
what vague and complex subject, and to place certain  definite featu res in 

theoretical rela tion to one another, th a t  the  discussion here p resented  should 

be judged. Some of the  views expressed have been s ta ted  before in  o ther 

contexts,* and in  a more detailed  and com plete m em oir I  hope to refer to 

these and other theories bn the  subject. In  th is  account I  have m entioned, 

very briefly, only those papers which I  have had actual occasion to use in  the 

present d iscussion ; b u t it  is hard ly  necessary to s ta te  how m uch such an 

investigation m ust owe to the  labours of o thers who have previously studied  

the m any-sided phenom ena d ealt w ith.

I t  is a pleasant du ty  to acknowledge the assistance which has been placed 

a t my disposal, in the  execution of the com putations necessary for th is  paper, 

by the G overnm ent G ran t C om m ittee of the  Royal Society and by th e  

Astronom er Royal.
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The D iffraction  o f  Electric hy the Earth .

By G. N. W a t s o n , Sc.D ., D.Se., A ssistant Professor of P u re  M athem atics a t  

. U niversity  College, London.

(Communicated by Prof. J. W. Nicholson, F.R.S. Received May 29, 1918.)

D uring the  last 15 years, the problem  of determ ining th e  effect a t a d is tan t 

point of the earth ’s surface due to a H ertzian  oscillator em itting  waves of a 

definite frequency has been the subject of num erous theoretical investigations.

W hen certain  assum ptions of a physical character have been made, the 

problem is of a definitely m athem atical ty p e ; it  is in  fact reduced to the 

problem of finding an approxim ate  form ula for the  sum  of a certa in  

complicated seines of an oscillatory n a tu re ; we shall sum m arise the  principal 

methods which have been devised for dealing w ith th is series.

The m ethod of Poincaref and NicholsonJ is to replace the  series by an 

in tegral and then to obtain an approxim ate value for th e  in tegral by 

means of the calculus of residues. The analysis employed by them , though

* Since w riting  th is paper, for example, 1 have noticed th a t  the sym m etry  of the 

disturbance varia tion  about th e  solar m eridian plane (§ 6) had  been rem arked  by 

van Bemmelen in 1903 (‘ T errestria l M agnetism ,’ vol. 8, p. 153), who also ( ., vol. 5,

p. 123) refers to a theory  of “ cu rren t-v o rtices” (cf. § 11) by Schm idt (‘ M et. Z eitschrift,’ 
1889, p. 385).

t  ‘ Palermo Rendiconti,’ vol. 29, pp. 169-260 (1910).
J ‘ Phil. M ag.,’ 1910,passim.
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84 Dr. G. N. W atson.

substan tia lly  sound, seems to be lacking in  rigour in  some po in ts  of d e ta i l ; 

i t  is, moreover, exceedingly elaborate  and th e ir  approxim ations become invalid  

in  th e  neighbourhood of the  antipodes of th e  tran sm itte r .

The m ethod em ployed by M acdonald* is to approxim ate to the  term s of 

the  oscillatory series, and th en  to replace the  modified series by an in tegral. 

F rom  the purely  m athem atical po in t of view th is  procedure seems open to 

question, as th e  sum  of th e  series is considerably  sm aller th an  the  differences 

between the  larger term s in  the orig inal series and  the  corresponding term s 

of the  modified series. I t  appears, however, th a t the  sum  of the  differences 

is of the  same order of sm allness as the  sum  of the  series, and  consequently, 

as in  m any o ther physical problem s, th e  end justifies the  m eans. I t  should  

be poin ted out th a t  th e  reason for the  chief discrepancy betw een th e  form  of 

M acdonald’s re su lt and the  resu lts  ob tained by P oincare and  Nicholson is 

th a t M acdonald u sesf the  approxim ation

Vn (cos 0) -  Jo {(2n  + 1 )  sin $ 6}

when n  is la rge ; bu t i t  is obvious from Laplace’s approx im ation  for 

P w(cos 6) th a t th is  form ula ceases to be a valid  approxim ation  when 6 is large 

enough for nds to be appreciable.

The problem  has been treated  in a d irec tly  a rith m etica l m anner by Love,! 

whose m em oir contains a com plete b ib liography.

A  com pletely  different mode of procedure is adopted by M arch § followed 

by R ybczynski || ; these investigators w ork  ab initio  w ith  a definite in teg ra l 

in  place of a series ; b u t it  lias been poin ted out by Love th a t the  whole of 

th e ir analysis is fundam entally  unsound, since th e  expression which they  

assum e for the  m agnetic  force has a line of singularities along the  negative 

half of the  axis of harm onics, an d  such an assum ption  is, of course, incorrect. 

The in itia l e rro r seems to lie in  an “ inversion form ula ” which som ew hat 

resem bles F ourier’s in tegral fo rm u la ; the  form ula in  question, according to 

M arch, is proved in his d issertation , b u t I  have no t succeeded in  obtain ing  a 

copy.

F u rth e r  criticism s could also be m ade as to the  m anner in  which they  

approxim ate  to the in teg ra l ; for instance, w hile they  profess to approxim ate 

to an in tegral involv ing a Legendre function of the  first kind, it seems th a t 

th ey  really  obtain an. approxim ation to an in teg ra l in  which th e  function P n 

is replaced by the  function Qre.

