r ♣r✐✈❛t❡ ✜r♠s t❤❛t ❛r❡ t②♣✐❝❛❧❧② ♠♦r❡ ❝r❡❞✐t✲❝♦♥str❛✐♥❡❞✳ ❇❛②♦✉♠✐

❡t ❛❧✳ ✭✷✵✶✷✮ ❛r❣✉❡ t❤❛t t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❈❤✐♥❡s❡ ✜r♠s ✐s ♥♦t ❞✐✛❡r❡♥t ❢r♦♠ ✜r♠s ✐♥ ♦t❤❡r

❝♦✉♥tr✐❡s✳ ❍♦✇❡✈❡r✱ t❤❡② ❢♦❝✉s ♦♥ st❛t❡✲♦✇♥❡❞ ❡♥t❡r♣r✐s❡s t❤❛t ❛♣♣❡❛r t♦ ❤❛✈❡ ❛ ❞✐✛❡r❡♥t

❜❡❤❛✈✐♦r ✭❙♦♥❣ ❡t ❛❧✳✱ ✷✵✶✶✮✳
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♥❡t ❝❛♣✐t❛❧ ♦✉t✢♦✇s r❡s✉❧t ❢r♦♠ ♣r❡❝❛✉t✐♦♥❛r② s❛✈✐♥❣ ❞✉❡ t♦ ✐❞✐♦s②♥❝r❛t✐❝

r✐s❦ ✭❡✳❣✳✱ ▼❡♥❞♦③❛ ❡t ❛❧✳✱ ✷✵✵✾✱ ❙❛♥❞r✐✱ ✷✵✶✹✱ ❆♥❣❡❧❡t♦s ❛♥❞ P❛♥♦✉s✐✱ ✷✵✶✶✱

❇❡♥❤✐♠❛✱ ✷✵✶✸✮✳ ❍♦✇❡✈❡r✱ t❤❡ ❢❛❝t t❤❛t r❡❝❡♥t ✐♠❜❛❧❛♥❝❡s ✐♥✈♦❧✈❡ ❧✐q✉✐❞

❛ss❡ts ❛♥❞ ❝♦r♣♦r❛t❡ s❛✈✐♥❣ ❤❛s ♦♥❧② r❡❝❡✐✈❡❞ ❧✐♠✐t❡❞ ❛tt❡♥t✐♦♥✳ ▼♦r❡♦✈❡r✱

❣r♦✇t❤ ✐s ✉s✉❛❧❧② ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❝❛♣✐t❛❧ ✐♥✢♦✇s ✐♥ t❤❡ s❤♦rt r✉♥✱ ❡✈❡♥ ✐♥

♣r❡❝❛✉t✐♦♥❛r② s❛✈✐♥❣ ♠♦❞❡❧s t❤❛t ❢❡❛t✉r❡ ✐♠♣❡r❢❡❝t ❛ss❡t s✉❜st✐t✉t❛❜✐❧✐t②✱ ✇❤✐❝❤

✐s ❝♦✉♥t❡r❢❛❝t✉❛❧ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❡♠❡r❣✐♥❣ ❆s✐❛✳ ❚❤❡ r❡❛s♦♥ ✐s t❤❛t ❜♦♥❞s ❛♥❞

❝❛♣✐t❛❧ ❛r❡ st✐❧❧ s✉❜st✐t✉t❡s✿ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ❞♦♠❡st✐❝ ♣r♦❞✉❝t✐✈✐t② st✐❧❧ ♣✉s❤❡s

t❤❡ ❞♦♠❡st✐❝ r❡t✉r♥ ♦♥ ❝❛♣✐t❛❧ ✉♣✇❛r❞✱ ✇❤✐❝❤ ❣❡♥❡r❛t❡s ❝❛♣✐t❛❧ ✐♥✢♦✇s✳✶✵ ■♥

❝♦♥tr❛st✱ ✇✐t❤ ❛ ❧✐q✉✐❞✐t② ♥❡❡❞ ❤✐❣❤ ♣r♦❞✉❝t✐✈✐t② ✇✐❧❧ ❜❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❤✐❣❤

✐♥✈❡st♠❡♥t ❛♥❞ ❛ ♥❡t ❝❛♣✐t❛❧ ♦✉t✢♦✇✳ ❚♦ ❞✐st✐♥❣✉✐s❤ ❢r♦♠ t❤❡ ✐♠♣❛❝t ♦❢ ❛ss❡t

r✐s❦✐♥❡ss✱ ✇❡ ❝♦♥s✐❞❡r ❛ ♠♦❞❡❧ ✇✐t❤♦✉t ✉♥❝❡rt❛✐♥t② ❛♥❞ ❛❜str❛❝t ❢r♦♠ ❜✉s✐♥❡ss

❝②❝❧❡ ✐ss✉❡s✳✶✶

✶✵✳ ■♥ ▼❡♥❞♦③❛ ❡t ❛❧✳ ✭✷✵✵✾✮ ❛♥❞ ❡s♣❡❝✐❛❧❧② ▼❡♥❞♦③❛ ❡t ❛❧✳ ✭✷✵✵✼✮✱ ❡①❝❡ss s❛✈✐♥❣ ❣❡♥❡r❛t❡❞

❜② r✐s❦ ✐s ❞✐✈❡rt❡❞ ❢r♦♠ ❞♦♠❡st✐❝ ❝❛♣✐t❛❧ t♦ ❢♦r❡✐❣♥ ❛ss❡ts ✇❤✐❝❤ ❧❡❛❞s t♦ ❛ ❞❡❝r❡❛s❡ ✐♥

✐♥✈❡st♠❡♥t✳ ❲❤✐❧❡ ❇❡♥❤✐♠❛ ✭✷✵✶✸✮ s❤♦✇s t❤❛t ✇✐t❤ ✐♥✈❡st♠❡♥t r✐s❦ ❣r♦✇t❤ ✐s ❛ss♦❝✐❛t❡❞

✇✐t❤ ❝❛♣✐t❛❧ ♦✉t✢♦✇s ✐♥ t❤❡ ❧♦♥❣ r✉♥✱ ❆♥❣❡❧❡t♦s ❛♥❞ P❛♥♦✉s✐ ✭✷✵✶✶✮ s❤♦✇ t❤❛t ✜♥❛♥❝✐❛❧

❧✐❜❡r❛❧✐③❛t✐♦♥ st✐❧❧ ❝♦✐♥❝✐❞❡ ✇✐t❤ ❛ ❞❡❝r❡❛s❡ ✐♥ ✐♥✈❡st♠❡♥t ♦♥ ✐♠♣❛❝t✳ ❈❧♦s❡r t♦ ♦✉r ❛♣♣r♦❛❝❤✱

❙❛♥❞r✐ ✭✷✵✶✹✮ ❣❡♥❡r❛t❡s ❛ ♣♦s✐t✐✈❡ ❝♦♠♦✈❡♠❡♥t ❜❡t✇❡❡♥ ❣r♦✇t❤ ❛♥❞ ❝❛♣✐t❛❧ ♦✉t✢♦✇s ✉♥❞❡r

r✐s❦② ❡♥tr❡♣r❡♥❡✉rs❤✐♣✳ ❇✉t t❤✐s ❝♦♠♦✈❡♠❡♥t r❡s✉❧ts ♦♥❧② ❢r♦♠ ❛ ❝❤❛♥❣❡ ✐♥ t❤❡ str✉❝t✉r❡ ♦❢

t❤❡ ♣♦♣✉❧❛t✐♦♥✱ ✇❤❡r❡❛s ♦✉r ♠❡❝❤❛♥✐s♠ ❛❝❝♦♠♠♦❞❛t❡s ❛♥② s♦✉r❝❡ ♦❢ ❣r♦✇t❤✳

✶✶✳ ❚❤❡ ♣r❡s❡♥❝❡ ♦❢ ✉♥❝❡rt❛✐♥t② ✐♥tr♦❞✉❝❡s ❛❞❞✐t✐♦♥❛❧ ♠❡❝❤❛♥✐s♠s✱ s✉❝❤ ❛s ♣r❡❝❛✉t✐♦♥❛r②

s❛✈✐♥❣✱ ❛✛❡❝t✐♥❣ ❝❛♣✐t❛❧ ✢♦✇s✳ ❚❤❡ ♠❛✐♥ ✐ss✉❡ ✐s t❤❛t ❡♥tr❡♣r❡♥❡✉rs ♠✐❣❤t s❛✈❡ ❡♥♦✉❣❤

t♦ ❜❡❝♦♠❡ ✉♥❝♦♥str❛✐♥❡❞✱ ✇❤✐❝❤ ✇♦✉❧❞ ♠❛❦❡ ♦✉r ♠❡❝❤❛♥✐s♠ ✐rr❡❧❡✈❛♥t✳ ❍♦✇❡✈❡r✱ ✐❢

✽



❚♦ ❜❡tt❡r ❡①♣❧❛✐♥ t❤❡ ♠♦❞❡❧✬s ♠❡❝❤❛♥✐s♠ ✇❡ ✜rst ❡①❛♠✐♥❡ t❤❡ ❜❡❤❛✈✐♦r

♦❢ ❡♥tr❡♣r❡♥❡✉rs ✐♥ ♣❛rt✐❛❧ ❡q✉✐❧✐❜r✐✉♠ ✇❤❡♥ t❤❡② ❛r❡ ❡✐t❤❡r ❝♦♥str❛✐♥❡❞ ♦r

✉♥❝♦♥str❛✐♥❡❞✳ ❲❡ s❤♦✇ t❤❛t ❝r❡❞✐t✲❝♦♥str❛✐♥❡❞ ❡♥tr❡♣r❡♥❡✉rs ❤❛✈❡ ❛ ❞❡♠❛♥❞

❢♦r ❧✐q✉✐❞✐t② ❛♥❞ ❡①❛♠✐♥❡ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤✐s ❞❡♠❛♥❞✳ ❚❤❡♥ ✇❡ ✐♥❝♦r♣♦r❛t❡

t❤❡s❡ ❡♥tr❡♣r❡♥❡✉rs ✐♥ ❛ ❞②♥❛♠✐❝ s♠❛❧❧ ♦♣❡♥ ❡❝♦♥♦♠② ❛♥❞ ❡①❛♠✐♥❡ ✐ts ❞②♥❛♠✐❝s

❛♥❞ st❡❛❞② st❛t❡✳ ■♥ ❛ ❣r♦✇✐♥❣ ❡❝♦♥♦♠②✱ ✜♥❛♥❝✐❛❧ ❝♦♥str❛✐♥ts ✐♥❝r❡❛s❡ s❛✈✐♥❣

❜② ❝❛s❤✲r✐❝❤ ❡♥tr❡♣r❡♥❡✉rs ❛♥❞ r❡❞✉❝❡ t❤❡ s✉♣♣❧② ♦❢ ❛ss❡ts ✐ss✉❡❞ ❜② ❝❛s❤✲♣♦♦r

❡♥tr❡♣r❡♥❡✉rs✳ ❲❡ ❡①t❡♥❞ t❤❡ ❛♥❛❧②s✐s t♦ ❛ t✇♦✲❝♦✉♥tr② ❣❡♥❡r❛❧ ❡q✉✐❧✐❜r✐✉♠

♠♦❞❡❧✱ ❛ss✉♠✐♥❣ t❤❛t ❡♥tr❡♣r❡♥❡✉rs ✐♥ ♦♥❡ ❝♦✉♥tr②✱ t❤❡ ❊♠❡r❣✐♥❣ ❝♦✉♥tr②✱

❛r❡ ❝♦♥str❛✐♥❡❞ ❛♥❞ t❤♦s❡ ✐♥ t❤❡ ♦t❤❡r ❝♦✉♥tr②✱ t❤❡ ■♥❞✉str✐❛❧ ❝♦✉♥tr②✱ ❛r❡

✉♥❝♦♥str❛✐♥❡❞✳ ❲❡ ❞❡r✐✈❡ ❛♥❛❧②t✐❝❛❧ r❡s✉❧ts ✐♥ ❛ s✐♠♣❧❡ ❜❡♥❝❤♠❛r❦ ❝❛s❡ ❛♥❞

t❤❡♥ ♣r♦✈✐❞❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ✐♥ ♠♦r❡ ❣❡♥❡r❛❧ ❝❛s❡s✳

❲❡ s❤♦✇ t❤❛t t❤❡ ❞❡♠❛♥❞ ❢♦r ❧✐q✉✐❞ ❛ss❡ts ❛r✐s❡s ✇❤❡♥❡✈❡r t❤❡ ❡♠❡r❣✐♥❣

❡❝♦♥♦♠② ✐s ❝r❡❞✐t✲❝♦♥str❛✐♥❡❞✳ ❲❤❡♥ t❤❡ ❡♠❡r❣✐♥❣ ❝♦✉♥tr② ❤❛s t❤❡ s❛♠❡ r❛t❡

♦❢ ✐♠♣❛t✐❡♥❝❡ ❛s t❤❡ r❡st ♦❢ t❤❡ ✇♦r❧❞✱ ✐t ✐s ♥♦t ❝♦♥str❛✐♥❡❞ ✐♥ t❤❡ st❡❛❞② st❛t❡✳

❇✉t ✇❡ s❤♦✇ t❤❛t ❝r❡❞✐t ❝♦♥str❛✐♥ts st✐❧❧ ❡♠❡r❣❡ ✐♥ t❤r❡❡ ❞✐st✐♥❝t s✐t✉❛t✐♦♥s✿ ✐✮

✐♥ ✐ts ❝♦♥✈❡r❣❡♥❝❡ ♣❛t❤ t♦✇❛r❞s ✐ts ✉♥❝♦♥str❛✐♥❡❞ st❡❛❞② st❛t❡❀ ✐✐✮ ✐♥ ❛ st❡❛❞②

st❛t❡ ✇❤❡r❡ ❚❋P ❣r♦✇t❤ ✐s ♣❡r♠❛♥❡♥t❧② ❤✐❣❤❡r t❤❛♥ ✐♥ ♦t❤❡r ❝♦✉♥tr✐❡s❀ ✐✐✐✮

✇✐t❤ t❡♠♣♦r❛r② ✐♥❝r❡❛s❡s ✐♥ ❚❋P ❣r♦✇t❤✳ ❲❤✐❧❡ t❤❡ ✜rst t✇♦ s✐t✉❛t✐♦♥s ❝❛♥

❣r♦✇t❤ ✐s s✉✣❝✐❡♥t❧② str♦♥❣ ❡♥tr❡♣r❡♥❡✉rs ❜❡❝♦♠❡ ♠♦r❡ ✐♠♣❛t✐❡♥t✱ ✇❤✐❝❤ ❝♦✉♥t❡r❛❝ts t❤❡

♣r❡❝❛✉t✐♦♥❛r② s❛✈✐♥❣ ♠♦t✐✈❡✱ ❛♥❞ t❤❡ ❜❛s✐❝ ♠❡❝❤❛♥✐s♠ ❞❡s❝r✐❜❡❞ ✐♥ t❤✐s ♣❛♣❡r ✇♦✉❧❞ st✐❧❧

❜❡ ❛t ✇♦r❦✳

✾



❜❡ st✉❞✐❡❞ ❛♥❛❧②t✐❝❛❧❧②✱ ✇❡ ✉s❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s t♦ ❡①❛♠✐♥❡ t❡♠♣♦r❛r②

s❤♦❝❦s✳ ■♠♣♦rt❛♥t❧②✱ ✇❡ ❞♦ ♥♦t ❛ss✉♠❡ t❤❛t t❤❡ ❡♠❡r❣✐♥❣ ❝♦✉♥tr② ✐s ♠♦r❡

✐♠♣❛t✐❡♥t ❜② ✐♠♣♦s✐♥❣ ❞✐✛❡r❡♥t ♣r❡❢❡r❡♥❝❡s ✭❞✐✛❡r❡♥t ❞✐s❝♦✉♥t ❢❛❝t♦rs✮✳ ❚❤❡

❡♠❡r❣✐♥❣ ❝♦✉♥tr② ✐s ❝r❡❞✐t✲❝♦♥str❛✐♥❡❞ ❜❡❝❛✉s❡ ✐ts ❤✐❣❤❡r ❣r♦✇t❤ r❛t❡ ♠❛❦❡s

✐t ❡♥❞♦❣❡♥♦✉s❧② ♠♦r❡ ✐♠♣❛t✐❡♥t✳ ❲❡ ✜♥❞ t❤❛t ✐♥ ❛❧❧ t❤❡s❡ s✐t✉❛t✐♦♥s✱ t❤❡

♠♦❞❡❧ ♠❛t❝❤❡s t❤❡ ✈❛r✐♦✉s ❢❛❝ts ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✳ ■♥❞❡❡❞✱ ✇❤❡♥ ❛ ❝♦✉♥tr②

❡①♣❡r✐❡♥❝❡s ❤✐❣❤ ❣r♦✇t❤✱ ✐t ❜❡❝♦♠❡s ❝♦♥str❛✐♥❡❞ ✇❤✐❝❤ ♠❛❦❡s ❝❛♣✐t❛❧ ❛♥❞

❢♦r❡✐❣♥ ❛ss❡ts ❝♦♠♣❧❡♠❡♥t❛r②✳ ❚❤✐s ❣❡♥❡r❛t❡s ❛ ♣♦s✐t✐✈❡ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥

❣r♦✇t❤✱ ✐♥✈❡st♠❡♥t ❛♥❞ ❝❛♣✐t❛❧ ♦✉t✢♦✇s✳

❆❧t❤♦✉❣❤ t❤❡s❡ r❡s✉❧ts ❛r❡ ❞❡r✐✈❡❞ ✐♥ ❛ st②❧✐③❡❞ ❢r❛♠❡✇♦r❦✱ ✇❡ ❝♦♥s✐❞❡r

s❡✈❡r❛❧ ❡①t❡♥s✐♦♥s t♦ s❤♦✇ t❤❛t t❤❡ ❜❛s✐❝ ♠❡❝❤❛♥✐s♠ ❤♦❧❞s ✐♥ ❛ ✇✐❞❡r ❝♦♥t❡①t✳

❋✐rst✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ❞❡♠❛♥❞ ❢♦r ❧✐q✉✐❞ ❛ss❡ts ❝❛♥ ❝♦✐♥❝✐❞❡ ✇✐t❤ ❋❉■ ✐♥✢♦✇s✱

t❤❡r❡❜② ❣❡♥❡r❛t✐♥❣ t✇♦✲✇❛② ❝❛♣✐t❛❧ ✢♦✇s✳ ❙❡❝♦♥❞✱ ✇❡ ❡①❛♠✐♥❡ t❤❡ ✐♠♣❛❝t ♦❢

❛ ❝❛♣✐t❛❧ ❛❝❝♦✉♥t ❧✐❜❡r❛❧✐③❛t✐♦♥✳ ❚❤✐r❞✱ ✇❡ ❛r❣✉❡ t❤❛t t❤❡ ❞❡♠❛♥❞ ❢♦r ❧✐q✉✐❞

❛ss❡ts ❜② ❡♥tr❡♣r❡♥❡✉rs ❝❛♥ ❜❡ ❝♦♥s✐st❡♥t ✇✐t❤ ❛♥ ❛❝❝✉♠✉❧❛t✐♦♥ ♦❢ r❡s❡r✈❡s ❜②

t❤❡ ❝❡♥tr❛❧ ❜❛♥❦✳

■♥ ❙❡❝t✐♦♥ ✷ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ♠❡❝❤❛♥✐s♠ ❧❡❛❞✐♥❣ t♦ t❤❡ ❞❡♠❛♥❞ ❢♦r ❧✐q✉✐❞✐t②

❜② ❝r❡❞✐t✲❝♦♥str❛✐♥❡❞ ❡♥tr❡♣r❡♥❡✉rs✳ ❙❡❝t✐♦♥ ✸ ♣r❡s❡♥ts t❤❡ s♠❛❧❧ ♦♣❡♥ ❡❝♦♥♦♠②

♠♦❞❡❧ ❛♥❞ ❙❡❝t✐♦♥ ✹ ❞❡s❝r✐❜❡s t❤❡ t✇♦✲❝♦✉♥tr② ❛♥❛❧②s✐s✳ ❙❡❝t✐♦♥ ✺ ❡①❛♠✐♥❡s

✈❛r✐♦✉s ❡①t❡♥s✐♦♥s✳ ❙❡❝t✐♦♥ ✻ ❝♦♥❝❧✉❞❡s✳

✶✵



✷✳ ❊♥tr❡♣r❡♥❡✉rs ❛♥❞ t❤❡ ❉❡♠❛♥❞ ❢♦r ▲✐q✉✐❞✐t②

❲❡ ✜rst ❝♦♥s✐❞❡r ❡♥tr❡♣r❡♥❡✉rs ✐♥ ❛ ♣❛rt✐❛❧ ❡q✉✐❧✐❜r✐✉♠ s❡t✉♣✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦

❝❧❡❛r❧② ✉♥❞❡rst❛♥❞ t❤❡ ♠❡❝❤❛♥✐s♠ ❜❡❤✐♥❞ t❤❡ ❞❡♠❛♥❞ ❢♦r ❧✐q✉✐❞ ❛ss❡ts✳ ❚❤❡r❡

❛r❡ ❜❛s✐❝❛❧❧② t❤r❡❡ ✐♥❣r❡❞✐❡♥ts ✐♥ t❤❡ ♠♦❞❡❧ t❤❛t ❛r❡ ♥❡❝❡ss❛r② t♦ ❣❡♥❡r❛t❡ ❛

❞❡♠❛♥❞ ❢♦r ❧✐q✉✐❞✐t②✳ ❋✐rst✱ ❛ ♣♦rt✐♦♥ ♦❢ t❤❡ ✇❛❣❡ ❜✐❧❧ ❤❛s t♦ ❜❡ ♣❛✐❞ ❜❡❢♦r❡

♦✉t♣✉t ✐s ❛✈❛✐❧❛❜❧❡ t♦ ❡♥tr❡♣r❡♥❡✉rs✳ ❚❤✐s ❣❡♥❡r❛t❡s ❛ ♥❡❡❞ ❢♦r ❢✉♥❞s✳ ❚❤❡

s❡❝♦♥❞ ❛ss✉♠♣t✐♦♥ ✐s t❤❛t ❡♥tr❡♣r❡♥❡✉rs ❢❛❝❡ ❝r❡❞✐t ❝♦♥str❛✐♥ts✳ ❚❤✐s ✐♠♣❧✐❡s

t❤❛t ❡♥tr❡♣r❡♥❡✉rs ❛r❡ ♥♦t ❛❧✇❛②s ❛❜❧❡ t♦ ❜♦rr♦✇ ❛❧❧ t❤❡ ❢✉♥❞s ♥❡❡❞❡❞ t♦ ❤✐r❡

❧❛❜♦r ❢♦r ♣r♦❞✉❝t✐♦♥✳ ❚❤✐r❞✱ ❡♥tr❡♣r❡♥❡✉rs ❞❡❝✐❞❡ s✐♠✉❧t❛♥❡♦✉s❧② ♦♥ t❤❡✐r ❧❡✈❡❧s

♦❢ ❝❛♣✐t❛❧ ❛♥❞ ❜♦♥❞s✳ ❈♦♠❜✐♥✐♥❣ t❤❡s❡ t❤r❡❡ ✐♥❣r❡❞✐❡♥ts ✐♠♣❧✐❡s t❤❛t✱ ✇❤❡♥ t❤❡②

✐♥✈❡st ✐♥ ❝❛♣✐t❛❧✱ ❡♥tr❡♣r❡♥❡✉rs ♥❡❡❞ t♦ ❦❡❡♣ ❧✐q✉✐❞ ❛ss❡ts✳ ❚❤❡ ❢❛❝t t❤❛t ❧✐q✉✐❞

❛ss❡ts ❛r❡ ✉s❡❞ t♦ ✜♥❛♥❝❡ ❛ ♣r♦❞✉❝t✐♦♥ ❢❛❝t♦r ✭❤❡r❡✱ ❧❛❜♦r✮ t❤❛t ✐s ✐♠♣❡r❢❡❝t❧②

s✉❜st✐t✉t❛❜❧❡ ✇✐t❤ ❝❛♣✐t❛❧ ❣❡♥❡r❛t❡s ❛ ❝♦♠♣❧❡♠❡♥t❛r✐t② ❜❡t✇❡❡♥ t❤❡s❡ ❛ss❡ts

❛♥❞ ❝❛♣✐t❛❧✳

❆ s✐♠♣❧❡ ✇❛② t♦ ✐♥tr♦❞✉❝❡ t❤❡ t❤✐r❞ ✐♥❣r❡❞✐❡♥t ✐s t♦ ❛ss✉♠❡ ❛ t✐♠❡✲t♦✲

❜✉✐❧❞ t❡❝❤♥♦❧♦❣②✱ ✐♥ t❤❡ ❢♦r♠ ♦❢ t✇♦✲♣❡r✐♦❞ ♣r♦❥❡❝ts✱ s♦ t❤❛t ❝❛♣✐t❛❧ ❛♥❞

❜♦♥❞s ❛r❡ ❞❡t❡r♠✐♥❡❞ ✐♥ ❛❞✈❛♥❝❡✳ ❆♥ ❛❧t❡r♥❛t✐✈❡✱ ♦❢t❡♥ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡

❧✐t❡r❛t✉r❡✱ ✇♦✉❧❞ ❜❡ t♦ ❝♦♥s✐❞❡r ❛ ♠♦❞❡❧ ✇✐t❤ s✉❜♣❡r✐♦❞s✳✶✷ ❍♦✇❡✈❡r✱ ✉s✐♥❣

s✉❜♣❡r✐♦❞s ✐♠♣❧✐❝✐t❧② ✐♠♣❧✐❡s ❛ ✢✉❝t✉❛t✐♥❣ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ❢♦r ❧✐q✉✐❞✐t②

✶✷✳ ❊✳❣✳✱ s❡❡ ❈❤r✐st✐❛♥♦ ❡t ❛❧✳ ✭✷✵✶✶✮✳ ❇❛❝❝❤❡tt❛ ❡t ❛❧✳ ✭✷✵✶✹✮ ❡①t❡♥❞ t❤❡ str✉❝t✉r❡ ♦❢

❈❤r✐st✐❛♥♦ ❛♥❞ ❊✐❝❤❡♥❜❛✉♠ ✭✶✾✾✺✮ t♦ ❛❧❧♦✇ ❢♦r ❛ ❞❡♠❛♥❞ ❢♦r ❧✐q✉✐❞✐t②✳

✶✶



❛❝r♦ss s✉❜♣❡r✐♦❞s✳ ■♥st❡❛❞✱ ❛ss✉♠✐♥❣ ♦✈❡r❧❛♣♣✐♥❣ t✇♦✲♣❡r✐♦❞ ♣r♦❥❡❝ts ❛❧❧♦✇s

✉s t♦ ❛❣❣r❡❣❛t❡ t❤❡ ♥❡t ❞❡♠❛♥❞ ❢♦r ❜♦♥❞s✱ ❛s ✇✐❧❧ ❜❡❝♦♠❡ ❝❧❡❛r ✐♥ ❙❡❝t✐♦♥ ✸✳

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ❞❡♠❛♥❞ ❢♦r ❧✐q✉✐❞✐t② ❜② ❡♥tr❡♣r❡♥❡✉rs✳

■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ st✉❞② ❤♦✇ t❤❡② ❛❧❧♦❝❛t❡ t❤❡✐r s❛✈✐♥❣ ❜❡t✇❡❡♥ ❝❛♣✐t❛❧ ❛♥❞

❧✐q✉✐❞✐t②✳ ❲❡ ✜rst ❞❡s❝r✐❜❡ t❤❡ ♦♣t✐♠❛❧ ❜❡❤❛✈✐♦r ♦❢ ❡♥tr❡♣r❡♥❡✉rs ✐♥ ❛ ❣❡♥❡r❛❧

s❡t✉♣✳ ❲❡ t❤❡♥ ❢♦❝✉s ♦♥ ❛ ❜❡♥❝❤♠❛r❦ ❝❛s❡ t❤❛t ❛❧❧♦✇s ✉s t♦ ❞❡r✐✈❡ ❛♥❛❧②t✐❝❛❧

r❡s✉❧ts ♦♥ t❤❡ ❞❡♠❛♥❞ ❢♦r ❧✐q✉✐❞✐t②✳

✷✳✶✳ ❚❤❡ ♣r♦❞✉❝t✐♦♥ ♣r♦❝❡ss

❊♥tr❡♣r❡♥❡✉rs ❛r❡ ✐♥✜♥✐t❡❧② ❧✐✈❡❞ ❛♥❞ ♠❛①✐♠✐③❡ t❤❡ ♣r❡s❡♥t ✈❛❧✉❡ ♦❢ t❤❡✐r ✉t✐❧✐t②✳

❚❤❡② ❤❛✈❡ t✇♦✲♣❡r✐♦❞ ♣r♦❞✉❝t✐♦♥ ♣r♦❥❡❝ts ❛s ✐t t❛❦❡s ♦♥❡ ♣❡r✐♦❞ t♦ ✐♥st❛❧❧

❝❛♣✐t❛❧ ❜❡❢♦r❡ ♣r♦❞✉❝✐♥❣✳ ❆♥ ❡♥tr❡♣r❡♥❡✉r st❛rt✐♥❣ ❛ ♣r♦❥❡❝t ❛t t✐♠❡ t ✐♥st❛❧❧s

Kt+1✳ ❆t t + 1✱ ❤❡ ❤✐r❡s ❧❛❜♦r lt+1 t♦ ♣r♦❞✉❝❡ Yt+1 = Kα
t+1(At+1lt+1)

