
T h e  d if f ra c tio n  o f  s o u n d  p u lse s  

I .  D if f ra c tio n  b y  a  se m i- in f in ite  p la n e

B y  F. G . F r i e d l a n d e r

by G. I .  Taylor ,  F.R—Received  29 February  1940)

T his paper co n ta in s th e  resu lts  o f  som e ca lcu la tio n s w h ich  sh o w  th e  

cha nges und ergone b y  a  sou nd  p u lse w h en  it  is d iffracted  b y  an  in fin ite  

screen  or w a ll w ith  a  s tr a ig h t edge. T he  in c id en t p u lse is tr a v e llin g  in  su ch  

a  m an ner th a t  its  w a v e  fron t is parallel to  th e  p la n e o f  th e  w a ll an d  th e  

m o tio n  is assu m ed  to  be tw o-d im ensio n al. T he ca lcu la tio n s are carried  

o u t for a  certa in  p u lse in  w h ich  th e  pressure rises in s ta n ta n e o u s ly  an d  

th en  d eca y s  e x p o n en tia lly , and— in less  d e ta il— for several o th er  ty p e s  o f  

in c id en t pu lse. T he pressure ch an ges  in  th e  g eom etr ica l sh a d o w  a n d  near  

its  b ou n d ary are in v e stig a ted , as  w e ll as th e  pressure a t  p o in ts  on  th e  

screen  itself. A  rem arkab le featu re  is th e  p ro p agatio n  o f  th e  in it ia l pressure  

d isc o n tin u ity  a long  th e  boun d ary  o f  th e  geo m etr ica l sh ado w  as an  in s ta n 

ta n eo u s pressure d isc o n tin u ity  across th is  boun dary. T he prob lem  co u ld  

b e tr ea te d  b y  th e  ap p lica tio n  o f  F ourier transform s to  S o m m erfeld ’s  

w e ll-k n ow n  so lu tio n  o f  th e  d iffraction  o f  sim p le harm onic w a v e s  b y  a  s tr a ig h t  

ed ge , b u t th e  a n a ly s is  u tiliz ed  in  th is  paper offers m a n y  a d v a n ta g es , 

p a rticu la rly  w h en  th e  in c id en t p u lse s ta r ts  w ith  a  d isco n tin u o u s pressure  

rise. I t  is a lso  sh ow n  th a t, a lth o u g h  th e  tw o  so lu tion s o f  th e  prob lem  tr ea te d  

in  th is  paper (w hich  are due  to  S om m erfe ld  a n d  L am b resp e c tiv e ly ) differ  

in  form , on e ca n  b e o b ta in ed  from  th e  oth er  b y  a  su ita b le  tran sfo rm ation .

In t r o d u c t i o n

T h e  d if f ra c t io n  o f  a  s im p le  h a rm o n ic  w a v e  t r a i n  b y  a  s t r a ig h t - e d g e d  

s e m i- in f in ite  s c re e n , a n d  b y  a n  in f in i te  w e d g e , w a s  o r ig in a l ly  d is c u s s e d  b y  

S o m m e rfe ld  ( 1 8 9 5 ). I n  a  l a t e r  p a p e r  S o m m e rfe ld  ( 1 9 0 1 ) e x te n d e d  h is  

a n a ly s is  to  t h e  d if f ra c t io n  o f  p u ls e s  a n d  t r e a t e d  t h e  ca s e  o f  a  ‘ r e c ta n g u la r  

p u l s e ’ in  d e ta i l .  T h e  a n a ly s is  o f  S o m m e r fe ld ’s f i r s t  p a p e r  w as  s im p lifie d  

b y  L a m b  ( 1 9 0 6 ), w h o  a lso  d e a l t  w i th  th e  re f le x io n  o f  s im p le  h a r m o n ic  w a v e s  

b y  a  c o n v e x  p a r a b o l ic  c y lin d e r ,  a n d  b y  a  p a ra b o lo id .  L a m b  t h e n  a p p l ie d  

h is  m e th o d  to  t h e  d if f ra c t io n  o f  a  p u ls e  b y  a  s e m i- in f in ite  s c re e n . H is  r e s u l t  

d iffe rs  in  fo rm  f ro m  t h a t  g iv e n  b y  S o m m e rfe ld , b u t  i t  w ill b e  s h o w n  in  

th i s  p a p e r  t h a t  i t  c a n  b e  t r a n s f o r m e d  in  s u c h  a  m a n n e r  t h a t  S o m m e r fe ld ’s 

fo r m u la e  a re  o b ta in e d .

A lth o u g h  th e  ca s e s  o f  p u ls e  d if f r a c t io n  a n d  o f  ‘w a v e ’ d i f f r a c t io n  ( th e  

l a t t e r  re fe r s  t o  in f in ite  t r a in s  o f  s im p le  h a rm o n ic  w a v es ) a r e  a n a lo g o u s , 

t h e y  d iffe r  in  s e v e ra l  re s p e c ts .  T h e  e q u a t io n  g o v e rn in g  t h e  p r o p a g a t io n  o f
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The diffraction of sound pulses 3 2 3

p u ls e s , i.e . t h e  s o u n d  e q u a t io n ,  is  o f  t h e  h y p e rb o l ic  ty p e ;  t h a t  g o v e rn in g  

w a v e  d if f r a c t io n  is  o f  th e  e l l ip t ic  ty p e .  T h e  f u n c t io n s  s a t i s fy in g  th e s e  

e q u a t io n s  b e h a v e  q u i te  d if f e re n tly .*  I n  w a v e  d if f ra c tio n , in te r f e re n c e  

b e tw e e n  ‘ e le m e n ta r y  w a v e s ’ p ro d u c e s  c e r ta in  a l t e r n a t in g  m a x im a  a n d  

m in im a  o f  i n te n s i ty ,  w h ic h  g iv e  rise  to  th e  d if f r a c t io n  b a n d s  w e ll k n o w n  in  

o p tic s .  N o th in g  o f  th i s  n a tu r e  m u s t  b e  e x p e c te d  in  th e  ca se  o f  a  p u ls e :  

in te r f e r e n c e  o c c u rs  b e c a u s e  o f  t h e  p e r s is te n c e  a n d  t h e  p e r io d ic i ty  o f  a  w a v e  

t r a in .