* ‘ Roy. Soc. P roc.,’ A, vol. 90, pp. 50-61 (1914), an d  ea rlie r papers.

t  Ib id ., p. 55.

|  ‘ P h il. T rans.,’ A , vol. 215, pp. 105-131 (1915).

§ ‘ A nn. d er P liy sik ,’ vol. 37, pp. 29-50 (1912).

|| ‘A nn. d er P h y sik ,’ vol. 41, pp. 191-208 (1913).

i
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85The D iffraction o f  E lectric Waves by the Earth .

In  view of the  discrepancies betw een the resu lts  ob tained by different 

investigators, Dr. van der Pol has asked me to m ake a fu r th e r  exam ination 

of the problem, and to determ ine the  m agnetic  force a t  the  antipodes of the  

transm itter. This paper is the  outcom e of th e  analysis, and i t  appears to 

show th a t the  physical assum ptions do not account for the  observed am ount 

of diffraction. I t  therefore  seems th a t fu r th e r physical facts, such as the  

ionisation of the  upper regions of the  atm osphere, p lay  a dom inating  part.

I  m ust no t om it to acknowledge g ra te fu lly  th e  help w hich Dr. van der Pol 

has given me in connection w ith  the  physical aspects of the  problem .

2. The essential advance in  th is  paper is closely connected w ith  the  fu n d a­

m ental error of M arch and  Kybczynski w hich was poin ted ou t by Love.

In  dealing w ith  an oscillator on the positive half of th e  axis of harm onics, 

those w riters express a H ertz ian  function by an in teg ra l of P s (cos the 

integration being carried  out w ith  regard  to the  degree s of the  Legendre 

function ; such an in teg ra l has a line of singu larities along the  line 

and is regular along the  line 6 =  0.

The fact is th a t, when harm onics of non-in tegral degree are  in troduced , 

the appropria te  function to use is not P s (cos b u t P s ( — cos ; th is 

fundam ental po in t is som ewhat obscured by the equation

P„ ( — cos 6) =  ( — )B P n (cos 6),

which holds between the  functions whose degrees are in tegers. The fa ilure 

of convergence of an in tegral involving P s ( - c o s 0 )  along the  line 0 =  0 

(when an oscillator is placed on the  positive half of the  axis of harm onics) 

is s tric tly  analogous to the  failure of convergence of the  series 1 +  s +  22-f- . . . ,  

all round the circle | z | =  1 on account of the  single s ingu larity  of the 

function 1 / ( 1 — z)at the  point 2 =  1.

A sim ple electrosta tic exam ple is afforded by the  p o ten tia l of a u n it 

charge a t distance a from the origin. The po ten tia l near the  origin is

V  =  ( 1 /a )  X ( r /a )nP re(cos
n = 0

=  ( l / a )  X ( —)” (a)nP„ ( — cos
n = 0

where the contour s ta rts  from -poo and re tu rn s  to +  oo after encircling the 

points s =  0, 1, 2, ..., which are poles of the in tegrand.

On swinging round the contour* so as to surround .the o ther poles of the

* Of.Barnes, ‘ Lond. M ath. Soc. P roc.’ (2), vol. 6, pp. 141-177 (1908). Laplace’s 

orm u a for P 8, valid when (6'] is large, has to be used to prove the convergence of the
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86 Dr. G. N W atson.

in tegrand , and evaluating  the  residues, we find the  series for Y  in  descending 

pow ers of r, valid  when r  > a.

3. W e now give an ou tline  of the  analysis w hich leads to the  series for 

th e  m agnetic force, and  w ith  th e  aid of the  calculus of residues we shall 

transform  the series in to  a rap id ly  convergent series well adapted for 

num erical com putation. The analysis of Poincar4  leads to an approxim ation 

to the  dom inant te rm  in  th is  series, w hile the  m ore pow erful contour in tegra ls  

of th is  paper give the  com plete series. The analysis  is m ade m ore com pact 

by using the  H ertz ian  function  and  Bessel functions of th e  types em ployed 

by M arch ra th e r th an  the functions previously  used by E ng lish  analysts .

I t  is supposed th a t the  E a rth  is a hom ogeneous im perfectly  conducting 

sphere of rad ius a surrounded by hom ogeneous dielectric. The sending 

apparatus is a H ertz ian  oscillator a t d istance ( > from  the  cen tre  of the 

sphere, its  axis is along a radius of th e  sphere and is tak en  to be the  axis 

of harm onics. The oscilla to r em its sim ple harm onic waves of period 27r/rn  

and the  electric and m agnetic  forces a t any poin t are  th e  real p a rts  of the  

vectors E<?iwt, H e iuit; E  and H  are connected by M axw ell’s equations

y H  — —rotE , /3 E  =  H ,

•where yS,7 are  constan ts of the  m edium  tra n sm ittin g  th e  waves.

The spherical-polar co-ordinates are (r, 0, <£), th e  com ponents of E  are 

(E r, E e, E^), and the  com ponents of H  are (H r, H 0, H * ) ; we also w rite  

cos 6 =  /x.

Then the com ponents of E  and  H ,  in  the  case of sym m etry  about the 

axis of harm onics, are expressible in  te rm s of th e  single H ertz ian  function n  

by the  equations*

E r
_  idH)

* ~  rb ’

h  -  - .£ < 5?
* ~  b ’

0 ;

and n  satisfies the  wave equation

(v2+ft2) n  =  0,
where k 2 =  — fiy .

