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Abstract

This text proposes a mathematical programming approach to design international
production-distribution networks for make-to-stock products with convergent manufacturing
processes. Various formulations of the elements of production-distribution network design
models are discussed. The emphasis is put on modeling issues encountered in practice which
have a significant impact on the quality of the logistics network designed. The elements
discussed include the choice of an objective function, the definition of the planning horizon, the
manufacturing process and product structures, the logistics network structure, demand and
service requirements, facility layouts and capacity options, product flows and inventory
modeling, as well as financial flows modeling. Major contributions from the literature are
reviewed and a number of new formulation elements are introduced. A typical model is
presented, and the use of successive mixed-integer programming to solve it with commercial
solvers is discussed. A more general version of the model presented and the solution method
described were implemented in a commercia supply chain design tool which is now available

on the market.

Keywords
logistics network design, Supply chain engineering, Location-allocation problems, Capacity

planning, Technology selection, Mathematical programming.
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Context

-

How many production and distribution centres should a company have to satisfy the demand

of its targeted markets? Where should they be located and what should their mission be? What

supply sources should they use? What technologies should they install for production, storage,

shipping and receiving? Which sub-contractors and public warehouses should they do business

with? What means of transportation should they choose? All of these questions are related to

strategic and tactical logistics network design issues, which are critical for the success of

modern manufacturing and distribution companies. This text proposes a mathematical

programming approach to analyze several of these logistics network design issues.

The exact nature of the logistics network design problems encountered in practice depends

very much on theindustrial context in which they occur. For example:

*

The design problem to solve for a high volume consumer goods manufacturer is very
different than the problem found in a highly customized make-to-order products industry or
in aslow moving repair parts distribution context. In a make-to-stock industry, the order-to-
delivery time depends on the positioning of finished goods inventories but, in a make-to-
order context, it depends on manufacturing lead times and on the depth of penetration of
customer ordersin the supply chain, i.e. on the positioning of semi-finished product or raw-
material inventories.

When manufacturing resource acquisition, deployment and/or allocation decisions are
considered, the nature of the production process must also be taken into account. In some
industries, manufacturing processes are divergent: severa products are made from a
common raw material (e.g. pulp and paper industry, meat industry, etc.). In other sectors the
manufacturing processes are convergent: several raw-materials and components are
assembled into finished products. In some industries, the manufacturing processes may even
include feedback loops.

Networks covering several countries lead to much more complex design problems than
single-country networks. Factors such as exchange rates, transfer prices, duties and income
taxes must then be taken into account.
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The detailed discussion of all these variants is beyond the scope of this paper. In what follows
our coverage focuses on the design of international production-distribution networks for make-

to-stock products with convergent manufacturing processes.

As can be seen, logigtics network design problems, as defined here, integrate several sub-
problems which have been treated separately in the literature: capital investment planning for
the acquisition of new capacity, technology selection, facility location and manufacturing-
distribution resource allocation problems. Capacity expansion problems are usually posed as
multi-year capital investments problems under uncertainty (Freidenfelds, 1981; Luss, 1982).
The financial planning aspects of the problem, such as real options (Trigeorgis, 1996), are
predominant in the analysis and the logistics aspects are highly aggregated. Technology
selection problems can be seen as an extension of capacity planning where there are several
alternative capacity types available (Fine, 1993, Paquet et al., 2004). At the other extreme,
resource allocation problems deal with detailed plant loading and inventory placement decisions
under the assumption that the plant/warehouse network configuration is fixed (Glover et al.,
1979; Cohen and Moon, 1991; Mazzola and Schantz, 1997). They often consider a single year
planning horizon divided into several seasons. The literature on basic discrete location models
(Francis et al., 1992; Daskin, 1995; Sule, 2001) concentrates on single period, single echelon,
geographical deployment problems. A lot of the effort in this field has been devoted to finding
efficient solution methods for a set of well defined problems. Some extensions to classica
facility location problems are reviewed by Revelle et al. (1996) and by Owen et al. (1998). An
abundant literature exists on location, capacity acquisition and technology selection problems.
An integrated review of the early work done in these fieldsisfound in Verter and Dincer (1992).
Supply chain design models incorporate elements of all the sub-problems discussed previoudly.
Geoffrion and Powers (1995) and Shapiro et al. (1993) discuss the evolution of strategic supply
chain design models and Vidal and Goetschalckx (1997) present many of these models. Shapiro

(2001) provides an excellent coverage of several supply chain modeling issues.
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In this paper, various formulations of the elements of production-distribution network
design models are discussed. The emphasis is put on modeling issues encountered in practice
which have a significant impact on the quality of the logistics network designed. The elements
discussed include the choice of an objective function, the definition of the planning horizon, the
manufacturing process and product structures, the logistics network structure, demand and
service requirements, facility layouts and capacity options, product flows and inventory
modeling, as well as financia flows modeling. Major contributions from the literature are
reviewed and a number of new formulation elements are introduced. A typical model is
presented, and the use of successive mixed-integer programming to solve it with commercial
solvers is discussed. A more genera version of the model proposed and the solution method
described were implemented in the Supply Chain Sudio, acommercial supply chain design tool
sold by Modellium. This tool was used to optimize the production-distribution network of
several multinational companies, including Domtar, one of the largest Pulp and Paper Company

in North-America.

Modeling approach
-

Performance evaluation

Although most of the logistics network design models presented in the literature adopt a
total system cost minimization objective, this does not necessary lead to the creation of a
competitive advantage. Low cost is an order winning criteria valued by several customers but it
is not the only one (Hill, 1999). Delivery time, quality and flexibility are other valued criteria
which are affected by the logistics activities and resources of the firm. In a make-to-stock
industry, for example, the order-to-delivery time depends on the positioning of finished goods
inventories in the logistics network and it is a criteria as important as cost for the evaluation of
network designs. As explained by Porter (1985), it is the additional value given by customersto
such an order winning criterion that creates a competitive advantage. Figure 1 illustrates the

cost accumulation process and the impact of inventory positioning on customer delivery times
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for a smple multi-echelon (stage) supply chain. As can be seen, costs accumulate as the
products pass through the procurement, production and distribution stages, and value is added
when the finished products are purchased by customers. The cost of support activities can be
interpreted here as all the non-logistic costs incurred by the firm. The response time depends on
whether the customers are served from a local or regional warehouse or from a production-
distribution center or, more generally, on the distance between a customer and its supply facility.
When delivery time is shorter, more revenues are generated through a price premium and/or an
increased market share. Total system cost, maximum delivery time and total revenue figures are

therefore associated with any logistics network design.

a) Value Chain b) Delivery time
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Figure 1 : Costs, value added and delivery time in the supply chain
In order to evaluate the performance of various designs, their cost and delivery time can be
plotted on a graph, as shown in Figure 2a). The non-dominated designs are located on an
efficient-frontier, and any of these designs could constitute a good solution for a firm
(Rosenfield, 1985). However, if the impact of delivery time on prices and on demand, and thus
on total revenue, is taken into account, as shown in Figure 2b), the design maximizing the value

added (Total revenue - Total logistics network cost - Cost of support activities) by the logistics
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network can be identified. Ideally, the objective to pursue should therefore be to find the
logistics network design maximizing net revenues. In an international context, since different
countries have different taxation levels, one should rather seek to maximize after tax global net
revenues in a reference currency. Unfortunately, it is not always possible in practice to model
the impact of delivery time on price and demand. When this is the case, one should at least
sketch the efficient frontier by finding the designs minimizing total system costs for a set of

predetermined delivery times.

a) Cost-delivery frontier b) Value added maximization

Efficient Cost
frontier (Value)

Total .
logistic . Lgtglstlﬁ
networ
networ k /Vdeﬂgns
cost PN VE R N

Total logisti
— network cost

MT

Delivery time Delivery time

Figure 2 : Performance evaluation methods

Despite the fact that an abundant literature exists on the impact that quality and flexibility
may have on competitiveness, little work has been done to explicitly incorporate them as
performance criterion in logistics network design models. By associating different technologies
to different quality levels, quality can often be treated in away similar to delivery times. Some
dimensions of flexibility, such as operational flexibility in global networks under exchange rate
risk (Kogut and Kulatilaka, 1994; Huchzermeier and Cohen, 1996), have been studied, but more
research is needed on the incorporation of the various dimensions of flexibility into network
design models. The model presented in what follows seeks to maximize after tax net revenues,

taking the impact of delivery times on revenues into account.
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Planning horizon and uncertainty

In capital intensive industries, capacity expansion decisions may require the explicit
consideration of a planning horizon including as much as ten years (Everett et al., 2000, 2001).
On the other end, when product supply and/or demand is seasonal, decisions on production and
inventory levels for each network location must be made on a quarterly basis or even on a
monthly basis. This means that the number of planning periods in logistics network design
models could be very large. In addition to the explosion of problem size, using a long planning
horizon makes the gathering of meaningful information on the future business environment

extremely difficult. Some approach to reduce this complexity must therefore be used in practice.