1−α✱

✇❤❡r❡ At ♠❡❛s✉r❡s ♣r♦❞✉❝t✐✈✐t②✱ ❛♥❞ ♣❛②s ❛ ❢r❛❝t✐♦♥ κ ♦❢ ✇❛❣❡s wt+1lt+1✳

❚❤✐s ♣r♦❞✉❝t✐♦♥ ✐s ❛✈❛✐❧❛❜❧❡ ♦♥❧② ❛t t + 2✳ ❆t t + 2✱ t❤❡ ❡♥tr❡♣r❡♥❡✉r ♣❛②s

t❤❡ r❡♠❛✐♥✐♥❣ ✇❛❣❡s ❛♥❞ st❛rts ❛ ♥❡✇ ♣r♦❥❡❝t✳ ❍❡ ✐s ❧❡❢t ✇✐t❤ ❛ ❝❛♣✐t❛❧ st♦❝❦ ♦❢

(1− δ)Kt+1✱ ✇❤❡r❡ δ ✐s t❤❡ ❞❡♣r❡❝✐❛t✐♦♥ r❛t❡✳ ❚❤❡ ❡♥tr❡♣r❡♥❡✉r ❛❧s♦ ❝♦♥s✉♠❡s

ct ❡❛❝❤ ♣❡r✐♦❞ ❛♥❞ ❝❛♥ ❜♦rr♦✇ ♦r ❧❡♥❞ s❤♦rt✲t❡r♠ ❜♦♥❞s Bt ✇✐t❤ ❛ ❣r♦ss ✐♥t❡r❡st

r❛t❡ rt✳

■♥ t❤✐s s❡t✉♣✱ ✇♦r❦✐♥❣ ❝❛♣✐t❛❧ ✐♥ t❤❡ ❢♦r♠ ♦❢ ❡❛r❧② ♣❛②♠❡♥t ♦❢ ✇❛❣❡s ✭❤✐❣❤

κ✮ ❛♥❞ ❝r❡❞✐t ❝♦♥str❛✐♥ts ✐♥t❡r❛❝t t♦ ❣❡♥❡r❛t❡ ❛ ❞❡♠❛♥❞ ❢♦r ❧✐q✉✐❞✐t②✳ ❆t t✐♠❡ t✱

❡♥tr❡♣r❡♥❡✉rs ❝❛♥ ✉s❡ ♣❛rt ♦❢ t❤❡ ♣r♦❝❡❡❞s ❢r♦♠ ♣r❡✈✐♦✉s ♣r♦❞✉❝t✐♦♥ t♦ ✐♥✈❡st

✶✷



Kt+1 − (1− δ)Kt−1 ❛♥❞ ♣❛② t❤❡ r❡♠❛✐♥✐♥❣ ✇❛❣❡s ❛t t✳ ❆t t+ 1✱ ❤♦✇❡✈❡r✱ t❤❡②

❤❛✈❡ ♥♦ ✐♥❝♦♠❡ t♦ ♣❛② κwt+1lt+1 ❢♦r ✇♦r❦❡rs✳ ❆♥ ❡♥tr❡♣r❡♥❡✉r ❤❛s ❛♥ ✐♥❝❡♥t✐✈❡

t♦ ❜♦rr♦✇ −Bt+2✱ ❜✉t ✐❢ ❤❡ ✐s ❝r❡❞✐t✲❝♦♥str❛✐♥❡❞ ❤❡ ✇✐❧❧ ♥♦t ❜❡ ❛❜❧❡ t♦ ❜♦rr♦✇

t❤❡ ❞❡s✐r❡❞ ❛♠♦✉♥t t♦ ♣❛② ❢♦r t❤❡ ✇❛❣❡ ❜✐❧❧✳ ❍❡ ✇✐❧❧ t❤❡r❡❢♦r❡ ❤❛✈❡ ❛ ❞❡♠❛♥❞

❢♦r ❧✐q✉✐❞✐t② ❛t t✐♠❡ t ✐♥ t❤❡ ❢♦r♠ ♦❢ ❛ ♣♦s✐t✐✈❡ ❞❡♠❛♥❞ ❢♦r ❜♦♥❞s✱ Bt+1✳ ❖♥

t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❤❡♥ t❤❡ ❡♥tr❡♣r❡♥❡✉r ✐s ✉♥❝♦♥str❛✐♥❡❞✱ t❤❡r❡ ✐s ♥♦ ♥❡❡❞ ❢♦r

❧✐q✉✐❞✐t② ❛t t✐♠❡ t✳

✷✳✷✳ ❖♣t✐♠❛❧ ❇❡❤❛✈✐♦r

❊♥tr❡♣r❡♥❡✉rs ♠❛①✐♠✐③❡✿

∞∑

s=0

βs ln(ct+s) ✭✶✮

❈♦♥s✐❞❡r ❛♥ ❡♥tr❡♣r❡♥❡✉r ✇❤♦ ✐♥✈❡sts ❡✈❡r② ♦t❤❡r ♣❡r✐♦❞✱ st❛rt✐♥❣ ❛t t✐♠❡ t

✳ ❉❡♥♦t❡ ❜② Wt ❤✐s ✐♥✐t✐❛❧ ✐♥❝♦♠❡ ❛t t✐♠❡ t✳ ■t ✐s ♠❛❞❡ ♦❢ t❤❡ ♦✉t♣✉t ❢r♦♠

♣r♦❞✉❝t✐♦♥ ✐♥✐t✐❛t❡❞ ❛t ❞❛t❡ t− 2✱ Yt−1 =Kα
t−1(At−1lt−1)

1−α✱ ♦❢ t❤❡ r❡♠❛✐♥✐♥❣

❝❛♣✐t❛❧ st♦❝❦ (1− δ)Kt−1 ❛♥❞ ♦❢ t❤❡ r❡t✉r♥ ❢r♦♠ ❜♦♥❞ ❤♦❧❞✐♥❣s✱ rtBt✳ ❍❡♥❝❡✱

Wt = Yt−1 + (1− δ)Kt−1 + rtBt✳ ❍✐s ❜✉❞❣❡t ❝♦♥str❛✐♥ts ❛t t ❛♥❞ t+ 1 ❛r❡✿

Wt = ct + (1− κ)wt−1lt−1 +Kt+1 +Bt+1 ✭✷✮

rt+1Bt+1 = ct+1 + κwt+1lt+1 +Bt+2 ✭✸✮

✶✸



❚❤❡ ✐♥❝♦♠❡ ♦❢ t❤❡ ❡♥tr❡♣r❡♥❡✉r ❛t ❞❛t❡ t ✐s ❛❧❧♦❝❛t❡❞ t♦ ❝♦♥s✉♠♣t✐♦♥✱ ct+1✱ t❤❡

r❡♠❛✐♥✐♥❣ ✇❛❣❡s (1− κ)wt−1lt−1✱ ✐♥✈❡st♠❡♥t ✐♥ ❛ ♥❡✇ ♣r♦❥❡❝t✱ Kt+1✱ ❛♥❞ ❜♦♥❞

❤♦❧❞✐♥❣s Bt+1✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❡r✐♦❞✱ ❛t t+ 1✱ t❤❡ ♦♥❧② ✐♥❝♦♠❡ ✐s t❤❡ ❜♦♥❞

r❡t✉r♥✱ rt+1Bt+1✳ ❚❤✐s ❤❛s t♦ ♣❛② ❢♦r ❝♦♥s✉♠♣t✐♦♥ ct+1 ❛♥❞ ♣❛rt ♦❢ t❤❡ ✇❛❣❡

❜✐❧❧ κwt+1lt+1✳ ❚②♣✐❝❛❧❧② t❤❡ ❡♥tr❡♣r❡♥❡✉r ✇✐❧❧ ❜♦rr♦✇✱ s♦ t❤❛t ❛t t❤❡ ♦♣t✐♠✉♠

Bt+2 ≤ 0✳

❚❤❡ ❡♥tr❡♣r❡♥❡✉r ♠✐❣❤t ❢❛❝❡ ❛ ❝r❡❞✐t ❝♦♥str❛✐♥t ❛t ❞❛t❡ t + 1✳ ❉✉❡ t♦

st❛♥❞❛r❞ ♠♦r❛❧ ❤❛③❛r❞ ❛r❣✉♠❡♥ts✱ ❛ ❢r❛❝t✐♦♥ 0 ≤ ϕ ≤ 1 ♦❢ ❝❛♣✐t❛❧ ❤❛s t♦ ❜❡

✉s❡❞ ❛s ❝♦❧❧❛t❡r❛❧ ❢♦r ❜♦♥❞ r❡♣❛②♠❡♥ts✿✶✸

rt+2Bt+2 ≥ −ϕKt+1 ✭✹✮

▲❡t λt+1 ❞❡♥♦t❡ t❤❡ ♠✉❧t✐♣❧✐❡r ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤✐s ❝♦♥str❛✐♥t✳ ❚❤❡

❡♥tr❡♣r❡♥❡✉r✬s ♣r♦❣r❛♠ ②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s✿

α

(
Kt+1

At+1lt+1

)α−1

+ 1− δ = rt+1rt+2

(
1 +

λt+1ct+2

β

(
1−

ϕ

rt+1rt+2

))
✭✺✮

(1− α)

(
Kt+1

At+1lt+1

)α

=
wt+1

At+1

[
κrt+2

(
1 +

λt+1ct+2

β

)
+ (1− κ)

]
✭✻✮

ct+1

ct
= βrt+1 ✭✼✮

✶✸✳ ❚❤❡r❡ ❝♦✉❧❞ ❜❡ ❛ s✐♠✐❧❛r ❝♦♥str❛✐♥t ❛t ❞❛t❡ t✱ ❜✉t ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t ✐t ✐s ♥❡✈❡r ❜✐♥❞✐♥❣✱

♣r❡❝✐s❡❧② ❜❡❝❛✉s❡ ♦❢ t❤❡ ❞❡♠❛♥❞ ❢♦r ❧✐q✉✐❞✐t②✳

✶✹



ct+2

ct+1
= βrt+2

(
1 +

λt+1ct+2

β

)
✭✽✮

❚❤❡ ❝r❡❞✐t ❝♦♥str❛✐♥t ✭✹✮ ✐♥tr♦❞✉❝❡s t❤r❡❡ ✇❡❞❣❡s ✐♥ t❤❡ ♦♣t✐♠❛❧ ❞❡❝✐s✐♦♥s✳ ❋✐rst✱

❢r♦♠ ❊q✉❛t✐♦♥ ✭✺✮✱ ✇❤❡♥ λt+1 = 0✱ t❤❡ ♠❛r❣✐♥❛❧ r❡t✉r♥ ♦❢ ❝❛♣✐t❛❧ ✐♥✈❡st❡❞ ❛t

t s❤♦✉❧❞ ❜❡ ❡q✉❛❧ t♦ t❤❡ r❡t✉r♥ ♦❢ ♦♥❡ ✉♥✐t ✐♥✈❡st❡❞ ♦✈❡r t✇♦ ♣❡r✐♦❞s ✐♥ t❤❡

❜♦♥❞✱ rt+1rt+2✱ ❛s ❝❛♣✐t❛❧ ✐s ✐♠♠♦❜✐❧❡ ❢♦r t✇♦ ♣❡r✐♦❞s✳ ❇✉t ✇❤❡♥ λt+1 > 0✱ t❤❡

❝♦♥str❛✐♥t ✐s ❜✐♥❞✐♥❣ ❛t t+ 1✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t t❤❡ ❡♥tr❡♣r❡♥❡✉r ✐s ✉♥❛❜❧❡ t♦

✜♥❛♥❝❡ t❤❡ ✇❛❣❡ ❜✐❧❧ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✜rst✲❜❡st ❝❛♣✐t❛❧ st♦❝❦✳ ❚❤✐s ❝r❡❛t❡s ❛

✇❡❞❣❡ ❜❡t✇❡❡♥ t❤❡ r❡t✉r♥ ♦♥ ❝❛♣✐t❛❧ ❛♥❞ t❤❡ ❜♦♥❞ r❡t✉r♥✳ ▼♦r❡♦✈❡r✱ t❤✐s ✇❡❞❣❡

✐s ❞❡❝r❡❛s✐♥❣ ✐♥ ϕ/rt+1rt+2✱ ✇❤✐❝❤ ✐s t❤❡ r❡❧❛t✐✈❡ ❧✐q✉✐❞✐t② ✈❛❧✉❡ ♦❢ ❝❛♣✐t❛❧ ❛s

❝♦♠♣❛r❡❞ t♦ t❤❡ ❜♦♥❞✳ ❙❡❝♦♥❞✱ ❢r♦♠ ❊q✉❛t✐♦♥ ✭✻✮✱ ✇❤❡♥ λt+1 = 0✱ t❤❡ ♠❛r❣✐♥❛❧

r❡t✉r♥ ♦❢ ❧❛❜♦r s❤♦✉❧❞ ❜❡ ❡q✉❛❧ t♦ ✐ts ❝♦st✱ ✇❤✐❝❤ ✐s ❣✐✈❡♥ ❜② t❤❡ ✇❛❣❡ r❛t❡

♠✉❧t✐♣❧✐❡❞ ❜② κrt+2 + (1− κ)✳ ❚❤❡ ❝♦st ♦❢ t❤❡ ❢r❛❝t✐♦♥ κ ♦❢ ✇❛❣❡s t❤❛t ✐s ♣❛✐❞

✐♥ ❛❞✈❛♥❝❡ ✐s ✉♣❣r❛❞❡❞ ❜② t❤❡ ✐♥t❡r❡st r❛t❡ ❜❡❝❛✉s❡ ✐t ❣❡♥❡r❛t❡s ❛♥ ♦♣♣♦rt✉♥✐t②

❝♦st t♦ t❤❡ ❡♥tr❡♣r❡♥❡✉r✳ ❲❤❡♥ λt+1 > 0✱ t❤❡ ❡♥tr❡♣r❡♥❡✉r ❤❛s ❡①❤❛✉st❡❞ ❤✐s

✜♥❛♥❝✐♥❣ ❝❛♣❛❝✐t✐❡s ❜❡❢♦r❡ ❤✐r✐♥❣ t❤❡ ✜rst✲❜❡st ❧❡✈❡❧ ♦❢ ❧❛❜♦r✱ ✇❤✐❝❤ ❝r❡❛t❡s ❛

✇❡❞❣❡ ❜❡t✇❡❡♥ t❤❡ ♠❛r❣✐♥❛❧ ♣r♦❞✉❝t✐✈✐t② ♦❢ ❧❛❜♦r ❛♥❞ t❤❡ ✇❛❣❡✳ ❋✐♥❛❧❧②✱ ✇❤❡♥

λt+1 > 0✱ ✐t ✐s ♠♦r❡ ❞✐✣❝✉❧t t♦ tr❛♥s❢❡r ❝♦♥s✉♠♣t✐♦♥ ❜❡t✇❡❡♥ ♣❡r✐♦❞ t+ 1 ❛♥❞

t+ 2✿ t❤❡r❡ ❛r❡ ❡①❝❡ss s❛✈✐♥❣ ❛t t+ 1✱ ❛s ❊q✉❛t✐♦♥ ✭✽✮ s✉❣❣❡sts✳

✶✺



✷✳✸✳ ❆ ❇❡♥❝❤♠❛r❦ ❈❛s❡

❚♦ ❞❡r✐✈❡ s✐♠♣❧❡ ❛♥❛❧②t✐❝❛❧ r❡s✉❧ts ❢♦r t❤❡ ❝♦♥str❛✐♥❡❞ ❡♥tr❡♣r❡♥❡✉r ✭λt+1 >

0✮✱ ✇❡ ❝♦♥s✐❞❡r ❛ ❜❡♥❝❤♠❛r❦ ✇❤❡r❡ ✇❡ ♠❛❦❡ t❤r❡❡ s♣❡❝✐✜❝ ❛ss✉♠♣t✐♦♥s✿ ✐✮

❡♥tr❡♣r❡♥❡✉rs ❝❛♥♥♦t ❜♦rr♦✇✿ ϕ = 0❀ ✐✐✮ ✇❛❣❡s ❤❛✈❡ t♦ ❜❡ ♣❛✐❞ ❡♥t✐r❡❧② ✐♥

❛❞✈❛♥❝❡✿ κ= 1❀ ✐✐✐✮ ❝❛♣✐t❛❧ ❞❡♣r❡❝✐❛t❡s ❢✉❧❧②✿ δ = 1✳ ❲❡ ❡①❛♠✐♥❡ t❤❡ ✐♠♣❧✐❝❛t✐♦♥s

♦❢ r❡❧❛①✐♥❣ t❤❡s❡ ❛ss✉♠♣t✐♦♥s ✐♥ ❙❡❝t✐♦♥ ✸✳

❲✐t❤ ❧♦❣ ✉t✐❧✐t②✱ ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t ❛♥ ❡♥tr❡♣r❡♥❡✉r ✇❤♦ ✐♥✈❡sts ❛t t

❝♦♥s✉♠❡s ❛ ✜①❡❞ ❢r❛❝t✐♦♥ ♦❢ ❤✐s r❡✈❡♥✉❡✿

ct = (1− β)Wt ✭✾✮

❯s✐♥❣ t❤❡ ❊✉❧❡r ❡q✉❛t✐♦♥ ✭✼✮ ❛t t✱ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡ ❢♦r ❝♦♥s✉♠♣t✐♦♥ ❛t

t+ 1✿

ct+1 = β(1− β)rt+1Wt ✭✶✵✮

❋r♦♠ ✭✷✮ ❛♥❞ ✭✾✮✱ t♦t❛❧ s❛✈✐♥❣ ❛t t ✐s✿

St+1 = Bt+1 +Kt+1 = βWt ✭✶✶✮

❊q✉❛t✐♦♥ ✭✶✶✮ st❛t❡s t❤❛t t♦t❛❧ s❛✈✐♥❣ ❛t t ✐s ❛ ❝♦♥st❛♥t ❢r❛❝t✐♦♥ ♦❢ t♦t❛❧

r❡✈❡♥✉❡s✳ ❚❤✐s ❡q✉❛t✐♦♥ ✐s ✉s❡❞ t♦ ❞❡r✐✈❡ Bt+1✳ ■♥ t❤❡ ❝♦♥str❛✐♥❡❞ ❝❛s❡✱ ✇❡

✶✻



♥❡❡❞ t♦ ❞❡t❡r♠✐♥❡ ❥♦✐♥t❧② Kt+1 ❛♥❞ Bt+1✳ ■♥ t❤❡ ✉♥❝♦♥str❛✐♥❡❞ ❝❛s❡✱ Kt+1 ✐s

✜rst ❢♦✉♥❞ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ Bt+1 ❛♥❞ t❤❡♥ Bt+1 ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ ✭✶✶✮✳✶✹

❚♦ ❞❡t❡r♠✐♥❡ ✇❤❡t❤❡r ❡♥tr❡♣r❡♥❡✉rs ❛r❡ ❝♦♥str❛✐♥❡❞ ♦r ♥♦t✱ ✐t ✐s ✉s❡❢✉❧

t♦ ❧♦♦❦ ❛t ❧❛❜♦r ♠❛r❦❡t ❝♦♥❞✐t✐♦♥s✳ ❊♥tr❡♣r❡♥❡✉rs ❛r❡ ❝♦♥str❛✐♥❡❞ ✭λt+1 > 0✮

✇❤❡♥❡✈❡r t❤❡ ♠❛r❦❡t ✇❛❣❡ ✐s ❧♦✇❡r t❤❛♥ t❤❡ ✜rst ❜❡st ✇❛❣❡✳ ❉❡✜♥❡ w̃t = wt/At

t❤❡ ✇❛❣❡ ♥♦r♠❛❧✐③❡❞ ❜② ❚❋P ❛♥❞ ŵ(rt+1, rt+2) = (1− α)[αα/(rαt+1rt+2)]
1

1−α

✐ts ✜rst✲❜❡st ❧❡✈❡❧✳ ❊♥tr❡♣r❡♥❡✉rs ❛r❡ ❝♦♥str❛✐♥❡❞ ✇❤❡♥ w̃t+1 < ŵt+1✳
✶✺ ■♥ t❤❛t

❝❛s❡✱ t❤❡ ❡♥tr❡♣r❡♥❡✉r ❝♦✉❧❞ ♠❛❦❡ ✐♥✜♥✐t❡ ♣r♦✜ts ❜② ✐♥❝r❡❛s✐♥❣ t❤❡ ♣r♦❞✉❝t✐♦♥

s❝❛❧❡✱ ❜✉t ✐s ♣r❡✈❡♥t❡❞ ❜② t❤❡ ❜✐♥❞✐♥❣ ❝r❡❞✐t ❝♦♥str❛✐♥t✳ ■❢ w̃t+1 = ŵt+1✱ t❤❡

♣r♦❞✉❝t✐♦♥ s❝❛❧❡ ✐s ✉♥❞❡t❡r♠✐♥❡❞✱ ❜❡❝❛✉s❡ ♦❢ ❝♦♥st❛♥t r❡t✉r♥s t♦ s❝❛❧❡✳ ❚❤❡r❡

✐s ♥♦ r❡❛s♦♥ ❢♦r t❤❡ ❡♥tr❡♣r❡♥❡✉r t♦ ❜❡ ❝♦♥str❛✐♥❡❞ ✐♥ t❤❛t ❝❛s❡✳

✷✳✹✳ ❚❤❡ ❉❡♠❛♥❞ ❢♦r ▲✐q✉✐❞✐t② ❢r♦♠ ❈♦♥str❛✐♥❡❞ ❊♥tr❡♣r❡♥❡✉rs

❲❤❡♥ t❤❡ ❝♦♥str❛✐♥t ❛t t+ 1 ✐s ❜✐♥❞✐♥❣✱ t❤❡ ❛✈❛✐❧❛❜✐❧✐t② ♦❢ ❢✉♥❞s t♦ ✜♥❛♥❝❡ t❤❡

✇❛❣❡ ❜✐❧❧ ❛t t+ 1 ✐s ❧✐♠✐t❡❞✳ ❚❤❡ ❢r❛❝t✐♦♥ ♦❢ s❛✈✐♥❣ ❛❧❧♦❝❛t❡❞ t♦ ❧✐q✉✐❞✐t② Bt+1

✶✹✳ ◆♦t✐❝❡ t❤❛t ❛♥ ✐♥❝r❡❛s❡ ✐♥ ❝♦r♣♦r❛t❡ s❛✈✐♥❣ ✐♠♣❧✐❡s ❛♥ ❛❝❝✉♠✉❧❛t✐♦♥ ♦❢ ❧✐q✉✐❞✐t② ♦♥❧②

t♦ t❤❡ ❡①t❡♥t t❤❛t ✐t ✐♥❝r❡❛s❡s ♠♦r❡ t❤❛♥ ✐♥✈❡st♠❡♥t✳ ❋✐❣✉r❡ ✷ s❤♦✇s t❤❛t t❤✐s ✐s t❤❡ ❝❛s❡

❢♦r ❡♠❡r❣✐♥❣ ❆s✐❛♥ ❝♦✉♥tr✐❡s✳

✶✺✳ ❚❤✐s ❝❛♥ ❜❡ s❡❡♥ ❜② ❝♦♠❜✐♥✐♥❣ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s ✭✺✮ ❛♥❞ ✭✻✮ ✐♥ t❤❡ ❜❡♥❝❤♠❛r❦

❝❛s❡✱ ✇❤✐❝❤ ②✐❡❧❞s✿

w̃t+1

(
1 +

λt+1ct+2

β

)1−α

= ŵ(rt+1, rt+2)

✶✼



t❤❡r❡❢♦r❡ ❞❡♣❡♥❞s ♦♥ t❤❡ ❧✐q✉✐❞✐t② ♥❡❡❞s ❛t t + 1✱ wt+1lt+1✳ ❚❤❡s❡ ♥❡❡❞s ❛r❡

r❡❧❛t❡❞ t♦ t❤❡ ❛♠♦✉♥t ♦❢ ❝❛♣✐t❛❧ Kt+1 ✐♥✈❡st❡❞ ❛t t✱ s✐♥❝❡ Kt+1 ❛♥❞ lt+1 ❛r❡

✐♠♣❡r❢❡❝t s✉❜st✐t✉t❡s✳

❙✐♥❝❡ ϕ = 0✱ t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s ✭✺✮ ❛♥❞ ✭✻✮ ❣✐✈❡ ❛ str❛✐❣❤t❢♦r✇❛r❞

r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ❧✐q✉✐❞✐t② ♥❡❡❞s wt+1lt+1 ❛♥❞ ❝❛♣✐t❛❧ Kt+1✿

wt+1lt+1 =
1− α

α
rt+1Kt+1 ✭✶✷✮

❚♦ ❞❡t❡r♠✐♥❡ Kt+1 ✇❡ ✉s❡ ✭✸✮✱ ✭✶✵✮✱ ✭✶✶✮ ✇✐t❤ ✭✶✷✮ t♦ ❣❡t✿

Kt+1 = αβ2Wt ✭✶✸✮

❘❡♣❧❛❝✐♥❣ ✐♥ ✭✶✶✮✱ ✇❡ ♦❜t❛✐♥✿

Bt+1 = β(1− αβ)Wt ✭✶✹✮

▼♦r❡♦✈❡r✱ s✐♥❝❡ ϕ = 0✱ Bt+2 = 0✳

❚❤❡ ❦❡② ✐♠♣❧✐❝❛t✐♦♥ ♦❢ ✭✶✸✮ ❛♥❞ ✭✶✹✮ ✐s t❤❛t t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ Bt+1 ❛♥❞

Kt+1 ✐s ❝♦♥st❛♥t✿

Bt+1

Kt+1
=

1− αβ

αβ
✭✶✺✮

❚❤✐s ✐♠♣❧✐❡s t❤❛t✱ ❝♦♥tr❛r② t♦ st❛♥❞❛r❞ ♠♦❞❡❧s✱ ❝❛♣✐t❛❧ ❛♥❞ ❜♦♥❞s ❛r❡

❝♦♠♣❧❡♠❡♥ts✱ ❜❡❝❛✉s❡ ❜♦♥❞s ❛r❡ ♥❡❡❞❡❞ t♦ ✜♥❛♥❝❡ t❤❡ ✇❛❣❡ ❜✐❧❧✱ ✇❤✐❝❤ ✐s
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♣r♦♣♦rt✐♦♥❛❧ t♦ ❝❛♣✐t❛❧✳ ■♥❞❡❡❞✱ t❤❡ ❜♦♥❞✲❝❛♣✐t❛❧ r❛t✐♦ ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ α✱ t❤❡

s❤❛r❡ ♦❢ ❝❛♣✐t❛❧ ✐♥ t❤❡ ✈❛❧✉❡ ❛❞❞❡❞✳ ❚❤❡ ❤✐❣❤❡r α✱ t❤❡ ❧♦✇❡r t❤❡ ❛♠♦✉♥t ♦❢

❜♦♥❞s ♥❡❡❞❡❞ t♦ ✜♥❛♥❝❡ ❧❛❜♦r✳ ❆♥ ✐♠♣♦rt❛♥t ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤✐s r❡s✉❧t ✐s t❤❛t

❣r♦✇t❤ ✐♥ K ✇✐❧❧ ♥❛t✉r❛❧❧② ❣❡♥❡r❛t❡ ❣r♦✇t❤ ✐♥ B✱ ❧❡❛❞✐♥❣ t♦ s♦✲❝❛❧❧❡❞ ✏❣❧♦❜❛❧

✐♠❜❛❧❛♥❝❡s✑✳

❚❤❡ ❝♦♠♣❧❡♠❡♥t❛r✐t② ❜❡t✇❡❡♥ ❧✐q✉✐❞✐t② ❛♥❞ ❝❛♣✐t❛❧ ✐s ✐♥ s❤❛r♣ ❝♦♥tr❛st

✇✐t❤ t❤❡ ❝❛s❡ ✇❤❡r❡ ❡♥tr❡♣r❡♥❡✉rs ❛r❡ ✉♥❝♦♥str❛✐♥❡❞✳ ■♥ t❤❡ ✉♥❝♦♥str❛✐♥❡❞ ❝❛s❡✱

❝❛♣✐t❛❧ ❛♥❞ t❤❡ ❞❡♠❛♥❞ ❢♦r ❜♦♥❞s ❛r❡ s✉❜st✐t✉t❡s✳ ■♥❞❡❡❞✱ ❝❛♣✐t❛❧ ✐s ❞❡t❡r♠✐♥❡❞

❜② ✭✺✮✱ ❛♥❞ t❤❡ ❞❡♠❛♥❞ ❢♦r ❜♦♥❞s ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❛♠♦✉♥t ♦❢ s❛✈✐♥❣ t❤❛t

✐s ♥♦t ✉s❡❞ ❢♦r ❝❛♣✐t❛❧✱ ❥✉st ❛s ✐♥ st❛♥❞❛r❞ ♠♦❞❡❧s✳

✸✳ ❆ ❙♠❛❧❧ ❖♣❡♥ ❊❝♦♥♦♠② ▼♦❞❡❧

❚❤❡ ❡♥tr❡♣r❡♥❡✉rs ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ ❛r❡ ✐♥❝♦r♣♦r❛t❡❞ ✐♥t♦ ❛ s♠❛❧❧ ♦♣❡♥ ❡❝♦♥♦♠②