Now the H ertz ian  function due to an oscillato r in  homogeneous infinite 

space is

n 0 =

* T his function  differs from  M arch ’s function  by  th e  factor i t  is iden tical w ith  

Love’s function  in th e  case of an  oscillator su rrounded  by  infin ite  hom ogeneous d ielectric  ; 

the presence of th e  facto r b in the  equations is explained  by th e  equivalence of the 

operators d/dp, d/bdO so fa r as functions of rl -  2br cos 6 +  62 are concerned if (p, <p

cylindrical co-ordinates.
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where R denotes the  distance of (r, 0, </>) from  0, 0 ) ;  an

expansible in the  forms

n „ =  — r r  t  (2»  +  l ) 6 . ( * } ) ^ ( f o - ) P .0 » ) ,
/n? 0 n = o

l l 0 =  — -Ej£ (2 n  + 1) £„ (hr) 
EVO n = o

according as r  <  & or r  >  5, where*

Tn (x) =  ( I  TTXf J  „+J (X),tn (x) — ( |  TTX)

the  symbol H„(2) denoting the second of the  tw o H ankel-N ielsen  functions 

(which are sometimes called Bessel functions of th e  th ird  kind).

W e now have to take in to  account the fact th a t ft, 7, have not th e  same 

values when r  < a as when r  > a; we accordingly d

constants for the in terio r of th e  E a rth  by the  sym bols fti, 7

W e assume th a t the  d isturbance in the  H ertz ian  function outside the 

sphere r — a is 11 ,̂ and th a t the  distu rbed function  inside the  sphere is 11*. 

The appropria te  series for and n t are

H i =

•n. = - j i j  J o(2« + 1) b.

where the coefficients an, bn are constants.

The boundary conditions are effectively

/3 ( n „ + n , , )  =  m<,{r n » + r n d} =  |  { r n . ; ,

when r  =  a. On substitu tion  we find the  value of an by solving two lin ear 

equations ; the  value is

an _  (kb) iTn (ha )  Tn' ( k a ) - f t  (ka)/( ftjk )]

f n  (ha)&  (ka )—ftkityn  ’

and we deduce th a t the value of II ju s t outside the  surface of the ea rth  is 
given by

n  {a, 6) =______— £  (2a + 1 )  P„ ( / Q (ha )  & (kb)
kvb n_ o yjrn (ha)  

provided th a t we m ake use of the relation

yfrn (ka) (ka) — (ka) yfrn' (ka) — — i.

W e first discuss the lim iting case in which is negligible compared

I t  should be noticed th a t  th is function \//n differs from  the function which Love 
denotes by \f/„.

The D iffraction  o f  E lectric Waves by the Earth . 87
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88 Dr. G. N. W atson.

w ith  k//3 ', th is  assum ption is equ ivalen t to supposing th a t the  ea rth  is a

perfect conductor.

The value of IT to be considered is now sim ply

U b (a, 0) =  -  ~£  (2n  + 1 )  (fi) & (kb)/ (ka).
KaO n = o

To exam ine the  convergence of th is  series we observe th a t  | I Jn(/a)| — 1 and, 

as n  —*. oo while k, a,b rem ain  fixed,

Kn (kb)/ tn (ka) ~---- ka

and so the  series converges, since b> 

F u rth er, since* | P n' (q.) | n2, i t  is easy to see th a t th e  series ob tained by

differentiating te rm -b y -term  is uniform ly  convergent w ith  regard  to /x, and 

so no difficulties occur in  obta in ing  and E r from  I I  so long as

4. If  we notice th a t (2n  + l)~Pn(/j,) ^n (kb)/^  is the

S  =  7t + £  Of

2S7r^ >s~i ( ~ k ' )  • i *-i(kb)^
cos sir .

wre are led to  the  s tudy  of th e  in teg ra l

j cos . CS_J (ka)

taken  round a su itab le contour.

Since P s- ^ ( — /x) =  F ( |  —s, l  +  s ; 1 ; |  +  |/y )  it  is obvious th a t  P s- | (  — 

is an even in teg ra l function  of s when ^  has any  assigned value such th a t 

— 1 s  fx < 1. A lso from  th e  equation

W 2H%) JL
7 ri

poo — 7ri

J — 00

s0+a;sinh 0

it  is evident th a t  H s(2) (x) is an  in teg ra l function of s w hen E  is positive, 

and  th e  re la tion
H _ / 2> (x) =  (x)

shows th a t  (kb)/ (ka) is an  even func tion  of s.

The in tegrand  is therefore  an  odd function of s, whose only poles are  a t 

th e  zeros of th e  functions cos sir, £s-§ (ka).

W e assum e for the  m om ent (see § 5) th a t  qua function  of s, has

no zeros on the  positive half of the  real axis or on the  im aginary  axis, and  

th en  we take  the  contour of in teg ra tion  to be form ed by a sem icircle of large 

radius E , whose cen tre  is a t th e  origin which lies on the  rig h t of th e  

im aginary axis, together w ith  th a t p a rt of the  im aginary axis which jo ins the  

* This follows w ith o u t difficulty by  induction  from  th e  equation  

P»+i' (fi)-P ji-i' O) =  1) Pw ( n ) .

I
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The D iffraction o f  E lectric Waves by the Earth . 89

points +  R '̂. Tt is going to be supposed th a t R  -  +  co th rough  such values 

th a t no poles of the  in teg rand  ever lie on the  contour.

Since the in tegrand  is an odd function of s, the  in teg ra l along the p a r t of 

the im aginary axis vanishes.