To clarify thisissue, let us first make a distinction between the notions of season and period.
In most design models, 0-1 variables are associated with capacity acquisition and deployment
decisions and continuous variables to resource allocation decisions (production and inventory
levels, network flows). A multi-period model is concerned with the change of state of the
network structure (number, location, technology and capacity of facilities) over the long term
(typically severa one year periods). A multi-season model is concerned with the change of
mission of the network resources during a planning period (typically months or quarters during
a year). Severa formulations presented as multi-period models in the literature are in fact
single-period multi-season models (Cohen et al., 1989; Arntzen et al., 1995; Dogen and
Goetschalckx, 1999). Multi-period models usually concentrate on capacity investment decisions
and they limit themselves to single echelon network structures (Shulman, 1991, Everett et al.,
2000; Bhuttaet al., 2003). Following the pioneering work of Pomper (1976), some authors have
also proposed multi-period scenario based stochastic programming models (Eppen et al., 1989;
Ahmed et al., 2001; Everett et al., 2001).

Most of the models published in the literature are deterministic single-period mathematical
programs (Geoffrion and Graves, 1974; Brown et al., 1987; Cohen and Lee, 1989; Cohen and
Moon, 1990; Pirkul and Jayaraman, 1996; Lakhal et al., 2001; Vidal and Goetschalckx, 2001,

Cordeau et al., 2002; Paquet et al., 2004). It is understood, however, that since the acquisition

DT-2004-AM-2 7



The design of production-distribution networks: A mathematical programming approach

and deployment decisions have long-term effects, their analyses must span multiple periods and
the model must be either run sequentially over some finite time horizon or, when size permits,
expanded to incorporate multiple time periods directly (Cohen and Lee, 1989). Also, the fact
that the future is uncertain requires the examination of severa scenarios with respect to the
firm’'s strategic options and the evolution of its internal and external environment (Shapiro,
2001) or, when size permits, the transformation of the model into a multi-stage stochastic
program with recourse (Birge and Louveaux, 1997). Keeping this in mind, the approach
presented in what follows yields deterministic multi-season logistics network design models.
The following set is used to denote the planning horizon:

T = Seasons of the planning horizon (t O T).

Modeling process and product structures

In order to arrive at a genera production-distribution network design model for a given
industrial context, a generic conceptual model of the manufacturing process of the industry must
first be elaborated. Such a conceptual model treats products and production stages in an
aggregate manner to capture the essence of the manufacturing process, but without concern for
operational details (Shapiro, 2001). It can take the form of an activity network or of a bill-of-
materials, asillustrated in Figure 3 (Lakhal et al., 1999). In these conceptual models, products
are grouped into product families and some activities may be an amalgam of several operations.
It is common to use process network representations in process manufacturing environments
such as petro-chemicals, food, pulp and paper, pharmaceutical, etc. (Brown et al., 1987; Dogan
and Goetschalckx, 1999; Philpott and Everett (2001); Vila et al., 2003). In such contexts,
associated with each activity are a number of methods (recipes) that describe how inputs are
transformed into outputs using different potential technologies. In discrete parts manufacturing
industries, however, a bill-of-materials representation is usually more adequate (Cohen and

Moon, 1990; Arntzen et al., 1995; Paguet et al., 2004). Thisis the approach taken in this paper.

More specificaly, the following product structure modeling assumptions are made. Products

are classified in families p [J P requiring the same type of production capacity or supplied by the
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same vendors. Products available only from external suppliers are considered as raw material
(RM) and other products can be manufactured in the network plants. The manufactured
products (MP) are sub-assemblies (SA) or make-to-stock (MS) finished products. The semi-
finished products can come partly from external suppliers and partly from the network plants.
The aggregated bill-of-materials, illustrated in Figure 3b), is an acyclic directed graph. The
number associated with the edge (p’p) of the bill-of-materials graph indicates the quantity of the
product p’ needed to make one product of type p. It is assumed that the vertices of this graph are
numbered in topological order, i.e. that for each edge (p'p), we havep > p'.

a) Manufacturing Process Network b) Bill-of-materials with Potential Technologies
Raw
vaews | [ B[S
PURM 2 3 1. 2 &
~ 2 K/
3“}4 4= "5 " "6
Manufactured 2 1 15
Products 7 . 1
pOMmP g~ "6 7] 79
2
10~ ° ) A3
O Products(p O P) |
— % Dedicated Technologies 11~ "™ 8| 12= " 9 14

Flexible Technologies
Bill-of-materials Finished Products pO FP

Figure 3 : Potential logistics Network

A technology is defined by the set of products it can manufacture/store, and it is assumed
that the bill-of-materials is independent of the technology used. Asillustrated in Figure 3b), the
capacity required to produce one product can be provided by either flexible or dedicated
technologies. Dedicated technologies are associated with only one product family, but flexible
technologies can be used to make several product families. Similarly, the capacity needed to
stock the finished products can be provided by a set of potential storage technologies. When a
facility is used, a technology for the reception and shipping of products must also be
implemented. To simplify, it is assumed that this technology can be used for any products and

that its capacity can be expressed adequately in terms of the facility outflows.
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The notation used to model product structures and technologies is the following:

P = Product families (p O P).

RM  =Raw materia families (RM [ P).

MP  =Manufactured product families, i.e. sub-assemblies and finished products (M P 1 P).
SA = Sub-assemblies families (SA [0 MP).

Jop = Quantity of product p needed to make one product p’.

KW = Receiving/shipping/handling technologies (k 0 KW).

KM  =Production technologies (k 0 KM).

KS  =Storagetechnologies (k O KS).

0ok = Technology k capacity consumption rate per unit of product p.

W, = Average weight of family p products in standard weight units.