♠♦❞❡❧✳ ❚❤❡r❡ ❛r❡ t✇♦ ❣r♦✉♣s ♦❢ ❡♥tr❡♣r❡♥❡✉rs✱ ✇✐t❤ ❡❛❝❤ ❣r♦✉♣ st❛rt✐♥❣ ❛

♣r♦❥❡❝t ❛t ❛❧t❡r♥❛t✐♥❣ ❞❛t❡s✱ ❛s ✇❡❧❧ ❛s ❝♦♥s✉♠❡rs✲✇♦r❦❡rs ✇❤♦ s✉♣♣❧② ❧❛❜♦r

t♦ ❡♥tr❡♣r❡♥❡✉rs✳ ❊♥tr❡♣r❡♥❡✉rs ❝❛♥ ❧❡♥❞ ♦r ❜♦rr♦✇ ❛t t❤❡ ✇♦r❧❞ ✐♥t❡r❡st r❛t❡

rt✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ r❡st ♦❢ t❤❡ ✇♦r❧❞ ❤❛s ❛ ❝♦♥st❛♥t ♣r♦❞✉❝t✐✈✐t② ❣r♦✇t❤

g∗✱ ❛ ❞✐s❝♦✉♥t ❢❛❝t♦r β∗✱ ❛♥❞ ♥♦ ✜♥❛♥❝✐❛❧ ❢r✐❝t✐♦♥s✳ ❍❡♥❝❡ t❤❡ ✇♦r❧❞ ✐♥t❡r❡st

r❛t❡ ✐s ❝♦♥st❛♥t ❛t r∗ = (1 + g∗)/β∗✳

❋♦r ❝♦♥✈❡♥✐❡♥❝❡✱ ✇❡ ❛ss✉♠❡ t❤❛t ✇♦r❦❡rs ❛r❡ ❤❛♥❞✲t♦✲♠♦✉t❤✱ ✐✳❡✳✱ ❝♦♥s✉♠❡

❛❧❧ t❤❡✐r ✐♥❝♦♠❡✿ cwt = wtlt✳ ❚❤✐s ❝❛♥ ❜❡ ❥✉st✐✜❡❞ ❜② ❛ss✉♠✐♥❣ t❤❛t ✇♦r❦❡rs ❢❛❝❡

❛ ♥♦✲❜♦rr♦✇✐♥❣ ❝♦♥str❛✐♥t✳ ❚❤❡ ❚❡❝❤♥✐❝❛❧ ❆♣♣❡♥❞✐① s❤♦✇s t❤❛t t❤✐s ✐s t❤❡ ❝❛s❡

✶✾



✇❤❡♥ ✇♦r❦❡rs ❤❛✈❡ ♥♦ ✐♥✐t✐❛❧ ✇❡❛❧t❤ ❛♥❞ ❢❛❝❡ ❛ ❣r♦✇✐♥❣ ✐♥❝♦♠❡ str❡❛♠✳ ❙✐♥❝❡

t❤❡ ✐♥❝♦♠❡ str❡❛♠ ♦❢ ✇♦r❦❡rs ✐s ❣r♦✇✐♥❣ ✐♥ ❛❧❧ t❤❡ ❡①♣❡r✐♠❡♥ts ✇❡ ❝♦♥❞✉❝t✱

t❤✐s ❤❛♥❞✲t♦✲♠♦✉t❤ ❛ss✉♠♣t✐♦♥ ✐s ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ❛s ❧♦♥❣ ❛s ✐t ✐s

❛❞♠✐tt❡❞ t❤❛t ✇♦r❦❡rs ❤❛✈❡ ❛ ❧✐♠✐t❡❞ ❛❝❝❡ss t♦ ✜♥❛♥❝✐❛❧ ♠❛r❦❡ts✳ ❆♥ ✐♠♣♦rt❛♥t

❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤✐s ❛ss✉♠♣t✐♦♥ ✐s t❤❛t ✇♦r❦❡rs ❝❛♥♥♦t s✉♣♣❧② ❧✐q✉✐❞ ❛ss❡ts t♦

❡♥tr❡♣r❡♥❡✉rs✱ s♦ ❢♦r❡✐❣♥ ✜♥❛♥❝✐❛❧ ♠❛r❦❡ts ❛r❡ t❤❡ ♦♥❧② s♦✉r❝❡ ♦❢ ❧✐q✉✐❞✐t②✳

❲❡ ❛ss✉♠❡ t❤❛t t❤❡ s♠❛❧❧ ♦♣❡♥ ❡❝♦♥♦♠② ✐s ❞❡✜♥❡❞ ❜② t❤❡ ❜❡♥❝❤♠❛r❦✱ t❤❛t

✐s ❜② ϕ = 0✱ κ = 1 ❛♥❞ δ = 1✳ ❚❤❡ ❞✐s❝♦✉♥t ❢❛❝t♦r β ✐s t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ r❡st ♦❢

t❤❡ ✇♦r❧❞✱ β = β∗✱ ❛♥❞ t❤❡ ♣r♦❞✉❝t✐✈✐t② ❣r♦✇t❤ r❛t❡ ✐s gt = At/At−1 − 1✳ ❆❢t❡r

❞❡s❝r✐❜✐♥❣ ❡♥tr❡♣r❡♥❡✉rs ❛♥❞ t❤❡ ❧❛❜♦r ♠❛r❦❡t ✐♥ t❤✐s ❡❝♦♥♦♠②✱ ✇❡ ❞❡s❝r✐❜❡ t❤❡

❞②♥❛♠✐❝s ❛♥❞ t❤❡ st❡❛❞② st❛t❡ ❢♦r ❛ ❝♦♥st❛♥t ❣r♦✇t❤ r❛t❡ g✳ ❚❤❡♥✱ ✇❡ ❡①❛♠✐♥❡

❡①❛♠♣❧❡s ♦❢ tr❛♥s✐t♦r② ✐♥❝r❡❛s❡s ✐♥ ❣r♦✇t❤✳ ■t ✇✐❧❧ ❜❡ ❝♦♥✈❡♥✐❡♥t t♦ ♥♦r♠❛❧✐③❡

t❤❡ ✈❛r✐❛❜❧❡s ❜② At ❛♥❞ ❞❡♥♦t❡ X̃t = Xt/At✳

✸✳✶✳ ❚✇♦ ●r♦✉♣s ♦❢ ❊♥tr❡♣r❡♥❡✉rs

❊❛❝❤ ❡♥tr❡♣r❡♥❡✉r ❤❛s ❛❝❝❡ss t♦ ❛ ♣r♦❥❡❝t ❡✈❡r② ♦t❤❡r ♣❡r✐♦❞✳ ❚❤❡r❡ ❛r❡

t✇♦ ❣r♦✉♣s ♦❢ ❡♥tr❡♣r❡♥❡✉rs✱ ❡❛❝❤ ✇✐t❤ ♠❛ss ♦♥❡✱ ✇✐t❤ ♦✈❡r❧❛♣♣✐♥❣ ♣r♦❥❡❝ts✳

❖♥❡ ❣r♦✉♣ ♦❢ ❡♥tr❡♣r❡♥❡✉rs ❣❡ts ❛ ♣r♦❥❡❝t ✐♥ ♦❞❞ ♣❡r✐♦❞s✱ ✇❤✐❧❡ t❤❡ ♦t❤❡r

❣r♦✉♣ ❣❡ts ❛ ♣r♦❥❡❝t ✐♥ ❡✈❡♥ ♣❡r✐♦❞s✳ ❚❤❡ ❛♥❛❧②s✐s ♦❢ ❛ s✐♥❣❧❡ ❡♥tr❡♣r❡♥❡✉r✱

❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ❝❛♥ ❜❡ ❡❛s✐❧② ❡①t❡♥❞❡❞ ❜② s❧✐❣❤t❧② ❝❤❛♥❣✐♥❣

t❤❡ ♥♦t❛t✐♦♥✳ ❉❡♥♦t❡ ❜② B̃1
t+1 ❛♥❞ B̃2

t+1 t❤❡ ❞❡♠❛♥❞s ❢♦r ❜♦♥❞s ♦❢ ❡♥tr❡♣r❡♥❡✉rs

✇❤♦ ❛r❡ r❡s♣❡❝t✐✈❡❧② ✐♥ t❤❡✐r ✐♥✈❡st♠❡♥t ❛♥❞ ✐♥ t❤❡✐r ♣r♦❞✉❝t✐♦♥ ♣❡r✐♦❞s ✭✐✳❡✳✱

✷✵



❡♥tr❡♣r❡♥❡✉rs ✇❤♦ ❤❛✈❡ st❛rt❡❞ t❤❡✐r ♣r♦❥❡❝t ❛t t✐♠❡ t ❛♥❞ ❛t t✐♠❡ t+1✮✳ ❚❤❡♥✱

❢r♦♠ ✭✶✹✮ ✇❡ ❤❛✈❡✿

B̃1
t+1 =

β(1− αβ)

1 + gt+1
W̃t ✭✶✻✮

B̃2
t+1 = 0 ✭✶✼✮

❛♥❞ t❤❡ t♦t❛❧ ❞❡♠❛♥❞ ❢♦r ❜♦♥❞s ❛t t✐♠❡ t ✐s✿ B̃t+1 = B̃1
t+1 + B̃2

t+1✳

❚❤❡ t✇♦ ❣r♦✉♣s ♦❢ ❡♥tr❡♣r❡♥❡✉rs ♥❡✈❡r ✐♥t❡r❛❝t ♦♥ t❤❡ ❞♦♠❡st✐❝ ❧❛❜♦r

♠❛r❦❡t✱ ❛s t❤❡② ♦♥❧② ❤✐r❡ ❧❛❜♦r ✐♥ t❤❡✐r ♣r♦❞✉❝t✐♦♥ ♣❡r✐♦❞✳ ❙✐♥❝❡ t❤❡ ✇♦r❧❞

✐♥t❡r❡st r❛t❡ r∗ ✐s ❣✐✈❡♥✱ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ t✇♦ ❣r♦✉♣s ❝❛♥ ❜❡ st✉❞✐❡❞

✐♥❞❡♣❡♥❞❡♥t❧② ❢r♦♠ ❡❛❝❤ ♦t❤❡r✳ ❆s ❡♥tr❡♣r❡♥❡✉rs ❛r❡ ✐❞❡♥t✐❝❛❧ ✇✐t❤✐♥ ❛ ❣✐✈❡♥

❝❛t❡❣♦r②✱ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❛❣❣r❡❣❛t❡ ❡❝♦♥♦♠② ✐s ♦❜t❛✐♥❡❞ s✐♠♣❧② ❜② s✉♠♠✐♥❣

t❤❡✐r ♣♦❧✐❝② ❢✉♥❝t✐♦♥s✳

✸✳✷✳ ▲❛❜♦r ▼❛r❦❡t

✸✳✷✳✶✳ ▲❛❜♦r ❞❡♠❛♥❞✳ ■♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ✇❡ s❤♦✇❡❞ t❤❛t ❡♥tr❡♣r❡♥❡✉rs

❛r❡ ❝♦♥str❛✐♥❡❞ ✇❤❡♥ w̃t+1 < ŵ(r∗, r∗) = (1−α)α
α

1−α /r∗
1+α

1−α ✳ ❲❡ s✐♠♣❧② ❞❡♥♦t❡

ŵ(r∗, r∗) ❜② ŵ✳ ■♥ t❤✐s ❝❛s❡✱ ❧❛❜♦r ❞❡♠❛♥❞ ✐s ❞❡t❡r♠✐♥❡❞ ❜② ❡♥tr❡♣r❡♥❡✉rs✬

✇❡❛❧t❤ ❛s ❝r❡❞✐t ❝♦♥str❛✐♥ts ❛r❡ ❜✐♥❞✐♥❣✳ ■♥ t❤❡ ✉♥❝♦♥str❛✐♥❡❞ ❝❛s❡✱ ❧❛❜♦r

❞❡♠❛♥❞ ✐s ✉♥❞❡t❡r♠✐♥❡❞ ❛s ❧♦♥❣ ❛s ❡♥tr❡♣r❡♥❡✉rs ❤❛✈❡ ❡♥♦✉❣❤ ❢✉♥❞s✳ ❚❤❡

♠❛①✐♠✉♠ ❧❛❜♦r ❞❡♠❛♥❞ ✐♥ t❤✐s ❝❛s❡ ❞❡♣❡♥❞s ♦♥ ❡♥tr❡♣r❡♥❡✉rs✬ ✇❡❛❧t❤ ❛♥❞

✷✶



❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s✿

lt+1 = l(W̃t, w̃t+1, gt) =
(1− α)r∗β2W̃t

(1 + gt+1)w̃t+1

▲❛❜♦r ❞❡♠❛♥❞ ✐s t❤❡♥ ❞❡s❝r✐❜❡❞ ❛s ❢♦❧❧♦✇s✿

lt+1 ∈ (0, lt+1) ✐❢ w̃t+1 = ŵ ✭✶✽✮

lt+1 = lt+1 ✐❢ w̃t+1 < ŵ ✭✶✾✮

✸✳✷✳✷✳ ▲❛❜♦r s✉♣♣❧② ❛♥❞ ❧❛❜♦r ♠❛r❦❡t ❡q✉✐❧✐❜r✐✉♠✳ ▲❛❜♦r ✐s s✉♣♣❧✐❡❞

❞♦♠❡st✐❝❛❧❧② ❜② ❛ ❝♦♥t✐♥✉✉♠ ♦❢ ❤❛♥❞✲t♦✲♠♦✉t❤ ✇♦r❦❡rs ♦❢ ♠❛ss ♦♥❡ ✇❤♦ ❞♦

♥♦t ❤❛✈❡ ❛❝❝❡ss t♦ t❤❡ ♣r♦❞✉❝t✐♦♥ t❡❝❤♥♦❧♦❣②✳ ❲❡ ❛ss✉♠❡ t❤❛t ✇♦r❦❡rs s✉♣♣❧②

✐♥❡❧❛st✐❝❛❧❧② ✶ ✉♥✐t ♦❢ ❧❛❜♦r s♦ t❤❛t lt = 1✳ ❚❤❡r❡ ❛r❡ t✇♦ ❞✐✛❡r❡♥t s✐t✉❛t✐♦♥s

❢♦r ❧❛❜♦r ♠❛r❦❡t ❡q✉✐❧✐❜r✐✉♠✳ ■❢ t❤❡ ❛❣❣r❡❣❛t❡ ✇❡❛❧t❤ W̃t ✐s ❧❛r❣❡ ❡♥♦✉❣❤ s♦

t❤❛t l̄t+1 ≥ 1✱ t❤❡♥ ✜r♠s ❛r❡ ❛❜❧❡ t♦ ❤✐r❡ ❛❧❧ t❤❡ ✇♦r❦❢♦r❝❡ ❛t ✐ts ♠❛r❣✐♥❛❧

♣r♦❞✉❝t✐✈✐t②✳ ■♥ t❤❛t ❝❛s❡ lt+1 = 1✱ w̃t+1 = ŵ ❛♥❞ ✜r♠s ❛r❡ ✉♥❝♦♥str❛✐♥❡❞✳

❖t❤❡r✇✐s❡✱ l̄t+1 < 1✱ w̃t+1 < ŵ ❛♥❞ ✜r♠s ❛r❡ ❝♦♥str❛✐♥❡❞✳

✸✳✸✳ ❉②♥❛♠✐❝s ❛♥❞ ❇❛❧❛♥❝❡❞ ●r♦✇t❤ P❛t❤

❲❡ ♥♦✇ ❡①❛♠✐♥❡ t❤❡ ❞②♥❛♠✐❝s ❛♥❞ t❤❡ ❜❛❧❛♥❝❡❞ ❣r♦✇t❤ ♣❛t❤ ♦❢ t❤✐s ❡❝♦♥♦♠②

❢♦r ❛ ❝♦♥st❛♥t ❣r♦✇t❤ r❛t❡ g✳ ❲❡ ✜rst ❢♦❝✉s ♦♥ t❤❡ ❧❡✈❡❧ ♦❢ ✐♥❝♦♠❡ W̃t✱ ✇❤✐❝❤ ✐s

t❤❡ st❛t❡ ✈❛r✐❛❜❧❡✱ ❛♥❞ t❤❡♥ ♦♥ t❤❡ ❧❡✈❡❧ ♦❢ ❝❛♣✐t❛❧ K̃t ❛♥❞ ❜♦♥❞s B̃t✳ ❲❡ ❛ss✉♠❡

✷✷



t❤❛t t❤❡ ❝♦✉♥tr② st❛rts ✇✐t❤ ❛♥ ✐♥❝♦♠❡ ❧❡✈❡❧✱ W̃0✱ ❜❡❧♦✇ ✐ts st❡❛❞② st❛t❡ W̃ ✳

❲❡ s❤♦✇ t❤❛t ✇❤❡♥ g = g∗✱ ❡♥tr❡♣r❡♥❡✉rs ❛r❡ ❝♦♥str❛✐♥❡❞ ♦♥ t❤❡✐r ❝♦♥✈❡r❣❡♥❝❡

♣❛t❤ ❛♥❞ ❤❛✈❡ ❛ ❞❡♠❛♥❞ ❢♦r ❧✐q✉✐❞✐t②✳ ❇✉t t❤❡② ❛❝❝✉♠✉❧❛t❡ s✉✣❝✐❡♥t ❢✉♥❞s ♦✈❡r

t✐♠❡ t♦ ❜❡❝♦♠❡ ✉♥❝♦♥str❛✐♥❡❞ ✐♥ t❤❡ ❧♦♥❣ r✉♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❤❡♥ g > g∗

❡♥tr❡♣r❡♥❡✉rs ❛r❡ ❛❧✇❛②s ❝♦♥str❛✐♥❡❞ ✐♥ t❤❡ ❧♦♥❣ r✉♥✳✶✻ ❲❡ ✜rst ❝❤❛r❛❝t❡r✐③❡

t❤❡ ❜❛❧❛♥❝❡❞ ❣r♦✇t❤ ♣❛t❤ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✿

Pr♦♣♦s✐t✐♦♥ ✶✳ ❆♥ ❡q✉✐❧✐❜r✐✉♠ ✇❤❡r❡ K̃t✱ B̃t✱ ❛♥❞ W̃t ❛r❡ st❛t✐♦♥❛r② ❡①✐sts✳

❊♥tr❡♣r❡♥❡✉rs ❛r❡ ❝♦♥str❛✐♥❡❞ ✐♥ t❤❡ st❛t✐♦♥❛r② ❡q✉✐❧✐❜r✐✉♠ ✐❢ g > g∗ ❛♥❞

✉♥❝♦♥str❛✐♥❡❞ ✐❢ g = g∗✳ ❚❤✐s ❡q✉✐❧✐❜r✐✉♠ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣✿

✭✐✮✳ K̃t =
¯̃K =

(
α
(

β
1+g

)2) 1
1−α

✳

✭✐✐✮✳ B̃t =
¯̃B = 1−αβ

αβ
¯̃K ✐❢ g > g∗ ❛♥❞

¯̃B ✐s ✉♥❞❡t❡r♠✐♥❡❞ ✐❢ g = g∗✳

✭✐✐✐✮✳ W̃t = W̃ = ¯̃Kα ✐❢ g > g∗ ❛♥❞ W̃ ✐s ✉♥❞❡t❡r♠✐♥❡❞ ✐❢ g = g∗✳

✳ ❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ❢♦r
¯̃B ❛♥❞ W̃ ✐s t❤❡♥ ✉♥✐q✉❡ ✐❢ g > g∗✳

❲❡ ❧❡❛✈❡ t❤❡ ♣r♦♦❢ ♦❢ t❤✐s ♣r♦♣♦s✐t✐♦♥ t♦ ❆♣♣❡♥❞✐① ❇✳ ❲❡ ✇✐❧❧ ✐♥st❡❛❞

❢♦❝✉s ♦♥ t❤❡ ❞②♥❛♠✐❝s ❛♥❞ ✐❧❧✉str❛t❡ t❤✐s ♣r♦♣♦s✐t✐♦♥ ❣r❛♣❤✐❝❛❧❧②✳ ▲❡t ✉s s✐♠♣❧②

✶✻✳ ❚❤❡ ❝❛s❡ g > g∗ ✐s ✐♥❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ s♠❛❧❧ ❡❝♦♥♦♠② ❛ss✉♠♣t✐♦♥ ✐♥ t❤❡ st❡❛❞②

st❛t❡ ❛s t❤❡ ❢❛st✲❣r♦✇✐♥❣ ❝♦✉♥tr② ♦✉t❣r♦✇s t❤❡ r❡st ♦❢ t❤❡ ✇♦r❧❞✳ ❍♦✇❡✈❡r✱ ✐t ✐s st✐❧❧ ♦❢

✐♥t❡r❡st t♦ ❡①❛♠✐♥❡ t❤✐s ❝❛s❡ ❛s ✇❡ ✇✐❧❧ ❧❛t❡r ❧♦♦❦ ❛t ❛♥ ❡①❛♠♣❧❡ ✇❤❡r❡ t❤❡ ❡❝♦♥♦♠② ❣r♦✇s

t❡♠♣♦r❛r✐❧② ❢❛st❡r✳ ❆♥ ❛❧t❡r♥❛t✐✈❡ ✇♦✉❧❞ ❜❡ t♦ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ β < β∗✱ ✇❤✐❝❤ ❛❧s♦ ✐♠♣❧✐❡s

t❤❛t ❡♥tr❡♣r❡♥❡✉rs ❛r❡ ❝♦♥str❛✐♥❡❞ ✐♥ t❤❡ st❡❛❞② st❛t❡✳ ❲❤✐❧❡ t❤✐s ❛ss✉♠♣t✐♦♥ ✐s ❝♦♠♠♦♥❧②

✉s❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ ✇❡ ❞♦ ♥♦t ✜♥❞ ✐t ❝♦♥✈✐♥❝✐♥❣ t♦ ❡①♣❧❛✐♥ ✐♥t❡r♥❛t✐♦♥❛❧ ❝❛♣✐t❛❧ ✢♦✇s ❜②

❞✐✛❡r❡♥❝❡s ✐♥ ♣r❡❢❡r❡♥❝❡s✳

✷✸



♠❡♥t✐♦♥ ❤❡r❡ t❤❛t t❤❡ ✐♥❞❡t❡r♠✐♥❛❝② ♦❢ ¯̃B ❛♥❞ W̃ ✇❤❡♥ g = g∗ ✐s ❛ t②♣✐❝❛❧

❢❡❛t✉r❡ ♦❢ ✉♥❝♦♥str❛✐♥❡❞ ✐♥✜♥✐t❡✲❤♦r✐③♦♥ s♠❛❧❧ ♦♣❡♥ ❡❝♦♥♦♠✐❡s✳

❚❤❡ ❞②♥❛♠✐❝s ❞❡♣❡♥❞ ♦♥ ✇❤❡t❤❡r t❤❡ ❝r❡❞✐t ❝♦♥str❛✐♥t ✐s ❜✐♥❞✐♥❣ ♦r ♥♦t✳

❉❡♥♦t❡ ❜② Ŵ t❤❡ t❤r❡s❤♦❧❞ ❧❡✈❡❧ ♦❢ r❡✈❡♥✉❡ ❛❜♦✈❡ ✇❤✐❝❤ ❡♥tr❡♣r❡♥❡✉rs ❛r❡

♥♦ ❧♦♥❣❡r ❝♦♥str❛✐♥❡❞ ✭t❤❡ ✈❛❧✉❡ ❢♦r Ŵ ✐s ❞❡r✐✈❡❞ ✐♥ ❆♣♣❡♥❞✐① ❇✮✳ ❯s✐♥❣ t❤❡

❞❡✜♥✐t✐♦♥ ♦❢ W̃t✱ t❤❡ ❞②♥❛♠✐❝s ♦❢ ✜r♠s✬ r❡✈❡♥✉❡s ❛r❡ ❞❡s❝r✐❜❡❞ ❜②✿

W̃t+2 =

(
K̃α

t+1

1 + g

)
+ r∗B̃2

t+2 ✭✷✵✮

✇❤❡r❡✿

K̃t+1 = min

{
αβ2

1 + g
W̃t, K̂

}
✭✷✶✮

B̃2
t+2 = max

{
0, r∗

β2

(1 + g)2
W̃t −

r∗K̂

1 + g
−

ŵ

(1 + g)

}
✭✷✷✮

✇❤❡r❡ K̂ = (α/r∗2)
1

1−α ✐s t❤❡ ✜rst✲❜❡st ❡✣❝✐❡♥t ❝❛♣✐t❛❧ st♦❝❦✳ ❚❤✐s ✐♠♣❧✐❡s t❤❡

❢♦❧❧♦✇✐♥❣ ❞②♥❛♠✐❝s ✐♥ ❡❛❝❤ ♦❢ t❤❡ t✇♦ ❝❛s❡s✿

W̃t+2 =

[
α

β2

(1 + g)2
W̃t

]α
✐❢ W̃t < Ŵ ✭✷✸✮

=
r∗2β2

(1 + g)2
W̃t ✐❢ W̃t ≥ Ŵ ✭✷✹✮

✷✹



❲❤❡♥ W̃t < Ŵ ✱ ❡♥tr❡♣r❡♥❡✉rs ❝❛♥♥♦t r❡❛❝❤ t❤❡ ✜rst✲❜❡st ❧❡✈❡❧ ♦❢ ❝❛♣✐t❛❧✱

s♦ t❤❛t K̃t+1 = αβ2W̃t/(1 + g) ❛♥❞ B̃2
t+2 = 0✳ ❲❤❡♥ W̃t ≥ Ŵ ✱ ✜r♠s ❛r❡

s✉✣❝✐❡♥t❧② r✐❝❤ t♦ ❛❝❤✐❡✈❡ t❤❡ ✜rst✲❜❡st ❧❡✈❡❧ ♦❢ ❝❛♣✐t❛❧ K̃t+1 = K̂✳ ❇❡s✐❞❡s✱

B̃2
t+2 ✐s ❡q✉❛❧ t♦ r∗β2W̃t/(1 + g)2 − (r∗K̂ + ŵ)/(1 + g)✱ ✇❤✐❝❤ r❡♣r❡s❡♥ts t❤❡

❛♠♦✉♥ts ♦❢ s❛✈✐♥❣s ❝✉♠✉❧❛t❡❞ ♦✈❡r t✇♦ ♣❡r✐♦❞s β2r∗W̃t/(1 + g)2✱ ♠✐♥✉s t❤❡

✐♥t❡rt❡♠♣♦r❛❧✱ ❣r♦✇t❤✲❛❞❥✉st❡❞✱ ❝♦sts ♦❢ ♣r♦❞✉❝t✐♦♥ (r∗K̂ + ŵ)/(1 + g)✳ ❚❤❡

❞②♥❛♠✐❝s ♦❢ W̃ ❞❡♣❡♥❞ ❧✐♥❡❛r❧② ♦♥ ✐ts ♣❛st ✈❛❧✉❡s ❜❡❝❛✉s❡ ✭✐✮ ✉♥❞❡r ❧♦❣ ✉t✐❧✐t②✱

s❛✈✐♥❣s ❛r❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ r❡✈❡♥✉❡s✱ ✭✐✐✮ ✉♥❞❡r ❝♦♥st❛♥t r❡t✉r♥s t♦ s❝❛❧❡✱ t❤❡

r❡t✉r♥ ♦♥ ❝❛♣✐t❛❧ ✐s ❧✐♥❡❛r ❛♥❞✱ ✭✐✐✐✮ ✉♥❞❡r ♣r♦✜t ♠❛①✐♠✐③❛t✐♦♥✱ t❤❡ r❡t✉r♥s ♦♥

❝❛♣✐t❛❧ ❛♥❞ ❜♦♥❞s ❛r❡ ❡q✉❛❧✐③❡❞✳

❋✐❣✉r❡ ✸ r❡♣r❡s❡♥ts t❤❡ ❞②♥❛♠✐❝s ♦❢ W̃ ✇❤❡♥ g = g∗✳ ❲❤❡♥ W̃t < Ŵ ✱ t❤❡

❞②♥❛♠✐❝s ❛r❡ ❝♦♥❝❛✈❡ ❜❡❝❛✉s❡ t❤❡ ♠❛r❣✐♥❛❧ r❡t✉r♥s t♦ ❝❛♣✐t❛❧ ❛r❡ ❞❡❝r❡❛s✐♥❣✱

❞✉❡ t♦ ❛ ❝♦♥st❛♥t ❧❛❜♦r s✉♣♣❧②✳ ❙✐♥❝❡ w̃t < ŵ✱ ❡♥tr❡♣r❡♥❡✉rs✬ r❡✈❡♥✉❡s ❛r❡

✐♥❝r❡❛s✐♥❣ ❛❧♦♥❣ t❤❡s❡ ❞②♥❛♠✐❝s✳ ❚❤✐s ✐s r❡✢❡❝t❡❞ ✐♥ t❤❡ ❢❛❝t t❤❛t t❤❡ ✜rst ♣❛rt

♦❢ t❤❡ ❝✉r✈❡ ✐s ❛❜♦✈❡ t❤❡ ✹✺✲❞❡❣r❡❡ ❧✐♥❡✳ ❚❤❡ ❡❝♦♥♦♠② r❡❛❝❤❡s ✐ts ❜❛❧❛♥❝❡❞

❣r♦✇t❤ ♣❛t❤ ✇❤❡♥ W̃t r❡❛❝❤❡s Ŵ ✳

❚♦ ❜❡tt❡r ✉♥❞❡rst❛♥❞ t❤❡ ❞②♥❛♠✐❝s✱ ✇❡ ♥♦✇ t✉r♥ t♦ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❝❛♣✐t❛❧

❛♥❞ ❜♦♥❞s ✐♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♣r♦❝❡ss✳ ❚❤❡ ❞②♥❛♠✐❝s ♦❢ K̃t+1 ❛r❡ s✉♠♠❛r✐③❡❞

❜② ✭✷✶✮✳ B̃1
t+1 ✐s t❤❡♥ s✐♠♣❧② t❤❡ s❤❛r❡ ♦❢ s❛✈✐♥❣ βW̃t/(1+ g) t❤❛t ✐s ♥♦t ✐♥✈❡st❡❞