N ext, consider the  in teg ra l along th e  sem ic irc le ; so long as zj=. t t , we m ay 

use Laplace’s approxim ation

P . ( “ /0
COS {s(7T  — f l ) +  ^ 7 r |

^ /{ is T rs in # }

which is valid when 

H**2) (x) are

81 is large and R (s) s  0 ; also the  dom inan t te rm s of

if ( |  x)~s (hfY\

sin« ir l r ( l - 7 )  r ( l + s ) J ’

of which the la tte r  p a rt is negligible except near the  ends of th e  sem ic irc le ; 

it follows tha t, since the  pa th  of in teg ra tion  avoids th e  infin ities of 

(Icb)l&-i(ka), the  value of th is  fraction on the contour has its  m odulus 

com parable with, (k fa )  (b fa f f~ s/ ( ^ —s)and so, by an application of J o rd a n s

Lemma, the in tegral round the  semicircle tends to  zero as th e  radius tends to 

infinity. H ence the sum  of the residues of the  in teg rand  a t its  poles on the 

righ t of the im aginary axis is zero. I f  we assum e (see § 6) th a t the  zeros of 

(ka)are all simple, and if we call them  ... , we get

oo
V

n =  0
(2 n  +  1) P n (/*) & ((ka) +  2t t2

cos vit (ka)/ds]s
0,

and so we lind th a t when kif  /3t- is neglected

TT (n f)\ _ - E — V Y.
i i 6\a> -  kab *  c o s  V1T (ka)/ds]s =

and th is’equation expresses the transform ation of the series for the H ertz ian  

function which the object of th is  paper is to  obtain.

I t  will be found la te r (§ 7) th a t th is  series converges very rapid ly  except 

when 6 is quite small, and th a t term -by-term  differentiation w ith respect to  

6 is permissible, since the  te s t for uniform ity  of convergence is satisfied.

Further, it  will be shown in § 7 th a t convergence is uniform  w ith respect 

to b when b ^ a  \ and so, by A bel’s theorem , we m ay w rite a for b in  the 

series when we wish to find the  effect due to an oscillator placed on the 

E arth ’s surface.

The investigation which lies im m ediately before us consists of an intensive 

study of the zeros of d (ka) qua function of s.

The investigation is simplified by the fact th a t k  is real bu t is complicated 

by the fact th a t ka is large, so th a t asym ptotic expansions for Bessel 

iunctions of large variables have to be employed. I t  may be stated  here
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90 Dr. G. N. W atson.

th a t for waves whose leng th  is 5 kiloin., is 8000 ; if the  w ave-length  is 

10 kilom. (about the  g rea test leng th  w hich is p rac tica lly  realisable), is 

4000.

5. W e first prove two resu lts  s ta ted  in § 4, nam ely, th a t does not

vanish when s is positive or when s is a pure im ag

w rite

V s - i  G )  =  ( h 7rx)i  H,<1> G ),

where x  is w ritten  for b rev ity  in  place of and use the  re la tion  

Vs— r G )£ s—§ G ) £*—|  G ) Vs—  ̂G )  —

W hen s and  x  are  positive, r\s- / (x )and 

num bers, and so if one vanishes th e  o th er also v a n ish e s ; and  th is is 

im possible in  view of the above re la tion.

I f  s is a pure im aginary , the  com plex conjugate to  £s_ i 'G )  is {%), and

th is  is equal to eswi7]s- i  (x ); hence if Ks-* '{x)  vanishes, so does r/s- i

th is  is also impossible. H ence £s- ^ ( x )  never vanishes for positive values of 

s or for pure ly  im aginary values.

6. W e shall now exam ine the  behaviour of th e  functions %s (ka), by

m eans of the  m ethod of steepest descents. On recalling Som m erfeld’s 

in tegrals for Bessel functions of the  th ird  kind ,

^  p o o + 7 U  r o o ~  ni

H wd ) G ) = - r  exsinhw~nw dw,H„(2>G) = — - 1  gisinh

we see th a t we shall have to s tudy  contour in tegrals in  which the  in teg rand  

is  gs.sinhw-na  ̂ the  contours passing th rough  s ta tio n ary  poin ts of a; sinh

In  the  electrical problem  under consideration, x  is large and positive, w hile 

n  is an un restric ted  com plex variable. W e w rite*

n  — a? cosh (a +  i/3) =  a? cosh 7,

where a, /3 are real. In  view of the  fact th a t asym ptotic expansions fail 

when n  > xor n  < —x, we suppose th a t 0 < while a assum es all r

v a lu e s ; the  requisite  cuts in  the  71-plane are  effected by th is hypothesis.

The s ta tionary  poin ts of sinh w —wc o sh 7 are  t

w here m assumes all in tegral v a lu es ; we therefore s tudy  th e  contours form ed 

by p a rts  of the  curves

I  (sinh w —wcosh 7) =  + 1 (sinh 7 —7 cosh 7).

The curve on which

I  (sinh w —w  cosh 7) =  + 1 (sinh 7 —7 cosh 7)

* There is no risk  of confusing these variab les /3, y  w ith  th e  physical constan ts /3, y  

in troduced  in  § 3.
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91The D iffraction  o f  E lectric Waves by the E arth .

h<is fi double point a t w — y  and the  in clination  of one of its bran

is -̂7T +  2 tan  1 (tan h  « cot ^ ).