I t  is w e ll k n o w n  t h a t  e v e r y  p u ls e  c a n  b e  th o u g h t  o f  a s  m a d e  u p  b y  th e  

s u p e r p o s i t io n  o f  s im p le  h a rm o n ic  w a v e s ; in  o th e r  w o rd s , t h a t  i t  is p o s s ib le  

to  e x te n d  r e s u l ts  a b o u t  s im p le  h a rm o n ic  w a v e s  to  t h e  ca se  o f  a  p u ls e  b y  

a p p ly in g  a  F o u r ie r  t r a n s f o r m . W h e n  u s in g  th i s  m e th o d  d u r in g  s o m e  p r e 

l im in a r y  c a lc u la t io n s  i t  w as  f o u n d  t h a t ,  i f  t h e  in te g ra ls  in v o lv e d  h a d  to  b e  

e v a lu a te d  n u m e r ic a l ly ,  th e  w o rk  te n d e d  to  b e co m e  v e r y  la b o r io u s  a n d  

in a c c u r a te .  T h e  fo rm u la e  w h ic h  w e re  f in a lly  u s e d  w e re  o f  a  s im p le r  ty p e  a n d  

m u c h  m o re  s u i ta b le  fo r n u m e r ic a l  e v a lu a t io n .  T h e y  in d ic a te  v e r y  c le a r ly  

t h e  s u p e r io r i ty  o f  d i r e c t  s o lu tio n s  o f  p u ls e  d if f ra c tio n  p ro b le m s  o v e r  th o s e  

o b ta in e d  b y  F o u r ie r  t r a n s fo rm s , p a r t ic u la r ly  w h e n  th e  in c id e n t  p u ls e  h a s  

a  w e ll-d e fin ed  w a v e  f r o n t .  I t  is u s u a lly  d if ficu lt  to  o b ta in  th e  g e n e ra l  c h a 

r a c te r i s t i c s  o f  t h e  d if f ra c te d  p u ls e  f ro m  s o lu tio n s  o f  t h e  F o u r ie r  t r a n s f o r m  

ty p e .  F o r  e x a m p le , i t  r e q u ire s  c o n s id e ra b le  m a th e m a t ic a l  in g e n u i ty  to  

d e d u c e  th e  s h a p e  o f  th e  w a v e  f r o n t  in  t h e  s h a d o w  o f  a n  o b s ta c le  fro m  s u c h  

a  s o lu tio n , w h ile  i t  c a n  b e  o b ta in e d  fro m  th e  d ir e c t  s o lu tio n  b y  in s p e c tio n . 

T h e se  d ifficu ltie s  a re , o n  th e  w h o le , d u e  to  th e  f a c t  t h a t  th e  F o u r ie r  tr a n s fo rm  

p ro v id e s  th e  l in k  b e tw e e n  th e  s o lu tio n s  o f  p a r t i a l  d if fe re n tia l e q u a t io n s  o f  

d if fe re n t ty p e s  s a tis fie d  b y  d if fe re n t c lasses  o f  fu n c tio n s ;  a  p o in t  w h ic h  h a s  

b e e n  m e n tio n e d  a b o v e .

T h e re  a re  v e ry  few  g e n e ra l  m e th o d s  a v a ila b le  fo r o b ta in in g  th e  s o lu tio n s  

o f  p u ls e  d if f ra c tio n  p ro b le m s . S im ila r ly , a p p r o x im a te  m e th o d s  h a v e  o n ly  

b e e n  l i t t l e  d e v e lo p e d . M o st o f  th e  a p p ro x im a te  m e th o d s  u s e d  in  th e  

t r e a tm e n t  o f  w a v e  d if f ra c tio n  a p p ly  o n ly  to  l im ite d  f re q u e n c y  ra n g e s  a n d  

th u s  c a n n o t  b e  g e n e ra liz e d  b y  th e  a p p l ic a t io n  o f  a  F o u r ie r  t r a n s fo rm . 

H u y g e n s ’s p rin c ip le , in  th e  fo rm  g iv e n  to  i t  b y  K irc h h o f f ,f  c a n  b e  a p p lie d  

to  p u ls e  d if f ra c tio n .$ B u t  i t  seem s u n a v o id a b le  to  ig n o re  re fle c te d  w av es  

in  th e  a p p l ic a t io n  o f  th is  p rin c ip le ;  th is  is e q u iv a le n t  to  a ss u m in g  th e  

d iff ra c tin g  o b s ta c le s  to  be  a b so rb in g , a n  a s s u m p tio n  w h ic h  is q u i te  le g i t im a te

* T his is d iscussed , for exam ple, b y  H adam ard  in Le de Cauchy  (Paris,

1932), pp. 37 et seq.

f  See, for exam ple, L am b, Hydrodynam ics, 6 th  ed. p. 501.

J I  am  indebted  to  D r E . C. B ullard for po in tin g  ou t th is  possib ility .

2 1 - 2

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

9
 A

u
g
u
st

 2
0

2
2
 



3 2 4 F .  G . F r i e d l a n d e r

in  o p tic s , b u t  o f  d o u b tf u l  v a l id i ty  in  th e  th e o r y  o f  s o u n d . A s  a  m a te r ia l  

u s u a l ly  o n ly  a b s o r b s  s o u n d  w h o se  w a v e - le n g th  (o r so m e  e q u iv a le n t  d im e n 

s io n ) is  a  s m a ll f r a c t io n  o f  t h e  th ic k n e s s  o f  t h e  m a te r ia l ,  H u y g e n s ’s p r in c ip le  

— to g e th e r  w i th  t h e  a s s u m p t io n s  m a d e  in  a p p r o x im a te  c a lc u la t io n s — m u s t  

b e  a p p l ie d  w i th  g r e a t  c a u t io n .

T h e  s o lu tio n s  o f  p u ls e  d if f ra c tio n  p ro b le m s  w h ic h  a r e  k n o w n  th u s  b e c o m e  

im p o r t a n t  a s  a n  in d ic a t io n  o f  t h e  g e n e ra l  c h a r a c te r  o f  p u ls e  d if f ra c tio n . 

I t  is h o p e d  t h a t  t h e  r e s u l ts  g iv e n  in  th i s  p a p e r  w ill s e rv e , a p a r t  f ro m  th e i r  

in tr in s ic  in te r e s t ,  t o  g iv e  so m e  g e n e ra l  in d ic a t io n s  o f  th i s  k in d .