✐♥ ♣r♦❞✉❝t✐♦♥✱ ✇❤✐❧❡ B̃2
t+2 ✐s ❣✐✈❡♥ ❜② ✭✷✷✮✳ ❋✐❣✉r❡ ✹ s❤♦✇s t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡s❡

t❤r❡❡ ✈❛r✐❛❜❧❡s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ W̃t✳ ❚❤❡ ✜rst str✐❦✐♥❣ r❡s✉❧t ✐s t❤❛t K̃t+1 ❛♥❞
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B̃1
t+1 ❜♦t❤ ✐♥❝r❡❛s❡ ✐♥ W̃t ✇❤❡♥ t❤❡ ❡♥tr❡♣r❡♥❡✉r ✐s ❝♦♥str❛✐♥❡❞ ✭W̃t < Ŵ ✮✳

❚❤✐s ✐❧❧✉str❛t❡s t❤❡ ❝♦♠♣❧❡♠❡♥t❛r✐t② ❜❡t✇❡❡♥ t❤❡ t✇♦ ✈❛r✐❛❜❧❡s✳ ❚❤✐s ❝♦♥tr❛sts

✇✐t❤ t❤❡ ✉♥❝♦♥str❛✐♥❡❞ ❝❛s❡ W̃t ≥ Ŵ ✱ ✇❤❡r❡ B̃1
t+1 ✐♥❝r❡❛s❡s ✇❤✐❧❡ K̃t+1 st❛②s

❝♦♥st❛♥t✳ ❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ B̃2
t+2 ❝♦♠♣❧❡♠❡♥ts t❤❡ ❛♥❛❧②s✐s✿ B̃2

t+2 = 0 ✇❤❡♥ ✜r♠s

❛r❡ ❝♦♥str❛✐♥❡❞ ❜❡❝❛✉s❡ t❤❡② ❧✐q✉✐❞❛t❡ t❤❡✐r ❜♦♥❞ ❤♦❧❞✐♥❣s ✐♥ t+ 1✱ ✇❤✐❧❡ B̃2
t+2

✐♥❝r❡❛s❡s ✐♥ W̃t ✐♥ t❤❡ ✉♥❝♦♥str❛✐♥❡❞ ❝❛s❡✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ❞♦♠❡st✐❝ ♥❡t

❢♦r❡✐❣♥ ❛ss❡t ✇✐❧❧ ❝♦♠♦✈❡ ✇✐t❤ ❝❛♣✐t❛❧ ✇❤❡♥ ❛❧❧ ❡♥tr❡♣r❡♥❡✉rs ❛r❡ ❝♦♥str❛✐♥❡❞✱

♥♦t ✇❤❡♥ t❤❡② ❛r❡ ✉♥❝♦♥str❛✐♥❡❞✳

❚❤❡ s❡❝♦♥❞ r❡s✉❧t ❢r♦♠ ❋✐❣✉r❡ ✹ ✐s t❤❛t t❤❡ ❧♦♥❣✲r✉♥ ❝❛♣✐t❛❧ st♦❝❦

❝♦rr❡s♣♦♥❞s t♦ ✐ts ✜rst✲❜❡st ❧❡✈❡❧ K̂✳ ❚❤❡ r❡❛s♦♥ ✐s t❤❛t t❤❡ ❜❛❧❛♥❝❡❞ ❣r♦✇t❤

♣❛t❤ ❡♥t❛✐❧s t❤❛t t❤❡ ♣r♦♣❡♥s✐t② t♦ s❛✈❡ β✱ ♠✉❧t✐♣❧✐❡❞ ❜② t❤❡ ❛❣❣r❡❣❛t❡ r❡t✉r♥ ♦♥

♣❛st s❛✈✐♥❣✱ ❛❝❝♦♠♠♦❞❛t❡s t❤❡ ❣r♦✇t❤ ✐♥ ✐♥✈❡st♠❡♥t ♥❡❡❞s 1 + g✳ ❚❤✐s ✐♠♣❧✐❡s

t❤❛t t❤❡ ❛❣❣r❡❣❛t❡ r❡t✉r♥ ♦♥ s❛✈✐♥❣ ✐s ❡q✉❛❧ t♦ (1 + g)/β ♦♥ t❤❡ ❜❛❧❛♥❝❡❞

❣r♦✇t❤ ♣❛t❤✳ ❲❤❡♥ g = g∗✱ t❤✐s ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ✇♦r❧❞✬s ✐♥t❡r❡st r❛t❡ r∗✳

❚❤❡ ❡✛❡❝t ♦❢ ❝r❡❞✐t ❝♦♥str❛✐♥ts ✐s t❤❡♥ s✉♣♣r❡ss❡❞ ✐♥ t❤❡ ❧♦♥❣ r✉♥✱ ❜❡❝❛✉s❡

t❤❡ ♦♣♣♦rt✉♥✐t✐❡s ♦❢ ❛r❜✐tr❛❣❡ ❜❡t✇❡❡♥ ❜♦♥❞s ❛♥❞ ❝❛♣✐t❛❧ ✈❛♥✐s❤✳ ❚❤❡r❡❢♦r❡✱

❞❡s♣✐t❡ ❜❡✐♥❣ ❝♦♥str❛✐♥❡❞ ❞✉r✐♥❣ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♣r♦❝❡ss✱ ❡♥tr❡♣r❡♥❡✉rs ❛r❡

♥♦t ❝♦♥str❛✐♥❡❞ ✐♥ t❤❡ ❜❛❧❛♥❝❡❞ ❣r♦✇t❤ ♣❛t❤✳

❋✐❣✉r❡ ✺ ❞❡s❝r✐❜❡s t❤❡ ❝❛s❡ g > g∗✳ ❲❡ ❝❛♥ s❡❡ t❤❛t ❡♥tr❡♣r❡♥❡✉rs ❛r❡

❝♦♥str❛✐♥❡❞ ✐♥ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ¯̃K✿ W̃ < Ŵ ✱ ✐✳❡✳✱ t❤❡ ❝♦♥str❛✐♥t ✐s ❜✐♥❞✐♥❣ ✐♥

t❤❡ st❡❛❞② st❛t❡✳ ❚❤✐s ✐s ❜❡❝❛✉s❡✱ ✇❤❡♥ g > g∗✱ t❤❡ ❧♦♥❣✲t❡r♠ r❡t✉r♥ ♦♥ ❞♦♠❡st✐❝

❝❛♣✐t❛❧ (1 + g)/β ✐s ❤✐❣❤❡r t❤❛♥ t❤❡ ✇♦r❧❞ ✐♥t❡r❡st r❛t❡ r∗✳ ❚❤✐s ❛r❜✐tr❛❣❡
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♦♣♣♦rt✉♥✐t② r❡♠❛✐♥s ❜❡❝❛✉s❡ ♦❢ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❜✐♥❞✐♥❣ ❝r❡❞✐t ❝♦♥str❛✐♥ts✳

▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❤❡♥ g✱ ✇❤✐❝❤ ❝♦♠♠❛♥❞s t❤❡ ❡♥tr❡♣r❡♥❡✉rs✬ ✐♥✈❡st♠❡♥t ♥❡❡❞s✱

✐s ❧❛r❣❡✱ ❡♥tr❡♣r❡♥❡✉rs ❜❡❝♦♠❡ ❝♦♥str❛✐♥❡❞ ❛♥❞ t❤❡ r❡t✉r♥ ♦♥ t❤❡✐r s❛✈✐♥❣

✐♥❝r❡❛s❡s r❡❧❛t✐✈❡ t♦ t❤❡ ✇♦r❧❞✬s ✐♥t❡r❡st r❛t❡ ❜❡❝❛✉s❡ t❤❡② ❛r❡ ♥♦t ❛❜❧❡ t♦ ❦❡❡♣

✉♣ ✇✐t❤ t❤❡ ❝♦♥t✐♥✉✐♥❣ ✐♥❝r❡❛s❡ ✐♥ ❚❋P✱ ✉♥❧❡ss t❤❡ r❡t✉r♥ ♦♥ ❜♦♥❞s r∗ ♦r t❤❡✐r

♣r♦♣❡♥s✐t② t♦ s❛✈❡ β ✐♥❝r❡❛s❡✳

❚❤✐s ❧❛st r❡s✉❧t ✐s ✐♠♣♦rt❛♥t✳ ■t ♠❡❛♥s t❤❛t ❛ ❤✐❣❤❡r ❣r♦✇t❤ r❛t❡ ♦✈❡rt✉r♥s

t❤❡ ❝❧❛ss✐❝❛❧ r❡s✉❧t t❤❛t ❡♥tr❡♣r❡♥❡✉rs ❛r❡ ❡✈❡♥t✉❛❧❧② ✉♥❝♦♥str❛✐♥❡❞✳ ❚♦ ❣❡♥❡r❛t❡

♣❡rs✐st❡♥t ❝r❡❞✐t ❝♦♥str❛✐♥ts✱ ✐t ✐s t❤❡r❡❢♦r❡ ♥♦t ♥❡❝❡ss❛r② t♦ ❛ss✉♠❡ ❛ ❧♦✇❡r

❞✐s❝♦✉♥t ❢❛❝t♦r β✳ ❆ ❤✐❣❤❡r ❣r♦✇t❤ r❛t❡ ♣❧❛②s t❤❡ s❛♠❡ r♦❧❡✱ s✐♥❝❡ ✐t ✐♥❝r❡❛s❡s

t❤❡ ✐♠♣❛t✐❡♥❝❡ r❛t❡ ♦❢ t❤❡ ❡❝♦♥♦♠② (1 + g)/β✳ ❆ ❞❡♠❛♥❞ ❢♦r ❧✐q✉✐❞✐t② ✇✐❧❧

t❤❡r❡❢♦r❡ ♥❛t✉r❛❧❧② ❛♣♣❡❛r ✐♥ ❝♦✉♥tr✐❡s ✇✐t❤ ❤✐❣❤ ❣r♦✇t❤ r❛t❡s✳

❲❤❡♥ ❡♥tr❡♣r❡♥❡✉rs ❛r❡ ❝♦♥str❛✐♥❡❞ ✐♥ t❤❡ st❡❛❞② st❛t❡✱ t❤❡r❡ ✐s ❛ s✐♠♣❧❡

❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❝✉rr❡♥t ❛❝❝♦✉♥t ❛♥❞ t❤❡ r❛t✐♦ ♦❢ ❝✉rr❡♥t ❛❝❝♦✉♥t t♦ ●❉P

✐s ❝♦♥st❛♥t✳ ❉❡✜♥❡ t❤❡ ❝✉rr❡♥t ❛❝❝♦✉♥t ❛s CAt = Bt+1 −Bt✳ ■♥ ❛ ❝♦♥str❛✐♥❡❞

st❡❛❞② st❛t❡✱ ✇❡ ✜♥❞✿

CAt

Yt
=

(1− αβ)βg

(1 + g)2
✭✷✺✮

❈❧❡❛r❧②✱ t❤❡ ❝✉rr❡♥t ❛❝❝♦✉♥t s✉r♣❧✉s ✐s ♣❡r♠❛♥❡♥t❧② ♣♦s✐t✐✈❡ ❛♥❞ ✐♥❝r❡❛s❡s ✇✐t❤

g ✭❛s ❧♦♥❣ ❛s g < 1✮✳ ❆ s✐♠✐❧❛r r❡s✉❧t ❝❛♥ ❜❡ ❢♦✉♥❞ ❢♦r t❤❡ r❛t✐♦ ♦❢ ✐♥✈❡st♠❡♥t

t♦ ●❉P✳
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❚♦ s✉♠♠❛r✐③❡✱ ✇❡ ✜♥❞ t❤❛t t❤❡ ❡❝♦♥♦♠② ❝❛♥ ❜❡ ❝♦♥str❛✐♥❡❞ ♦♥ ✐ts

❝♦♥✈❡r❣❡♥❝❡ ♣❛t❤ ♦r ✐♥ ❛ st❡❛❞② st❛t❡ ✇❤❡♥ g > g∗✳ ■♥ ❡❛❝❤ ❝❛s❡✱ t❤❡r❡

✐s ❛ ❞❡♠❛♥❞ ❢♦r ❧✐q✉✐❞✐t② t❤❛t ❤❛s s✐❣♥✐✜❝❛♥t ♠❛❝r♦❡❝♦♥♦♠✐❝ ✐♠♣❧✐❝❛t✐♦♥s✳

■t ✐♠♣❧✐❡s ❛ ❝✉rr❡♥t ❛❝❝♦✉♥t s✉r♣❧✉s ❣❡♥❡r❛t❡❞ ❜② ❤✐❣❤ ❝♦r♣♦r❛t❡ s❛✈✐♥❣✳ ■t

❛❧s♦ ❝♦✐♥❝✐❞❡s ✇✐t❤ ❤✐❣❤ ✐♥✈❡st♠❡♥t ❧❡✈❡❧s ❛♥❞ ❤✐❣❤ ♦✉t♣✉t ❣r♦✇t❤✳ ❆❧❧ t❤❡s❡

❢❡❛t✉r❡s✱ ❞♦❝✉♠❡♥t❡❞ ✐♥ t❤❡ ■♥tr♦❞✉❝t✐♦♥✱ ❛r❡ ♣r❡s❡♥t ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❣❧♦❜❛❧

✐♠❜❛❧❛♥❝❡s✳

✸✳✹✳ ❊①♣❡r✐❡♥❝❡s ♦❢ ●r♦✇t❤

❊①♣❡r✐❡♥❝❡s ♦❢ ❣r♦✇t❤ ✐♥ ❡♠❡r❣✐♥❣ ❝♦✉♥tr✐❡s ❝❛♥ ❜❡ ✈❡r② ❞✐✛❡r❡♥t ✐♥ t❡r♠s ♦❢

❝❛♣✐t❛❧ ✢♦✇s✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s♦✉r❝❡ ♦❢ ❣r♦✇t❤✳ ❍❡r❡ ✇❡ ❡①❛♠✐♥❡ t✇♦ ❝❛s❡s

t❤❛t ❧❡❛❞ t♦ r❛❞✐❝❛❧❧② ❞✐✛❡r❡♥t ♦✉t❝♦♠❡s✿ ❛♥ ❡❝♦♥♦♠② ❡①♣❡r✐❡♥❝✐♥❣ t❡♠♣♦r❛r✐❧②

❤✐❣❤❡r ❚❋P ❣r♦✇t❤ ❛♥❞ ❛♥ ❡❝♦♥♦♠② ❡①♣❡r✐❡♥❝✐♥❣ ❛♥ ✐♠♣r♦✈❡♠❡♥t ♦❢ ✐ts

✜♥❛♥❝✐❛❧ ❞❡✈❡❧♦♣♠❡♥t✳ ❋✐rst✱ ✇❡ ❡①❛♠✐♥❡ ❛ ❚❋P ❣r♦✇t❤ ❛❝❝❡❧❡r❛t✐♦♥ ❡♣✐s♦❞❡

✐♥ t❤❡ ❜❡❝♥❝❤♠❛r❦ ❝❛s❡ ✇❤❡r❡ ϕ = 0✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡r❡ ✐s ❛ ♥❡❡❞ ❢♦r ❧✐q✉✐❞✐t②

t❤❛t ❧❡❛❞s t♦ ❛ ❝❛♣✐t❛❧ ♦✉t✢♦✇✳ ❙❡❝♦♥❞✱ ✇❡ ❝♦♥s✐❞❡r ❛♥ ✐♥❝r❡❛s❡ ✐♥ ϕ ❢r♦♠ ϕ = 0

t♦ ϕ ❧❛r❣❡ ❡♥♦✉❣❤ s♦ t❤❡ ❡♥tr❡♣r❡♥❡✉rs ❛r❡ ♥♦ ❧♦♥❣❡r ❝♦♥str❛✐♥❡❞✳ ❚❤✐s r❡❞✉❝❡s

t❤❡ ♥❡❡❞ ❢♦r ❧✐q✉✐❞✐t②✱ ✇❤✐❝❤ ❧❡❛❞s t♦ ❛ ❝❛♣✐t❛❧ ✐♥✢♦✇✳✶✼

✶✼✳ ■♥ ♦r❞❡r t♦ ❤❛✈❡ ❛ ❝♦♠♣❧❡t❡ ❛ss❡ss♠❡♥t ♦❢ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❡❝♦♥♦♠②✱ ✇❡ ♥❡❡❞ t♦

❝♦♠❜✐♥❡ t❤❡ ❚❋P✲❛❞❥✉st❡❞ ✈❛r✐❛❜❧❡s ✇✐t❤ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❚❋P✱ ❛♥❞ t♦ ❛❣❣r❡❣❛t❡ t❤❡ t✇♦

❣r♦✉♣s ♦❢ ❡♥tr❡♣r❡♥❡✉rs✳ ❲❡ ❞♦ t❤✐s ❜② ❛ss✉♠✐♥❣ t❤❛t t❤❡s❡ t✇♦ ❣r♦✉♣s ❛r❡ ♦❢ ❡q✉❛❧ s✐③❡

✐♥ t❡r♠s ♦❢ ✇❡❛❧t❤✳ ■♥ t❤❡ ❝♦♥str❛✐♥❡❞ st❡❛❞② st❛t❡✱ t❤✐s ✐s ♥♦t ❛♥ ❛ss✉♠♣t✐♦♥ ❜✉t ❛ r❡s✉❧t
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✸✳✹✳✶✳ ❆ t❡♠♣♦r❛r② ✐♥❝r❡❛s❡ ✐♥ g✳ ❲❡ ✜rst ❝♦♥s✐❞❡r t❤❡ ✐♠♣❛❝t ♦❢ ❛♥ ✐♥❝r❡❛s❡

✐♥ g st❛rt✐♥❣ ❢r♦♠ ❛ st❡❛❞② st❛t❡ ❧❡✈❡❧ ✇❤❡r❡ g = g∗✳ ❚❤❡ ❞②♥❛♠✐❝ ❡q✉❛t✐♦♥s

✭✷✶✮✲✭✷✹✮ ❤♦❧❞✱ ❜✉t ✇✐t❤ ❛ ❞✐✛❡r❡♥t ❣r♦✇t❤ r❛t❡ g✳ ■♥ t❡r♠s ♦❢ ❋✐❣✉r❡ ✺✱ t❤✐s

✐♠♣❧✐❡s t❤❛t t❤❡ ❡❝♦♥♦♠② ✐s t❡♠♣♦r❛r✐❧② ❞r✐✈❡♥ ❜② t❤❡ s❝❤❡❞✉❧❡ ❝❤❛r❛❝t❡r✐③❡❞

❜② g > g∗✳ ■❢ ✇❡ st❛rt ❢r♦♠ ❛♥ ✐♥✐t✐❛❧ st❡❛❞② st❛t❡ ✇❤❡♥ g = g∗✱ t❤✐s ♠❡❛♥s

t❤❛t ✇❡ ♠♦✈❡ ❢r♦♠ ❛♥ ✉♥❝♦♥str❛✐♥❡❞ ❡❝♦♥♦♠②✱ st❛rt✐♥❣ ❛t r❡✈❡♥✉❡s ❧❡✈❡❧ W̃0✱

t♦ ❛ ❝♦♥str❛✐♥❡❞ ♦♥❡ ✇❤❡r❡ t❤❡ ❧✐q✉✐❞✐t② ♠♦t✐✈❡ ❜❡❝♦♠❡s ❡✛❡❝t✐✈❡✳ ■♥ t❤❡ ✜❣✉r❡✱

t❤✐s ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❢r♦♠ W̃0 t♦✇❛r❞s W̃ ✳ ❲❤❡♥ t❤❡ ❡❝♦♥♦♠②

❣♦❡s ❜❛❝❦ t♦ ✐ts ✐♥✐t✐❛❧ ❣r♦✇t❤ r❛t❡✱ t❤❡ ❡❝♦♥♦♠② r❡t✉r♥s t♦ W̃0✳ ■♠♣♦rt❛♥t❧②✱

❞✉r✐♥❣ t❤❡ ✇❤♦❧❡ ❡①♣❡r✐❡♥❝❡✱ t❤❡ ❡❝♦♥♦♠② r❡♠❛✐♥s ♦♥ ❛ ❝♦♥str❛✐♥❡❞ s❝❤❡❞✉❧❡

✇❤❡r❡ ❝❛♣✐t❛❧ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ ❜♦♥❞ ❤♦❧❞✐♥❣s ❛♥❞ ❊q✉❛t✐♦♥ ✭✶✺✮ ❤♦❧❞s✳

■♥ ❢❛❝t✱ ❞✉r✐♥❣ t❤✐s ♣❡r✐♦❞✱ ❝❛♣✐t❛❧✱ ♣r♦❞✉❝t✐♦♥ ❛♥❞ ✇❛❣❡s ✐♥❝r❡❛s❡✱ ✇❤❡t❤❡r

❡♥tr❡♣r❡♥❡✉rs ❛r❡ ❝♦♥str❛✐♥❡❞ ♦r ♥♦t ❛s ❛ r❡s✉❧t ♦❢ ❚❋P ❣r♦✇t❤✳ ❚❤❡ ♠❛✐♥

❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❝♦♥str❛✐♥❡❞ ❛♥❞ ✉♥❝♦♥str❛✐♥❡❞ ❡❝♦♥♦♠✐❡s ❧✐❡s ✐♥ t❤❡

r❡❛❝t✐♦♥ ♦❢ ❝❛♣✐t❛❧ ✢♦✇s✿ ❝❛♣✐t❛❧ ✢♦✇s ♦✉t ✐❢ ❡♥tr❡♣r❡♥❡✉rs ❛r❡ ❝♦♥str❛✐♥❡❞

✇❤✐❧❡ ✐t ✢♦✇s ✐♥ ✐❢ t❤❡② ❛r❡ ✉♥❝♦♥str❛✐♥❡❞✳ ■♥ t❤❡ ❝♦♥str❛✐♥❡❞ ❝❛s❡✱ t❤❡② ❤❛✈❡

t♦ s❡❝✉r❡ ❧✐q✉✐❞✐t② ❡① ❛♥t❡✱ ❞✉r✐♥❣ t❤❡ ✐♥✈❡st♠❡♥t ♣❤❛s❡✱ ✐♥ ♦r❞❡r t♦ ♣❛② ❢♦r

t❤❡ ✇❛❣❡ ❜✐❧❧✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡ ♥❡t ❢♦r❡✐❣♥ ❛ss❡t ♣♦s✐t✐♦♥ st❛②s ♣r♦♣♦rt✐♦♥❛❧

t♦ ♦✉t♣✉t ✭B/Y ✐s ❝♦♥st❛♥t✮ s✐♥❝❡ ❜♦♥❞s ❛♥❞ ❝❛♣✐t❛❧ ❛r❡ ♣r♦♣♦rt✐♦♥❛❧✱ ❛s

st❡♠♠✐♥❣ ❢r♦♠ t❤❡ ❡q✉❛❧ ♥✉♠❜❡r ♦❢ ❡♥tr❡♣r❡♥❡✉rs ✐♥ ❡❛❝❤ ❣r♦✉♣ ❛♥❞ t❤❡ ✉♥✐q✉❡ st❡❛❞②

st❛t❡✳ ❍♦✇❡✈❡r✱ ✇❤❡♥ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❞②♥❛♠✐❝s✱ ✇❡ ❤❛✈❡ t♦ ♠❛❦❡ ❛ss✉♠♣t✐♦♥s

♦♥ t❤❡ ✐♥✐t✐❛❧ ✇❡❛❧t❤ ♦❢ t❤❡ t✇♦ ❣r♦✉♣s✳

✷✾



✐♠♣❧✐❡❞ ❜② ❊q✉❛t✐♦♥ ✭✶✺✮✳ ❆s ♦✉t♣✉t ❣r♦✇s✱ ♥❡t ❢♦r❡✐❣♥ ❛ss❡ts ❣r♦✇ ❛s

✇❡❧❧ ❛♥❞ t❤❡ ❝✉rr❡♥t ❛❝❝♦✉♥t ✐♥❝r❡❛s❡s✱ ❛s s✉❣❣❡st❡❞ ❜② ❊q✉❛t✐♦♥ ✭✷✺✮✳ ■♥

t❤❡ ✉♥❝♦♥str❛✐♥❡❞ ❝❛s❡✱ ❡♥tr❡♣r❡♥❡✉rs ❝❛♥ r❡❧② ♦♥ ❛ ❢r❡❡ ❛❝❝❡ss t♦ ✜♥❛♥❝✐❛❧

♠❛r❦❡ts t♦ ❜♦rr♦✇ ✐♥ t❤❡ ♣r♦❞✉❝t✐♦♥ ♣❤❛s❡ ❛♥❞ t❤❡ ❝✉rr❡♥t ❛❝❝♦✉♥t ❜❡❝♦♠❡s

♥❡❣❛t✐✈❡✳ ❚❤✐s t❡♠♣♦r❛r② ❣r♦✇t❤ ♣❡r✐♦❞ ❧❡❛❞✐♥❣ t♦ ❝❛♣✐t❛❧ ♦✉t✢♦✇s ❢r♦♠ ❛

❝♦♥str❛✐♥❡❞ ❡❝♦♥♦♠② ✐s ❝♦♥s✐st❡♥t ✇✐t❤ r❡❝❡♥t ❣❧♦❜❛❧ ✐♠❜❛❧❛♥❝❡s s✐♥❝❡ t❤❡

❡♠❡r❣✐♥❣ ❡❝♦♥♦♠② ❡①♣❡r✐❡♥❝❡s ❝❛♣✐t❛❧ ♦✉t✢♦✇s✳✶✽

✸✳✹✳✷✳ ❆ ♣❡r♠❛♥❡♥t ✐♥❝r❡❛s❡ ✐♥ ϕ✳ ❲❡ ♥♦✇ ❝♦♥s✐❞❡r ❛♥ ❡♣✐s♦❞❡ ♦❢ ✜♥❛♥❝✐❛❧

❧✐❜❡r❛❧✐③❛t✐♦♥✱ ✇❤❡r❡ ❛ ❝♦✉♥tr② s✉❞❞❡♥❧② ✐♥❝r❡❛s❡s ✐ts ❧❡✈❡❧ ♦❢ ✜♥❛♥❝✐❛❧

❞❡✈❡❧♦♣♠❡♥t ♠❡❛s✉r❡❞ ❜② ϕ✳ ❈♦♥s✐❞❡r t❤❡ ❡①tr❡♠❡ ❝❛s❡ ♦❢ ❛ ❝♦✉♥tr② t❤❛t

s✇✐t❝❤❡s ✐♥st❛♥t❛♥❡♦✉s❧② ❢r♦♠ ❛ ❢✉❧❧② ❝♦♥str❛✐♥❡❞ st❛t❡ ✭ϕ = 0✮ t♦ ❛♥

✉♥❝♦♥str❛✐♥❡❞ ♦♥❡ ✭ϕ ❧❛r❣❡✮✱ ✇❤✐❧❡ ✐t ✐s ❝♦♥✈❡r❣✐♥❣ t♦ t❤❡ st❡❛❞② st❛t❡ ✇✐t❤

g = g∗✳ ❚❤❡ ❡✛❡❝t ♦❢ s✉❝❤ ❛♥ ❡①♣❡r✐♠❡♥t ✐s str❛✐❣❤t❢♦r✇❛r❞ ❛♥❞ ✐s r❡♣r❡s❡♥t❡❞ ✐♥

❋✐❣✉r❡ ✹✳ ❆ss✉♠❡ t❤❛t ϕ ✐♥❝r❡❛s❡s ✇❤❡♥ r❡✈❡♥✉❡s ❛r❡ ❛t W̃0✳ ❚❤❡ st♦❝❦ ♦❢ ❝❛♣✐t❛❧

❥✉♠♣s ♣❡r♠❛♥❡♥t❧② ❢r♦♠ t❤❡ ❝♦♥str❛✐♥❡❞ ❧❡✈❡❧ t♦ ✐ts ❤✐❣❤❡r ✉♥❝♦♥str❛✐♥❡❞

❧❡✈❡❧ K̂✱ ✇❤✐❝❤ ❣❡♥❡r❛t❡s t❡♠♣♦r❛r② ❣r♦✇t❤✳ ❇♦♥❞s ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❥✉♠♣

♣❡r♠❛♥❡♥t❧② t♦ ❛ ❧♦✇❡r ❧❡✈❡❧✱ ✇❤✐❝❤ ❣❡♥❡r❛t❡s ❝❛♣✐t❛❧ ✐♥✢♦✇s✳

✶✽✳ ❉✉❡ t♦ t❤❡ ❜❡♥❝❤♠❛r❦ ♠♦❞❡❧✬s s✐♠♣❧✐❝✐t②✱ t❤❡ ♥❡t ❢♦r❡✐❣♥ ❛ss❡t ♣♦s✐t✐♦♥ r❡♠❛✐♥s ❛

❝♦♥st❛♥t ❢r❛❝t✐♦♥ ♦❢ ♦✉t♣✉t ✭s✐♥❝❡ ✐t ✐s ❛ ❝♦♥st❛♥t ❢r❛❝t✐♦♥ ♦❢ ❝❛♣✐t❛❧✮✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t t❤✐s

✐s ♥♦t t❤❡ ❝❛s❡ ✐♥ t❤❡ ❝❛❧✐❜r❛t❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧✳

✸✵



❚❤✐s ❡①♣❡r✐♠❡♥t s❤♦✇s t❤❛t r❡❢♦r♠s ♣r♦♠♦t✐♥❣ ✜♥❛♥❝✐❛❧ ❞❡✈❡❧♦♣♠❡♥t

❣❡♥❡r❛t❡ ❛ ♣❤❛s❡ ♦❢ ♦✉t♣✉t ❣r♦✇t❤ ✇✐t❤ ❝❛♣✐t❛❧ ✐♥✢♦✇s ✭t❤✐s ♦✉t❝♦♠❡ ✐s t②♣✐❝❛❧

✐♥ ♠♦❞❡❧s ✇✐t❤ ❝r❡❞✐t ❝♦♥str❛✐♥ts✮✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❞❡♠❛♥❞ ❢♦r ❧✐q✉✐❞✐t② ✐s