Network optimization model structure

The structure of logistics networks can be represented by a directed graph. The network
nodes correspond to supply sources, to existing facilities, to sites where it would be possible to
build or buy a production or distribution center, to the facilities of potential partners (sub-
contractors, public warehouses, 3PL consolidation centers, etc.) or to demand zones. The
network arcs represent the flow of products between the nodes. The specification of the
structure of the network and of the mission of its facilities is an important strategic decision.
Two approaches to the problem are found in the literature, asillustrated in Figure 4. A popular
modeling approach has been to assume a priori that a multi-echelon structure is required
(Geoffrion and Graves, 1974; Cohen and Lee, 1989; Pirkul and Jayaraman, 1996; Vida and
Goetschalckx, 2001). This limits the mission of the facilities to a predetermined role (e.g.
intermediate product plant, final product plant, distribution center) and it forbids product flows
between facilities on the same echelon. In some contexts, this approach can be far from optimal.
In practice, the same facility often has multiple roles. a production-distribution center may
produce both intermediate and finished products and serve as a shipping point to some
customers; a warehouse close to a supplier may serve as a central warehouse for this supplier’s
products, but as alocal distribution center for other products, etc. For this reason, other authors
do not impose any a priori echelon structure and expect the optimization model to determine the

best structure and mission for the facilities (Arntzen et al., 1995; Paquet et al., 2004).
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Two approaches are also used in the literature to model flows in the network. One of them
associates decision variables to paths in the network (Geoffrion and Graves, 1974; Martel. and
Vankatadri, 1999). This is particularly appropriate for multi-echelon distribution networks.
However, for this approach to work, the product flowing on the path must not change between
the first node and the last node, which cannot hold for production facilities. For this reason,
models incorporating more than one production echelon either associate decision variables to
the arcs of the network (Arntzen et al., 1995, Dogan and Goetschalckx, 1999; Vidal and
Goetschalckx, 2001; Cordeau, 2002, Paguet et al., 2004), or they use a hybrid approach (Cohen
and Moon, 1990).

a) General logistics network b) Multi-echelon network
Raw Material
Supply Sources (v O'V) Vendors
B
Tothenetworkfacilitial }53
Intermediate
Product Plants

Final
Product Plants

Internal
Lanes

(sd9 /@ 7
~

A DidtributionCenters A_’}

Demand
Lanes

O ProductionDistributionCenters DCs/
Warehouses
Tothedemand zones $
Demand Zones (d O D) Demand
Zones O O O O O O

Figure 4 : Potential logistics Network

The model presented in this paper is an arc-based formulation for the general logistics
network illustrated in Figure 4a). Three types of nodes, located in several countries, are present
in the network: external vendors (v1V), internal potential facility sites (sC1S) and demand zones
(dOD). A list of potentia internal sites (S) must be identified a priori and classified as either
production-distribution center sites (Spd) or distribution center sites (Sd). This list usually
includes the location of the current facilities, of public warehouses or sub-contractors which
could be included in the network, of existing facilities which could be purchased or rented, and

of lands where anew facility could be constructed. It is possible also to limit the mission given
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to potential sites by restricting the set of production (KMg) and storage (KSg) technologies
which can be implemented in a site, or the set of products (Pg) which can be produced/stored in
a site. The network arcs are associated with transportation lanes. Three types of arcs are
distinguished: supply arcs, internal arcs and demand arcs. The internal arcs adjacent to a site s
are defined by the set of origins of its inbound arcs (S:Os) and the set of destinations of its
outbound arcs (Sgs). Similar node input and output sets are defined for supply and demand arcs.
A continuous decision variable Fy.q is associated with the flow of a product p on lane (n,s) in
season t. Given that a real logistics network may include several hundred thousand arcs,
defining these sets and flow variables in practice is not trivial and it requires the use of an

automated arc generation mechanism.

The customer ship-to locations are grouped into demand zones (D). The definition of these
demand zones depends on the product-markets (M) of the company and on the geographical
dispersion of ship-to points (Ballou, 1994). It is assumed that the company operates national
divisions in several countries o O, and that each of these divisions covers a set of distinct
product-markets m O M, constituted of several demand zones d [ D,,. A market is
characterized by a distinct price and service policy. It is assumed that the products shipped to a
demand zone can come from more than one distribution center. This is common today because
companies tend to operate centralized selling organizations independent of the DC’s. Modifying
the model however to enforce single DC sourcing is not difficult. Similarly, vendors in close
geographic proximity who provide products in the same family can be aggregated into a supply
source (V). It is assumed that the seasonal quantity of product which can be supplied by a

vendor is bounded.

The following sets, indices, parameters and variables are required to define a potential

logistics network:

S = Potential network sites (s S).
0] = Countries of the network sites (o [JO, o(s) = country of site s).
So = Potential sitesin country o.

DT-2004-AM-2 12



The design of production-distribution networks: A mathematical programming approach

%) = Potential distribution center sites (Sd [0 S).

Spd = Potential production-distribution center sites (Spd O S).

Sdiax = Upper bound on the number of distribution centers in the network.

Spdynax = Upper bound on the number of production-distribution centers in the network.

Vi =Vendors of raw material p [0 RM or of manufactured product p 00 MP.

bovt  =Upper bound on the quantity of raw material p which can be supplied by vendor v in

season t.
S;n = Set of potential sites (output destinations) which can receive product p from node n.
Sps = Set of potential sites (input sources) which can ship product p to site s.
My, = Potentia product-marketsin country o (m O M = Og50M).
D, = Demand zonesin product-market m (d U D = U,;;qpDm)-
Do =Demand zonesin country 0 (D, = UmomolPm)-

m(d) = Product-market of demand zone d.

DSS = Set of demand zones (output destinations) which can receive product p from node s.
Ps = Products which can be manufactured/stocked on site s.
P«s = Productswhich can be manufactured/stocked with technology k on site s.

KMys = Production technologies which can be used to manufacture product p on site s
(KMIOS OKM, KMy = 0OKMgy).

KSys = Storage technologies which can be used to stock product p on site s
(KSps O KS, KSg = OpKSpe). _

Fonst = Flow of product p between node n [J V,OQ S:OS and site sduring season t.

The essence of the logistics network design problem boils down to finding an optimal

mapping of the product/activity structure onto the potential network structure.

Modeling demand, prices and customer service

Although most of the models available in the literature assume that demand is given and not
affected by the logistics network design, this is clearly not redlistic. As explained earlier,
demand depends on logistics outputs such as delivery times, and the market may be prepared to
pay a price premium to obtain these outputs. To take this into account, it is assumed that the
company has a choice of marketing policiesi U |, for each of its product-markets m (Vilaet al,
2004). A marketing policy i U I, is characterized by the price Py the market is prepared to pay
for each product p O P in the demand zonesd U D,,, during seasonst U T. It isalso characterized

by a maximum delivery time and possibly by other value criteria. These value criteria are
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i which

related to the network design by defining the set of sites in the potential network Sipd-
could deliver the value characteristics of marketing policy i U Iyyq), for each product p. It is
further assumed that the largest demand Xodit the company can expect for product p in demand
zone d, when marketing policy i [ Iy is used, can be estimated, and that the company has

minimum market penetration objectives Xqq for each of its product-markets.

In this context, the following notation is required to model the demand:

Im = Marketing policies considered for market m (i [ | y,).

Spai = Set of potential sites (input sources) which can ship product p to demand zone d,
when marketing policy i U l1yq) is selected.

Pogit =Amount received for the sales of product p to demand zone d in season t when
marketing policy i U |y is used (in the demand zone country currency).

Xpgt = Lower bound on the flow of product p to demand zone d in season t imposed by the
market penetration objectives of the company.

Xogit = Upper bound on the flow of product p to demand zone d in season t imposed by the
largest market share the company can expect when marketing policy i U I () is used.

Ymi =Binary variable equal to 1 if marketing policy i U I, is used for market m and to O
otherwise.

Fosiit = Flow of product p between site s and demand zone d during season t, when marketing
policy i U Iy g is selected.

Pardld arcs are defined between the network sites s and the demand zones d to moddl the

flow of products Fugr under the different marketing policies i U Iy Using these flow

M

variables and the marketing policy selection variables Y ., it is seen that the seasonal sale

targets of the company must respect the following demand and policy selection constraints:

M - M .
50 Spqi
M
mi<1 m OM @)

Z“i O ImY

Modeling facility layouts and capacity options

The technical and economic characteristics of the facilities which could be operated on the

network sites can be specified with a facility layout. The facility layout concept is illustrated
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schematically in Figure 5. A layout | O L for site sis composed of two parts: afixed part, which
cannot be changed and a variable part defining an area which could be reengineered. The
technol ogies implemented in the fixed part are predetermined and they specify the products they
can make/stock, the seasonal capacity available by, Stated in the units of its technology, and
the associated variable costs. The variable part defines an area E g available for the installation
of a set of predetermined capacity options. A facility layout may include only a fixed or a
variable part. Several layouts can be considered for each site s, including a status-quo layout if
there is aready a facility on the site, and alternative potential layouts corresponding to new

construction or reconfiguration opportunities.