Ma t h e m a t i c a l  s o l u t i o n

C h oo se  t h e  c o -o rd in a te  s y s te m  so  t h a t  th e  z -a x is  c o in c id es  w i th  th e  ed g e  

o f  t h e  w a ll,  w h ic h  o c cu p ie s  t h e  p o s i t iv e  p a r t  o f  t h e  x -z -p la n e . T h e  m o tio n  

w ill t h e n  d e p e n d  o n ly  o n  x, y ,  a n d  t h e  t im e  t. I t  is  c o n v e n ie

p a ra b o lic  c o -o rd in a te s ,  d e fin e d  b y
£ 2 _ __ 1

x  +  i y  =  ( £ + i y ) 2 o r  \  ( 1 )
=  y-]

T h u s  t h e  ar-y -p lane  is  t r a n s f o r m e d  in to  t h e  u p p e r  h a l f  o f  t h e  £-?/-p lane, t h e  

p o s i t iv e  h a l f  o f  t h e  x -a x is  (w h ic h  is  t h e  in te r s e c t io n  o f  t h e  w a ll  w i th  th e  

s r-y -p lane ) b e in g  t r a n s f o r m e d  in to  th e  w h o le  o f  th e  £ -ax is . T h e  c u rv e s  

£ — c o n s t . ,  7] =  c o n s t,  r e s p e c t iv e ly  a r e  s y s te m s  o f  c o n fo c a l p a r a b o la s  

h a v in g  th e  o rig in  a s  c o m m o n  fo c u s  a n d  th e  a;-ax is a s  c o m m o n  a x is  (see 

f ig u re  1 ). T h e  b o u n d a r y  c o n d it io n  e x p re s s in g  re fle x io n  a t  th e  w a ll  is

d&

dy
0  (y =  0,x^ o r

00

dy
0  {71 =  0) ( 2 )

(see L a m b  1 9 0 6 ), w h e re  0  is  t h e  v e lo c i ty  p o te n t ia l .  T h u s  in  t h e  t r a n s f o r m e d  

p la n e  th e  w h o le  o f  th e  £ -a x is  a p p e a r s  a s  a  re fle c to r.

T h e  v e lo c i ty  p o te n t ia l  m u s t  s a t i s f y  t h e  s o u n d  e q u a t io n

82<ft d20  _  1 d20

dx2 +  

w h e re  c is  t h e  v e lo c i ty  o f  s o u n d . I t  is  a s s u m e d  t h a t  th e  m o t io n  is  s u ff ic ie n tly  

s m a ll  fo r  th i s  e q u a t io n  to  h o ld . T h e  in c id e n t  p u ls e  c a n  t h e n  b e  r e p r e s e n te d  

b y  t h e  v e lo c i ty  p o te n t ia l

F(ct +  y )  o r  F(ct+2£r j ) .  (4)

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

9
 A

u
g
u
st

 2
0

2
2
 



The diffraction of sound pulses 3 2 5

L a m b  ( 1 9 1 0 ) s h o w e d  t h a t  t h e  s o lu t io n  w h ic h  c a n  b e  m a d e  to  s a t i s fy  t h e  

b o u n d a r y  c o n d it io n s  a t  t h e  h a lf -p la n e  a n d  a t  in f in i ty  is

0 =  \F { c t  +  2E>r)) +  \ F { c t - l-2£,7i)+\ - £ 2)

+  (5)

(see L a m b  1 9 1 0 ), w h e re  t h e  f u n c t i o n / ,  w h ic h  a p p e a r s  u n d e r  t h e  in te g r a l  

s ig n , is  u n s p e c if ie d . I t  is  e a s ily  v e r if ie d  b y  d i f f e r e n t ia t io n  t h a t  (5) s a tis f ie s  

th e  e q u a t io n  (3). I t  a ls o  fu lf ils  t h e  b o u n d a r y  c o n d it io n  (2 ). F o r  w e  h a v e

^  =  l {F ' (c t  +  2£V) - F ' ( d - 2 £ v )}

+  f £+” 2 f / ' ( c f  +  -  £*) < % -  f £~ ’ 2 | / ' ( c t  -  2 -  J»)
Jo Jo

w h ic h  v a n is h e s  w h e n  1/ =  0 . T h a t  th i s  m u s t  b e  so  is  a lso  a p p a r e n t  f ro m  th e  

fo rm  o f  (5) w h ic h  c o n s is ts  o f  tw o  g ro u p s  o f  te rm s , o n e  o f  w h ic h  is t h e  ‘ im a g e  ’ 

o f  t h e  o th e r  w i th  r e s p e c t  to  th e  £ -a x is .

T o  d e te r m in e  t h e  f u n c t i o n / ,  L a m b  ( 1 9 0 6 ) u s e s  th e  a d d i t io n a l  c o n d it io n  

t h a t  in  t h e  re g io n  o f  g r e a t  n e g a t iv e  x  t h e  m o tio n  m u s t  c lo se ly  a p p r o x im a te  

to  t h e  in c id e n t  w a v e , i.e . a s

x -> —00 , & -+ F ( c t  +  y).  

I t  fo llo w s f ro m  ( 1) t h a t  a s

«-> ■—oo, £ +  1) + co ,  £ , -? } ->  -  CO,

h e n c e  (6 ) b e co m es , s u b s t i tu t in g  fro m  (5),

F(ct  +  2 iy )  =  \F ( c t  +  2 £77) +  \F { c t  -

+f  +  -  £ 2) d £ -  f  7  -  2£V -  £ 2
J o  Jo

F o r  t h i s  t o  h o ld , /  m u s t  s a t i s fy  th e  in te g ra l  e q u a t io n

I* CO
* T he equation  shou ld  really  be / ( z  — — \F (z )  4- con st., b u t it  w ill be seen

J  0
in  th e  follow ing (of. (8 )) th a t  th e  con sta n t has no effect on  th e  resu lt and  ca n  th u s  

be ignored.
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3 2 6 F .  G . F r i e d l a n d e r

T h is  c a n  b e  t r a n s f o r m e d  in to  A b e l’s in te g r a l  e q u a t io n ,  b y  p u t t i n g

du
z - £ 2 =  u,

so  t h a t
L

f (u )  du

2 < J ( z - u ) '

F(z) . (7 a)
><J(z-u)

T h e n , a s s u m in g  t h a t  lim  F(z ) =  0 , t h e  s o lu t io n  o f  t h i s  in t
2= — oo

is (B o c h e r 1 9 0 9 )

1 f

N o w  c o n s id e r  t h e  e x p re s s io n

. *
— z ) '

^ 1  =  +  2£i\) +  J *  Vf(c t  +  -  £ 2) d£.

T h is  is  p a r t  o f  (5). I t  is  e a s i ly  v e r if ie d  t h a t  i t  s a tis f ie s  t h e  s o u n d  e q u a t io n  (3). 