♥♦t t❤❡ ❞♦♠✐♥❛♥t ♠❡❝❤❛♥✐s♠✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ❞♦♠❡st✐❝ r❡❢♦r♠s ✐♠♣r♦✈✐♥❣

t❤❡ ❢✉♥❝t✐♦♥✐♥❣ ♦❢ ✜♥❛♥❝✐❛❧ ♠❛r❦❡ts r❡❞✉❝❡ ♦r ❡❧✐♠✐♥❛t❡ t❤❡ ♥❡❡❞ ❢♦r ❧✐q✉✐❞✐t②✱

✇❤✐❝❤ ❡♥❛❜❧❡s ❛ ❤✐❣❤❡r ✐♥✈❡st♠❡♥t✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡r❡ ✐s ♥♦ s②st❡♠❛t✐❝ ❧✐♥❦

❜❡t✇❡❡♥ ❝❛♣✐t❛❧ ✢♦✇s ❛♥❞ ❣r♦✇t❤ ❛♥❞ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❞❡♣❡♥❞s ♦♥ t❤❡ s♦✉r❝❡

♦❢ ❣r♦✇t❤✳

✸✳✺✳ ❈❛❧✐❜r❛t❡❞ ❉②♥❛♠✐❝s ❛♥❞ ❙❡♥s✐t✐✈✐t② ❆♥❛❧②s✐s

❙♦ ❢❛r✱ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❜❡♥❝❤♠❛r❦ ♠♦❞❡❧ ❢♦r ✐ts tr❛❝t❛❜✐❧✐t②✳ ❍♦✇❡✈❡r✱ t❤✐s

❜❡♥❝❤♠❛r❦ ♠♦❞❡❧ ✐s ❜❛s❡❞ ♦♥ ❡①tr❡♠❡ ❛ss✉♠♣t✐♦♥s✿ ϕ = 0✱ κ = 1 ❛♥❞ δ = 1✳

❍❡r❡✱ ✇❡ r❡❧❛① t❤❡s❡ ❛ss✉♠♣t✐♦♥s ❛♥❞ ❝❛❧✐❜r❛t❡ t❤❡ ♣❛r❛♠❡t❡rs ♠♦r❡ ❛❝❝✉r❛t❡❧②✳

❲❡ ❛♥❛❧②③❡ ♥✉♠❡r✐❝❛❧❧② t❤❡ ❞②♥❛♠✐❝ r❡s♣♦♥s❡ t♦ ❣r♦✇t❤ s❤♦❝❦s✳ ❲❡ t❤❡♥

❡①♣❧♦r❡ t❤❡ s❡♥s✐t✐✈✐t② ♦❢ ♦✉r r❡s✉❧ts t♦ ✈❛r✐♦✉s ♣❛r❛♠❡t❡rs✳

✸✳✺✳✶✳ ❇❛s❡❧✐♥❡ ❝❛❧✐❜r❛t✐♦♥✳ ❋♦❧❧♦✇✐♥❣ t❤❡ ❧✐t❡r❛t✉r❡✱ t❤❡ ❝❛♣✐t❛❧ ❞❡♣r❡❝✐❛t✐♦♥

r❛t❡ ✐s s❡t t♦ ✶✵✪✱ t❤❡ s❤❛r❡ ♦❢ ❝❛♣✐t❛❧ α ✐s s❡t t♦ ✵✳✸ ❛♥❞ β = 1/r∗ = 0.95✳

❚❤❡ ❝❛❧✐❜r❛t✐♦♥ ♦❢ ϕ ✐s ❜❛s❡❞ ♦♥ ❙♦♥❣ ❡t ❛❧✳ ✭✷✵✶✶✮✳ ❉✉r✐♥❣ t❤❡ ♣❡r✐♦❞ ✶✾✾✼✲

✷✵✵✸✱ t❤❡ s❤❛r❡ ♦❢ ✐♥✈❡st♠❡♥t ✜♥❛♥❝❡❞ ❜② ❜❛♥❦ ❧♦❛♥s ❛♥❞ ❣♦✈❡r♥♠❡♥t ❜✉❞❣❡ts

✸✶



✐♥ ❞♦♠❡st✐❝ ♣r✐✈❛t❡ ❡♥t❡r♣r✐s❡s r❛♥❣❡❞ ❜❡t✇❡❡♥ ✺✪ ❛♥❞ ✶✷✪✳✶✾ ❲❡ t❤❡r❡❢♦r❡

s❡t ϕ❂✵✳✶✳✷✵ ❈♦♥tr❛r② t♦ ϕ✱ t❤❡r❡ ✐s ♥♦ ❞✐r❡❝t ♠❡❛s✉r❡ ♦❢ κ✳ ❲❡ t❤❡r❡❢♦r❡ ✉s❡

❛♥ ✐♥❞✐r❡❝t ♠❡❛s✉r❡✱ ✇❤✐❝❤ ✐s t❤❡ ❝❛s❤ r❛t✐♦✳ ■♥ ♦✉r ♠♦❞❡❧✱ ✐t ❝♦rr❡s♣♦♥❞s t♦

B1/K✳ ❍✉❛♥❣ ❛♥❞ ❩❤❛♥❣ ✭✷✵✶✶✮ ♣r♦✈✐❞❡ t❤❡ ❝❛s❤ r❛t✐♦ ❢♦r ❛ ❜r♦❛❞ s❛♠♣❧❡ ♦❢

❝♦✉♥tr✐❡s✱ ✐♥❝❧✉❞✐♥❣ ❊♠❡r❣✐♥❣ ❆s✐❛✳✷✶ ❚❤❡ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ♦❢ t❤❡ ❝❛s❤ r❛t✐♦

✐♥ ❊♠❡r❣✐♥❣ ❆s✐❛ ✐s ✵✳✶✻✱ ✇❤✐❝❤ ②✐❡❧❞s κ❂✵✳✹✷✳ ❲❡ ♥♦r♠❛❧✐③❡ ❚❋P A t♦ ✶ ✐♥

t❤❡ ✜rst ♣❡r✐♦❞✳

❚❤❡ ❛✈❡r❛❣❡ ❣r♦✇t❤ r❛t❡ ✐s ♠❛t❝❤❡❞ t♦ t❤❡ ❞❛t❛✱ ❛ss✉♠✐♥❣ s♠♦♦t❤ ❣r♦✇t❤

❞②♥❛♠✐❝s✳ ❲❡ ❛ss✉♠❡ gt+1 = µgt✱ ✇✐t❤ µ = 0.9✳ ❚❤❡s❡ ❣r♦✇t❤ ❞②♥❛♠✐❝s ❛r❡

❞❡s✐❣♥❡❞ t♦ ❞❡s❝r✐❜❡ ❛ ❝❛t❝❤✐♥❣✲✉♣ ❡♣✐s♦❞❡ ✐♥ t❤❡ ❊♠❡r❣✐♥❣ ❝♦✉♥tr②✱ ✇❤❡r❡

❣r♦✇t❤ ✐s ✐♥✐t✐❛❧❧② ❤✐❣❤ ❛♥❞ t❤❡♥ s❧♦✇❧② ❞❡❝❛②s✳ ❲❡ t❤❡♥ ❤❛✈❡ t♦ s❡t g0 s♦ t❤❛t

t❤❡ ❣r♦✇t❤ ♦❢ t❤❡ ❊♠❡r❣✐♥❣ ❝♦✉♥tr② ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❣r♦✇t❤ ♦❢ ❊♠❡r❣✐♥❣

❆s✐❛ ❜❡t✇❡❡♥ ✶✾✾✵ ❛♥❞ ✷✵✵✽✳ ❲❡ ♥♦r♠❛❧✐③❡ g∗ t♦ ③❡r♦✱ s♦ t❤❛t g ✐s t❤❡ ❣r♦✇t❤

✶✾✳ ❋✐❣✉r❡ ✹ ✐♥ t❤❡✐r ♣❛♣❡r s❤♦✇s t❤❡ s❤❛r❡ ♦❢ ✐♥✈❡st♠❡♥t ✜♥❛♥❝❡❞ ❜② ❜❛♥❦ ❧♦❛♥s ❛♥❞

❣♦✈❡r♥♠❡♥t ❜✉❞❣❡ts ❢♦r st❛t❡✲♦✇♥❡❞ ❡♥t❡r♣r✐s❡s ✭❙❖❊✮✱ ❞♦♠❡st✐❝ ♣r✐✈❛t❡ ❡♥t❡r♣r✐s❡s ✭❉P❊✮

❛♥❞ ❢♦r❡✐❣♥ ❡♥t❡r♣r✐s❡s ✭❋❊✮ ✐♥ ❈❤✐♥❛✳ ❉P❊ ❛r❡ t❤❡ ♦♥❡s t❤❛t ❝♦rr❡s♣♦♥❞ t❤❡ ♠♦st t♦

t❤❡ ❝r❡❞✐t✲❝♦♥str❛✐♥❡❞ ❡♥t❡r♣r✐s❡s ♦❢ ♦✉r ♠♦❞❡❧✳ ❇❡s✐❞❡s✱ t❤❡② s❤♦✇ t❤❛t ❉P❊ ❛❝❝♦✉♥t❡❞

❛❝❝♦✉♥t❡❞ ❢♦r t❤❡ ❜✉❧❦ ♦❢ ❈❤✐♥❡s❡ ❣r♦✇t❤ ✐♥ t❤❡ ✷✵✵✵s✳

✷✵✳ ❚❤✐s ♥✉♠❜❡r ✐s ❛❧s♦ ❝♦♥s✐st❡♥t ✇✐t❤ ❏❛✐♥✲❈❤❛♥❞r❛ ❡t ❛❧✳ ✭✷✵✵✾✱ ♣✳ ✻✸✮✱ ✇❤♦ ❞♦❝✉♠❡♥t

t❤❛t ❞♦♠❡st✐❝ ❧❡♥❞✐♥❣ r❡♣r❡s❡♥t❡❞ ❧❡ss t❤❛♥ ✶✵✪ ♦❢ ✜①❡❞✲❛ss❡t ✐♥✈❡st♠❡♥t ✐♥ ❈❤✐♥❛ ✐♥ t❤❡

✶✾✾✺✲✷✵✵✽ ♣❡r✐♦❞✳

✷✶✳ ■♥ ❊♠❡r❣✐♥❣ ❆s✐❛ ✇❡ ✐♥❝❧✉❞❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦✉♥tr✐❡s✿ ❈❤✐♥❛✱ ❍♦♥❣ ❑♦♥❣✱ ■♥❞✐❛✱

■♥❞♦♥❡s✐❛✱ ❙♦✉t❤ ❑♦r❡❛✱ ▼❛❧❛②s✐❛✱ P❤✐❧✐♣♣✐♥❡s✱ ❚❛✐✇❛♥ ❛♥❞ ❚❤❛✐❧❛♥❞✳
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♦❢ ❊♠❡r❣✐♥❣ ❆s✐❛ r❡❧❛t✐✈❡ t♦ t❤❡ r❡st ♦❢ t❤❡ ✇♦r❧❞✱ ✇❤✐❝❤ ✐♥ ♦✉r ❛♣♣r♦❛❝❤ ✐s

r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ●✼✳ ■♥ ✶✾✾✵✱ ❊♠❡r❣✐♥❣ ❆s✐❛✬s ●❉P r❡♣r❡s❡♥t❡❞ ✷✷✪ ♦❢ t❤❡

●✼✬s ●❉P✳ ■♥ ✷✵✵✽✱ ✐t r❡♣r❡s❡♥t❡❞ ✺✺✪ ♦❢ t❤❡ ●✼✬s ●❉P✳ ❚❤✐s ❛♠♦✉♥ts t♦ ❛♥

❛✈❡r❛❣❡ r❡❧❛t✐✈❡ ❣r♦✇t❤ r❛t❡ ♦❢ 2.3%✳ ❲❡ ♠❛t❝❤ t❤✐s ❛✈❡r❛❣❡ ❣r♦✇t❤ r❛t❡ ❜②

s❡tt✐♥❣ g0 = 10%✳

❈♦♥s✐❞❡r ♥♦✇ t❤❡ ✐♠♣❛❝t ♦❢ s✉❝❤ ❛ ❣r♦✇t❤ ❡♣✐s♦❞❡ ✐♥ ❛ ❝♦♥str❛✐♥❡❞ ❡❝♦♥♦♠②

✇✐t❤✐♥ t❤❡ ❝❛❧✐❜r❛t❡❞ ♠♦❞❡❧✳ ■♥ ❋✐❣✉r❡ ✻✱ ✇❡ ❝♦♠♣❛r❡ t❤❡ ❡✛❡❝t ♦❢ t❤✐s ❣r♦✇t❤

❛❝❝❡❧❡r❛t✐♦♥ ♦♥ ❛♥ ❡❝♦♥♦♠② ✇✐t❤ ✐♠♣❡r❢❡❝t ✜♥❛♥❝✐❛❧ ♠❛r❦❡ts ✭✏❈♦♥str❛✐♥❡❞✑✱

r❡♣r❡s❡♥t❡❞ ❜② t❤❡ s♦❧✐❞ ❧✐♥❡s✮✱ ✇❤♦s❡ ❞②♥❛♠✐❝s ❛r❡ ❞❡s❝r✐❜❡❞ ❜② ✭✸✵✮ ❛♥❞ ✭✸✶✮✱

t♦ ❛♥ ❡❝♦♥♦♠② ✇✐t❤ ♣❡r❢❡❝t ✜♥❛♥❝✐❛❧ ♠❛r❦❡ts ✭✏❯♥❝♦♥str❛✐♥❡❞✑✱ r❡♣r❡s❡♥t❡❞

❜② t❤❡ ❞❛s❤❡❞ ❧✐♥❡s✮✱ ✐✳❡✳✱ ✇✐t❤ ϕ ❧❛r❣❡ ❡♥♦✉❣❤ s♦ t❤❛t ❡♥tr❡♣r❡♥❡✉rs ❛r❡ ♥❡✈❡r

❝♦♥str❛✐♥❡❞✳ ■♥ ♦r❞❡r t♦ ♠❛❦❡ t❤❡ t✇♦ ❝❛s❡s ❝♦♠♣❛r❛❜❧❡✱ ✇❡ s❡t t❤❡ ✐♥✐t✐❛❧ st❡❛❞②

st❛t❡ ♦❢ ❜♦♥❞s ✐♥ t❤❡ ✉♥❝♦♥str❛✐♥❡❞ ♠♦❞❡❧ ❡q✉❛❧ t♦ t❤❛t ♦❢ t❤❡ ❝♦♥str❛✐♥❡❞

♦♥❡✳ ❲❡ ❝♦♥s✐❞❡r ❝❛♣✐t❛❧✱ ♣r♦❞✉❝t✐♦♥ ❛♥❞ ✇❛❣❡s✱ r❡♣r❡s❡♥t❡❞ ❛s ♣❡r❝❡♥t❛❣❡s ♦❢

t❤❡ ✐♥✐t✐❛❧ st❡❛❞② st❛t❡❀ ❛♥❞ ❜♦♥❞s ❛♥❞ t❤❡ ❝✉rr❡♥t ❛❝❝♦✉♥t✱ r❡♣r❡s❡♥t❡❞ ❛s ❛

♣❡r❝❡♥t❛❣❡ ♦❢ ●❉P✳ ❚❤❡s❡ ❜♦♥❞s ❛r❡ ❛❧s♦ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ t❤❡ ❜♦♥❞ ❞❡♠❛♥❞

❜② ❡♥tr❡♣r❡♥❡✉rs ✇❤♦ ❛r❡ ❛t t❤❡ ✐♥✈❡st♠❡♥t st❛❣❡ ♦❢ t❤❡✐r ♣r♦❥❡❝t✱ B1✱ ❛♥❞ t❤❡

❜♦♥❞ ❞❡♠❛♥❞ ❜② ❡♥tr❡♣r❡♥❡✉rs ✇❤♦ ❛r❡ ❛t t❤❡ ♣r♦❞✉❝t✐♦♥ st❛❣❡✱ B2✳

❉✉r✐♥❣ ✷✺ ♣❡r✐♦❞s✱ ❞♦♠❡st✐❝ ❚❋P ✐♥❝r❡❛s❡s st❡❛❞✐❧② ✉♥t✐❧ ✐t r❡❛❝❤❡s ❛

❧❡✈❡❧ ✷✳✺ t✐♠❡s ❤✐❣❤❡r t❤❛♥ ✐♥✐t✐❛❧❧②✳ ❈♦♥s✐❞❡r ♥♦✇ t❤❡ ✐♠♣❛❝t ♦❢ s✉❝❤ ❛

❣r♦✇t❤ ❡♣✐s♦❞❡ ✐♥ ❛ ❝♦♥str❛✐♥❡❞ ❡❝♦♥♦♠②✱ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ s♦❧✐❞ ❧✐♥❡s ✐♥

❋✐❣✉r❡ ✻ ✭✏❈♦♥str❛✐♥❡❞✑✮✱ ❛❧♦♥❣ ✇✐t❤ t❤❡ ✐♠♣❛❝t ♦♥ ❛♥ ✉♥❝♦♥str❛✐♥❡❞ ❡❝♦♥♦♠②
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✭✏❯♥❝♦♥str❛✐♥❡❞✑✮✳✷✷ ❉✉r✐♥❣ t❤✐s ♣❡r✐♦❞✱ ❝❛♣✐t❛❧✱ ♣r♦❞✉❝t✐♦♥ ❛♥❞ ✇❛❣❡s

✐♥❝r❡❛s❡✱ ✇❤❡t❤❡r ❡♥tr❡♣r❡♥❡✉rs ❛r❡ ❝♦♥str❛✐♥❡❞ ♦r ♥♦t✳ ❲❤❡♥ ❡♥tr❡♣r❡♥❡✉rs

❢❛❝❡ ✜♥❛♥❝✐❛❧ ❢r✐❝t✐♦♥s✱ ❤♦✇❡✈❡r✱ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ✐s ❞❡❧❛②❡❞✳ ■♥ t❤❛t ❝❛s❡✱

❡♥tr❡♣r❡♥❡✉rs ❝❛♥ ✐♥✈❡st ♦♥❧② ❛❢t❡r t❤❡✐r r❡✈❡♥✉❡s ❤❛✈❡ s✉✣❝✐❡♥t❧② ✐♥❝r❡❛s❡❞✳

❘❡❣❛r❞✐♥❣ ❝❛♣✐t❛❧ ✢♦✇s✱ ✇❡ ♦❜s❡r✈❡ ❛ st❛r❦ ❝♦♥tr❛st ❜❡t✇❡❡♥ t❤❡ ❝♦♥str❛✐♥❡❞

❝❛s❡✱ ✇❤❡r❡ t❤❡ ❡❝♦♥♦♠② ❡①♣❡r✐❡♥❝❡s ❝❛♣✐t❛❧ ♦✉t✢♦✇s✱ ✇✐t❤ t❤❡ ✉♥❝♦♥str❛✐♥❡❞

❝❛s❡✱ ✇❤❡r❡ t❤❡ ❡❝♦♥♦♠② ❡①♣❡r✐❡♥❝❡s s✉❜st❛♥t✐❛❧ ❝❛♣✐t❛❧ ✐♥✢♦✇s✳

◆♦t✐❝❡ t❤❛t ❝❛♣✐t❛❧ ❡✈❡♥ ❞❡❝r❡❛s❡s s❧✐❣❤t❧② ✐♥ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❣r♦✇t❤

❡♣✐s♦❞❡✳ ❚❤✐s ✐s ❞✉❡ t♦ ♣❛rt✐❛❧ ❝❛♣✐t❛❧ ❞❡♣r❡❝✐❛t✐♦♥ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t t❤❡

♣r♦❞✉❝t✐✈✐t② ♦❢ ✇♦r❦❡rs r✐s❡s r❡❧❛t✐✈❡❧② ♠♦r❡ t❤❛♥ t❤❛t ♦❢ ❝❛♣✐t❛❧✱ ❜❡❝❛✉s❡ ❚❋P

❞♦❡s ♥♦t ❛✛❡❝t t❤❡ r❡♠❛✐♥✐♥❣ ❝❛♣✐t❛❧ st♦❝❦✳ ❊♥tr❡♣r❡♥❡✉rs t❤❡r❡❢♦r❡ ✉s❡ t❤❡✐r

❧✐♠✐t❡❞ r❡s♦✉r❝❡s ♣r✐♠❛r✐❧② t♦ ❤✐r❡ ✇♦r❦❡rs✳ ❚❤✐s ❛❧s♦ ❡①♣❧❛✐♥s t❤❡ ❢❛❝t t❤❛t ♥❡t

❢♦r❡✐❣♥ ❛ss❡ts ✐♥❝r❡❛s❡ ♥♦t ♦♥❧② ✐♥ ❧❡✈❡❧s ❜✉t ❛❧s♦ ❛s ❛ s❤❛r❡ ♦❢ ●❉P✱ ❝♦♥tr❛r②

t♦ t❤❡ ❜❡♥❝❤♠❛r❦ ♠♦❞❡❧✳ ■♥❞❡❡❞✱ t❤❡ r❡❧❛t✐✈❡❧② ❤✐❣❤ ❧❛❜♦r ❞❡♠❛♥❞ r❡s✉❧ts ✐♥ ❛

r❡❧❛t✐✈❡❧② ❤✐❣❤ ✇❛❣❡✱ ✇❤✐❝❤ t❤❡ ❡♥tr❡♣r❡♥❡✉rs ✜♥❛♥❝❡ ❜② ❤♦❧❞✐♥❣ ♠♦r❡ ❧✐q✉✐❞✐t②✳

❇❡s✐❞❡s✱ t❤❡ ✐♥✐t✐❛❧ ❞❡❝r❡❛s❡ ✐♥ ❝❛♣✐t❛❧ st♦❝❦ r❡❞✉❝❡s ❝♦❧❧❛t❡r❛❧ ❛♥❞ ❤❡♥❝❡ t❤❡

✜♥❛♥❝✐♥❣ ❝❛♣❛❝✐t✐❡s ♦❢ ❜♦rr♦✇✐♥❣ ✜r♠s✳

❋✐♥❛❧❧②✱ t❤❡ ❝✉rr❡♥t ❛❝❝♦✉♥t ✐♥❝r❡❛s❡s✱ ✇❤✐❝❤ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ ❋✐❣✉r❡ ✷✱ ❛s

✐t ✐♠♣❧✐❡s t❤❛t ❝♦r♣♦r❛t❡ s❛✈✐♥❣ ✐♥❝r❡❛s❡s ♠♦r❡ t❤❛♥ ✐♥✈❡st♠❡♥t✳ ■t ❛❝t✉❛❧❧② r✐s❡s

♦♥ ✐♠♣❛❝t t♦ ❛ ❧❡✈❡❧ ❡q✉✐✈❛❧❡♥t t♦ ✷✪ ♦❢ ●❉P✳ ❚❤✐s ✜❣✉r❡ ✐s ♦❢ t❤❡ s❛♠❡ ♦r❞❡r

✷✷✳ ❚❤❡ s✐♠✉❧❛t✐♦♥s ❛r❡ r✉♥ ✉s✐♥❣ ❉②♥❛r❡ ✭❏✉✐❧❧❛r❞✱ ✶✾✾✻✮✳
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♦❢ ♠❛❣♥✐t✉❞❡ ❛s ✇❤❛t ✐s ♦❜s❡r✈❡❞ ✐♥ t❤❡ ❞❛t❛✳ ❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❝✉rr❡♥t

❛❝❝♦✉♥t ✐s ❧❡ss ♣❡rs✐st❡♥t t❤❛♥ ✐♥ t❤❡ ❞❛t❛ t❤♦✉❣❤✱ ✇❤✐❝❤ ❣✐✈❡s ❛♥ ❛✈❡r❛❣❡

✜❣✉r❡ ♦❢ ✶✪ ♦✈❡r ✶✵ ②❡❛rs✱ ♠❛✐♥❧② ❜❡❝❛✉s❡ t❤❡ ❣r♦✇t❤ ❛❝❝❡❧❡r❛t✐♦♥ ✐s tr❛♥s✐t♦r②

✐♥ ♦✉r s✐♠✉❧❛t✐♦♥✳ ◆♦t✐❝❡✱ ❤♦✇❡✈❡r✱ t❤❛t t❤✐s ♥✉♠❜❡r ✐s ❛♥ ❛ss❡ss♠❡♥t ♦❢ t❤❡

❝♦♥tr✐❜✉t✐♦♥ ♦❢ ❝♦r♣♦r❛t❡ s❛✈✐♥❣s t♦ ❝✉rr❡♥t ❛❝❝♦✉♥t s✉r♣❧✉s❡s ❛♥❞ ❛❜str❛❝ts

❢r♦♠ t❤❡ r♦❧❡ ♦❢ ♦t❤❡r ❢❛❝t♦rs✳

✸✳✺✳✷✳ ❙❡♥s✐t✐✈✐t②✳ ❍❡r❡ ✇❡ ❡①❛♠✐♥❡ t❤❡ s❡♥s✐t✐✈✐t② ♦❢ t❤❡ r❡s✉❧ts t♦ ❞✐✛❡r❡♥t

✈❛❧✉❡s ♦❢ ϕ ❛♥❞ κ✳ ϕ ✐s s❡t t♦ ✵✳✵✺ ❛♥❞ ✵✳✷✺✱ ❛❧♦♥❣ ✇✐t❤ ✐ts ❜❛s❡❧✐♥❡ ❝❛❧✐❜r❛t✐♦♥

✈❛❧✉❡ ✵✳✶✳ κ ✐s s❡t t♦ ✵✳✷ ❛♥❞ ✵✳✻✱ ❛❧♦♥❣ ✇✐t❤ ✐ts ❜❛s❡❧✐♥❡ ✈❛❧✉❡ ✵✳✹✷✳ ❚❤❡ r❡s✉❧ts

❛r❡ r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✼✳ ❙✐♥❝❡ t❤❡ ❡✛❡❝ts ♦♥ ❝❛♣✐t❛❧✱ ♣r♦❞✉❝t✐♦♥ ❛♥❞ ✇❛❣❡s