Part of the layout considered as

— ) ~fixed

Technology 1 Techno- /VCurrmtly available technologies
logy2

Part of the facility which can be

reconfigured
o Capacity option 5 /?/I nstalled . : ,
capacity option which
é% — 2" canbekent asis, disposed of or
S T reconditioned
-§ Option | New capacity optionswhich could
= - — 2L~ besdected

Figure 5 : lllustration of the Facility Layout Concept

Numerous capacity options can be available to implement a given technology in the variable
part of alayout. An option j (I J can correspond to capacity already in place, to areconfiguration
of an installed equipment to increase its capacity or to the addition of new resources. In this last
case, different options can be associated with equipment of different size to reflect economies of
scale. Moreover, the simultaneous inclusion of dedicated capacity options and flexible capacity
options allow for the modeling of economies of scope. When dealing with a potential equipment
replacement/reconfiguration, the options associated with the new potential equipment cannot be

selected at the same time as the status-quo option, which leads to the definition of mutually
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exclusive sub-sets of options JRFS, n=1,.., N for some facility layouts. Each option j O Jis
characterized by a seasonal capacity, by;, stated in the units of its technology, by the floor space

g required to install it, aswell as by afixed cost and a variable cost per product.

The notation required to include layout and option choice decisions in the model is the
following:

L = Potential facility layouts for sites (I [J Lg). By convention, theindex | = 1is given to
the current layout if there isafacility on site s at the beginning of the horizon.

Ls = Potential facility layouts including fixed technology k capacity for sites (I U Ly).

bt = Technology k capacity available for season t in the fixed part of layout | of site s.

Es = Total areaof the variable part of layout | for site s.

Y,s =Binary variable equal to 1if layout | is used on site s and to O otherwise.

Yos = Binary variable equal to 1 if site sis not used and to O otherwise.

Js = Potential capacity options which can beinstalled onsites (j U J= Ogqgd)-

Js = Potential technology k capacity options which can be installed on site s (J, o U J;)-

Js =Potential capacity options which can be installed on site s when layout | is used
(Js0J).

Nis  =Number of mutually exclusive option subsets (equipment replacement/

reconfiguration) in Jg
JRFS = Mutually exclusive option subsetsin Jgs (n = 1,..., No).
k() = Technology of capacity optionj.

b; =Technology k(j) capacity provided by option j for season t
g = Arearequired to install capacity option j.
Z; =Binary variable equal to 1 if capacity option j isinstalled and to O otherwise.

Using the layout selection variables Y, the following constraints must be included in the
model to ensure that at most one layout is selected for each site, and that the total number of

facilities used does not exceed the maximum number of distribution and production-distribution

centers desired:
Zl DLSY|S+ Yos = 1 s{S 3
> Y Y eSSt (4)
sOSdl DL
> S Y 6= Spdy o ®)
sUSpdl OLg
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Using the capacity option selection variables, Z;, the following constraints must also be
included to ensure that, for a given site, the area required by the selected options does not
exceed the area available in the selected layout, and that mutually exclusive options are not

selected:

- §Zj—EisY(s=0 sOS, 10Lg (6)
] Is

2inmnZist $0S,10Lg n=1,... Nig ™

Is

Modeling flows and inventories

In addition to deciding the marketing policies, sites, layouts and capacity options to use
during the planning horizon, tactical seasonal decisions must be made on the quantity of
products to manufacture, the seasonal stocks to accumulate and the flows in the network. This
requires the modeling of flows and inventories in the network facilities and the consideration of
capacity constraints. Several types of facilities are used in practice and the flow patterns in and
between the centers, as well as the nature of the inventory kept, can be quite different from one
type of facility to the other. To simplify, it is assumed here that there is a single type of
production-distribution center (P-DC) and a single type of distribution center (DC) in the
network. The structure of the P-DC’s considered isillustrated in Figure 6: they include different
production technologies and they can manufacture any component or finished products
associated with these technologies in the bill-of-materials (Figure 3b). When the manufacturing
of a product is completed, it is either used to make other products, moved to the facility
inventory or shipped to another facility. It is assumed that there is no seasonal inventory of input
products and that the plant warehouse contains only products to be shipped directly to the
market. All products made for other internal centers are shipped directly to these facilities after
production. On the other hand, it is assumed that DC’s can receive products from vendors or

from any other site, and that they can ship products to the market or to any other site.

The additional notation required to model flows and inventoriesis the following:
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losg = Sub-set of the demand zone d marketing policies whichinclude site sasavalid
supply site for product p (1 ,s4 = {i[S0 Spgt T lg))-
W,  =Lower bound on the seasonal throughput, in standard weight units, required to use

distribution center s.

>_(pst = Upper bound on the quantity of family p products which can be manufactured in
plant s during season t.

Xpst  =Lower bound on the quantity of family p products which can be manufactured in
plant s during season t, when plant sis used.

pé?[ = Number of seasons of product p order cycle and safety stocks kept on average in site
sduring season t (inverse of the inventory turnover ratio).

Bp = Order cycle and safety stocks (maximum level)/(average level) ratio for product p.

Xopkst = Quantity of product p produced in plant swith technology k [ KM ;¢ during season t.

Uspst = Quantity of product p transferred to the stock of site sduring season t.

I = Seasonal inventory of product p stored in site s with technology k [ KSg at the end
of season t.

X:Ost = Throughput of product p in distribution center s [J Sfor season t.

pkst

Xpst = Z kast

kK OKM
S _ S
Ipst_ Z kast
d k O KSys

| —
xpsdt - Z I:psdit

Ul psg

Figure 6 : Flow of sub-assembly p 0 SA in a production-distribution center

Any valid network optimization model must ensure that there is equilibrium between the
flows of products entering a node, their transformation, stocking and/or consumption in the
node and the flows of products exiting the node. The case of a sub-assembly p 0 SA
manufactured in center s 0 Spd isillustrated in Figure 6, for a season t. In the part of facility s
used by the production technologies (KMpg), the quantity of sub-assembly p manufactured
(Xpst) Must be sufficient to satisfy the needs of the other network sites (Fpegt LS #s), the
transfers to the seasonal stock (Uyg), and the sub-assembly requirements generated by client-
products in the bill-of-materias (gyy Xpg, Up'>p, i.e. by al products p* including sub-

assembly p), taking into account the sub-assemblies coming from other internal sites (Fps g,
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s #s) and from external suppliers (Fpyg, [V U Vp). In order to have flow equilibrium, the
following relations must therefore be satisfied:
2 Kokttt 2 FonstZ X Fpsstt DG X Xpkst T Upst
KO KM g nl:lsipsDVp smsgs P>p  KOKMq
t0T, pOMP, sOSpd (8)
Similarly, in the part of facility s used by the storage technologies (KS,g), additions and
withdrawals from the seasonal inventory must be accounted for. This yields the following

inventory accounting equations:

S - x! S s _,S
z Ipkst 1% Upst = Xpst * Z | pkst (tokso = TpksiT))
kO KSps kO KSpS
t OT, pUMB, sl0Spd (9)
where
I —
Xpst = 2, 2. Fpsdit tOIT, pOP, sOSpd (10)

0 .
d0Dpgi Ol pgg
Seasonal stocks are included in the model to alow the smoothing of production over the

planning horizon. Asillustrated in Figure 7, the seasonal stocks at the beginning and the end of

the horizon must therefore be the same, i.e. we must have ';?so = I§s|T| ,foral pands.