I t  c a n  b e  w r i t t e n  d if f e re n tly . I n t r o d u c in g  p o la r  c o -o rd in a te s

x + iy — reid, (1 0 )

i t  is  se e n  t h a t

Z  +  V  =  + V ( r  +  y ) ,  (0  <  <  fTr); ( f  ^  ^  ;

r V (r+y )

h e n c e  0 j  =  \F ( c t  +  y) +  I f ( ct +  V ~ Z 2) (0 <  ^  fzr)

r V (r+y )
=  \F ( c t  +  y ) ~ j of(c t  +  y ~ Z 2)d£,  {%7r^d^2n) .

T a k in g  a c c o u n t  o f  (7) th i s  c a n  b e  p u t  in to  th e  fo rm

0 i = f “  f(ct + y - £ 2)d£+
J  V(H - V)

w h e re  t h e  b r a c k e ts  in d ic a te  t h a t  F(ct  +  m u s t  b e  o m i t te d  w h e n  f  ^  ^  2n.

S u b s t i tu t in g  fo r  /  f ro m  (8 ),

1* 00 1 r°° m
f(ct  +  y - ^ ) d £  =  - \

J V(r+y)  J  —

c t+y-  f* F '(u )du  

*J(ct +  y - £ 2- u ) '

T h is  is  a  d o u b le  in te g r a l  o v e r  u  a n d  £, e x te n d e d  o v e r  t h e  a r e a  t o  t h e  r ig h t  

o f  £ =  *J(r +  y),  a n d  b o u n d e d  b y  th e  p a r a b o la  u  =  ct +  y  — £,2. I n v e r t in g  t h e

* L am b ( 1 9 1 0 ) g a v e  th is  so lu tion  in  a  fo o tn o te  and  u tiliz ed  a  d ifferent so lu tio n  

based  on th e  a p p lica tio n  o f  a  F o u rier transform . (8 ) is m ore co n v en ien t in a p p lica 

tio n s w hen  /  ca n n ot be fou nd  e x p lic itly .
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The diffraction of sound pulses 3 2 7

o r d e r  o f  in te g r a t io n  a n d  m a k in g  t h e  a p p r o p r ia te  c h a n g e s  i n  t h e  l im i t s  o f  

in te g r a t io n ,

r  f (c t  +  y - ? ) d £  =  ± r ~ rF'
J  V ( r + v )  7TJ-CO J

V ( , c t - y + u )

V ( r + v ) * J ( c t  +  y  —  U  — £ ,2)

r ± y

ct +  y  — u
du.

T h u s  b y  a  p a r t i a l  in te g r a t io n ,

/ V ( r + y )

a n d  h e n c e

yjir + y) f ' d~r__ F{u)du
2n j_ o o  (ct +  y  — u)^(ct—r — u )̂  ’

w h ic h  a g re e s  w i th  t h e  r e s u l t  g iv e n  b y  S o m m e rfe ld  ( 1 9 0 1 , p . 40).

( 1 1 )

F o r m u l a e  f o r  t h e  p r e s s u r e . Appr o x i m a t i o n s

I n  t h e  p re c e d in g  s e c tio n  th e  s o lu t io n  o f  t h e  p ro b le m  o f  t h e  d if f ra c tio n  

o f  a  p u ls e  o f  a r b i t r a r y  s h a p e  b y  a  s e m i- in f in ite  w a ll h a s  b e e n  d e v e lo p e d  in  

te r m s  o f  th e  v e lo c i ty  p o te n t ia l .  I n  th e  fo llo w in g  w e s h a ll  b e  m a in ly  c o n c e rn e d  

w i th  th e  p re s s u re , so  t h a t  i t  is  b e s t  to  t r a n s c r ib e  th e  s o lu t io n  o b ta in e d  in to  

te r m s  o f  p re s s u re . T h e  p re s s u re , p  (i.e . t h e  p re s s u re  in  

t h e  u n d is tu r b e d  a tm o s p h e re ) ,  is  c o n n e c te d  w i th  t h e  v e lo c i ty  p o te n t i a l  b y  

t h e  r e la t io n
d 0

V =  P T t - (12)

N o w  i t  w as  fo u n d  t h a t

0  =  \F {c t  +  y )  +  \F{ct- y) +  Vf(ct  f ? Vf ( c t - y - £ 2)d£.
J o  Jo

T h e  fu n c t io n  /  is  c o n tin u o u s , so  t h a t  d if f e re n tia t io n  u n d e r  th e  in te g ra l  s ig n  

is  p e rm is s ib le . T h u s

p  =  p c U F \ c t  +  y )  +  \ F ' { c t - y )

+ J o f ' ( c t  +  y - i * ) d t ; +  / - £ * ) « .  
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3 2 8 F .  G . F r i e d l a n d e r

F r o m  n o w  o n  w e  s h a ll  a s s u m e  t h a t  t h e  in c id e n t  p u ls e  h a s  a  d e f in ite  

w a v e  f r o n t ,  so  t h a t  w e  c a n  p u t

F (z )  =  0  (z ^ O ) .  (14)

T h e n  th e  e q u a t io n s  (7 a )  a n d  (8 ) b e co m e

F'(z)d,Z'

*J(u-z)’

f (u )  du

7 ( Z “ W) ‘
(1 5 )

T o  e ffec t th e  d i f f e r e n t ia t io n  o f / ,  a  p a r t i a l  in te g r a t io n  is  p e r fo rm e d  fir s t.  

T h u s  i t  is  f o u n d  t h a t

/(M ) = 1 { 2 J u F'W  + 2

h e n c e

o 7 (w ~ z )  

/ ' ( * )
F'(0)  1 f

1 f
7T*Ju 7TjoyJ(u — z)

(16)

a s  w e  c a n n o t  s u p p o s e  t h a t  F'( 0) =  0 . I n t r o d u c in g  a  n e w  a u x i l ia r y

a n d  th e  p re s s u re  o f  t h e  in c id e n t  p u ls e  b y  p u t t i n g

(f){u) =  p c f ' (u ) ,

t h e  e q u a t io n s  (13) a n d  (16) c a n  b e  w r i t t e n

pcF'(z) , (1 7 )

m
i>o(0 ) +  I p  (z)dz

7T*Ju o <J{U — Z)*

p  =  $Po(ct + y) + %p0(ct-y)

- f fi+V ( < * + y - c * ) « +
J o  J o

+

( 1 6 a )

( 1 3 a )

T h e  c o n v e rse  o f  (1 6 a ) is o b ta in e d  b y  d if f e r e n t ia t in g  th e  s e c o n d  e q u a t io n  

in  (15) a n d  in tr o d u c in g  <j> a n d  pQ. S in c e  / ( 0 ) =  0  i t  is  f o u n d  t h a t

Po(z) J,
j>{u)du 

o < j ( z - u ) ‘
(1 8 )