❛r❡ ✈❡r② s✐♠✐❧❛r ❛❝r♦ss t❤❡ ❞✐✛❡r❡♥t ❝❛❧✐❜r❛t✐♦♥s✱ ✇❡ ❞♦ ♥♦t r❡♣r❡s❡♥t t❤❡♠✳

❚❤❡ ❤✐❣❤❡r ϕ✱ t❤❡ ❧♦✇❡r t❤❡ ♥❡t ❢♦r❡✐❣♥ ❛ss❡t ♣♦s✐t✐♦♥ B ✐♥ t❤❡ st❡❛❞② st❛t❡✳

❋♦r t❤❡ ❤✐❣❤ ✈❛❧✉❡ ♦❢ ✵✳✷✺✱ ✐t ❡✈❡♥ t✉r♥s ♥❡❣❛t✐✈❡✳ ❉✉r✐♥❣ t❤❡ ❣r♦✇t❤ ❡♣✐s♦❞❡✱

✐♥ t❤❡ ❝❛s❡ ✇✐t❤ ϕ = 0.25✱ t❤❡ ❡❝♦♥♦♠② ❡①♣❡r✐❡♥❝❡s ❝✉♠✉❧❛t❡❞ ❝❛♣✐t❛❧ ✐♥✢♦✇s

r❛t❤❡r t❤❛♥ ♦✉t✢♦✇s✱ ❜✉t ♠❛② ❡①♣❡r✐❡♥❝❡ s❤♦rt✲❧✐✈❡❞ ❝❛♣✐t❛❧ ♦✉t✢♦✇s ❛s t❤❡

❝♦❧❧❛t❡r❛❧ ✐♥✐t✐❛❧❧② ❞❡❝r❡❛s❡s✳ ❲✐t❤ ❛ ❧♦✇ ϕ✱ t❤❡ ❡❝♦♥♦♠② ❡①♣❡r✐❡♥❝❡s ❝❛♣✐t❛❧

♦✉t✢♦✇s ❛❧❧ ❛❧♦♥❣ t❤❡ ❣r♦✇t❤ ❡♣✐s♦❞❡ ❛s ✐♥ t❤❡ ❜❛s❡❧✐♥❡ ❝❛❧✐❜r❛t✐♦♥✳ ❲❤✐❧❡ ♦♥

✐♠♣❛❝t t❤❡ ❝✉rr❡♥t ❛❝❝♦✉♥t ✐♥❝r❡❛s❡s s❧✐❣❤t❧② ❧❡ss t❤❛♥ ✐♥ t❤❡ ❜❛s❡❧✐♥❡✱ ❝❛♣✐t❛❧

♦✉t✢♦✇s ❛r❡ ❧❛r❣❡r ✐♥ ❝✉♠✉❧❛t❡❞ t❡r♠s✳ ❙✐♠✐❧❛r❧②✱ ❛ ❧♦✇❡r κ ✐♠♣❧✐❡s ❛ s♠❛❧❧❡r

♥❡t ❢♦r❡✐❣♥ ❛ss❡t ♣♦s✐t✐♦♥ B✳ ■♥❞❡❡❞✱ ❢♦r ❛ ❣✐✈❡♥ ❜♦rr♦✇✐♥❣ B2✱ ✜r♠s ♥❡❡❞ t♦

❤♦❧❞ ❧❡ss ❧✐q✉✐❞✐t② B1 t♦ ♣❛② ❢♦r ❛ s♠❛❧❧❡r s❤❛r❡ ♦❢ t❤❡ ✇❛❣❡ ❜✐❧❧✳ ❋♦r t❤❡ ❧♦✇

✈❛❧✉❡ ♦❢ ✵✳✷✱ t❤❡ ♥❡t ❢♦r❡✐❣♥ ❛ss❡t ♣♦s✐t✐♦♥ t✉r♥s ♥❡❣❛t✐✈❡✳ ❚❤❡ ❡❝♦♥♦♠② st✐❧❧

✸✺



❡①♣❡r✐❡♥❝❡s ❝❛♣✐t❛❧ ♦✉t✢♦✇s ❢♦r ❛❧❧ t❤❡ ✈❛❧✉❡s ♦❢ κ ❝♦♥s✐❞❡r❡❞✳ ❇❡s✐❞❡s✱ t❤❡

❧❛r❣❡r κ✱ t❤❡ ❧❛r❣❡r t❤❡ ❝❛♣✐t❛❧ ♦✉t✢♦✇s✳ ❖✈❡r❛❧❧✱ t❤❡ ♣r♦♣♦rt✐♦♥❛❧ ✐♥❝r❡❛s❡ ✐♥

t❤❡ ❞❡♠❛♥❞ ❢♦r ❧✐q✉✐❞✐t② ✐♥ ♣r❡s❡♥❝❡ ♦❢ ❤✐❣❤❡r ❣r♦✇t❤ ✐s r♦❜✉st t♦ ❝❤❛♥❣❡s ✐♥

t❤❡s❡ t✇♦ ♣❛r❛♠❡t❡rs✳

✹✳ ●❧♦❜❛❧ ✐♠❜❛❧❛♥❝❡s

❚❤❡ ❛♥❛❧②s✐s s♦ ❢❛r ❤❛s ❜❡❡♥ ❝♦♥❞✉❝t❡❞ ❜② ❛ss✉♠✐♥❣ t❤❛t t❤❡ ❡♠❡r❣✐♥❣ ❝♦✉♥tr②

✐s s♠❛❧❧✱ s♦ t❤❛t t❤❡ ✐♥t❡r❡st r❛t❡ ✐s ❣✐✈❡♥✳ ❲❤❡♥ ✇❡ ❡①t❡♥❞ ♦✉r ❛♥❛❧②s✐s t♦ ❛

t✇♦✲❝♦✉♥tr② ❡❝♦♥♦♠②✱ ✇❡ ✜♥❞ t❤❛t t❤❡ ❞❡♠❛♥❞ ❢♦r ❧✐q✉✐❞✐t② ✐♥ ❛♥ ❡♠❡r❣✐♥❣

❝♦✉♥tr② ❧❡❛❞s t♦ ❛ ❧♦✇❡r ✇♦r❧❞ ✐♥t❡r❡st r❛t❡✱ ❤✐❣❤❡r ✐♥✈❡st♠❡♥t ❛♥❞ ♦✉t♣✉t

✐♥ t❤❡ r❡st ♦❢ t❤❡ ✇♦r❧❞✱ ❛♥❞ ❧❛r❣❡r ❣❧♦❜❛❧ ✐♠❜❛❧❛♥❝❡s✳ ❲❡ s❤♦✇ t❤❛t t❤❡s❡

✐♠❜❛❧❛♥❝❡s r❡♠❛✐♥ ❛s ❧♦♥❣ ❛s t❤❡ ❞❡♠❛♥❞ ❢♦r ❧✐q✉✐❞✐t② ✐s ❡✛❡❝t✐✈❡✱ ✐♥ ♣❛rt✐❝✉❧❛r

❛s ❧♦♥❣ ❛s t❤❡ ❡♠❡r❣✐♥❣ ❡❝♦♥♦♠② ❤❛s ❛ ❤✐❣❤❡r ❚❋P ❣r♦✇t❤✳ ❲❡ ❝♦♥s✐❞❡r ❛♥

❛s②♠♠❡tr✐❝ ✇♦r❧❞ ❝♦♠♣♦s❡❞ ♦❢ ❛♥ ❊♠❡r❣✐♥❣ ❝♦✉♥tr② s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ st✉❞✐❡❞

❡❛r❧✐❡r ❛♥❞ ❛♥ ■♥❞✉str✐❛❧ ❝♦✉♥tr② ✇✐t❤ ❛ ❤✐❣❤ ❧❡✈❡❧ ♦❢ ✜♥❛♥❝✐❛❧ ❞❡✈❡❧♦♣♠❡♥t✱

s♦ t❤❛t ❡♥tr❡♣r❡♥❡✉rs ❛r❡ ♥❡✈❡r ❝♦♥str❛✐♥❡❞✳ ■♥❞✉str✐❛❧ ❝♦✉♥tr② ✈❛r✐❛❜❧❡s ❛r❡

❞❡♥♦t❡❞ ✇✐t❤ ❛♥ ❛st❡r✐s❦✱ s♦ t❤❛t ϕ∗ ✐s ❧❛r❣❡✳ ❚❤❡ t✇♦ ❝♦✉♥tr✐❡s ❛r❡ ❧✐♥❦❡❞

t❤r♦✉❣❤ t❤❡ ❜♦♥❞ ♠❛r❦❡t ❛s t❤❡② ❝❛♥ tr❛❞❡ ♦♥❡✲♣❡r✐♦❞ ❜♦♥❞s✳ Pr♦❞✉❝t✐✈✐t✐❡s

At ❛♥❞ A∗

t ❣r♦✇ r❡s♣❡❝t✐✈❡❧② ❛t r❛t❡ g ❛♥❞ g∗✳ ❖t❤❡r✇✐s❡✱ t❤❡ t✇♦ ❝♦✉♥tr✐❡s

❤❛✈❡ t❤❡ s❛♠❡ ❝❤❛r❛❝t❡r✐st✐❝s✳

❲❡ ✜rst st✉❞② ❛ ❜❛❧❛♥❝❡❞ ❣r♦✇t❤ ♣❛t❤ ✇✐t❤✐♥ t❤❡ ❜❡♥❝❤♠❛r❦ ♠♦❞❡❧ ✇❤❡r❡

t❤❡ ❊♠❡r❣✐♥❣ ❝♦✉♥tr② ❣r♦✇s ❛t ❛ ♣❡r♠❛♥❡♥t❧② ❤✐❣❤❡r ❣r♦✇t❤ r❛t❡ t❤❛♥ t❤❡

✸✻



■♥❞✉str✐❛❧ ❝♦✉♥tr②✳ ❚❤♦✉❣❤ ✉♥r❡❛❧✐st✐❝✱ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❣r♦✇t❤ ♣❛t❤ ❛r❡

✐♥❢♦r♠❛t✐✈❡✳ ❲❡ ❝❛♥ s❤♦✇ t❤❛t ❛ ♣❡r♠❛♥❡♥t❧② ❤✐❣❤❡r ❣r♦✇t❤ r❛t❡ ✐♥ t❤❡

❊♠❡r❣✐♥❣ ❝♦✉♥tr② ❣❡♥❡r❛t❡s ❛ ♣❡r♠❛♥❡♥t ❧✐q✉✐❞✐t② ❞❡♠❛♥❞ ❛♥❞ ❛ ♣❡r♠❛♥❡♥t

❝✉rr❡♥t ❛❝❝♦✉♥t s✉r♣❧✉s✳ ❙❡❝♦♥❞✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ ❜♦t❤ ❝♦✉♥tr✐❡s

❣r♦✇ ❛t t❤❡ s❛♠❡ r❛t❡ ✐♥ t❤❡ ❧♦♥❣ r✉♥ ❜✉t ✇✐t❤ g t❡♠♣♦r❛r✐❧② ❧❛r❣❡r t❤❛♥ g∗✳

❚❤✐s ❡①♣❡r✐♠❡♥t ✐s s✐♠✉❧❛t❡❞ ✉s✐♥❣ t❤❡ ❜❛s❡❧✐♥❡ ❝❛❧✐❜r❛t✐♦♥ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥

✸✳✺✳

✹✳✶✳ ❇❛❧❛♥❝❡❞ ●r♦✇t❤ P❛t❤

❚❤❡ ❜❛❧❛♥❝❡❞ ❣r♦✇t❤ ♣❛t❤ ✇✐t❤ g ♣❡r♠❛♥❡♥t❧② ❤✐❣❤❡r t❤❛♥ g∗ ✐s ❝❤❛r❛❝t❡r✐③❡❞

✐♥ ❆♣♣❡♥❞✐① ❇✳ ▲❡t K̃∗

t =K∗

t /At ❜❡ t❤❡ ■♥❞✉str✐❛❧ ❝❛♣✐t❛❧ st♦❝❦ ♥♦r♠❛❧✐③❡❞ ❜②

❊♠❡r❣✐♥❣ ❚❋P✳ ▲❡t ❛❧s♦ r̃t ❜❡ t❤❡ ♥♦r♠❛❧✐③❡❞ ✐♥t❡r❡st r❛t❡✿ r̃t = rt (At/A
∗

t )
1−α

2 ✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ Pr♦♣♦s✐t✐♦♥ ❝❤❛r❛❝t❡r✐③❡s ❛ st❡❛❞② st❛t❡ ✇❤❡r❡ t❤❡ ❊♠❡r❣✐♥❣

❝♦✉♥tr② ❡♥tr❡♣r❡♥❡✉rs ❛r❡ ❝♦♥str❛✐♥❡❞✳

Pr♦♣♦s✐t✐♦♥ ✷✳ ❆ss✉♠❡ g > g∗✳ ❲❤❡♥ t ❣♦❡s t♦ ✐♥✜♥✐t②✱ ❛ ❣r♦✇t❤ ♣❛t❤ ✇❤❡r❡

❡♥tr❡♣r❡♥❡✉rs ❛r❡ ❝♦♥str❛✐♥❡❞ ❛♥❞ K̃t✱ K̃
∗

t ✱ B̃t✱ ❛♥❞ r̃t ❛r❡ st❛t✐♦♥❛r② ❡①✐sts ❛♥❞

✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣✿

✭✐✮✳ K̃t =
¯̃K =

(
αβ2

(1+g)2

) 1
1−α

✭✐✐✮✳ K̃∗

t = ¯̃K∗ = 1−αβ
αβ

¯̃K

✭✐✐✐✮✳ B̃t =
¯̃B = 1−αβ

αβ
¯̃K

✭✐✈✮✳ r̃t = r̃ =

[
α( ¯̃K∗)α−1

(
1+g
1+g∗

) 1−α

2

] 1
2
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❚❤❡ st❡❛❞②✲st❛t❡ ❊♠❡r❣✐♥❣ ❝❛♣✐t❛❧ st♦❝❦ ❛♥❞ ❜♦♥❞s ❛r❡ t❤❡ s❛♠❡ ❛s ✐♥ t❤❡

s♠❛❧❧ ♦♣❡♥ ❡❝♦♥♦♠② ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✶✮✳ ❙✐♥❝❡ g > g∗✱ t❤❡ ❊♠❡r❣✐♥❣ ❝♦✉♥tr②

✐s ❛❧✇❛②s ❝♦♥str❛✐♥❡❞ s♦ t❤❛t t❤❡ ❧✐q✉✐❞✐t② ❞❡♠❛♥❞ ✐♠♣❧✐❡s t❤❛t ❝❛♣✐t❛❧ ❛♥❞

❜♦♥❞s ♠♦✈❡ ✐♥ ♣❛r❛❧❧❡❧✳ ❚❤❡ ✐♥t❡r❡st✐♥❣ ♥❡✇ r❡s✉❧t ✐♥ t❤❡ t✇♦✲❝♦✉♥tr② ❡❝♦♥♦♠②

✐s t❤❛t t❤❡ ■♥❞✉str✐❛❧ ❝❛♣✐t❛❧ st♦❝❦ ❣r♦✇s ❛t t❤❡ ❊♠❡r❣✐♥❣ ❝♦✉♥tr② ❣r♦✇t❤

r❛t❡✳ ▼♦r❡♦✈❡r✱ Pr♦♣♦s✐t✐♦♥ ✷ ✐♠♣❧✐❡s t❤❛t t❤❡ ✧✐♠❜❛❧❛♥❝❡✧ ♦❢ t❤❡ ■♥❞✉str✐❛❧

❝♦✉♥tr②✱ ♠❡❛s✉r❡❞ ❛s B∗

t /Y
∗

t ✱ ❣r♦✇s ♠♦r❡ ♥❡❣❛t✐✈❡ ♦✈❡r t✐♠❡✳ ■♥ ♦t❤❡r ✇♦r❞s✱

✐❢ t❤❡ ❊♠❡r❣✐♥❣ ❝♦✉♥tr② ❣r♦✇s ♣❡r♠❛♥❡♥t❧② ❢❛st❡r t❤❛♥ t❤❡ ■♥❞✉str✐❛❧ ❝♦✉♥tr②✱

❣❧♦❜❛❧ ✐♠❜❛❧❛♥❝❡s ❝❛♥ ❣r♦✇ ♣❡r♠❛♥❡♥t❧②✳

❇♦t❤ ❝♦✉♥tr✐❡s ❜❡♥❡✜t ❢r♦♠ ❣❧♦❜❛❧ ✐♠❜❛❧❛♥❝❡s ✐♥ t❤❡ ❜❛❧❛♥❝❡❞ ❣r♦✇t❤ ♣❛t❤✳

❙✐♥❝❡ ■♥❞✉str✐❛❧ ❡♥tr❡♣r❡♥❡✉rs ❛r❡ ✉♥❝♦♥str❛✐♥❡❞✱ t❤❡② ❛r❡ t❤❡ ♣r♦✈✐❞❡rs ♦❢

❧✐q✉✐❞✐t② t♦ ❊♠❡r❣✐♥❣ ❡♥tr❡♣r❡♥❡✉rs✳ ❚❤✐s ❡♥❛❜❧❡s ❛ ❤✐❣❤❡r ❣r♦✇t❤ ✐♥ t❤❡

❊♠❡r❣✐♥❣ ❝♦✉♥tr②✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱ ■♥❞✉str✐❛❧ ❡♥tr❡♣r❡♥❡✉rs r❡❝❡✐✈❡ ❝❤❡❛♣❡r

❢✉♥❞✐♥❣ ❢r♦♠ ❊♠❡r❣✐♥❣ ❡♥tr❡♣r❡♥❡✉rs✱ ✇❤✐❝❤ ❛❧❧♦✇s t❤❡♠ t♦ ✐♥❝r❡❛s❡ t❤❡✐r

❝❛♣✐t❛❧ st♦❝❦ ❛t t❤❡ s❛♠❡ r❛t❡ ❛s ❊♠❡r❣✐♥❣ ♣r♦❞✉❝t✐✈✐t②✳ ■♥❞❡❡❞✱ t❤❡ ❧✐q✉✐❞✐t②

♥❡❡❞ ❢♦r t❤❡ ❊♠❡r❣✐♥❣ ❡❝♦♥♦♠② ❣r♦✇s✱ ✇❤❡r❡❛s t❤❡ ❝❛♣❛❝✐t② ♦❢ t❤❡ ■♥❞✉str✐❛❧

❡❝♦♥♦♠② t♦ ♣r♦✈✐❞❡ ❧✐q✉✐❞✐t② ❞♦❡s ♥♦t ❣r♦✇ ❛s ❢❛st✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ✇♦r❧❞

✐♥t❡r❡st r❛t❡ ❣♦❡s t♦ ③❡r♦✱ r❡✢❡❝t✐♥❣ t❤❡ ✐♥❝r❡❛s✐♥❣ ♣r✐❝❡ ♦❢ ❧✐q✉✐❞✐t②✳ ❚❤✐s

✐♥❝r❡❛s✐♥❣ ♣r✐❝❡ ♦❢ ❧✐q✉✐❞✐t② ❝♦♥st✐t✉t❡s ❛ r❡♥t ❢♦r t❤❡ ■♥❞✉str✐❛❧ ❝♦✉♥tr② ✇❤✐❝❤

✸✽



❡♥❛❜❧❡s ✐ts ♦✉t♣✉t t♦ ❣r♦✇ ❛t ❛ ❤✐❣❤❡r r❛t❡ t❤❛♥ ✐ts ❢✉♥❞❛♠❡♥t❛❧ ❣r♦✇t❤ r❛t❡

g∗✳✷✸

✹✳✷✳ ❆ ❚❡♠♣♦r❛r② ■♥❝r❡❛s❡ ✐♥ g

❆ ♠♦r❡ r❡❛❧✐st✐❝ s❝❡♥❛r✐♦ ✐s t♦ ❛ss✉♠❡ t❤❛t t❤❡ ❤✐❣❤❡r ❣r♦✇t❤ r❛t❡ ✐♥ t❤❡

❊♠❡r❣✐♥❣ ❝♦✉♥tr② ✐s t❡♠♣♦r❛r②✳ ❍❡r❡✱ ✇❡ s✐♠✉❧❛t❡ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ s❛♠❡

t❡♠♣♦r❛r② ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❞♦♠❡st✐❝ ❣r♦✇t❤ r❛t❡ ❛s ✐♥ ❙❡❝t✐♦♥ ✺✳✸✳ ❲❡ ❛❧s♦ ✉s❡

t❤❡ s❛♠❡ ❝❛❧✐❜r❛t❡❞ ♣❛r❛♠❡t❡rs ❢♦r t❤❡ ❊♠❡r❣✐♥❣ ❝♦✉♥tr②✳ ❚❤❡ ♣❛r❛♠❡t❡rs ❢♦r

t❤❡ ■♥❞✉str✐❛❧ ❝♦✉♥tr② ❛r❡ t❤❡ s❛♠❡ ❛s t❤❡ ❊♠❡r❣✐♥❣ ❝♦✉♥tr②✱ ❡①❝❡♣t t❤❛t ϕ∗

✐s ❤✐❣❤ ❡♥♦✉❣❤ s♦ t❤❛t ✜r♠s ❛r❡ ✉♥❝♦♥str❛✐♥❡❞✱ ❛♥❞ κ∗ ✐s s❡t t♦ ✵✳✻✳ ❚❤✐s ✈❛❧✉❡

✐s ❝❤♦s❡♥ t♦ ♦❜t❛✐♥ ❛ st❡❛❞②✲st❛t❡ ✏❝❛s❤ r❛t✐♦✑ ♦❢ ✵✳✶✺✱ ✇❤✐❝❤ ✐s t❤❡ ✇❡✐❣❤t❡❞

❛✈❡r❛❣❡ ♦❢ t❤❡ ❝❛s❤ r❛t✐♦ ✐♥ t❤❡ ●✼ ❝♦✉♥tr✐❡s✱ ❛s r❡♣r♦❞✉❝❡❞ ✐♥ ❍✉❛♥❣ ❛♥❞

❩❤❛♥❣ ✭✷✵✶✶✮✳✷✹ ❇❡s✐❞❡s✱ ✇❤❡r❡❛s t❤❡ ✐♥✐t✐❛❧ ❊♠❡r❣✐♥❣ ❝♦✉♥tr②✬s ❚❋P A0 ✐s

♥♦r♠❛❧✐③❡❞ t♦ ✶✱ ✇❡ s❡t t❤❡ ■♥❞✉str✐❛❧ ❝♦✉♥tr②✬s ❚❋P A∗

t t♦ ✹✱ s♦ t❤❛t t❤❡

✐♥✐t✐❛❧ ❊♠❡r❣✐♥❣ ❝♦✉♥tr②✬s ●❉P r❡♣r❡s❡♥ts ✷✺✪ ♦❢ t❤❡ ■♥❞✉str✐❛❧ ♦♥❡✱ ✇❤✐❝❤

❝♦rr❡s♣♦♥❞s t♦ t❤❡ s✐③❡ ♦❢ ❊♠❡r❣✐♥❣ ❆s✐❛ r❡❧❛t✐✈❡ t♦ t❤❡ ●✼ ✐♥ ✶✾✾✵✳

✷✸✳ ■t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t ❝♦♥s✉♠♣t✐♦♥ ✐♥ t❤❡ ■♥❞✉str✐❛❧ ❝♦✉♥tr② ❛❧s♦ ❣r♦✇s ❛t ❛ r❛t❡ ❤✐❣❤❡r

t❤❛♥ g∗✳ ❍♦✇❡✈❡r ❝♦♥s✉♠♣t✐♦♥ ❛♥❞ ♦✉t♣✉t ❞♦ ♥♦t ❣r♦✇ ❛s ❢❛st ❛s ✐♥ t❤❡ ❊♠❡r❣✐♥❣ ❝♦✉♥tr②✱

s♦ t❤❡ r❡❧❛t✐✈❡ s✐③❡ ♦❢ t❤❡ ■♥❞✉str✐❛❧ ❝♦✉♥tr② ❜❡❝♦♠❡s ✐♥✜♥✐t❡❧② s♠❛❧❧✳

✷✹✳ ❚❤✐s ✈❛❧✉❡ ✐s ❛❧s♦ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❝❛❧✐❜r❛t✐♦♥ ♦❢ ❇❛❝❝❤❡tt❛ ❡t ❛❧✳ ✭✷✵✶✹✮ ❜❛s❡❞ ♦♥

❯✳❙✳ ❞❛t❛✳
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❲❡ ❝♦♠♣❛r❡ t❤❡ r❡s✉❧t✐♥❣ ❡✛❡❝ts ✇❤❡♥ t❤❡ ❊♠❡r❣✐♥❣ ❝♦✉♥tr② ✐s ❝♦♥str❛✐♥❡❞

❛♥❞ ✇❤❡♥ ✐t ✐s ✉♥❝♦♥str❛✐♥❡❞✳ ❋✐❣✉r❡ ✽ s❤♦✇s t❤❡ ❞②♥❛♠✐❝s ♦❢ ❝❛♣✐t❛❧✱ ♦✉t♣✉t✱

❛♥❞ ♥❡t ❢♦r❡✐❣♥ ❛ss❡t ♣♦s✐t✐♦♥s ✐♥ ❜♦t❤ ❝♦✉♥tr✐❡s✳ ■t ❛❧s♦ s❤♦✇s t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢

t❤❡ ✇♦r❧❞ ✐♥t❡r❡st r❛t❡✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ✐t s❤♦✇s t❤❡ t✇♦✲♣❡r✐♦❞ ✐♥t❡r❡st r❛t❡

r❡❧❡✈❛♥t t♦ ❡♥tr❡♣❡♥❡✉rs✱ Rt = rt+1rt+2✳ ❋✐♥❛❧❧②✱ ❋✐❣✉r❡ ✽ s❤♦✇s t❤❡ ❡✈♦❧✉t✐♦♥

♦❢ r❡❧❛t✐✈❡ ✇❛❣❡s✳ ❚❤❡ r❡❛❝t✐♦♥ ♦❢ t❤❡ ❊♠❡r❣✐♥❣ ❡❝♦♥♦♠② r❡s❡♠❜❧❡s t❤❡ r❡❛❝t✐♦♥

♦❢ t❤❡ s♠❛❧❧ ♦♣❡♥ ❡❝♦♥♦♠② st✉❞✐❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t

t❤❡ ❊♠❡r❣✐♥❣ ❝♦✉♥tr② ❡①♣❡r✐❡♥❝❡s ❝❛♣✐t❛❧ ♦✉t✢♦✇s ✐♥st❡❛❞ ♦❢ ❝❛♣✐t❛❧ ✐♥✢♦✇s✱

✇❤✐❝❤ tr❛♥s❧❛t❡s ✐♥t♦ ❣❧♦❜❛❧ ✐♠❜❛❧❛♥❝❡s✿ t❤❡ ❞❡❜t ❧❡✈❡❧ ♦❢ t❤❡ ■♥❞✉str✐❛❧ ❝♦✉♥tr②

❤❛s t♦ ✐♥❝r❡❛s❡✳

❚❤❡ ✐♠♣❛❝t ♦♥ t❤❡ ✇♦r❧❞ ✐♥t❡r❡st r❛t❡ ❞✐✛❡rs ❞r❛♠❛t✐❝❛❧❧② ✐♥ t❤❡ ❝♦♥str❛✐♥❡❞

❛♥❞ ✉♥❝♦♥str❛✐♥❡❞ ❝❛s❡s✳ ■♥ ♦r❞❡r t♦ ♠❛❦❡ t❤❡ ■♥❞✉str✐❛❧ ❝♦✉♥tr② ♠♦r❡ ✇✐❧❧✐♥❣

t♦ s✉♣♣❧② ❜♦♥❞s✱ t❤❡ ✇♦r❧❞ ✐♥t❡r❡st r❛t❡ ❤❛s t♦ ❞❡❝r❡❛s❡ ✐♥ t❤❡ ❝♦♥str❛✐♥❡❞

❝❛s❡✳ ■♥ t❤❡ ✉♥❝♦♥str❛✐♥❡❞ ❝❛s❡✱ ♦♥ t❤❡ ❝♦♥tr❛r②✱ t❤❡ ✐♥t❡r❡st r❛t❡ ✐♥❝r❡❛s❡s

❛s ❛ r❡s♣♦♥s❡ t♦ t❤❡ ❞❡❝r❡❛s❡ ✐♥ ❜♦♥❞ ❞❡♠❛♥❞✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ■♥❞✉str✐❛❧

❝❛♣✐t❛❧ st♦❝❦ ✐♥❝r❡❛s❡s ✐♥ t❤❡ ❝♦♥str❛✐♥❡❞ ❝❛s❡✱ ✇❤✐❧❡ t❤❡ ♦♣♣♦s✐t❡ ❤❛♣♣❡♥s ✐♥

t❤❡ ✉♥❝♦♥str❛✐♥❡❞ ❝❛s❡✳

✺✳ ❉✐s❝✉ss✐♦♥

❚❤❡ ♠♦❞❡❧ ❤❛s ❜❡❡♥ ❦❡♣t s✐♠♣❧❡ t♦ ✐❧❧✉str❛t❡ t❤❡ ♠❡❝❤❛♥✐s♠ ❜❡❤✐♥❞ t❤❡ ❞❡♠❛♥❞

❢♦r ❧✐q✉✐❞✐t②✳ ❇✉t t❤✐s ♠❡❝❤❛♥✐s♠ ❤♦❧❞s ✐♥ ❛ ✇✐❞❡r ❝♦♥t❡①t✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡

❡①❛♠✐♥❡ t❤r❡❡ ✐♠♣♦rt❛♥t ❡①t❡♥s✐♦♥s✿ ✐✮ ❋❉■❀ ✐✐✮ ❝❛♣✐t❛❧ ❛❝❝♦✉♥t ❧✐❜❡r❛❧✐③❛t✐♦♥❀
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✐✐✐✮ ♣✉❜❧✐❝ ❞❡❜t ❛♥❞ ✐♥t❡r♥❛t✐♦♥❛❧ r❡s❡r✈❡s✳ ❲❤✐❧❡ t❤❡ ❜❛s✐❝ ♠❡❝❤❛♥✐s♠ ♠❛②

st✐❧❧ ❤♦❧❞ ✐♥ ❡❛❝❤ ♦❢ t❤❡s❡ ❡①t❡♥s✐♦♥s✱ t❤❡② ❡❛❝❤ ❛❞❞ ✐♥t❡r❡st✐♥❣ ❡❧❡♠❡♥ts t♦ t❤❡

❛♥❛❧②s✐s✳

✺✳✶✳ ❋♦r❡✐❣♥ ❉✐r❡❝t ■♥✈❡st♠❡♥t

■♥ t❤❡ ❜❡♥❝❤♠❛r❦ ❝❛s❡ ✭✇❤❡♥ ϕ= 0✮✱ t❤❡ ❞❡♠❛♥❞ ❢♦r ❧✐q✉✐❞✐t② ❡q✉❛❧s ♥❡t ❝❛♣✐t❛❧

✢♦✇s✳ ■♥ r❡❛❧✐t②✱ ❤♦✇❡✈❡r✱ t❤❡ ❞❡♠❛♥❞ ❢♦r ❧✐q✉✐❞ ❛ss❡ts ❝♦❡①✐sts ✇✐t❤ ♦t❤❡r t②♣❡s

♦❢ ✢♦✇s✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❧✐♠✐t❡❞ ❞♦♠❡st✐❝ s✉♣♣❧② ♦❢ ❧✐q✉✐❞✐t②✳ ❆ s♣❡❝✐❛❧ t②♣❡ ♦❢