[ nventor)A

on-hand

Order cycle stock /fl/; —[
s N
Seasonal stock |gsi

Season 1 Season 2 Season 3 Season 4

Figure 7 : Behavior of product p inventory in a distribution center
The quantity X, of products which can be manufactured in agiven P-DC is limited by the
layout and the capacity options selected for that center. This imposes the following capacity

constraints;
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z qkaIokst < z byt Yis+ z bjth t OT, sSpd, kOKMg (11)
pOP, 1 0L i0
In some contexts, it may also be necessary to bound the quantity of products manufactured in a

facility, which can be done with the constraints:

>_<pst Z YisS Z kastsxpst Z Yis t OT, pUPg, sLISpd (12)
0L, kDKM g 0L

To simplify the presentation, it is assumed that offset trade and local content rules do not restrict

national production. However, the inclusion of constraints to that effect would not present any

difficulty (Cohen et al., 1989; Arntzen et al. 1995). For raw materials, the flow equilibrium
constraints required for the P-DC’'s are:

|
Z _ I:pnst 2 Z I:pss't + Z gpp' Z xp'kst + xpst
nDVpDSIpS SIDSSS p'>p kDKMp'S
t 0T, pOORM, s OSpd (13)
For digtribution centers, the flow equilibrium constraints and the inventory accounting

equations required are the following:

|
Y. Fonst2Xps t OT, pORM, s 0Sd (14)
I
nOV, 0S8
S — ! S s _ s
Z kast— 17t Z I:pnst - xpst + Z kast (kaso - kas|T|)
kD KSys n0S,0V, kO KSpg
tOT, pOMP, sOSd (15)
where
I
Xpst = ZO Fosnt * Z Z Fosdit tOT, pUP, sUSd (16)
n0 Sy d0 Dgsi O psg

Also, in most contexts, management does not want to operate small DC’s. This leads to the

imposition of the following lower bounds on DC throughput:

|
3 WX ZW S Y tOT, sOSd (17)
p O P, 1 0Lg
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The three types of inventories to take into account in the model are represented in Figure 7:
seasonal stocks, safety stocks and order cycle stocks. The level of order cycle stocks and of
safety stocks depends on the inventory management policies and rules used by the company and
on the ordering behavior of customers. Using inventory theory it can be shown (Martel, 2002)
that, for a given product supply lead time, the relationship between the seasonal flow of a
product in a warehouse and the average level of cycle and safety stocks required to support this
flow is concave. To simplify things, in what follows, the effect of delivery lead timesis assumed
to be negligible (see Martel and Vankatadri (1999) for a model incorporating lead times). More
specifically, it is assumed that the average inventory level of product p required during season t

in warehouse s to support the throughput Xl)st is given by the power function:

b
| | P
pst) = ap(Xpst) tdT, pUPR, sUIS (18)

where a, an b, are parameters obtained by regression analysis, from historical or simulation

(X

data (Ballou, 1992). The inventory-throughput relationship (18) is illustrated in Figure 8. Note
that, although it is assumed that | () is independent of s, in practice it may be more appropriate

to use a different function for each type of site (P-DC'’s, crossdocking centers, local DC's, €tc.).

A

|
p(Xpat )} — = = — = = — = — — = lp(Xpst)
Average |
inventory |
level (0) |
Ppst |
|
|

x'©  Seasonal throughput

Figure 8 : Relationship between inventory levels and material flows in a DC
Most network design models proposed in the literature do not take the risk pooling effects
captured by function (18) into account: they assume either explicitly (Cohen and Moon, 1990;
Arntzen et al., 1995; Dogan and Goetschalckx, 1999) or implicitly that the relationship between

inventory levels and throughput is linear. If the historical throughput level and average
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inventory level observed for product p, in distribution center s, for the most recent season t, are

XL(s?) and Ip(XL(S?)), respectively, then the ratio XL(S?)/ Ip(XL(s?)) is the familiar inventory
turnover ratio, and its inverse
0 10 1(0
P = 1 (X )/ X (19)

is the number of seasons of inventory kept in stock. Assuming that the relationship between
inventory level and throughput is linear boils down to approximating Ip(X:m) by pgx:ost, as
illustrated in Figure 8. Such an approximation may not be too bad in the vicinity of XL(s?) , but
the DC’s throughputs are not known before the optimization model is solved and they can be far
from historical values (mainly if anew DC is open or an existing DC is closed), which means
that calculating inventory levels with historical inventory turnover ratios can be completely
inadequate. An effort is therefore made in this paper to take risk pooling effects into account
explicitly.

Function (18) provides the average inventory of product p required to support throughput

Xpst .

This quantity is needed to calculate inventory holding costs, but it cannot be used directly
to calculate the space required to store the products in a warehouse because this space is
proportional to maximum inventory levels and not to average inventory levels. For product p,
the maximum level of cycle and safety stocks to be stored in a season is obtained by multiplying
the average inventory level Ip(X:Ost) by an amplification factor B,. In practice, the parameters
Bp, p O P, are estimated statistically from the company data on the inventory held in its facilities.
From thisit is seen that the throughputs and seasonal inventory levelsin the DC’'s must respect
the following storage space capacity constraints:

S I
z qpklpkst + z qpkBpIp(Xpst) = z blsthIs+ z bjth
pUP.,n MP pUP,g IOLg [ EIN

t OT, sOS, KOKSg (20)
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Theflowsin al the facilities are also restricted by their receiving and shipping capacity. Itis
assumed here that this restriction can be properly expressed in terms of the total facility
outflows, which leads to the following capacity constraints:

z qpk( z I:psnt + z z I:psdit) = z bIsthIs + z bjth
PP NSy d0Dpgi Ol ey 1 0Ly 03
taT, sOS, kKOKW (21)
Finally, the limited supply of raw materials and sub-assemblies which can be obtained from

external vendors leads to the following inbound flow constraints:

> o FoustSbput tOT, pORMOSA, vV, (22
s Spv

Modeling costs

The different costs and revenues associated with the arcs and nodes of a typica
multinational logistics network are shown at the top of Figure 9, and their correspondence with
the decision variables of the optimization model is indicated at the bottom of the figure. Note
that several of the costs which are incurred in the network facilities are assigned to the model’s
flow variables. For example, supply-order and receiving costs are assigned to inbound flow
variables and customer-order, shipping as well as cycle and safety inventory holding costs are
assigned to outbound flow variables. Note also that, in an international context, to take transfer
prices and taxes into account correctly, it is necessary to derive an income statement for each
network facility. This implies that certain costs associated with the network arcs must be split
into the part paid by the origin and the part paid by the destination. For example, for arc (s, s') in
Figure 9, the origin node pays the customer-order, shipping, transportation, inventory-in-transit
and cycle/safety costs but the destination pays the supply-order and receiving costs. In addition,
transfer prices are charged to node s' but they are arevenue for node s. Transportation costs are
paid by the origin s but they are passed on to the destination s and duties are paid by the
destination. Note finally that, to compute after tax net revenues, the fixed selling costs of the

selected markets and the fixed cost of support activities must also be taken into account.
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§ Country A Country B
% Transfer Price Price
x
Supply Arc Internal Arc Demand Arc
v P-DC s p DCSs d
)
g g Layout Layout
(1@ Capecity options Capeacity options
RM price Order Order Transportation Order Order Transportation
o " Transportation ~ Receiving Shipping Inventory in transit Receiving Shipping  Inventory in transit
f@'a‘i (paid by sif Production (paid by s) Transfer price (paid by s))
38 notin RM price) Handling Duties
> Inventory holding Inventory holding
Assignment of revenues and costs to arc and node variables when transportation is paid by the origin:
S S
vast X pst’ U pst? l pst Fpss’t l pst Fps' dt
R — S | S T
Supply-order Production (Cpkg), Customer-order Supply-order Seasonal inventory Customer-order
Receiving flg  Handling (Mps), Shipping fOest Receiving st (st Shipping Ot
RM price Seasona inventory = Transportation Transfer price () Transportation
Cs§ Transportation Vg  (Mpst) Inventory in transit + transportation (f'ssy) Inventory in transit
(currency v) Cycle/safety stock (h,g)  Duties (3pss) Cycle/safety stock (hysy)
Layout (Ag Layout (Ag)
Options(a],j 0%y Options(a],j 0Jy)
Rs‘ Transfer pri ce_(r(psl) Price (Pogi)
+ transportation (o) (currency d)

P-DC s Income Statement DC s Income Statement

Figure 9 : Mapping of costs and revenues on arcs and nodes
The cost assignments described in Figure 9 are based on the following cost modeling

assumptions:

+ The prices and costs associated with the nodes of the network are given in local currency.
The costs associated with the arcs of the network are given in source currency. Exchange
rates are known and constant during the planning horizon considered.