R e m e m b e r in g  t h a t  th e  t r a n s f o r m a t io n  ( 1 ) t r a n s f o r m s  t h e  w h o le  o f  th e  

# -? /-p lane  in to  t h e  u p p e r  h a l f  o f  t h e  £ -?/-p lane, a n d  t h a t  th e re fo re  a lw a y s  

rj > 0 , i t  is  e a s ily  d e d u c e d  t h a t

(R e g io n  1) i  +  y  =  +  V (r +  y ), i ~ y  =  + J ( r - y )

(R e g io n  2 ) g + y  =  +J(r +  y), £ - y  =  - j ( r - y ) ,  0 , < f

(R e g io n  3) g +  i) =  -<J(r +  y), £ - y  =  - y j ( r - y ) ,

( 1 9 )
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H e n c e  m a k in g  u s e  o f  t h e  e q u a t io n  (18), i t  is  s e e n  t h a t  t h e  f o r m u la  fo r  th e  

p re s s u re ,  (1 3 a ) ,  c a n  b e  w r i t t e n  a s  fo llo w s:

rV ( c t+ y )

P i  =  Po(ct +  y ) +  Po(ct- y ) - \  +  £ 2 )  -  - £ 2 )

J  V ( r + v )  V ( r - v )

( ' V ( c t + v )

p 2 =  Po(ct +  y ) ~  <j)(ct +  y  — £?) d £ +  < f> ( c t - y - £ 2)dt;,
J  V ( r + y )  J  V ( r - y )

rV ( c t+ y )  r V ( c t - y )

p 3 =  0 (c* +  t / - £ 2) d £ +
J  V ( r + y )  J  V( r — 

The diffraction of sound pulses 3 2 9

d ir e c t io n  o fA n c id en t  

p u lse /
r e g i o n  2

Fi g u r e  1

w h e re  th e  in d ic e s  1, 2, 3 in d ic a te  t h a t  th e s e  fo rm u la e  a p p ly  in  th e  re g io n s  

la b e l le d  1 , 2, 3 in  (19) (see a lso  fig u re  1 ). N o w  th e  in te g ra ls  a p p e a r in g  in  

th e s e  fo rm u la e  c a n  b e  t r a n s f o r m e d  b y  th e  s u b s t i tu t io n s

ct + y - £ 2 =  u,
W ( c t + y )  

V ( r + y )  

f V  (ct—y)r V i c t - y )  2 r

c t - y - C 2 =  u, <f>(ct-y-£2)d£ = - \
J  V ( r -  *

T h e n , in tr o d u c in g  th e  fu n c t io n

P ( X  T \  -  f r

( ’ ) - J o

1 f c t- r  <p(u)du

o f ( c t - y ~ u ) ‘

(20)
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3 3 0 F .  G . F r i e d l a n d e r

th e  fo llo w in g  e x p re s s io n s  fo r  t h e  p re s s u re  a r e  o b t a in e d :

P i  =  Po(ct + y )  +Po(c t~y) t ) + P { X 2, 

p 2 =  p 0(ct +  y ) ~  \ { P { X x, T )  -  P (X > , K ( 2 1 )

w h e re

j )3 =  | { P ( X i , 3 ’) +  P ( X 2> T)},

X x =  r +  y ,  X 2 =  r — y ,  T  — ct — r. (21  a)

I t  is p o s s ib le  t o  e x p re s s  t h e  f u n c t io n  P  d i r e c t ly  in  t e r m s  o f  F o r ,  u s in g  

(1 6 a ),

b y  a  p a r t i a l  in te g r a t io n .

T h u s  t h e  p re s s u re  is  g iv e n  b y  (2 1 ) in  te r m s  o f  t h e  in c id e n t  p re s s u re  p u ls e  

Pq a n d  o f  t h e  fu n c t io n  P .  I t  is  u s e fu l to  h a v e  a p p r o x im a te  e x p re s s io n s  fo r  

th i s  f u n c t io n  w h e n  X  is  e i th e r  v e r y  la rg e  o r  v e r y  sm a ll.  T h e s e  c a n  b e  o b ta in e d  

a s  fo llo w s:

( 1 ) X  is  very large. T h e  v a r i a t io n  o f  in  t h e  i n te r v a l  (0 , T )

is s m a ll a n d  so a p p r o x im a te ly

*J [ (u - z )  ( T  +  X - a ) ]

du

h e n c e

( 2 2 )

I t  fo llo w s f ro m  (17) a n d  (15) t h a t

(23)

(2 ) X  is  small.  W e  c a n  w r i te

=  *>0( T  +  X ) - / ( X ,  T).

T h e n , b y  a  p a r t i a l  in te g r a t io n ,

I (X ,  r i j  =  2^T )^X
'T+x __ (j)(u) du

Ji — U)

 D
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The diffraction of sound pulses 331

A n  u p p e r  l im i t  fo r  t h e  in te g r a l  a p p e a r in g  a f t e r  t h e  p a r t i a l  in te g r a t io n  h a s  

b e e n  p e r f o r m e d  is  c le a r ly  g iv e n  b y

f T + X  

%  '

(u) ( T  +  X  — u) du

w h e re  \ <j>'max ( T , X )  \ is  t h e  g r e a te s t  v a lu e  o f  | 4>'{T) | in  t h e  in te r v a l  

(T ,  T  +  X ) ;  i f  X  a n d  | I a r e  s u f f ic ie n tly  s m a ll,  t h e  in te g r a l  c a n  b e  

n e g le c te d  a n d  t h u s

I

( X ,  T )  — p 0( T  +  X )  — 2^/X <fi(T) a p p r o x im a te ly .  (24)

I t  w ill  b e  s ee n  in  t h e  fo llo w in g  t h a t  th e s e  a p p r o x im a t io n s  a r e  v e r y  u s e fu l 

w h e n  c a lc u la t in g  t h e  p re s s u re  d i s t r ib u t io n  n e a r  t h e  b o u n d a r y  o f  th e  

‘g e o m e tr ic a l  s h a d o w ’ o f  t h e  w a ll.

I t  fo llo w s f ro m  a p p r o x im a t io n  (2 2 ) t h a t  w h e n  X  is  s u ff ic ie n tly  la rg e , 

P (X ,  T )  c a n  b e  n e g le c te d . I t  is  th u s  p o s s ib le  to  d is c u s s  t h e  b e h a v io u r  o f  

th e  d if f ra c te d  p u ls e  f a r  a w a y  fro m  th e  e d g e  o f  t h e  w a ll. I n  t e r m s  o f  p o la r  

c o -o rd in a te s

X x =  r ( l  - f s in # ) ,  =  r ( l  — s in # ) .