✢♦✇ ✐s ❋❉■✳ ❲❡ ❝❛♥ s❤♦✇ t❤❛t ♦✉r ♠♦❞❡❧ ❝❛♥ ❣❡♥❡r❛t❡ ❋❉■ ✐♥✢♦✇s ❛❧♦♥❣ ✇✐t❤

♦✉t✢♦✇s ♦❢ ❜♦♥❞s ✐❢ t❤❡ ❧❡✈❡❧ ♦❢ ❞❡✈❡❧♦♣♠❡♥t ✐♥ t❤❡ ❊♠❡r❣✐♥❣ ❝♦✉♥tr② ✐s ♥♦t

t♦♦ ❤✐❣❤ ✭s❡❡ t❤❡ ❚❡❝❤♥✐❝❛❧ ❆♣♣❡♥❞✐① ❢♦r ❛ ❞❡t❛✐❧❡❞ ❞✐s❝✉ss✐♦♥✮✳

❆ s✐♠♣❧❡ ✇❛② ♦❢ ✐♥tr♦❞✉❝✐♥❣ ❋❉■ ✐♥ ♦✉r ♠♦❞❡❧ ✐s t♦ ❛ss✉♠❡ t❤❛t ✐t ✐s

✉♥❞❡rt❛❦❡♥ ❜② ✉♥❝♦♥str❛✐♥❡❞ ✐♥✈❡st♦rs ❢r♦♠ t❤❡ ■♥❞✉str✐❛❧ ❝♦✉♥tr②✳✷✺ ❍♦✇❡✈❡r✱

❣✐✈❡♥ t❤❡ s✐♠♣❧✐❝✐t② ♦❢ ♦✉r ♠♦❞❡❧ t❤✐s ❛ss✉♠♣t✐♦♥ ♠❛② ✐♠♣❧② t❤❛t ✉♥❝♦♥str❛✐♥❡❞

■♥❞✉str✐❛❧ ✐♥✈❡st♦rs ♣❛rt✐❛❧❧② ♦r ❢✉❧❧② ❝r♦✇❞ ♦✉t ❊♠❡r❣✐♥❣ ❡♥tr❡♣r❡♥❡✉rs✳ ❚♦

❛✈♦✐❞ t❤✐s✱ ✇❡ ♠❛❦❡ t❤r❡❡ ❢✉rt❤❡r ❛ss✉♠♣t✐♦♥s✳ ❋✐rst✱ t❤❡r❡ ✐s ❛♥ ✐♥❝r❡❛s✐♥❣

❝♦st ❢♦r ■♥❞✉str✐❛❧ ❡♥tr❡♣r❡♥❡✉rs t♦ ✐♥✈❡st ✐♥ t❤❡ ❊♠❡r❣✐♥❣ ❝♦✉♥tr②✳ ❚❤✐s ❝♦st

r✉❧❡s ♦✉t ✐♥❞❡t❡r♠✐♥❛❝② ❢♦r t❤❡ q✉❛♥t✐t② ♦❢ ❋❉■ ✐♥ ❡q✉✐❧✐❜r✐✉♠✳ ❙❡❝♦♥❞✱ ✇♦r❦❡rs

❤❛✈❡ ❛ r❡s❡r✈❛t✐♦♥ ✇❛❣❡ w s♦ t❤❛t ❧❛❜♦r s✉♣♣❧② ✐s ✐♥✜♥✐t❡❧② ❡❧❛st✐❝ ❛t w ❛♥❞ ✐s

❡q✉❛❧ t♦ ✶ ✇❤❡♥❡✈❡r w̃ > w✳ ❚❤✐r❞✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❧❡✈❡❧ ♦❢ ❞❡✈❡❧♦♣♠❡♥t

✷✺✳ ❙❡❡ ❑✐r✐❜❛❡✈❛ ❛♥❞ ❘❛③✐♥ ✭✷✵✶✵✮ ❢♦r ❛ s✉r✈❡② ♦♥ ❞✐✛❡r❡♥t ✇❛②s t♦ ♠♦❞❡❧ ❋❉■✳

✹✶



✐s ❧♦✇✱ s♦ t❤❛t t❤❡ ❊♠❡r❣✐♥❣ ❝♦✉♥tr② ✐s ✐♥ ❛ s✐t✉❛t✐♦♥ ♦❢ ✉♥❡♠♣❧♦②♠❡♥t ✇❤❡r❡

✇♦r❦❡rs ❛r❡ ♣❛✐❞ t❤❡✐r r❡s❡r✈❛t✐♦♥ ✇❛❣❡ w✳ ❚❤✐s ❤❛♣♣❡♥s ✇❤❡♥ t❤❡ ✇❛❣❡ ❧❡✈❡❧

w̃ t❤❛t ✇♦✉❧❞ ❜r✐♥❣ ❢✉❧❧ ❡♠♣❧♦②♠❡♥t ✭l = 1✮ ✐s ❜❡❧♦✇ t❤❡ r❡s❡r✈❛t✐♦♥ ✇❛❣❡✳ ■♥

t❤❛t ❝❛s❡✱ ❋❉■ ✐♥❝r❡❛s❡s t♦t❛❧ ❧❛❜♦r ❞❡♠❛♥❞✱ ❜✉t ✐t ❤❛s ♥♦ ✐♠♣❛❝t ♦♥ t❤❡ ✇❛❣❡

r❛t❡ ❛♥❞ t❤❡r❡❢♦r❡ ♥♦ s♣✐❧❧♦✈❡r ❡✛❡❝t ♦♥ ❡①✐st✐♥❣ ❊♠❡r❣✐♥❣ ❡♥tr❡♣r❡♥❡✉rs✳

▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ✇❡ ❝❛♥ ❛ss✉♠❡ ❛ ❝♦st τ ♦❢ t❤❡ ✐❝❡❜❡r❣ t②♣❡ t❤❛t ✐♥❝r❡❛s❡s

✇✐t❤ t❤❡ ❛❣❣r❡❣❛t❡ ❛♠♦✉♥t ♦❢ ❧❛❜♦r ✉s❡❞✱ s♦ ✐t ✐s ♥♦t ✐♥t❡r♥❛❧✐③❡❞ ❜② t❤❡ ❢♦r❡✐❣♥

✜r♠s✳ ▲❡t lF ❜❡ t❤❡ ❛♠♦✉♥t ♦❢ ❧❛❜♦r ✉s❡❞ ❜② ❋❉■ ❛♥❞ ❛ss✉♠❡ t❤❛t τ = τ(lF )

✇✐t❤ τ(0) = 0 ❛♥❞ τ ′ > 0✳✷✻ ❚❤✐s ✐♠♣❧✐❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❛❜♦r ❞❡♠❛♥❞ ❜② ❢♦r❡✐❣♥

✜r♠s ✭s❡❡ t❤❡ ❚❡❝❤♥✐❝❛❧ ❆♣♣❡♥❞✐① ❢♦r ❞❡t❛✐❧s✮✿

lF (w̃t+1) = τ−1

[
1−

(
w̃t+1

ŵ

)1−α
]

✭✷✻✮

❙✐♠✐❧❛r❧②✱ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡ ❧❛❜♦r ❞❡♠❛♥❞ ❜② ❞♦♠❡st✐❝ ✜r♠s ❛s✿

l(w̃t+1, K̃t+1) =
(1− α)r∗

αw̃t+1
K̃t+1 ✭✷✼✮

✇❤❡r❡ K̃t+1 ✐s ✐♥❞❡♣❡♥❞❡♥t❧② ❞❡✜♥❡❞ ❜② ♣❛st ❝❛♣✐t❛❧ ❛♥❞ ❧❛❜♦r✳

◆♦✇ ❛ss✉♠❡ t❤❛t t❤❡ ❊♠❡r❣✐♥❣ ❝♦✉♥tr② ♦♣❡♥s t♦ ❋❉■ ✇❤❡♥ ✇❛❣❡s ❛r❡ ❛t

w ❛♥❞ t❤❛t ❋❉■ ✐s ♥♦t t♦♦ ❧❛r❣❡ s♦ t❤❛t ✇❛❣❡s ❞♦ ♥♦t ✐♥❝r❡❛s❡✳ ■♥ ♦t❤❡r t❡r♠s

✷✻✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ♣r♦✜t ❢✉♥❝t✐♦♥ ❢♦r ❋❉■ ✐s π(KF

t+1
, lF

t+1
) = (1 −

τ)At+1K
Fα

t+1
lF1−α

t+1
− rt+1rt+2K

F

t+1
− rt+2wt+1l

F

t+1

✹✷



t♦t❛❧ ❞❡♠❛♥❞ ❛t w ✐s ❧❡ss t❤❛♥ ♦♥❡✿

lF (w) + l(w, K̃t+1) < 1 ✭✷✽✮

■♥ t❤✐s ❝❛s❡✱ ❊♠❡r❣✐♥❣ ❡♥tr❡♣r❡♥❡✉rs ❛r❡ ♥♦t ❛✛❡❝t❡❞ ❜② ❋❉■ ❛♥❞ ❦❡❡♣ t❤❡✐r

❧✐q✉✐❞✐t② ❞❡♠❛♥❞✱ s♦ t❤❛t ❜♦t❤ t②♣❡s ♦❢ ❝❛♣✐t❛❧ ✢♦✇s ❝❛♥ ❝♦❡①✐st✳ ❆s K̃t ❣r♦✇s✱

❤♦✇❡✈❡r✱ ❧❛❜♦r ❞❡♠❛♥❞ ❣r♦✇s ❛♥❞ ✭✷✽✮ ✇✐❧❧ ♥♦ ❧♦♥❣❡r ❤♦❧❞✳ ❚❤❡ ✇❛❣❡ r❛t❡ ❤❛s

t♦ ❛❞❥✉st s♦ t❤❛t✿

lF (w̃t+1) + l(w̃t+1, K̃t+1) = 1 ✭✷✾✮

■♥ t❤✐s ❝❛s❡✱ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❝❛♣✐t❛❧ ✢♦✇s ❜❡❝♦♠❡ ♠♦r❡ ❝♦♠♣❧❡① ❛♥❞ ❞❡♣❡♥❞

♦♥ t❤❡ ❞❡t❛✐❧s ♦❢ t❤❡ ♠♦❞❡❧✳✷✼

✺✳✷✳ ❈❛♣✐t❛❧ ❆❝❝♦✉♥t ▲✐❜❡r❛❧✐③❛t✐♦♥

❆ ❞❡♠❛♥❞ ❢♦r ❧✐q✉✐❞✐t② ❛❧s♦ ❝❤❛♥❣❡s t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ ❛ ❝❛♣✐t❛❧ ❛❝❝♦✉♥t

❧✐❜❡r❛❧✐③❛t✐♦♥✳ ❚❤❡r❡ ✐s ❛♥ ❡①t❡♥s✐✈❡ ❧✐t❡r❛t✉r❡ ❛♥❛❧②③✐♥❣ t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ♦❢

❧✐❜❡r❛❧✐③✐♥❣ ✐♥t❡r♥❛t✐♦♥❛❧ ❝❛♣✐t❛❧ ✢♦✇s✳ ❲❤❡♥ ❛♥ ❡❝♦♥♦♠② ❤❛s ❛ ❧♦✇ ❧❡✈❡❧ ♦❢

✜♥❛♥❝✐❛❧ ❞❡✈❡❧♦♣♠❡♥t✱ s✉❝❤ ❛ ❧✐❜❡r❛❧✐③❛t✐♦♥ t②♣✐❝❛❧❧② ✐♠♣❧✐❡s ❛ ❝❛♣✐t❛❧ ✐♥✢♦✇

✷✼✳ ❍♦✇❡✈❡r✱ ✇❡ ❝❛♥ ❡①♣❡❝t t❤❛t✱ ❛s t❤❡ ❊♠❡r❣✐♥❣ ❝♦✉♥tr② ❜❡❝♦♠❡s r✐❝❤❡r✱ ❡♥tr❡♣r❡♥❡✉rs

❛r❡ ❛❜❧❡ t♦ ❤✐r❡ ♠♦r❡ ✇♦r❦❡rs✱ ✇❤✐❝❤ ✐♥❝r❡❛s❡s t❤❡ ❞❡♠❛♥❞ ❢♦r ❧❛❜♦r ❛♥❞ ✐♥✢❛t❡s t❤❡ ✇❛❣❡✳

❚❤✐s ✇♦✉❧❞ ❝r♦✇❞ ♦✉t ❋❉■✳ ❚❤❡ ❊♠❡r❣✐♥❣ ❝♦✉♥tr② s❤♦✉❧❞ ❡①♣❡r✐❡♥❝❡ ❛ r❡❧❛t✐✈❡ ✐♥❝r❡❛s❡

✐♥ ❞♦♠❡st✐❝ ❤♦❧❞✐♥❣s ♦❢ ❧✐q✉✐❞ ❛ss❡ts ❛♥❞ ❛ r❡❧❛t✐✈❡ ❞❡❝r❡❛s❡ ✐♥ ❢♦r❡✐❣♥ ❤♦❧❞✐♥❣s ♦❢ ❋❉■✳

❍♦✇❡✈❡r✱ ❛s t❤❡ ❡❝♦♥♦♠② ❡①♣❡r✐❡♥❝❡s ❚❋P ❣r♦✇t❤✱ ✐t ♠❛② st✐❧❧ ❡①♣❡r✐❡♥❝❡ ❋❉■ ✐♥✢♦✇s✳
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❛♥❞ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ✐♥✈❡st♠❡♥t✱ ❛t ❧❡❛st ✐♥ t❤❡ s❤♦rt r✉♥✳✷✽ ■♥ ❝♦♥tr❛st✱ ✇✐t❤ ❛

❞❡♠❛♥❞ ❢♦r ❧✐q✉✐❞✐t②✱ ✇❤✐❧❡ t❤❡r❡ ✐s ❛♥ ✐♥❝r❡❛s❡ ✐♥ ✐♥✈❡st♠❡♥t t❤❡r❡ ✐s ❛❧✇❛②s

❛♥ ✐♥✐t✐❛❧ ❝❛♣✐t❛❧ ♦✉t✢♦✇✳

❚♦ st✉❞② ❛ ❝❛♣✐t❛❧ ❛❝❝♦✉♥t ❧✐❜❡r❛❧✐③❛t✐♦♥✱ ✇❡ s✐♠♣❧② ♥❡❡❞ t♦ ❛♥❛❧②③❡ t❤❡

❊♠❡r❣✐♥❣ ❡❝♦♥♦♠② ✐♥ ❛✉t❛r❦② ❛♥❞ t❤❡♥ ❡①❛♠✐♥❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ t♦ ✐ts ♦♣❡♥

❡❝♦♥♦♠② st❡❛❞② st❛t❡✳ ❙✐♥❝❡ t❤❡ ❡❝♦♥♦♠② ✐s s❝❛r❝❡ ✐♥ ❧✐q✉✐❞ ❛ss❡ts✱ t❤❡ ❞♦♠❡st✐❝

r❡t✉r♥ ♦♥ ❜♦♥❞s ✐s ❧♦✇❡r t❤❛♥ t❤❡ ✇♦r❧❞✬s ✐♥t❡r❡st r❛t❡✳ ❖♥ ✐♠♣❛❝t✱ t❤❡ ❝❛♣✐t❛❧

st♦❝❦ s❧♦✇❧② ✐♥❝r❡❛s❡s ❛♥❞ ✐s ❛❝❝♦♠♣❛♥✐❡❞ ❜② ❛ ❝❛♣✐t❛❧ ♦✉t✢♦✇✳ ❚❤✐s ✐s ♠❛❞❡

♣♦ss✐❜❧❡ ❜② t❤❡ ✐♥❝r❡❛s❡ ✐♥ t❤❡ r❡t✉r♥ ♦♥ ❜♦♥❞s✳ ❚❤❡♥ ❡♥tr❡♣r❡♥❡✉rs ❣r❛❞✉❛❧❧②

❛❝❝✉♠✉❧❛t❡ ♣r♦✜ts✳ ❚❤❡② ❝❛♥ t❤❡♥ ✐♥✈❡st ♠♦r❡ ❛♥❞ ✐♥❝r❡❛s❡ t❤❡✐r ❞❡♠❛♥❞ ❢♦r

❧✐q✉✐❞✐t②✳ ■♥ ❛ t✇♦✲❝♦✉♥tr② ♠♦❞❡❧✱ t❤❡ ❝❛♣✐t❛❧ ❛❝❝♦✉♥t ❧✐❜❡r❛❧✐③❛t✐♦♥ ✐♠♣❧✐❡s ❛♥

✐♥❝r❡❛s✐♥❣ ❝✉rr❡♥t ❛❝❝♦✉♥t ❞❡✜❝✐t ✐♥ t❤❡ ■♥❞✉str✐❛❧ ❡❝♦♥♦♠②✳

✺✳✸✳ ❉♦♠❡st✐❝ ▲✐q✉✐❞✐t② ❛♥❞ P✉❜❧✐❝ ❋❧♦✇s

■♥tr♦❞✉❝✐♥❣ ❛ ♣✉❜❧✐❝ s❡❝t♦r ❝♦✉❧❞ ❞❡✜♥✐t❡❧② ❛❞❞ ❛❞❞✐t✐♦♥❛❧ ♠♦t✐✈❡s ❢♦r ❝❛♣✐t❛❧

✢♦✇s ✭❡✳❣✳✱ ❆❣✉✐❛r ❛♥❞ ❆♠❛❞♦r✱ ✷✵✶✶✮✳ ❍♦✇❡✈❡r✱ t❤❡ ❜❛s✐❝ ♠❡❝❤❛♥✐s♠ ♣r❡s❡♥t❡❞

✐♥ t❤✐s ♣❛♣❡r ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ❛✛❡❝t❡❞ ❜② t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ♣✉❜❧✐❝ s❡❝t♦r ♦r

❜② ❛ s✐❣♥✐✜❝❛♥t r♦❧❡ ♦❢ ♣✉❜❧✐❝ ✢♦✇s✳ ❋✐rst✱ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♣✉❜❧✐❝ ❞❡❜t ❞♦❡s

♥♦t ❛✛❡❝t t❤❡ s✉♣♣❧② ♦❢ ❧✐q✉✐❞✐t② ✐♥ ❛♥ ♦♣❡♥ ❡❝♦♥♦♠②✳ ■♥ t❤❡ ❝♦♥t❡①t ♦❢ ❛

✷✽✳ ❊✳❣✳ s❡❡ ❆❣❤✐♦♥ ❡t ❛❧✳ ✭✷✵✵✹✮✱ ❆♦❦✐ ❡t ❛❧✳ ✭✷✵✵✾✮✱ ❇❛❝❝❤❡tt❛ ✭✶✾✾✷✮✱ ♦r ▼❛rt✐♥ ❛♥❞

❚❛❞❞❡✐ ✭✷✵✶✸✮✳ ■♥ ❆♥❣❡❧❡t♦s ❛♥❞ P❛♥♦✉s✐ ✭✷✵✶✶✮✱ ❛ ❝❛♣✐t❛❧ ❛❝❝♦✉♥t ❧✐❜❡r❛❧✐③❛t✐♦♥ ✐♠♣❧✐❡s ❛♥

✐♥✐t✐❛❧ ❝❛♣✐t❛❧ ♦✉t✢♦✇✱ ❜✉t ✐s ❛❝❝♦♠♣❛♥✐❡❞ ❜② ❛ ❞❡❝❧✐♥❡ ✐♥ ✐♥✈❡st♠❡♥t✳
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❝❧♦s❡❞ ❡❝♦♥♦♠②✱ ✐t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t t❤❡ ❣♦✈❡r♥♠❡♥t ♠❛② ❛❧❧❡✈✐❛t❡ t❤❡ ❧✐q✉✐❞✐t②

❝♦♥str❛✐♥t ❜② ✐ss✉✐♥❣ ❧✐q✉✐❞ ♣✉❜❧✐❝ ❞❡❜t ✭❡✳❣✳✱ s❡❡ ❲♦♦❞❢♦r❞✱ ✶✾✾✵✮✳ ❇✉t t❤✐s ✐s

♥♦ ❧♦♥❣❡r t❤❡ ❝❛s❡ ✐♥ ❛♥ ♦♣❡♥ ❡❝♦♥♦♠② ✇✐t❤ ✇❡❧❧ ✐♥t❡❣r❛t❡❞ ✜♥❛♥❝✐❛❧ ♠❛r❦❡ts✳

■♥ t❤✐s ❝♦♥t❡①t✱ ❡♥tr❡♣r❡♥❡✉rs ❤❛✈❡ ❛♠♣❧❡ ❛❝❝❡ss t♦ ❧✐q✉✐❞ ❛ss❡ts ✐♥ ❢♦r❡✐❣♥

❝♦✉♥tr✐❡s ❛♥❞ ❝❤❛♥❣❡s ✐♥ t❤❡ s✉♣♣❧② ♦❢ ❞♦♠❡st✐❝ ❛ss❡ts ❤❛✈❡ ❧✐tt❧❡ ♦r ♥♦ ✐♠♣❛❝t✳

◆❡✈❡rt❤❡❧❡ss✱ t❤❡r❡ ❛r❡ t✇♦ ♣♦t❡♥t✐❛❧ ❝❤❛♥♥❡❧s t❤r♦✉❣❤ ✇❤✐❝❤ ❛♥ ✐♥❝r❡❛s❡ ✐♥

♣✉❜❧✐❝ ❞❡❜t ♠✐❣❤t ❤❛✈❡ ❛♥ ✐♠♣❛❝t✳ ❋✐rst✱ ✐t ❝❛♥ ❛✛❡❝t t❤❡ ✇♦r❧❞ ✐♥t❡r❡st

r❛t❡✳ ❚❤✐s ❝❤❛♥♥❡❧ ♦❜✈✐♦✉s❧② ❞✐s❛♣♣❡❛rs ✐♥ ❛ s♠❛❧❧ ♦♣❡♥ ❡❝♦♥♦♠②✳ ❙❡❝♦♥❞✱ t❤❡

✐♥❝r❡❛s❡ ✐♥ ❞❡❜t ♠❛② ❜❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ r❡❞✉❝t✐♦♥ ✐♥ t❛①❡s t❤❛t ❤❛✈❡ r❡❛❧

❡✛❡❝ts✳ ❙✐♥❝❡ ❘✐❝❛r❞✐❛♥ ❡q✉✐✈❛❧❡♥❝❡ ❞♦❡s ♥♦t ❤♦❧❞ ❞✉❡ t♦ ✜♥❛♥❝✐❛❧ ❝♦♥str❛✐♥ts✱

❛ ❞❡❝r❡❛s❡ ✐♥ t❛①❡s ♦♥ ❡♥tr❡♣r❡♥❡✉rs ✐♥❝r❡❛s❡s ✐♥✈❡st♠❡♥t✳❍♦✇❡✈❡r✱ t❤✐s ❝❤❛♥♥❡❧

✐s r❡❧❛t❡❞ t♦ t❛① ♣♦❧✐❝② r❛t❤❡r t❤❛♥ ❝❤❛♥❣❡s ✐♥ ❧✐q✉✐❞✐t② s✉♣♣❧②✳

❲✐t❤ ❧✐♠✐t❡❞ ✜♥❛♥❝✐❛❧ ✐♥t❡❣r❛t✐♦♥✱ t❤❡ s✉♣♣❧② ♦❢ ♣✉❜❧✐❝ ❞❡❜t ♠❛② ❤❛✈❡ ❛

s✐❣♥✐✜❝❛♥t ✐♠♣❛❝t ♦♥ ✐♥✈❡st♠❡♥t✳ ❍♦✇❡✈❡r✱ t❤❡ ✐♠♣❛❝t ♦❢ ❧✐q✉✐❞✐t② ❞❡♠❛♥❞ ♦♥

♥❡t ❢♦r❡✐❣♥ ❛ss❡ts ❞❡♣❡♥❞s ♦♥ t❤❡ ❣♦✈❡r♥♠❡♥t✬s ❜❡❤❛✈✐♦r✳ ❚❤❡ ♣✉❜❧✐❝ s❡❝t♦r ♠❛②

s✐♠♣❧② ♣❧❛② t❤❡ r♦❧❡ ♦❢ ✐♥t❡r♠❡❞✐❛r② ❜❡t✇❡❡♥ t❤❡ ❞♦♠❡st✐❝ ✜♥❛♥❝✐❛❧ s❡❝t♦r ❛♥❞

❢♦r❡✐❣♥ ❜♦rr♦✇❡rs✳ ❚❤✐s s✐t✉❛t✐♦♥ ❛❝t✉❛❧❧② ❝♦rr❡s♣♦♥❞s t♦ t❤❡ r❡❝❡♥t ❈❤✐♥❡s❡

❡①♣❡r✐❡♥❝❡ ✭s❡❡ ❙♦♥❣ ❡t ❛❧✳✱ ✷✵✶✶✮✳ ❲✐t❤ str♦♥❣ ❝❛♣✐t❛❧ ❝♦♥tr♦❧s ✐♥ ♣❧❛❝❡✱ t❤❡

❝❡♥tr❛❧ ❜❛♥❦ ❤❛s ❜❡❡♥ ❜✉②✐♥❣ s✉❜st❛♥t✐❛❧ ❛♠♦✉♥ts ♦❢ ✐♥t❡r♥❛t✐♦♥❛❧ r❡s❡r✈❡s✱

✇❤✐❧❡ ❛t t❤❡ s❛♠❡ t✐♠❡ ✐t ❤❛s ❜❡❡♥ ✐ss✉✐♥❣ ❞♦♠❡st✐❝ ❞❡❜t✳✷✾ ■♥ ♦t❤❡r t❡r♠s✱

✷✾✳ ❇❛❝❝❤❡tt❛ ❡t ❛❧✳ ✭✷✵✶✸✮ ❛♥❛❧②③❡ t❤❡ ♦♣t✐♠❛❧ r❡s❡r✈❡ ♣♦❧✐❝② ❜② ❛ ❝❡♥tr❛❧ ❜❛♥❦✱ ✇❤❡♥

t❤❡ ♣r✐✈❛t❡ s❡❝t♦r ♦❢ ❛ s♠❛❧❧ ❡❝♦♥♦♠② ❞♦❡s ♥♦t ❤❛✈❡ ❛❝❝❡ss t♦ ✐♥t❡r♥❛t✐♦♥❛❧ ❝❛♣✐t❛❧ ♠❛r❦❡ts✳
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t❤❡ ❞❡♠❛♥❞ ❢♦r ❧✐q✉✐❞✐t② ❜② t❤❡ ♣r✐✈❛t❡ s❡❝t♦r ✐s ♥♦t ♥❡❝❡ss❛r✐❧② tr❛♥s❧❛t❡❞ ✐♥t♦

♣r✐✈❛t❡ ❝❛♣✐t❛❧ ✢♦✇s ❛♥❞ ♠❛② ❜❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ s✐❣♥✐✜❝❛♥t r♦❧❡ ♦❢ ♣✉❜❧✐❝

✢♦✇s ✭s❡❡ ❆❧❢❛r♦ ❡t ❛❧✳✱ ✷✵✶✹✮✳

✻✳ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ♣r♦♣♦s❡ ❛ s✐♠♣❧❡ ♠❡❝❤❛♥✐s♠ ❣❡♥❡r❛t✐♥❣ ❛ ❞❡♠❛♥❞ ❢♦r ❧✐q✉✐❞

❛ss❡ts ✐♥ ❛ ❞②♥❛♠✐❝ s♠❛❧❧ ♦♣❡♥ ♠❛❝r♦❡❝♦♥♦♠✐❝ ♠♦❞❡❧✳ ❚❤✐s ❞❡♠❛♥❞ ❡♠❛♥❛t❡s

❢r♦♠ ✜r♠s ❛♥❞ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡✐r s❛✈✐♥❣✳ ❙✉❝❤ ❛ ❞❡♠❛♥❞ ❝❛♥ ❣❡♥❡r❛t❡ ❛

❝✉rr❡♥t ❛❝❝♦✉♥t s✉r♣❧✉s ✐♥ ❢❛st✲❣r♦✇✐♥❣ ❡♠❡r❣✐♥❣ ❡❝♦♥♦♠✐❡s✱ ✇❤❡r❡ ✜r♠s ❢❛❝❡

t✐❣❤t❡r ❝r❡❞✐t ❝♦♥str❛✐♥ts✳ ■♥ s✉❝❤ ❛ ❝♦♥t❡①t✱ t❤❡ ❞❡♠❛♥❞ ❢♦r ❢♦r❡✐❣♥ ❜♦♥❞s

❜❡❝♦♠❡s ❛ ❝♦♠♣❧❡♠❡♥t t♦ ✐♥✈❡st♠❡♥t✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ❛♥ ✐♥❝r❡❛s❡ ✐♥ ❣r♦✇t❤

❛♥❞ ✐♥ ✐♥✈❡st♠❡♥t ✐s ❛❝❝♦♠♣❛♥✐❡❞ ❜② ❛ ♥❡t ❝❛♣✐t❛❧ ♦✉t✢♦✇✱ ✇❤✐❝❤ ✐s t❤❡ ♦♣♣♦s✐t❡

♦❢ t❤❡ st❛♥❞❛r❞ ✐♥t❡rt❡♠♣♦r❛❧ ♠♦❞❡❧✬s ♣r❡❞✐❝t✐♦♥s✳ ❲❡ s❤♦✇ t❤❛t t❤❡ ❞❡♠❛♥❞

❢♦r ❧✐q✉✐❞✐t② ❝❛♥ ❛r✐s❡ ♦♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♣❛t❤ ♦❢ ❛♥ ❡❝♦♥♦♠② ✇✐t❤ ❛♥ ✐♥✐t✐❛❧

❧♦✇ ❧❡✈❡❧ ♦❢ ❝❛♣✐t❛❧✳ ■t ❝❛♥ ❛❧s♦ ♦❝❝✉r ❝❧♦s❡ t♦ ❛ st❡❛❞② st❛t❡✱ ✐❢ t❤❡ ❡❝♦♥♦♠②

❣r♦✇s ❢❛st❡r t❤❛♥ t❤❡ r❡st ♦❢ t❤❡ ✇♦r❧❞✳

❲❤❡♥ ✇❡ ❝❛st t❤✐s ♠❡❝❤❛♥✐s♠ ✐♥ ❛ t✇♦✲❝♦✉♥tr② ♠♦❞❡❧✱ ✐t ❣✐✈❡s ❛ ❢r❛♠❡✇♦r❦

❝♦♥s✐st❡♥t ✇✐t❤ ❣❧♦❜❛❧ ✐♠❜❛❧❛♥❝❡s ❛♥❞ ✇✐t❤ ❛❧❧ t❤❡ s②♠♣t♦♠s ♦❜s❡r✈❡❞ ✐♥ ❛

❚❤❡② ✜♥❞ t❤❛t t❤❡ ♦♣t✐♠❛❧ ♣♦❧✐❝② ✐s ❝❧♦s❡ t♦ t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❛♥ ❡❝♦♥♦♠② ✇✐t❤ ❢✉❧❧ ❝❛♣✐t❛❧