+ Thefixed costs associated with facility layouts reflect potential changes of state (closing an
existing facility, building or buying a new facility, changing the layout of afacility, etc.) and
fixed operating expenditures, and they depend on the practical context of each potential
node. The relevant fixed costs for different contexts are listed in Table 1. These costs are
based on the engineering economy principles of capital recovery plus return over the
planning horizon (Fabrychy and Torgersen, 1966). The fixed costs associated with potential
capacity options also cover change of state and operating expenditures. The approach
proposed to compute layout fixed costs can also be used to obtain capacity option fixed
costs.
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Do not use the site Usethe current layout (1=1) Use a new layout (1>1)
o 0
Initial state Decision | Fixedcost (Ag) | Decision | Fixedcost (Ag) | Decision | Fixedcost(Ag)
- Capital recovery - Set-up cost
owned Close - Closing cost Satus- | - Opportunity cost Change | - Capital recovery
quo Oerdi o layout - Opportunity cost
- Dperdling co - Operating cost
g2
= - Closing cost - Rent - Set-up cost
3 § Rented Close - Lease penalty Status- - Operating cost Change - Rent
quo layout .
- Operating cost
: ; ; Satus- ) : Change | _ ;
Public Stop Stopping cost Operating cost Operating cost
quo layout
- - Set-up cost
New facility . .
or purchased Do not - Zero Build/ - Capita recovery
use Buy - Opportunity cost
& renovated
= - Operating cost
5% | Rented - Set-up cost
& facilit Do not - Zero Rent - Rent
y use .
- Operating cost
Public Do not - Zero Use - Starting cost
use - Operating cost

Table 1: Facility Layout Fixed Costs in Different Contexts

+ Each time products cross a border; tariffs and duties are charged on the flow of merchandise

and these are paid by the importer. In other words, these tariffs are calculated on the inflow
to a given site from a foreign country of origin. These tariffs are based on the nature and

class of the product. In the majority of countries, border tariffs are calculated on the CIF
(Cost, Insurance and Freight) or the FOB (Free on Board) product value. In the model it is
assumed that importers in all countries pay border tariffs based on CIF product values. To
simplify the presentation, it is aso assumed that there are no duty drawback or avoidance

possibilities. An approach to model duty drawback and avoidance is presented by Arntzen et
al. (1995).

+ The transportation costs on the network arcs are paid by the origin. In practice,
transportation costs usually display economies of scale with respect to shipment weight and
distance, i.e. they can be modeled by a concave function f(Q,d), where Q is the shipment
weight and d is the distance between the origin and the destination. Different products can
also be included in a given shipment. The flow on a network lane, say ZpF

psst’

corresponds to the sum of all the shipments made on arc (s,s’) during season t. If the average

weight of the shipments Qg On the arc is constant (e.g. truck load), then the shipment
frequency during the season is given by FRy; = (va_vapss't)/QSS't and the unit

shipment cost f:)SS.t = Wpf(Qsgrr dsg)/ Qggr i independent of the flow variables Fpgsy.
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When this is the case, it is reasonable to assume that transportation costs are linear with
respect to seasonal flows. On the other end, in practice, it is often the frequency of
shipments FRy¢ that is considered constant. When this is the case, the average shipment
weight is

QSS't = (ZprFpss't)/Fngt (23)

and the unit shipment cost f:)SS.t is a non-linear function of the seasonal flow variables. A
successive linear programming approach to take these non-linearities into account is
proposed by Fleischmann (1993). Another possible approach is to discretize the non-linear
cost functions by introducing parallel arcs with different transportation costs and bounds on
the flow variables. This approach, however, adds a large number of O-1 variables. To
simplify, in what follows, it is assumed that transportation costs are linear.

+ Transfer prices for products sent in the internal network are fixed by the accounting
department of the company and these do not include transportation costs from the source to
the destination. In order to comply with laws and regulations, the transfer price of a given
product shipped from a given source must be independent of its destination. In other words,
the transfer price from the origin to the destination covers all the accumulated costs up to the
shipping of the products from the origin and they include a predetermined margin. An
approach to optimize transfer pricesis presented by Vidal and Goetschalckx (2001).

+ Theincome taxes paid in acountry are calculated on the sum of the net revenues made by all
facilitiesin this country. If afacility reports aloss, thisloss is deducted from the total profit
of the subsidiary before taxes. It is also assumed that the corporate taxes paid by the parent
company are deferred until it pays dividends and that the decision to pay out dividends is
independent of the design of the network. The parent company therefore only pays taxes on
its local profits and it can be treated in the same way as the subsidiaries.

+ The company wishesto maximize its after tax net revenues in a predetermined currency.
To calculate the total revenues and costs of a logistics network design, the following
financial parameters and variables are required:

A, =Fixed cost of using layout | on site s for the planning horizon.
0
A

S =Fixed cost of not using site s for the planning horizon.

a]-1 =Fixed cost of using capacity option j for the planning horizon.

a]-o = Fixed cost of not using capacity option j for the planning horizon.

Ami = Fixed selling cost incurred when marketing policy i isused for product-market m.
S

AO

=Fixed cost of support activitiesin country o.
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Cpkst = Unit production cost of product p in production-distribution center s with technol ogy
k 0 KM during season t.

m\PSt =Unit handling cost for the transfer of product p to the stock of site s during season t.

= Unit cost of the flow of product p between vendor v and site s during season t (this

Pt cost includes the product’s price and the variable transportation cost).
fgsnt = Unit cost of the flow of product p between site sand node n paid by origin s during
season t (this cost includes the customer-order processing cost, the shipping cost, the
variable transportation cost and the inventory-in-transit holding cost).
f|tosnt = Unit transportation cost of product p from site sto node n during seasont (thiscost is

included in f2g ).
d = Unit cost of the flow of product p between node n and site s paid by destination s

et during season t (this cost includes the supply-order processing costs and the receiving
cost).
h,s  =Unitinventory holding cost of product p in facility s during season t.
Thy = Transfer price of product p shipped from site sin season t.
€ = Exchange rate, i.e. number of units of country o currency by unit of country o’

currency (theindex o = 0 is given to the base currency, whether it is part of O or not)
Oons = Import duty rate applied to the CIF price of product p when transferred from the
country of node n to the country of sites.

T, = Income tax rate of country o
Cq = Total site s expenses for the planning horizon.
Rs = Total site srevenues for the planning horizon.

OP, = Operating profit made in country o during the planning horizon.
OL, = Operating loss madein country o during the planning horizon.

The revenues and expenses of the P-DC’sand DC’s, in local currency, are outlined in Table
2. The expression for the transfer costs of material inflows is obtained by first converting the
transfer prices and transportation costs in local currency and then by adding the applicable

duties. A similar approach is used to calculate other revenues and expenses.