N o w  s u p p o se  t h a t  6  v a r ie s  w h ile  r  is  k e p t  f ix ed , r  b e in g  v e r y  la rg e . A ss u m in g  

t h a t  P  c a n  b e  n e g le c te d  i f  X  >X *  i t  a p p e a r s  t h a t  t h e  t e r m s  i

e q u a t io n s  (2 1 ) c a n  b e  n e g le c te d  e v e ry w h e re  e x c e p t  fo r  a  c e r ta in  re g io n  

c o n ta in in g  t h e  y -a x is , w h o se  b o u n d a r y  w ill b e  a p p r o x im a te ly  g iv e n  b y  th e  

p a r a b o la s

r ( l  - f s i n ^ )  =  X* ,  1—s in 0 )  =  X * . (25)

 re g io n  p x =  +  y)  +  p 0{ct — y),

p 2 =  p 0(ct +  y),

Ps  =  0 .

(26)

T h e  p re s s u re  v a r ie s  c o n tin u o u s ly  in  th e  a re a  b o u n d e d  b y  (25) a n d  w e  fin d  

t h a t  o n  th e  b o u n d a r y  o f  th e  s h a d o w  v e r y  f a r  f ro m  th e  o rig in ,

P ^ j P o ( ct +  y)> {x =  0,y-+-co)

p  ->  \po{ct +  y)  +  l p0{ct - y ) ,  oo)
(2 6 a )

since P( 0, T )=p0(T).
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3 3 2 F .  G . F r i e d l a n d e r

Ca l c u l a t i o n s  : t h e  pu l s e  =  (1 — e~s

T h e  th e o r e t ic a l  r e s u l ts  d e v e lo p e d  in  t h e  p re c e d in g  s e c tio n s  h a v e  b e e n  

a p p l ie d  to  th e  d e ta i le d  d is c u s s io n  o f  t h e  d if f ra c tio n  o f  a  p u ls e  g iv e n  b y

p 0(ct +  y) =  ^1  -  e x p £ -
|
I > 'ct +  y >  0 ) 

(ct +  y <  0 )

(27)

F ig u r e  2 . T h e  p u lse  p 0(z ) =  (1 e~z.

(see f ig u re  2 ). A is h e re  a  c e r ta in  p a r a m e te r  c h a r a c te r iz in g  th e  p u ls e  w h ich  

m a y  b e  c a lle d  th e  ‘p u ls e  th ic k n e s s ’. I t  is  m o re  c o n v e n ie n t  to  u se  n o n -  

d im e n s io n a l  v a r ia b le s .  W e  ch o se  t h e  p u ls e  th ic k n e s s  a s  th e  u n i t  o f  le n g th , 

so  t h a t  fro m  n o w  o n  x  a n d  y  s t a n d  fo r  y/X,  i.e . t h e y  a re  t h e  d is ta n c e s  

m e a s u re d  in  t e r m s  o f  A. T h e  t im e  t  is  r e p la c e d  b y  th e  v a r ia b le  z  w h ic h  is  

c o n n e c te d  w i th  i t  b y  t h e  r e la t io n

(27) c a n  t h e n  b e  r e w r i t te n  a s

(28)

Po(z  +  y)  =  l1 -  (2 +  y)] ( z + y >  0)

=  0 . (z +  y < 0 )
(2 7 a )
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The diffraction oj sound pulses 333

T h e  f i r s t  s te p  in  t h e  e v a lu a t io n  o f  t h e  r e s u l t  is  t h e  c a lc u la t io n  o f  th e  

a u x i l ia r y  f u n c t io n s  T ,  T ' ,  T".  I t  is  f o u n d  f ro m  (23) t h a t

y  ^

w h e re  t h e  s e c o n d  fo rm  is e a s i ly  o b ta in e d  f ro m  th e  f i r s t  b y  a  c h a n g e  o f  

v a r ia b le .  B y  a  p a r t i a l  in te g r a t io n  i t  is  f o u n d  t h a t

rVT [VT
J 2 u2eui du =  —  J eu2du +  eT *JT.

H e n c e  t h e  fo llo w in g  th r e e  e x p re s s io n s  a r e  o b ta in e d :

T fy/T \m
T { T )  = — ( 1 - 2 T )  I eu2d u + ^ r , (29

9 " (T )  =  ^ ( 2 J ’ - 3 ) J oVV d « + i ( i - V r ) ,  (296)

V ’ {T ) . ^ . {6 - 2 T  (29c )

Ta b l e  1. Th e  f u n c t i o n / ( z ) =  (1 - z )

s /(2) z /(*) * m
0 0 0  1-000 1-25 -0 -0 7 2 3-00 -0 -1 0 0
0-25 0-583 1-50 - 0-111 3-50 -0 -0 7 5
0-50 0-303 1-75 -0 -1 3 0 4-00 -0 -0 5 7
0-75 0-115 2-00 -0 -1 3 5 4-50 -0 -0 3 9
1-00 0-000 2-50 -0 -1 2 3 5-00 -0 -0 2 7

Ta b l e  2. Th e  f u n c t i o n s  T (T ) ,  T )W"(T) (cf. fo r

T YiT ) W {T ) W (T )

0-0 0-000 00 — 00
0-2 0-217 0-246 -1 -4 9 2
0-4 0-232 -0 -0 3 8 -0 -7 7 7
0-6 0-212 -0 -1 4 6 -0 -2 6 3
0-8 0-182 -0 -1 7 0 -0 -0 6 6
1-0 0-147 -0 -1 7 1 0-036
1-5 0-070 -0 -1 3 0 0-103
2-0 0-018 -0 -0 8 1 0-088
2-5 0-000 -0 -0 5 1 0-062
3-0 -0 -0 2 8 -0 -0 2 0 0-037
3-5 -0 -0 3 4 -0 -0 0 6 0-022
4-0 -0 -0 3 5 0-002 0-011
4-5 -0 -0 2 8 0-002 0-007
6-0 -0 -0 2 6 0-005 0-002
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3 3 4 F . G . F r i e d l a n d e r

Ta b l e  3. D i f f r a c t e d  p r e s s u r e -t im e  c u r v e s  f o r  t h e  i n c i d e n t  p u l s e

p 0 =  ( 1 - 2 )