♠♦❜✐❧✐t②✳ ❚❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ✐ss✉❡s ♣✉❜❧✐❝ ❞❡❜t t♦ ♠❛t❝❤ ❛ ❞❡♠❛♥❞ ❢♦r ❧✐q✉✐❞✐t② ❛♥❞ ✉s❡s t❤❡

❢✉♥❞s t♦ ❜✉② ❢♦r❡✐❣♥ ❛ss❡ts✳

✹✻



✧s❛✈✐♥❣ ❣❧✉t✧✳ ❇♦t❤ ❝♦✉♥tr✐❡s ❜❡♥❡✜t ❢r♦♠ t❤❡s❡ ✐♠❜❛❧❛♥❝❡s✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱

t❤❡ ❊♠❡r❣✐♥❣ ❝♦✉♥tr② ❝❛♥ ❣r♦✇ ❢❛st❡r t❤❛♥❦s t♦ t❤❡ ❧✐q✉✐❞✐t② ♣r♦✈✐❞❡❞ ❜② t❤❡

✉♥❝♦♥str❛✐♥❡❞ ■♥❞✉str✐❛❧ ❝♦✉♥tr②✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ■♥❞✉str✐❛❧ ❝♦✉♥tr②

❝❛♥ ❜✉✐❧❞ ❛ ❤✐❣❤❡r ❝❛♣✐t❛❧ st♦❝❦ t❤❛♥❦s t♦ t❤❡ ❢✉♥❞s ♣r♦✈✐❞❡❞ ❜② t❤❡ ❊♠❡r❣✐♥❣

❝♦✉♥tr②✳ ■♥ ❛❞❞✐t✐♦♥ t♦ ❛ s✉st❛✐♥❡❞ ❝✉rr❡♥t ❛❝❝♦✉♥t s✉r♣❧✉s ✐♥ t❤❡ ❊♠❡r❣✐♥❣

❡❝♦♥♦♠②✱ t❤❡ ♠♦❞❡❧ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ ❛ ♥✉♠❜❡r ♦❢ st②❧✐③❡❞ ❢❛❝ts ♦❜s❡r✈❡❞ ✐♥

r❡❝❡♥t ②❡❛rs✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❝✉rr❡♥t ❛❝❝♦✉♥t s✉r♣❧✉s❡s ❤❛✈❡ ❜❡❡♥ ❛❝❝♦♠♣❛♥✐❡❞ ❜②

❛ ❧❛r❣❡ ❧❡✈❡❧ ♦❢ ❝♦r♣♦r❛t❡ s❛✈✐♥❣✱ ❛ ❧❛r❣❡ ❧❡✈❡❧ ♦❢ ✐♥✈❡st♠❡♥t✱ ❛♥❞ r❛♣✐❞ ❣r♦✇t❤

✐♥ ❡♠❡r❣✐♥❣ ❆s✐❛✳ ❚❤❡ ❡①✐st✐♥❣ ❧✐t❡r❛t✉r❡ ❝❛♥♥♦t ❡①♣❧❛✐♥ t❤❡s❡ ❢❛❝ts ❥♦✐♥t❧②✳

▼♦r❡♦✈❡r✱ t❤❡ ♠♦❞❡❧ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❡♠♣✐r✐❝❛❧ ❡✈✐❞❡♥❝❡ ♦♥ t❤❡ ❛❧❧♦❝❛t✐♦♥

♣✉③③❧❡ ❛♥❞ ✇✐t❤ t❤❡ ♣♦s✐t✐✈❡ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ s❛✈✐♥❣ ❛♥❞ ❣r♦✇t❤✳ ❲❡ ❛❧s♦

❛r❣✉❡ t❤❛t t❤❡ ❢r❛♠❡✇♦r❦ ❝❛♥ ❜❡ ❝♦♥s✐st❡♥t ✇✐t❤ ❛♥ ✐♥❝r❡❛s❡ ✐♥ r❡s❡r✈❡s✱ ❛s ✐s

♦❜s❡r✈❡❞ ✐♥ ❈❤✐♥❛ ❛♥❞ ♦t❤❡r ❝♦✉♥tr✐❡s✱ ✇❤❡♥ t❤❡r❡ ❛r❡ ❝❛♣✐t❛❧ ❝♦♥tr♦❧s ❛♥❞ t❤❡

❝❡♥tr❛❧ ❜❛♥❦ ♣❧❛②s t❤❡ r♦❧❡ ♦❢ ✐♥t❡r♠❡❞✐❛r② ❜❡t✇❡❡♥ t❤❡ ♣r✐✈❛t❡ s❡❝t♦r ❛♥❞ t❤❡

✐♥t❡r♥❛t✐♦♥❛❧ ❛ss❡t ♠❛r❦❡t✳ ▼♦r❡♦✈❡r✱ ✇❡ s❤♦✇❡❞ t❤❛t t❤❡ ❞❡♠❛♥❞ ❢♦r ❧✐q✉✐❞

❛ss❡ts ❝❛♥ ❛❧s♦ ❝♦✐♥❝✐❞❡ ✇✐t❤ ❋❉■ ✐♥✢♦✇s✳ ❋✐♥❛❧❧②✱ ✇❡ ♥♦t✐❝❡ t❤❛t t❤❡ ♠♦❞❡❧

♣r❡❞✐❝ts ❛ ❞❡❝❧✐♥❡ ✐♥ ❣❧♦❜❛❧ ✐♠❜❛❧❛♥❝❡s ✇❤❡♥ ❣r♦✇t❤ ❞❡❝❧✐♥❡s✱ ❡✐t❤❡r ✐♥ t❤❡

❊♠❡r❣✐♥❣ ♦r ✐♥ t❤❡ ■♥❞✉str✐❛❧ ❝♦✉♥tr② ✭s❡❡ ❇❛❝❝❤❡tt❛ ❛♥❞ ❇❡♥❤✐♠❛✱ ✷✵✶✹✮✳

❆♣♣❡♥❞✐① ❆✿ ❉❛t❛ ❉❡s❝r✐♣t✐♦♥

▲✐st ♦❢ ❝♦✉♥tr✐❡s
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❼ ❊♠❡r❣✐♥❣ ❆s✐❛✿ ❈❤✐♥❛✱ ■♥❞✐❛✱ P❤✐❧✐♣♣✐♥❡s✱ ❘❡♣✉❜❧✐❝ ♦❢ ❑♦r❡❛✱ ❚❛✐✇❛♥✱

❚❤❛✐❧❛♥❞✳

❼ ❖t❤❡r ❡♠❡r❣✐♥❣✿ ❈③❡❝❤ ❘❡♣✉❜❧✐❝✱ ❑❛③❛❦❤st❛♥✱ ❑②r❣②③st❛♥✱ ▼❡①✐❝♦✱

P♦❧❛♥❞✱ ❘❡♣✉❜❧✐❝ ♦❢ ▼♦❧❞♦✈❛✱ ❚✉♥✐s✐❛✱ ❯❦r❛✐♥❡✳

❼ ❉❡✈❡❧♦♣❡❞ ✐♥❝❧✉❞❡ ●✼ ❝♦✉♥tr✐❡s ❛♥❞ ❆✉str❛❧✐❛✱ ❇❡❧❣✐✉♠✱ ❉❡♥♠❛r❦✱ ❋✐♥❧❛♥❞✱

◆❡t❤❡r❧❛♥❞s✱ ◆♦r✇❛②✱ ❙✇❡❞❡♥✱ ❙✇✐t③❡r❧❛♥❞✳

❉❛t❛ s♦✉r❝❡

❼ ●r♦ss ❝♦r♣♦r❛t❡ s❛✈✐♥❣ ❛♥❞ ❣r♦ss ✜①❡❞ ❝❛♣✐t❛❧ ❢♦r♠❛t✐♦♥✿

✕ ❯♥✐t❡❞ ◆❛t✐♦♥s ❞❛t❛ ✭❚❛❜❧❡ ✹✳✽ ❈♦♠❜✐♥❡❞ ❙❡❝t♦rs✿ ◆♦♥✲❋✐♥❛♥❝✐❛❧ ❛♥❞

❋✐♥❛♥❝✐❛❧ ❈♦r♣♦r❛t✐♦♥s ✭❙✳✶✶ ✰ ❙✳✶✷✮ ✲ ■❚❊▼✿ ●r♦ss ❙❛✈✐♥❣ ❛♥❞ ❚❛❜❧❡

✹✳✶ ❚♦t❛❧ ❊❝♦♥♦♠② ✭❙✳✶✮ ✲ ■❚❊▼✿ ●r♦ss ❋✐①❡❞ ❈❛♣✐t❛❧ ❋♦r♠❛t✐♦♥✮✳

✕ ❋♦r ■♥❞✐❛✱ ❚❤❛✐❧❛♥❞✱ ❛♥❞ ❚❛✐✇❛♥✿ ❈❊■❈ ✭❜❛s❡❞ ♦♥ ♥❛t✐♦♥❛❧ s♦✉r❝❡s✮✳

✕ ❋♦r ❈❤✐♥❛✱ ❑❛③❛❦❤st❛♥✱ ❑②r❣②③st❛♥✱ ❘❡♣✉❜❧✐❝ ♦❢ ▼♦❧❞♦✈❛✱ ❚✉♥✐s✐❛✱

❯❦r❛✐♥❡✿ ●r♦ss ❝♦r♣♦r❛t❡ s❛✈✐♥❣ ✐s t❤❡ s✉♠ ♦❢ ❣r♦ss s❛✈✐♥❣ ♦❢

♥♦♥✲✜♥❛♥❝✐❛❧ ❛♥❞ ✜♥❛♥❝✐❛❧ ❝♦r♣♦r❛t✐♦♥s ✭❚❛❜❧❡s ✹✳✸ ◆♦♥✲✜♥❛♥❝✐❛❧

❈♦r♣♦r❛t✐♦♥s ✭❙✳✶✶✮ ❛♥❞ ✹✳✹ ❋✐♥❛♥❝✐❛❧ ❈♦r♣♦r❛t✐♦♥s ✭❙✳✶✷✮ ✲ ■❚❊▼✿ ●r♦ss

❙❛✈✐♥❣✮✳

✕ ❋♦r P❤✐❧✐♣♣✐♥❡s✿ ●r♦ss ❝♦r♣♦r❛t❡ s❛✈✐♥❣ ✐s t♦t❛❧ ❣r♦ss s❛✈✐♥❣ ♠✐♥✉s ❣r♦ss

s❛✈✐♥❣ ♦❢ t❤❡ ❣❡♥❡r❛❧ ❣♦✈❡r♥♠❡♥t ❛♥❞ ❤♦✉s❡❤♦❧❞s ✭❚❛❜❧❡s ✹✳✶ ❚♦t❛❧

❊❝♦♥♦♠② ✭❙✳✶✮✱ ✹✳✺ ●❡♥❡r❛❧ ●♦✈❡r♥♠❡♥t ✭❙✳✶✸✮✱ ❛♥❞ ✹✳✻ ❍♦✉s❡❤♦❧❞s

✭❙✳✶✹✮✲ ■❚❊▼✿ ●r♦ss ❙❛✈✐♥❣✮✳

❼ ◆♦♠✐♥❛❧ ❛♥❞ ❘❡❛❧ ●❉P✿ ❲♦r❧❞ ❇❛♥❦ ❞❛t❛✳
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❆♣♣❡♥❞✐① ❇✿ Pr♦♦❢s

❙♠❛❧❧ ♦♣❡♥ ❡❝♦♥♦♠②

❋✐rst ✐t ✐s ❝♦♥✈❡♥✐❡♥t t♦ ❞❡✜♥❡ t❤r❡❡ ❛✉①✐❧✐❛r② ✈❛r✐❛❜❧❡s✳ ❉❡✜♥❡ β̂ = [β/(1 + g)]2✱

ĝ = [(1 + g)/(1 + g∗)]2✱ ❛♥❞ ŵ = w/(1− α)r∗✳ ■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡

❛♥❞ ✉♥✐❝✐t② ♦❢ t❤❡ st❡❛❞② st❛t❡✱ ✇❡ ❡st❛❜❧✐s❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✿

▲❡♠♠❛ ✶✳ ❚❤❡ ❡♥tr❡♣r❡♥❡✉rs✬ r❡✈❡♥✉❡s W̃ ✐♥ t❤❡ ❡♠❡r❣✐♥❣ ❝♦✉♥tr② ❡✈♦❧✈❡

❛❝❝♦r❞✐♥❣ t♦✿

W̃t+2 =
[
αβ̂W̃t

]α
✐❢ W̃t < Ŵ ✭✸✵✮

=
W̃t

ĝ
✐❢ W̃t ≥ Ŵ ✭✸✶✮

✇✐t❤ Ŵ = K̂αĝ✳

Pr♦♦❢✿

❖♥❧② t✇♦ s✐t✉❛t✐♦♥s ❝❛♥ ❡①✐st✿ ✭✶✮ ❈♦♥str❛✐♥❡❞ ✜r♠s ❀ ✭✷✮ ❯♥❝♦♥str❛✐♥❡❞

✜r♠s✳ ❚❤❡ ❞✐✛❡r❡♥t ❞②♥❛♠✐❝ ❡q✉❛t✐♦♥s ❢♦r W ❝♦rr❡s♣♦♥❞ t♦ t❤❡s❡ ❞✐✛❡r❡♥t

t②♣❡s ♦❢ ❡q✉✐❧✐❜r✐❛ ✐♥ t❤❡ ❧❛❜♦r ♠❛r❦❡t✳

✶✳ ■♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ ❝♦♥str❛✐♥❡❞ ✜r♠s✱ K̃t+1 = αβ̂W̃t s♦ t❤❡ ❞②♥❛♠✐❝s

♦❢ r❡✈❡♥✉❡s ❢♦❧❧♦✇

W̃t+2 =
[
αβ̂W̃t

]α
l1−α
t+1 ✭✸✷✮

✹✾



❙✐♥❝❡ lt = 1 ✐♥ ❡q✉✐❧✐❜r✐✉♠✱ t❤✐s ②✐❡❧❞s ✭✸✵✮✳

✷✳ ❲❤❡♥ ✜r♠s ❛r❡ ✉♥❝♦♥str❛✐♥❡❞✱ t❤❡ ❞②♥❛♠✐❝s ♦❢ r❡✈❡♥✉❡s ♠✉st s❛t✐s❢②✿

W̃t+2 = r∗B̃2
t+2 +

r∗2

α(1 + g)
K̂ ✭✸✸✮

✇✐t❤ B̃2
t+2 = r∗

[
β̂W̃t − K̂/α(1 + g)

]
✳ ❍❡♥❝❡ ✭✸✶✮✳

❚❤❡ ✜rst✲❜❡st ❝❛♣✐t❛❧ st♦❝❦ K̂ ✐s ✐♠♣❧❡♠❡♥t❛❜❧❡ ♦♥❧② ✐❢ ✐t ✐s ❧♦✇❡r t❤❛♥

t❤❡ ❝♦♥str❛✐♥❡❞ ❧❡✈❡❧ ♦❢ ❝❛♣✐t❛❧✿ K̂ ≤ αβ̂W̃t✳✱ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ W̃t ≥ Ŵ ✱

✇✐t❤ Ŵ = K̂αĝ✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶

❲❡ ❡①❛♠✐♥❡ t❤❡ ❞✐✛❡r❡♥t ❞②♥❛♠✐❝ ❡q✉❛t✐♦♥s s✉♠♠❛r✐③❡❞ ✐♥ ▲❡♠♠❛ ✶ ✐♥

♦r❞❡r t♦ ❞❡t❡r♠✐♥❡ t❤❡ st❡❛❞② st❛t❡✭s✮✿

✶✳ ❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✱ ✐❢ W̃t < Ŵ ✱ t❤❡♥ t❤❡ ❞②♥❛♠✐❝s ♦❢ W̃ ❢♦❧❧♦✇ ✭✸✵✮✳

❈♦♥s❡q✉❡♥t❧②✱ W̃t+2 > W̃t ✐❢ ❛♥❞ ♦♥❧② ✐❢ W̃t <
(
αβ̂
) α

1−α

✳

❇❡s✐❞❡s✱ ✐❢ g > g∗✱ t❤❡♥
(
αβ̂
) α

1−α

∈ [0,W1)✳ ■♥ t❤❛t ❝❛s❡✱ t❤❡r❡ ❡①✐sts

❛ ✉♥✐q✉❡ ✜①❡❞ ♣♦✐♥t ¯̃W =
(
αβ̂
) α

1−α

t♦ t❤❡ ❞②♥❛♠✐❝ ❡q✉❛t✐♦♥ ♦❢ ✇❡❛❧t❤ ✐♥

t❤❡ ✐♥t❡r✈❛❧
[
0, Ŵ

)
✇❤❡r❡ ❡♥tr❡♣r❡♥❡✉rs ❛r❡ ❝♦♥str❛✐♥❡❞✳ ■❢ g = g∗✱ t❤❡♥

(
αβ̂
) α

1−α

6∈ [0,W1) ✳ ❚❤❡r❡ ✐s ♥♦ ✜①❡❞ ♣♦✐♥t ✐♥ t❤✐s ✐♥t❡r✈❛❧✳

✷✳ ❙✐♠✐❧❛r❧②✱ ✐❢ W̃t ≥ Ŵ ✱ t❤❡♥ ❛♥② W̃t ✐s st❛t✐♦♥❛r② ✐❢ g = g∗✱ s✐♥❝❡ W̃t+2 = W̃t✳

■❢ g > g∗✱ t❤❡♥ W̃t+2 < W̃t✱ ❛♥❞ t❤❡r❡ ✐s ♥♦ ✜①❡❞ ♣♦✐♥t ✐♥ t❤✐s ✐♥t❡r✈❛❧✳

❚♦ s✉♠ ✉♣✱ ✇❤❡♥ g = g∗✱ ❛♥② W̃ ≥ Ŵ ✐s ❛ st❡❛❞② st❛t❡✳ ❚❤✐s st❡❛❞②

st❛t❡ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② K̃t+1 = K̂✱ B̃1
t+1 = βW̃t/(1 + g) − K̂ ❛♥❞ B̃2

t+2 =

✺✵



r∗β2W̃t/(1 + g)2 − (r∗K̂ + ŵ)/(1 + g)✳ B̃t+1 = B̃1
t+1 + B̃2

t+1 ✐s t❤❡r❡❢♦r❡ ♣✐♥♥❡❞

❞♦✇♥ ❜② W̃t ❛♥❞ W̃t−1✳ ❋♦r g > g∗✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ st❡❛❞② st❛t❡ ¯̃W =
(
αβ̂
) α

1−α

✳

❚❤✐s st❡❛❞② st❛t❡ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② K̃t+1 = αβ2 ¯̃W/(1 + g)✱ B̃2
t+1 = 0 ❛♥❞

B̃t+1 = B̃1
t+1 = β(1− αβ)W̃/(1 + g)✳

❚✇♦✲❝♦✉♥tr② ❡❝♦♥♦♠②

❲❡ ❛ss✉♠❡ t❤❛t 0 ≤ g∗ < g✱ s♦ t❤❡ ❊♠❡r❣✐♥❣ ❝♦✉♥tr② ❣r♦✇s ❢❛st❡r t❤❛♥

t❤❡ ■♥❞✉str✐❛❧ ❝♦✉♥tr②✳ ■♥ t❤✐s ❝❛s❡✱ ✇❤❡♥ ❡♥tr❡♣r❡♥❡✉rs ❛r❡ ❝♦♥str❛✐♥❡❞✱ t❤❡

❞②♥❛♠✐❝ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❡♠❡r❣✐♥❣ ❝♦✉♥tr② ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

K̃t+1 = αβ̂K̃α
t−1 ✭✸✹✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ✐♥❞✉str✐❛❧ ❝♦✉♥tr②✬s ❝❛♣✐t❛❧ ♠✉st s❛t✐s❢②✿

α

(
At

A∗

t

K̃∗

t

)
−(1−α)

= rtrt+1 ✭✸✺✮

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✿ ❲❡ ❝♦♥❥❡❝t✉r❡ t❤❛t s✉❝❤ ❛ st❛t✐♦♥❛r② ❣r♦✇t❤

♣❛t❤ ❡①✐sts ❛♥❞ t❤❡♥ ✇❡ ✈❡r✐❢② t❤❛t ✐t s❛t✐s✜❡s ✭✐✮✲✭✐✈✮✱ ❛♥❞ t❤❛t t❤❡ ❊♠❡r❣✐♥❣

❝♦✉♥tr② ✇♦✉❧❞ ✐♥❞❡❡❞ st❛② ❝♦♥str❛✐♥❡❞ ✉♥❞❡r ✭✐✮✲✭✐✈✮✳

■❢ t❤❡ ❡♠❡r❣✐♥❣ ❝♦✉♥tr② ✐s ❝♦♥str❛✐♥❡❞✱ t❤❡♥ ✭✸✹✮ ❤♦❧❞s✳ ❚❤❡ st❛t✐♦♥❛r②

s♦❧✉t✐♦♥ ❢♦r K̃ ✐s
(
αβ̂
) 1

1−α

✱ ❤❡♥❝❡ ✭✐✮✳ ✭✐✐✐✮ ❞❡r✐✈❡s ❞✐r❡❝t❧② ❢r♦♠ t❤❡ r❡❧❛t✐♦♥s❤✐♣

♦❢ Bt ❛♥❞ Kt ✇❤❡♥ t❤❡ ❡♥tr❡♣r❡♥❡✉rs ❛r❡ ❝♦♥str❛✐♥❡❞✳ ■♥ ♦r❞❡r t♦ ❞❡t❡r♠✐♥❡

t❤❡ st❛t✐♦♥❛r② ✈❛❧✉❡s ♦❢ r̃t ❛♥❞ K̃∗

t ✱ ❝♦♥s✐❞❡r t❤❡ ❛❣❣r❡❣❛t❡ ❞②♥❛♠✐❝s ♦❢ t❤❡

✺✶



■♥❞✉str✐❛❧ ❝♦✉♥tr②✿

B1∗
t+1 +B2∗

t+1 +K∗

t+1 = βY ∗

t−1 −
Y ∗

t+1

rt+1
+ βrt(K

∗

t +B1∗
t +B2∗

t )

❊q✉✐❧✐❜r✐✉♠ ✐♥ t❤❡ ✐♥t❡r♥❛t✐♦♥❛❧ ❜♦♥❞ ♠❛r❦❡t ②✐❡❧❞s✿

K∗

t+1 −Bt+1 = βY ∗

t−1 −
Y ∗

t+1

rt+1
+ βrt(K

∗

t −Bt)

❉✐✈✐❞✐♥❣ ❜② At+1 ❛♥❞ r❡❛rr❛♥❣✐♥❣✱ ✇❡ ♦❜t❛✐♥✿

K̃∗

t+1 − B̃∗

t+1 = β
(
A∗

0(1+g∗)t−1

A0(1+g)t−1

)1−α

(K̃∗

t−1)
α
(

1
(1+g)2

)

−
(
A∗

0(1+g∗)t+1

A0(1+g)t+1

) 1−α

2

(K̃∗

t+1)
α
(

1
r̃t+1

)

+βr̃t

(
A∗

0(1+g∗)t

A0(1+g)t

) 1−α

2

(K̃∗

t − B̃∗

t )
(

1
1+g

)
✭✸✻✮

K̃∗

t ✱ B̃t ❛♥❞ r̃t st❛t✐♦♥❛r② ✐♠♣❧② t❤❛t t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ❣♦❡s t♦ ③❡r♦ ✇❤❡♥ t

❣♦❡s t♦ ✐♥✜♥✐t②✳ ❚❤✐s ②✐❡❧❞s t❤❛t K̃
∗

= B̃✱ ❤❡♥❝❡ ✭✐✐✮✳ ✭✐✈✮ ❞❡r✐✈❡s ❞✐r❡❝t❧② ❢r♦♠

✭✸✺✮ ❛♥❞ ✭✐✐✮✳

■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❛t t❤✐s ❞❡✜♥❡s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✇❤❡r❡ t❤❡ ❊♠❡r❣✐♥❣

❝♦✉♥tr② ✐s ❝♦♥str❛✐♥❡❞✱ ✐t ✐s s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t K̃ ✐s ❧♦✇❡r t❤❛♥ t❤❡ ❧❡✈❡❧ ♦❢

❝❛♣✐t❛❧ ♣❡r ❡✣❝✐❡♥t ✉♥✐t ♦❢ ❧❛❜♦r t❤❛t ✇♦✉❧❞ ♣r❡✈❛✐❧ ❛❜s❡♥t ❝r❡❞✐t ❝♦♥str❛✐♥ts

✇✐t❤ t❤❡ ❣✐✈❡♥ ✐♥t❡r❡st r❛t❡✳ ❚❤✐s ❧❡✈❡❧ ✐s ❣✐✈❡♥ ❜② K̃
∗

At/A
∗

t ✱ ✇❤✐❝❤ ❣♦❡s t♦

✐♥✜♥✐t② ✇❤❡♥ t ✐s ❧❛r❣❡✳ ❚❤✐s ❝♦♥✜r♠s t❤❛t t❤❡ ❡♠❡r❣✐♥❣ ❝♦✉♥tr② ✐s ❝♦♥str❛✐♥❡❞✳

■t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t ❝♦♥s✉♠♣t✐♦♥ ✐♥ t❤❡ ■♥❞✉str✐❛❧ ❝♦✉♥tr② ❣r♦✇s ❛t

r❛t❡ (1 + g∗)1−α(1 + g)α✳ ■t ❝❛♥ ❛❧s♦ ❜❡ s❤♦✇♥ t❤❛t ❞❡s♣✐t❡ ❛ ❣r♦✇✐♥❣ ❞❡❜t✱

✺✷



t❤❡ ■♥❞✉str✐❛❧ ❝♦✉♥tr② ❞♦❡s s❛t✐s❢② ✐ts ◆♦♥✲P♦♥③✐✲●❛♠❡ ✭◆P●✮ ❝♦♥❞✐t✐♦♥

✉♥❞❡r s♦♠❡ ♠✐❧❞ ❤②♣♦t❤❡s❡s✳ ■♥ s❤♦rt✱ t❤❡ ♣r❡s❡♥t ✈❛❧✉❡ ♦❢ t❤❡ ■♥❞✉str✐❛❧

❝♦✉♥tr②✬s ♥❡t ✇❡❛❧t❤ βt(K∗

t+1 − Bt+1)/c
∗

t ❣r♦✇s✴❞❡❝r❡❛s❡s ❛t r❛t❡ β[(1 +

g)/(1 + g∗)](1−α)t/2✳ ❋♦r t❤❡ ◆P● ❝♦♥❞✐t✐♦♥ t♦ ❜❡ s❛t✐s✜❡❞✱ ✇❡ ♥❡❡❞ t❤❛t

β[(1 + g)/(1 + g∗)](1−α)t/2 < 1✳✸✵

❘❡❢❡r❡♥❝❡s

❬✶❪ ❆❣❤✐♦♥✱ P❤✐❧✐♣♣❡✱ ●❡♦r❣❡✲▼❛r✐♦s ❆♥❣❡❧❡t♦s✱ ❆❜❤✐❥✐t ❇❛♥❡r❥❡❡ ❛♥❞ ❑❛❧✐♥❛

▼❛♥♦✈❛ ✭✷✵✶✵✮✳ ✏❱♦❧❛t✐❧✐t② ❛♥❞ ●r♦✇t❤✿ ❈r❡❞✐t ❈♦♥str❛✐♥ts ❛♥❞ t❤❡

❈♦♠♣♦s✐t✐♦♥ ♦❢ ■♥✈❡st♠❡♥t✳✑ ❏♦✉r♥❛❧ ♦❢ ▼♦♥❡t❛r② ❊❝♦♥♦♠✐❝s✱ ✺✼✱ ✷✹✻✲✷✻✺✳

❬✷❪ ❆❣❤✐♦♥✱ P❤✐❧✐♣♣❡✱ P❤✐❧✐♣♣❡ ❇❛❝❝❤❡tt❛ ❛♥❞ ❆❜❤✐❥✐t ❇❛♥❡r❥❡❡ ✭✷✵✵✹✮✳

✏❋✐♥❛♥❝✐❛❧ ❉❡✈❡❧♦♣♠❡♥t ❛♥❞ t❤❡ ■♥st❛❜✐❧✐t② ♦❢ ❖♣❡♥ ❊❝♦♥♦♠✐❡s✳✑ ❏♦✉r♥❛❧

♦❢ ▼♦♥❡t❛r② ❊❝♦♥♦♠✐❝s✱ ✺✶✱ ✶✵✼✼✲✶✶✵✻✳

❬✸❪ ❆❣✉✐❛r✱ ▼❛r❦ ❛♥❞ ▼❛♥✉❡❧ ❆♠❛❞♦r ✭✷✵✶✶✮✳ ✏●r♦✇t❤ ✐♥ t❤❡ ❙❤❛❞♦✇ ♦❢

❊①♣r♦♣r✐❛t✐♦♥✳✑ ◗✉❛rt❡r❧② ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ✶✷✻✱ ✻✺✶✲✻✾✼✳

❬✹❪ ❆❧❢❛r♦✱ ▲❛✉r❛✱ ❙❡❜♥❡♠ ❑❛❧❡♠❧✐✲❖③❝❛♥ ❛♥❞ ❱❛❞②♠ ❱♦❧♦s♦✈②❝❤ ✭✷✵✶✹✮✳

✏❙♦✈❡r❡✐❣♥s✱ ❯♣str❡❛♠ ❈❛♣✐t❛❧ ❋❧♦✇s✱ ❛♥❞ ●❧♦❜❛❧ ■♠❜❛❧❛♥❝❡s✳✑ ❏♦✉r♥❛❧
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