Using the numbered elements of the expenditures and revenuesin Table 2, it is seen that:

Ce=1)+2)+3)+5)+6)+7)+9) +10) sOSd. (24)
Ce=1)+2)+3)+4)+5) +6)+7)+8)+9)+10)  sOSpd. (25)
R = 11) + 12) sOS. (26)
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Distribution Center

Production-distribution Center

1) Inflows transfer
cost

Z Z Z (1 + 6ps‘s) eo(s), o(g)(nps't + f:)SSt) Fps‘st

tOTpOPs OS,

2) Raw materials

v
z Z z (1+ 6pvs)eo(s), o(v)fpvstvast
tOTpORM I]SAVDVp

3) Receptions from
other sites

YY Y fonsFons

|
tOTpOPNOV, 0SS,

4) Production

Z z z Cpkstxpkst

tOTpOMPKOKM

5) Facilities and

AQY g+ DAY st Y [ajlzj +a]p(1_zj)]

Expenses options cost
0L joJ
6) Order cycle and [
safety stocks Z Z hpst' p(xpst)
tOTpOP
7) Seasonal S
stocks Z Z Z hpstl pkst
tOTpOMPKOKS,
8) Handling Y mygUpy
tOTpOMP
9) Outflow_s to Z Z Z fgsst':pss't
other sites (OTpOPs DS,
10) Outflows to 0
demand zones Z Z Z fpsdt Z Fosdit
tO0TpOPdODy, i Olpgg
11) Outflows to t
other sites Z Z Z (npst * fpsgt)Fpsst
tOTpOPSOS,,
Revenues

12) Outflows to
demand zones

22 Y Cos)0) 2. PoditFpsit

t0TpOPd 0Dy i Olpg

Table 2: Facilities expenses and revenues in local currency

The operating income for each national division is thus given by:

— M S
OIo - Z (Rs_cs)_ Z Z AmiYmi_Ao’
mOM,iOl

sDSO

oJO

(27)

The corporate net revenues before taxes in the reference currency is given by the expression

2

oJO

eOOOIO. To calculate corporate after tax profits, one must first separate the divisions
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where the margin is positive from the divisions where it is negative because there is no income
tax to pay on losses. To do this, Ol, must be separated in its negative and positive parts by
defining

Operating Income =OP,-OL , (28)
where the operating profit OP, = Ol if Ol, > 0 and the operating loss OL , = -Ol ,, otherwise.
Clearly, for a given country, the operating profit OP, and the operating loss OL j cannot be
simultaneously positive. Given this, it is seen that the after tax net revenues of the corporation in

its reference currency is given by the expression 20 0 OeOO[(l —TO)OP0 —-OL].

Optimization model
-

Based on our previous discussion, the complete mathematical programming model
proposed to optimize the structure of a global production-distribution network takes the

following form:
Z = max en,[(1-1,)OP —OL ] (MIP)
ZODO 0o o] o o}

subject to

- Demand and marketing policy constraints (1) and (2)

- Facility layout, space and exclusive options constraints (3), (6) and (7)
- Upper bound on the number of DC'sand P-DC’s (4) and (5)

- Distribution centers throughput definition constraints (10) and (16)

- Production centers flow equilibrium constraints (8)

- Production facilities capacity constraints (11) and (12)

- Raw materials flow equilibrium constraints (13) and (14)

- Didtribution centers seasonal inventory accounting constraints (9) and (15)
- Lower bounds on the distribution centers flow (17)

- Facilities storage capacity constraints (20)

- Facilities shipping (receiving) capacity constraints (21)

- External supply constraints (22)

- Definitions of the facility total cost (24) and (25)

- Déefinitions of facilities total revenue (26)

- Definitions of the national divisions operating income

MM S
S (R-Co- ¥ 3 ApYni—-OP,+0L, = Aj, 00O (29)

sus, mUMgiOl,
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- Non-negativity constraints
YM 0{0, 1}, mOM, i Ol Y\ 0{0, 1}, sOS, | OLg Z; {0, 13, j 0OJ

Xokst 20, O (pk,st); Upg 20, T (p,si); ngst >0, O (p,k,st);

Fonst 20, O (p.nSY); Fpsgit 2 0, U (p,s,diit);
Rs>0,Cs20,s0S; OP,>0,0L,20,000
Thisisalarge scale non-linear mixed integer programming model. The non-linearitiesin the

model are found in constraints (20), (24) and (25) and they all come from the inventory-
throughput functions. In order to solve the model efficiently, a method to cope with its size and
its non-linearities must be used. Given the power of current MIP commercia solvers, the
decision support system developed to generate and solve the model is based on a the solution of
successive linear mixed-integer programming problems with a commercial solver, coupled with
the use of valid inequalities (cuts) to strengthen the MIP formulation. Experiments on the
solution of particular cases of the model with Benders decomposition were made. It was found
however that, to obtain good computation times with Benders decomposition, initial cuts had to
be added to the model. It was also found that when these initial cuts were added to the model,
the solution times obtained with CPLEX 8.1 were not worst than those obtained with Benders
decomposition (Paguet et al., 2004). The approach used does not seek to obtain the global
optimum: rather, it is perceived as a practica scenario improvement method based on
reasonabl e approximations of the inventory-throughput functions.

An approach which could be used to linearize the problem is to replace Ip(Xpst

) by a
piecewise linear approximation. Thisis equivalent to introducing alternative DC’'s at agiven site
with different lower and upper bounds on throughput, and adding an additional constraint on
layout variables to ensure that only one of the aternative DC’s can be used at each site. The
problem with this approach is that it increases the number of O-1 variables in the model
significantly. Thisiswhy a successive MIP approach was developed. The approximation of the

inventory throughput function used at iteration i of the solution method proposed is:

| i |
(X pe) = PhaX et (30)
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where the slope p(i) is calculated, at each iteration, from the flows of the last solution with the

pst
expression:
(i) I(i—1) I(i—1) I(i—1) by —1
Ppst = 1o(Xpst )/ Xpst = @,(Xpg ) (31)
Theinitial slope pls) is obtained by setting:
1(0) _
Xpst = (Y40 0Xpat) IS sOS,pOR tOT (32)

or by using historical flowsasin (19). Although the equal share flows obtained with (32) are not
necessarily feasible, they yield an initial slope which can be used to start the procedure. An
approach based on goa programming to arrive at feasible initial flows is proposed by Martel
(2002). The iteration process is continued until the difference between the values of the
objective function of two successive solutions is sufficiently small. The successive slope
calculation process proposed isillustrated in Figure 10. When the seasonal throughput obtained

1(i)

for center s during the it jteration (XIost

) is positive, the slope can be calculated using relation
(31). When Xng = 0, however, which necessarily occurs when a site is not used, the slope is
not revised and the value obtained at the preceding iteration is retained. A heuristic approach
similar to oursis used by Kim and Pardalos (2000) to solve concave piecewise linear network

flow problems.

A I(1))
— P pst’
Ip(Xpst)
Average
inventory | 1(0)
level W pXpst)
ps % 1(0)
| : pst
I
1(1) Iy 1(0)
!XpSt |Xp5t -
4 Seasonal flow (Xpg)
iteration 1 initial
flow flow

Figure 10 : Successive linear approximations
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To describe the solution algorithm formally, the following notation is needed:

MIP(i) = The mathematical program obtal ned by replacing Ip(X «) in the constraints (20),
(23) and (24) of MIP by pl(o's)t pst and by adding appropriate initial cuts.

Sol; = The solution obtained by solving MIP(i).

Z;(Sol) =The value of the objective function of MIP(i) for solution Sol.

Z(i) =Theexact value of Sol;, i.e. the value obtained by using the site cost definitions (24)
and (25) to evauate ol

Note that, because of the nature of the approximation made, we have:
Z(i) = Z;41(S0ly)
The agorithm used to initialize the solution process and to improve the solutions obtained
iteratively is the following:
1) Initialization.
Seti=0
Obtain equal-shareinitial throughputs for the centers by computing:
Xog = (Cynp¥ea)’/!S  sOS,pORLOT
2) Linearization with the last iteration throughputs.
=i+l
For each product p, each center s[J Sand each seasont [ T,
+ If the throughput X :O(Sit_ b is positive, compute the revised inventory duration
with:

(i) _ I(i—1) I(i—1)
pplst I(Xpslt )/Xpslt

1)

+ If the throughput X (i - isnull, keep the inventory duration used at the

pst
previous iteration.
If i>1, setZ(i-1) = Z;(Soli_q)

3) Check the stopping condition.
If {i >2} and {[Z(i-1) - Z(i-2)]/Z(i-2) < €}, end.