NEAR THE BOUNDARY OF THE SHADOW , a t  y  — — 1 0

( a ) o u t s i d e  th e  s h a d o w

r x  — —1-0 x =  —0-8 x  — —0*6 x  — —0 4 X — —  0-2 x  =  0-0

0-0 1 0 0 0 1-000 1-000 1-000 1-000 0-500

0-2 0-443 0-444 0-416 0-402 0-388 0-360

0-4 0-236 0-241 0-230 0-221 0-193 0-232

0-6 0-107 0-110 0-114 0-122 0-128 0-146

0-8 0-032 0-039 0-044 0-052 0-056 0-069

1-0 -0 -0 2 3 -0 -0 0 9 -0 -0 0 6 0-004 0-006 0-016

1-5 -0 -0 8 0 -0 -0 7 2 -0 -0 6 3 -  0-061 - 0 -0 5 4 -  0-048

2-0 -0 -0 8 8 - 0 -0 8 0 -0 -0 7 2 -0 -0 7 3 - 0 -0 7 0 -0 -0 6 3

2-5 -0 -0 7 1 - 0 -0 7 0 -0 -0 6 8 -0 -0 6 8 -0 -0 6 8 - 0 -0 6 0

3 0 - 0 -0 5 4 - 0 -0 5 5 -0 -0 5 6 -0 -0 5 7 - 0 -0 5 4 -0 -0 5 1

( b) in s id e  the shadow

T x  =  0-2

6II x  =  0-6

006II

Oi-HIIa

0-0 0-000 0-000 0-000 0-000 0-000

0-2 0-337 0-321 0-306 0-289 0-275

0-4 0-228 0-226 0-225 0-218 0-210

0-6 0-139 0-143 0-146 0-148 0-148

0-8 0-072 0-079 0-085 0-089 0-092

1-0 0-024 0-030 0-036 0-042 0-046

1-5 -0 -0 4 2 -0 -0 3 7 -0 -0 3 2 -0 -0 2 6 -0 -0 2 2

2-0 -0 -0 5 8 -0 -0 5 8 -0 -0 5 5 -0 -0 5 1 -  0-046

2-5 - 0 -0 5 9 -0 -0 5 7 -  0-054 -0 -0 5 2 -0 -0 4 9

3-0 - 0 -0 5 2 -0 -0 5 1 - 0 -0 5 0 -0 -0 4 9 - 0 -0 4 7

Ta b l e  4. P r e s s u r e -t im e  c u r v e s  a t  v a r i o u s  po i n t s  i n  t h e  s h a d o w

(incident pulse, p 0(z ) =  (1 —2) e~z)

x  =  0-75 a: =  1-50 x  =  1-50 x  — 1-50
T y  =  0-00 y  =  0-00 y =  - 1-50 y  =  - 3 - 0 0

0-00 0-000 0-000 0-000 0-000

0-25 0-242 0-179 0-180 0-205
0-50 0-212 0-210 0-176 "0-175
0-75 0-149 0-167 0-138 0-133
1-00 0-098 0-098 0-091 0-084
1-50 0-012 0-026 0-021 0-013
2-00 - 0 -0 3 4 - 0 -0 0 4 -0 -0 1 7 -0 -0 2 1
2-50 -0 -0 4 6 -0 -0 2 6 -  0-030 -  0-040
3-00 - 0 -0 5 4 -0 -0 3 6 -0 -0 3 1 -0 -0 3 8
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The diffraction of sound pulses 3 3 5

Ta b l e  5. D i f f e r e n c e  o f  t h e  p r e s s u r e s  o n  t h e  t w o  s i d e s

OF THE WALL AT TWO POINTS 

(in cid en t p u lse, p 0(z) =  (1 — e~z)

z x  =  0-75 x  =  1-50

0 -0 0 2 -0 0 0 2 -0 0 0

0-25 1-164 1-164

0-50 0-606 0-606

0-75 0-229 0-229

1-00 - 0 - 4 8 4 0 -0 0 0

1-50 - 0 - 6 2 1 - 0 - 2 2 3

2 -0 0 - 0 - 3 7 8 - 0 - 7 1 0

2-50 - 0 - 2 0 6 - 0 - 4 4 2

3 0 0 - 0 - 1 1 9 - 0 - 2 5 1

3-50 - 0 - 0 4 6 - 0 - 1 4 2

4-00 - 0 -0 0 1 - 0 - 0 6 3

Ta b l e  6. D i f f r a c t e d  p r e s s u r e -t im e  c u r v e s  f o r  t h e  i n c i d e n t  pu l s e

Po(z ) =  °  (2 ^ ° ) ;  Po(2) =  22 (0 < z ^£);

Pq(Z) ~2 (1 — 2 ) Po(z ) — Q (2 ^ 1 )

n e a r  t h e  b o u n d a r y  o f  t h e  s h a d o w , a t  =  —10

(a) ou tside the shadow (b) in sid e  the shadow

T x  —  — 1-0 x  —  —  0-5 II O 6 T

\o6II x  =  1-0

0 -0 0 0 -0 0 0 0 -0 0 0 0 -0 0 0 0 -0 0 0 -0 0 0 0 -0 0 0

0-25 0-490 0-363 0-262 0-25 0-203 0-162

0-50 0-642 0-602 0-534 0-50 0-445 0-376

0-75 0-214 0-262 0-287 0-75 0-296 0-288

1-00 - 0 - 0 5 8 - 0 -0 1 0 0-027 1-00 0-072 0-105

2 -0 0 - 0 - 0 0 5 0-016 0-024 2 -0 0 0-034 0-042

3-00 0-015 0-023 0 -0 2 0 3-00 0-025 0-029

T a b le s  fo r J  e“2

a re  a v a i la b le  a s  f a r  a s  Z  — 2( J a h n k e - E m d e  1 9 3 3 ).

t io n  o f  T ,  W, W" a s  f a r  a s  T  =  4. F o r  la rg e r  v a lu e s  o f  

f o u n d  b y  n u m e r ic a l  in te g r a t io n .  A s g r e a t  a c c u ra c y  is  n o t  r e q u ir e d  o v e r  th is  

r a n g e , t h e  v a lu e s  o f  t h e  fu n c t io n s  (29) b e in g  sm a ll, th i s  in te g r a t io n  m u s t  b e  

c o n s id e re d  a s  a  s o m e w h a t ro u g h  a p p r o x im a t io n  to  th e  e x a c t  v a lu e  o f  th e  

in te g ra l .  T h e  g ra p h s  o f  W, W , W" a r e  s h o w n  in  f ig u re  3.