This branch will be called Ci, and  the  o th er b ranch  th ro u g h  the  double

point will be called GY. 

W e shall write

S n0)(x) gxsinh v>-nv> dw

it is known* th a t, when « =  0, the functions S„W (x) and  H ,/1) (x) are  equal 

and th a t Ci passes from — oo to oq +  7 n .

If t  is defined by th e  equation

si nh w—w  cosh 7 =  — T +  sinh^y— cosh 7, 

then t  increases from  0 to 00 as w  moves along Ci in  e ith er direction from  y. 

Sim ilarly the curve

I  (sinh w — w  cosh 7) =  — I  (sinh 7 —7 cosh 7) 

s a double poin t a t w  =  — 7 ; the branch of the  curve w hich has inclination

-7T i

* Cf. ‘Camb. Phil. Soc. Proc.,’ vol. 19, p. 104 (1917).

*
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92 Dr. G. N. W atson.

— I 7r +  i  ta n -1 (tan h  a eot /3) a t th a t po in t w ill be called C2, and  the  o ther 

branch  through th is  double poin t w ill be called CJ.

W e shall w rite

SM<2>(*0 sinh w— 1 dw

and, w hen a. — 0, SM(2) (x) =  H w(2)(a?).

Now, if we vary 7  continuously  from  a value for w hich a — 0, the  curve Ci 

continues to pass from —00 to 00 + 7  ri ,until th e ,

process of b ifu rcation  ; such a change can* only occur , when the  curve has a 

second double p o in t ; and so b ifurcation  can occur im two ways* according as 

the  second double p o in t on Ci (or (V ) is th e  po in t 7  or th e  po in t

w  =  27n—7. W e consider the  two types of b ifurcation  in tu rn .

-I he first type occurs w hen I (sinh 7 —7 cosh 7) =  0 ; and it  can be shown 

th a t if « >  0 the branch Cx bifurcates, while if « < 0 the  branch  bifur-

* In  tig. 1 the contours are shown ju s t before b ifu rcation  takes place ; the various 

modes of b ifu rcation  are studied  in d eta il by Debye, ‘ M unchen Sitz.,’ A bh. 5 (1910).
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cates. In  the la tte r  case the b ifurcation  does no t affect th e  form  of Ci, b u t 

in  the  former case, after bifurcation, the  curve Ci s ta r ts  a t  co — and, a fte r 

passing through 7, ends a t 00 +iri,  so th a t the  value of S»<1>(a?) has changed 

abruptly  to
“I fX> +7T1

—. g^sinhw-ww dyj — 2 J n (x).
mJoo-Tri

These bifurcations occur w hen n is on the  curves sho

continuous lines s ta rtin g  from th e  po in t n  =

The second ty pe of bifurcation occurs w hen

I  { s in h 7 —(7 — 7ri)cosh7} =  0,

i.e, when n  is on the curves shown in  fig. 2 by continuous lines s ta r tin g  from  

—x. I f  a > 0 the  b ifurcation  does no t affect Ci, b u t if a <  0 th e  value of 

Sn(1) (x) becomes
1 p— 00 +2tri

. — gzsinhw-nw yW)
mJ_oo 

and this is equal to 2e~nnx J - n(x).

Sim ilar argum ents apply  to S„(2> (x), bu t i t  seems unnecessary  to give them  

in detail. The following Tables give the  expressions for Sn(1) (;r), Sn(2) (x), in  

term s of H„w ( x ), H n(2) (x), for each of the  regions of the  w-plane num bered 

1-7  in fig. 2

Sn« ( 4

The D iffraction  o f  E lectric by the Earth . 93

1, 3, 4

H„(1) (*) + II„(2) (x) 2, 6

H„(1) (.r) + e-2n,rtH,/2) (a;) 5, 7

H„(2) (*) 1, 2, 5 i

H„(1> (*) + H„<2) (x ) 3, 7 i

e2n^ H„(1) 0r) + H„(2)O) 4, 6

Throughout the  plane the  following are the dom inant te rm s of the  asym ptotic 

expansions given by Debye when x  is large and 17 1 is no t sm all 

S»<1> ( t f ) ~ ^ (8inhY-?cosh*>-i’rt' y /{ I t t hb sin ( — *7)},

S»<2> (x) ^  e-x(sinhv- 7coshy) + i«  gin ;

and term -by-term  differentiations of these expansions are perm issible, 

whence we find th a t, if n  and xare regarded as th e  independent variables,

7 S«(2)(z )>

- s in h 7  . S„<2> (x),

— 7 sin h 7 . S„<2)(&‘).

— 7 8.o (*x
0 Sn<2> (x)

~  7 • Sn(1) (x),
d Sn(2)(x)

dx

&8»W'(x) . t o m / ,
a *  '  7 smh 7 . S„(1}

02Sre<2> (»

dndx

VOL. XCV.— A.
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I t  follows th a t the  large zeros of W  (x), 

near the  curve on which

K (sinh 7 —7 cosh 7) =  0.

The portions of th is  curve n ear which zeros of H „(2) (x) and its  derivates 

lie are shown in  fig. 2 by broken lines.

Since fn_ (x) ~~ Q  irx)i H*(2) (x), we see th a t  th e  large zeros of & -* '(» ) 

are given approxim ately  by th e  equation

(sinh y—y cosh y)— =   <,- i(s inh y -y co sh y )+ J )r^

i.e. x  (sinh 7 —7 cosh 7) — {  — +  £)

where m  is an  in teger large com pared w ith  x ; and  th e  corresponding value 

( v m)  of V w hich m akes (x) have a sim ple zero is

vm - --(m +  l )  iri/logon.