4) Solve the mixed-integer programming problem.
Find the solution Sol; of MIP(i)

Go back to step 2

where € is an acceptable tolerance.
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Notethat if relation (23) is added to the model, the solution approach proposed can easily be
modified to take concave transportation costs into account. Also, instead of using inventory
durations to approximate the inventory-throughput functions, it is possible to use the gradient of

Ip(X:m) evaluated at le(;t_ b and to limit the throughput change at iteration i to atrust region
(i —

around XIOSt

1). This approach, proposed by Martel and Vankatadri (1999), provides a better
approximation but it is more difficult to implement and less intuitive. The solution approach
proposed here has given very satisfactory results in several real life projects. It was used, for
example, to reengineer the North-American production-distribution network of Domtar, one of
the largest fine paper producersin the world. The project involved the consideration of 12 paper
mills, 13 conversion sub-contractors and 50 distribution centers. More than 100 product

families and 1 000 demand zones were taken into account. The problems to solve had about

300 000 variables, including 75 binary variables.

Conclusion
-

This text proposes a mathematical programming approach to design international
production-distribution networks for make-to-stock products with convergent manufacturing
processes. A more general version of the model proposed and the solution method described
were implemented in a commercial supply chain design tool which is now available on the
market. The tool was used to solve severa real life logistics network design problems. Work is
currently in progress to expand the approach to make-to-order contexts and to divergent

manufacturing process industries.
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	Abstract
	This text proposes a mathematical programming approach to design international production-distrib...

	Keywords
	logistics network design, Supply chain engineering, Location-allocation problems, Capacity planni...

	Context
	How many production and distribution centres should a company have to satisfy the demand of its t...
	The exact nature of the logistics network design problems encountered in practice depends very mu...
	As can be seen, logistics network design problems, as defined here, integrate several sub- proble...
	In this paper, various formulations of the elements of production-distribution network design mod...

	Modeling approach
	Performance evaluation
	Although most of the logistics network design models presented in the literature adopt a total sy...
	Figure 1 : Costs, value added and delivery time in the supply chain

	In order to evaluate the performance of various designs, their cost and delivery time can be plot...
	Figure 2 : Performance evaluation methods

	Despite the fact that an abundant literature exists on the impact that quality and flexibility ma...

	Planning horizon and uncertainty
	In capital intensive industries, capacity expansion decisions may require the explicit considerat...
	To clarify this issue, let us first make a distinction between the notions of season and period. ...
	Most of the models published in the literature are deterministic single-period mathematical progr...

	Modeling process and product structures
	In order to arrive at a general production-distribution network design model for a given industri...
	More specifically, the following product structure modeling assumptions are made. Products are cl...
	Figure 3 : Potential logistics Network

	A technology is defined by the set of products it can manufacture/store, and it is assumed that t...
	The notation used to model product structures and technologies is the following:

	Network optimization model structure
	The structure of logistics networks can be represented by a directed graph. The network nodes cor...
	Two approaches are also used in the literature to model flows in the network. One of them associa...
	Figure 4 : Potential logistics Network

	The model presented in this paper is an arc-based formulation for the general logistics network i...
	The customer ship-to locations are grouped into demand zones (D). The definition of these demand ...
	The following sets, indices, parameters and variables are required to define a potential logistic...
	The essence of the logistics network design problem boils down to finding an optimal mapping of t...

	Modeling demand, prices and customer service
	Although most of the models available in the literature assume that demand is given and not affec...
	In this context, the following notation is required to model the demand:
	Parallel arcs are defined between the network sites s and the demand zones d to model the flow of...
	t ŒT, p ŒP, d ŒD, i ŒIm(d) (1)
	m ŒM (2)


	Modeling facility layouts and capacity options
	The technical and economic characteristics of the facilities which could be operated on the netwo...
	Part of the layout considered as fixed
	Currently available technologies
	Part of the facility which can be reconfigured
	Installed capacity option which can be kept as is, disposed of or reconditioned
	New capacity options which could be selected
	Figure 5 : Illustration of the Facility Layout Concept

	Numerous capacity options can be available to implement a given technology in the variable part o...
	The notation required to include layout and option choice decisions in the model is the following:
	Using the layout selection variables , the following constraints must be included in the model to...
	sŒS (3)
	(4)
	(5)

	Using the capacity option selection variables, Zj, the following constraints must also be include...
	sŒS, lŒLs (6)
	sŒS, lŒLs, n = 1,..., Nls (7)


	Modeling flows and inventories
	In addition to deciding the marketing policies, sites, layouts and capacity options to use during...
	The additional notation required to model flows and inventories is the following:
	Figure 6 : Flow of sub-assembly p Œ SA in a production-distribution center

	Any valid network optimization model must ensure that there is equilibrium between the flows of p...
	tŒT, pŒMP, sŒSpd (8)

	Similarly, in the part of facility s used by the storage technologies (KSps), additions and withd...
	t ŒT, pŒMP, sŒSpd (9)
	tŒT, pŒP, sŒSpd (10)
	Figure 7 : Behavior of product p inventory in a distribution center


	The quantity Xpst of products which can be manufactured in a given P-DC is limited by the layout ...
	t ŒT, sŒSpd, kŒKMs (11)
	t ŒT, pŒPs, sŒSpd (12)
	t ŒT, pŒRM, s ŒSpd (13)

	For distribution centers, the flow equilibrium constraints and the inventory accounting equations...
	t ŒT, pŒRM, s ŒSd (14)
	tŒT, pŒMP, sŒSd (15)
	tŒT, pŒP, sŒSd (16)
	tŒT, sŒSd (17)

	The three types of inventories to take into account in the model are represented in Figure 7: sea...
	tŒT, pŒP, sŒS (18)

	Average inventory level
	Figure 8 : Relationship between inventory levels and material flows in a DC

	Most network design models proposed in the literature do not take the risk pooling effects captur...
	(19)

	Function (18) provides the average inventory of product p required to support throughput . This q...
	t ŒT, sŒS, kŒKSs (20)

	The flows in all the facilities are also restricted by their receiving and shipping capacity. It ...
	tŒT, sŒS, kŒKW (21)

	Finally, the limited supply of raw materials and sub-assemblies which can be obtained from extern...
	t ŒT, p ŒRM»SA, v ŒVp (22)


	Modeling costs
	The different costs and revenues associated with the arcs and nodes of a typical multinational lo...
	Figure 9 : Mapping of costs and revenues on arcs and nodes

	The cost assignments described in Figure 9 are based on the following cost modeling assumptions:
	Table 1: Facility Layout Fixed Costs in Different Contexts
	(23)

	To calculate the total revenues and costs of a logistics network design, the following financial ...
	The revenues and expenses of the P-DC’s and DC’s, in local currency, are outlined in Table 2. The...
	Using the numbered elements of the expenditures and revenues in Table 2, it is seen that:
	Cs = 1) + 2) + 3) + 5) + 6) + 7) + 9) + 10) . (24)
	Cs = 1) + 2) + 3) + 4) + 5) + 6) + 7) + 8) + 9) + 10) . (25)
	Rs = 11) + 12) � . (26)
	Table 2: Facilities expenses and revenues in local currency


	The operating income for each national division is thus given by:
	(27)
	Operating Income = , (28)



	Optimization model
	Based on our previous discussion, the complete mathematical programming model proposed to optimiz...
	subject to
	, o ŒO (29)

	This is a large scale non-linear mixed integer programming model. The non-linearities in the mode...
	An approach which could be used to linearize the problem is to replace by a piecewise linear appr...
	(30)
	(31)
	, p ŒP, t ŒT (32)
	Figure 10 : Successive linear approximations


	To describe the solution algorithm formally, the following notation is needed:
	Note that if relation (23) is added to the model, the solution approach proposed can easily be mo...

	Conclusion
	This text proposes a mathematical programming approach to design international production-distrib...
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