[A  closer approxim ation shows th a t K. ( ) >  0].

7. W e can now discuss th e  n a tu re  of th e  convergence of the  series for 

I I j  (a, 6) obta ined in  § 4. I t  is obvious from  th e  asym ptotic  expansion 

S„<2> (x) given in  § 6 th a t  (x) does no t van ish  w hen lies in  any  of th e  

regions of fig. 2 in  which H „(2) (x) is rep resen ted  by a single series except 

w hen 17 1 is qu ite  s m a ll; and  so a ll th e  te rm s of h igh ran k  in  th e  series for 

I!* (a, 6) are com prised in  th e  expression

( — /a) (kb) sec „

w here v ~  —(m +

Also, a t the large zeros of %n- i  ( 

exponents occurring in th e  asym ptotic expansion of £„-i (kb), £n- i  (ha) do n o t 

differ appreciably  w hen b/a  is n early  equal to  u n ity ;  an d  so th e  general 

te rm  in  th e  series for 11* (a, 6) is roughly  equal to

^2P  y - l ( - f l )

y /  (v2—a?) . cos t  . log

and th is  is com parable w ith  v2e~il’e/[ ^Z  (v2—x̂ 2) . log v\ except w hen 6 is sm all. 

I t  is obvious from  the  last expression th a t  th e  convergence properties sta ted  

a t the  end of § 4 are deducible from  the  te s t of W eierstrass for uniform ity  

of convergence.

8. In  order to obtain  resu lts  of a num erical n a tu re  i t  is necessary to  

investigate  those term s in  the  series for I I a (a, 0) for which I  (v) is com­

paratively  s m a ll; and to do th is  we shall requ ire  approxim ate  formulae for 

X>n-\ (x) when 17 1 is small.

94 Dr. G. N . W atson.
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The D iffraction  o f  E lectric Waves by the . 95

I t  has been shown* th a t, w hen a =  0, if and  if

+  IT 2 sinhy  +  |T 3cosh7  =  ~  r , then  \d  ( t - T ) f d r \  is a bounded function  of 

■Tand 7 when 0 ^  0* { tt and r  is positive. B u t th e  fact th a t th i

bounded is obviously not connected w ith  th e  fact of being real, b u t m ust 

depend on the  fact th a t, w ith  the  exception of r  =  0, th e re  is no s ta tio n ary  

point of r , qua function e ith e r of t or of T, which is in  th e  neighbourhood of 

the curves in  the *-plane, and in the  T -plane on w hich r  is positive (> 0 ) .

Suppose now th a t we confine our a tten tio n  to  those values of y  for w hich 

| y j <  values of n  for which C2 has a second double p o in t are rep re ­

sented by the  curves which separate  the  region 3 from  the  regions 1 and  2 

in fig. 2. The values of n  for w hich the corresponding curve in the  T-plane 

has a second double p o in t are  represen ted  by the  rea l axis on th e  rig h t of 

x, and the curve passing from  x  to the  origin (show n by th e  do tted  line in  

fig. 2). The la tte r  curve touches the  boundary  of th e  region 1 a t x, and 

so, if we exclude from consideration the sectors w hich are shaded in  fig. 2, 

then \d ( t - T )  /dr| is a bounded function of x, 7 and r  so long as 17 1 — 2*

Hence, when 17 1 - 1 and  the  shaded sectors are  excluded from  consideration, 

we find th a t
11 e~XTd t— |  e~XTdT  | <  rrrA/x,

where A is a constant depending only on the  angles of the  sectors. H ence 

we havef

Sn(2> (x) — g-z(smhy-Ycoshv) { 3 ~ H an h  7 . S ^ f ^  +  A flaar1},

where £ =  \  ixsinh3 y  sech2 7, the  phase of £ vanishing w ith a ; th e  value 

of Xi(2) (£) is H i (2)(£) when n  lies in the regions 1 and 2, and i t  is 

H |(2) (f) +e*niHv(1) (£) when n  lies in  the region 3, the  tran s itio n  tak in g  place 

as n  crosses the do tted  curve (th e  equation of the  do tted  curve m ay be 

w ritten  arg f  =  ^7r ) ; and, finally, j 62 | s  1.

In  a sim ilar m anner

S„w (a:) =  e*(sinhy-Ycoshy) tanh  7 . S^1) ( | )  +  A
%

so long as 17 1 -  ^ and, in  addition, n  lies in  the  regions 1 and 3, and is not 

too close to the boundary  which separates th em  from the region 2 ; and

1 <m = i .
To discuss the approxim ate value of H„<2> ( ) we exam ine the  function 

u>(n) EE (sinhy-yc°shy) H„(2) (a?) — 3“  ̂tanh 7 . H / 2) (%).

* 1 Camb. Phil. Soc. Proc.,’ vol. 19, pp. 103-110 (1917); in  s ta tin g  the following 

results, the notation has been modified by tak in g  x  and  y  (instead  of n  and y )  as 

independent variables.

t  Cf. ‘ Camb. Phil. Soc. Proc.,’ vol. 19, p. 110 (1917).
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96 Dr. G. N . W atson .

Consider the  value of a> (n)on th e  boundary  of the

separates th e  region 1 from  the  region 3.

On the arm  of th e  secto r w hich lies in  th e  region 1, we have a>(n) =  A 6$x~l.

On the arm  of the  sector w hich lies in  the  region 3, we have

(o(n)  =  Aa;- 1 (^2—^i«2x(sinhY_7C08hY)) + 3 - \ /3  . t a n h 7  . (sinh y - v coshy)

x sinh [x  (sinh  7 — 7 cosh 7 -h sinh3 7  sech2 7)} H d x> (£)•

Now, on th is  arm  of the  sector, R {(c(sinh7—7 co sh 7 )}^0 , and  hence, using 

the  appropria te  approxim ation  when | £ | is sm all or large (say less th an  \  or 

m ore th an  8) for H d 1)^ -) and  using th e  fact th a t  i t  is bounded for in te r ­

m ediate  values, we find th a t | w(n)\ < B .r~ 1, w here B is a

On the  p a rt of the  arc 17 1 =  |  w hich form s p a r t  of the  boundary  of th e  

shaded region, by using the  asym ptotic  expansions of H„(2)(«?;), H d 2)(£), we find 

the  same inequality  for co(n).

Now o)(n ) is analy tic  th roughou t th e  in te rio r of th e  shaded region and  so

its  real and im aginary  p a rts  have no tru e  m axim a or m inim a in  the shaded 

region. H ence in  the  shaded region j a>(n) | < B v /2  . x~ l.

H ence in  the  region 1 and  in  th a t  p a r t of the  region 3 for w hich 

R (s in h 7 —7 cosh 7 )^ 0 , by using equations a lready  given for 00(n), we find 

th a t
(sinhy—ycoshy) H„(2) (x) =  3 ~ H an h  7  . «-**+* H d 2> ( f )  +  0

while, in  the  rest*  of th e  region (3), th e  function  0 ( l / x )  has to be replaced 

by  g2z(sinhy-ycoshy) o  ( 1 / x ),the co n stan t im plied in  the  sym bol 0  being-

independen t of 7 so long as 17 1 £

I t  m ay be shown by pure ly  fo rm al analysis  (involving a use of C auchy’s 

theorem ) th a t i t  is perm issible to d ifferen tiate  th is  approxim ate form ula w ith  

regard  to n  or x ; and  we find th a t

~  — (3#)-^exp{ — -§-7n— £r ( s inh7—7 c o s h 7 ) s ec h 7 cosech 7 

x[H*<2>(£) +  3 frfH  ̂ ( M .

The function  on the  rig h t vanishes w hen H _ d 2)( | )  vanishes. The three  

sm allest zeros of th is  function have been calculated by M acdonald ;*f- th e ir 

values are

e**' x  0-6854,- t r  x  3-90, e* x 7’05 ;

and from w hat is know n concerning the  zeros of Bessel functions of the  first 

k ind  of high order, i t  is in  the  highest degree im probable th a t, when x  has any

* The shaded area  near th e  real axis has to  be om itted , b u t i t  can easily  be discussed 
in  a sim ilar m anner.

t  ‘Roy. Soc. Proc.,’ A , vol. 90, p. 54 (1914).
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The D iffraction o f  E lectric Waves by the E arth . 97

assigned value exceeding 4000 (th is  is th e  sm allest value of x  w hich is of 

practical im portance), the  zeros of d { x m n qua  function  of

from these values by m ore th an  about 1 per cent, a t  most.

The three most im p o rtan t values of n  are  therefore

x+p ich~ sm,

where P — 0'808o

Also, to a first approxim ation,

2-577, 3-83.

(x) /  {^H„<2> (x)}  ~  — cosh3 7 cosech2 7

/  p.

Hence each of the  dom inant te rm s in  the  series for the  H ertz ian  function  

is given by the form ula

. ap ( ka )5 cos vir

I f  X be the w ave-length (m easured in  k ilom etres) these te rm s m ay be 

w ritten
3 6 7 4 a -1ATM ’n'/o-1 P I,_i ( — p)sec r,

approxim ately ; and v takes the  values

• dOOOOX-1*  (13-82 -23 -9 4 t)A ~ * , 

40000A "1+  (43*93-76-32  A '*,

40000 A- 1 +  (65-5 —113 t)A~L

Hence by Laplace’s approxim ation when 6 is n o t n early  equal to 0 or 7r, 

and by M ehler’s approxim ation* when 6 is nearly  equal to  7r, we find th a t  

the order of m agnitude of the  dom inant te rm  is exp ( — 23’94A - *#), and, 

compared w ith  this, the  other te rm s are negligible. This resu lt is in 

substantial agreem ent w ith the  approxim ations obtained by Nicholson and  

Macdonald. I t  would be easy to construct a table  of values of the  dom inant 

term  for various wave-lengths.

I t  is to be observed th a t in  th is  theory  th ere  is no t a “ focus ” a t the 

antipodes of the o sc illa to r; in  fact the  m agnetic force vanishes a t  =

For purposes of comparison it should he noticed th a t if the  E a rth  were 

replaced by dielectric the H ertzian  function a t any poin t of the  E a rth ’s 

surface would be exp{ — 2 ika sin \ 6 ] / ( 2 a  sin |

9. W e shall now discuss the  value of the  H ertz ian  function on the 

hypothesis th a t the earth  is no t a perfect conductor.

* Cf. & forthcom ing paper by the  present w rite r in th e  ‘ M essenger of M athem atics.’
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98 The D iffraction  o f  E lectric Waves by the Earth . 

The contour in teg ra l to  be discussed is 

2^ f  — t*) £s-i(hb) 'P's-1 (ha ) ds

kab) cos S7r ’ 'frs-i (kiO)( k )—/3/^i/rs_ i/ (ha )  %

The sum  of th e  residues a t  th e  poles s JL <? 
2> d f ,  is IT (a, ; the

in teg ra l along the  large sem icircle vanishes as b e fo re ; and  so we find th a t

2 ^ 2 y f y - h i z i  /*)
n  (a, 0) 4cos |-0^ ̂  ̂  0  (s)/0s]s

w here <j> (s) denotes

+
l  rxi

kabi j (•••)ds.,

1 -  01a { f a f f  {ha ) I  yfrs-i {ha )}  { £ _  j ( k a ) / ( f r k ) ,

and the  sum m ation applies to  the  zeros of <p (s) for w hich E  (s) >  0.

Now th e  values of th e  constan ts (3 and 7 are

f t  =  (< T +  iea>)/c , 7  =  — —fiy,

w here ya is the  perm eability , e th e  d ie lectric  constan t, a  the  conductiv ity , 

and  c is the  velocity  of ligh t, a ll m easured  in  ra tio n a l units.

T h e  values of th e  constan ts are  as follows :—

F or air, e =  yu, =  1, <r =  0.

F or sea-w ater, e =  81, ya =  1, a  =  4*26 x 1011.

F or d ry  earth , e =  4, ya =  1, a  =  10

I t  follows th a t  for sea-w ater k f / k 2 — — 60C

dry  ea rth  k ? / k 2 varies betw een —26^ +  4 and  — o2i  +  4, while 

is k / h .

These values indicate  th a t (f> (s) differs l ittle  from u n ity  in  the  case of 

sea-w ater w hen s is n early  equal to ka, w hile, even in  th e  case of d ry  earth , 

th e  difference is no t great. I t  appears th a t  the  series for I I  (a, $) is no t 

m uch affected. W e have, however, to consider th e  in tegra l, w hich m ay be 

w ritten  in  th e  form

kabi J o cos S7r<p (s)<£( —s)£s-% (ka)
{4> (-s) -( f> (s)}d s .

' Now

jj r_§\ _ (L (s\ — ŝ-ffka)f _____ 'fr

h  Ks-{ (ka) L t y - s - i  (h a )  (h a )  f

_ k_ 'Q-i (ka )2 sin sir 

h  (ka) J s (ha )  J - s  (h a )  ’

Now when s is a pure  im aginary and  less th an  k, th is  is approxim ately

A / ' l — 2 s i n st t  

i h \  a?) ' J , (h a )  J _ s ( h a ) ’
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The approxim ate value of [ J * (IciO) J  _s {ha)  | w hen s — 0 is

exp {2R ( h )  a ) -*-(27r | \ ),

and the exponent is 80000 X "1 R  (h/fy ; by using th e  com ple

asym ptotic expansions w hen s =jfc 0, we find th a t the  in teg ra l is convergent 

and is of order of m agnitude exp { - 8 0 0 0 0 X "1 R  ( h / k ) } .  I t  follows by easy 

arithm etic  th a t th e  in tegral is negligible com pared w ith  th e  series. The 

effect of the  waves w hich pass th rough  th e  E a r th  is therefore  triv ia l com­

pared w ith  th a t of the  waves which travel round the  E a rth .

10. I f  we take the  series for I I a (a, 0) and expand sec r in to  th e  series 

2 /g-wrf - e~3vni + e-'ovni — .. .}  and m u ltip ly  the  re su lt by «* <»-*)*, e~v^ ~ e)i, w hich 

are the exponential factors in  Laplace’s approxim ation  for P „ ( —/*), the  

separate term s in  the  p roduct denote the  d isturbances produced by waves 

travelling from the  oscillator in  e ither direction round  th e  E a r th  afte r 

passing com pletely round 0, 1, 2, . . . ,  times. T here seems to  be no 

sim ilar physical significance for the  separate  te rm s corresponding to  different 

values of v.

Note on Effect o f  W ind  Pressure on P itch  o f  Organ P ipes. 99

Note on the Effect o f  W ind Pressure on the P itch  o f  Organ Pipes.

By A. M a l l o c k , E.R.S.

(Received May 30, 1918.)

In  books on acoustics the pitch  of organ pipes is trea ted  as being dependent 

solely on the length  of the pipe, while a t the same tim e i t  is recognised th a t, 

as a consequence of the conditions existing a t  the  open end or ends, the  

length in  question is somewhat g reater than  th a t of the  pipe itself. The 

“ correction for open ends ” has been calculated for p a rticu la r cases, and  for 

the open end of a pipe of circular section am ounts to an  addition to its 

length of about 0'82 tim es the  radius. The conditions a t  the  base, or 

speaking end, are more complex, and for th is  (as far as I  am  aw are) no 

similar correction has been worked out. For these reasons th e  n a tu ra l 

pitch of an organ pipe cannot be accurately  determ ined from its  m ateria l 

dimensions, bu t only by experim ent; such, for instance, as noting the 

frequency of an exterio r source of sound which produces the  m axim um  

resonance in the pipe.

W hen an organ pipe is made to “ sp e a k ” in  the ord inary  way, it  is a 

m atter of common knowledge th a t the p itch  of note produced is to some
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