F ig u r e  4 s u m m a riz e s  r e s u l ts  r e la t in g  to  th e  b e h a v io u r  o f  th e  p re s s u re  

c lose  to  th e  ed g e  o f  th e  g e o m e tr ic a l  sh a d o w  o f  th e  w a ll. A  n u m b e r  o f
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3 3 6 F .  G . F r i e d l a n d e r

F ig u r e  3. The fu n ctio n s  W, W', W  for th e  in c id en t p u lse p 0(z) =  ( 1 — T he

ord inate in  cu rve  1 sho w s cu rve  'P '(T ), cu rv e 3 W"(T).

y

F ig u r e  4. Pressure as a  fu n ctio n  o f  x  an d  tim e  a t  10.

T he boun dary o f  th e  geom etr ica l sh ado w  is  =  0 X.
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The diffraction of sound pulses 3 3 7

p r e s s u r e - t im e  c u rv e s  h a v e  b e e n  c o m p u te d  a t  p o in ts  w h e re  — 1 0 , a n d  

x  r a n g e s  f r o m  +  1 t o  — 1 . T h e s e  c u rv e s  a r e  s u p e r p o s e d  in  t h e  f ig u re  in  s u c h  

a  w a y  t h a t  t h e y  fo r m  th e  o b liq u e  p r o je c t io n  o f  a  s u r fa c e  w h o se  p e r p e n d ic u la r  

h e ig h t  r e p r e s e n ts  t h e  p re s s u re . I n  t h e  f ig u re , t h e  v e r t ic a l  o r d in a te s  r e p r e s e n t  

t h e  p re s s u re ;  t h e  h o r iz o n ta l  o n e s  t h e  t im e ;  a n d  th e  t h i r d  c o -o rd in a te  

m e a s u r e d  p a r a l le l  t o  t h e  t h i r d  ( in c lin e d )  a x is  t h e  d is ta n c e  f ro m  th e  e d g e  o f  

t h e  s h a d o w .

A  re m a r k a b le  f e a tu r e ,  w h ic h  w ill o c c u r  in  a ll  c a se s  w h e re  a  p u ls e  w i th  

a  d is c o n t in u o u s  in i t i a l  p re s s u re  r is e  is  d if f ra c te d , is  t h e  in i t i a l  p re s s u re  

d i s c o n t in u i ty  a c ro s s  t h e  b o u n d a r y  o f  t h e  s h a d o w  w h ic h  c a n  b e  se e n  in  t h e  

f ig u re . T h e  d if f ra c te d  p u ls e  c o n s is ts  o f  tw o  c o m p o n e n ts ;  o n e  is  a  p u ls e  w i th  

t h e  c y lin d r ic a l  w a v e  f r o n t  z ~  r; t h e  o th e r  o n e  is , in  t h e  re g io n  u n d e r  

c o n s id e ra t io n , t h e  in c id e n t  p u ls e , w h ic h  is  p r o p a g a te d  o u ts id e  t h e  s h a d o w . 

T h u s  a t  a n y  p o in t  o u ts id e  t h e  s h a d o w  th e  fu ll  a n d  u n d is to r te d  in c id e n t  

p u ls e  w ill b e  e x p e r ie n c e d  u n t i l  t h e  d if f ra c te d  w a v e , w h ic h  s t a r t s  a t  t h e  

o rig in , a r r iv e s .  T h e  w a v e  f r o n ts  to u c h  a t  t h e  b o u n d a r y  o f  th e  s h a d o w ; 

a c ro s s  th i s  b o u n d a r y  t h e  p re s s u re  is  in  g e n e ra l  c o n tin u o u s , e x c e p t  in i t ia l ly .  

I n  f a c t ,  h o w e v e r  c lose  t o  t h e  b o u n d a r y  a  p o in t  m a y  b e , th e r e  w ill s t i l l  be  

a  s m a ll  in te r v a l  o f  t im e  d u r in g  w h ic h  t h e  in c id e n t  p u ls e  is e x p e r ie n c e d  w h ile  

t h e  ‘ c y l in d r ic a l ’ p u ls e  h a s  n o t  y e t  a r r iv e d .  I f  t h e  in c id e n t  p re s s u re  p u ls e  

s t a r t s  d is c o n t in u o u s ly , t h e n  th i s  d i s c o n t in u i ty  is  th u s  p r o p a g a te d  a lo n g  

th e  b o u n d a r y  o f  th e  sh a d o w . I f  t h e  p re s s u re  o f  th e  in c id e n t  p u ls e  r ise s  

c o n t in u o u s ly  f ro m  th e  s t a r t ,  n o  d i s c o n t in u i ty  w ill o c c u r  a t  a ll  (fo r a n  

e x a m p le  cf. f ig u re  9). I t  is  e v id e n t  fro m  th e  n a tu r e  o f  th i s  p h e n o m e n o n  

t h a t  i t  w o u ld  n o t  e a s ily  b e  d e te c te d  i f  t h e  s o lu tio n  e m p lo y e d  w e re  o f  th e  

F o u r ie r  t r a n s f o r m  ty p e .

F ig u r e  4  sh o w s  c le a rly  th e  a t t e n u a t in g  e ffec t o f  th e  w a ll: t h e  m a x im u m  

p re s s u re  re a c h e d  fa lls  o ff v e r y  q u ic k ly  to  a b o u t  a  t h i r d  o f  t h e  m a x im u m  

p re s s u re  o f  th e  in c id e n t  p u ls e .

T h e  c a lc u la t io n s  w e re  c a r r ie d  o u t  b y  u s in g  th e ' a p p ro x im a tio n s  (2 2 ) a n d  

(24) d e v e lo p e d  in  t h e  p re c e d in g  se c tio n . T h e s e  c a n n o t  b e  u s e d  to  c a lc u la te  

t h e  p re s s u re  im m e d ia te ly  a f t e r  t h e  o n s e t  o f  t h e  w a v e , h o w e v e r , a s  W (T )  

a n d  W"{T)  a re  in f in ite  w h e n  T  — 0. F o r  th is  p u rp o s e  d iff e

t io n s  w e re  o b ta in e d  b y  re p la c in g  (1 —b y  1 — 2 z. A n

(2 0 a ) y ie ld s  th e  r e s u l t

P * (X ,  T )  =  - - f ( X T )  +  - ( l  — 2 T  — X ) t  / - | .  
TT 7T a /  A

T h e  a s te r is k  in d ic a te s  t h a t  th is  is o n ly  a n  a p p ro x im a tio n . (30) w as  o n ly

V ol. i8 6 . A . 2 2
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3 3 8 F .  G . F r i e d l a n d e r

u s e d  fo r  0  ^  T  <  0 *2 . F o r  t h e  r a n g e  T  ^  0-4 th e  a p p r o x im a t io n s  (2 2 ) a n d  (24) 

w e re  a p p l ie d . L e t

r  =  z +  y

d e n o te  t h e  t im e  r e c k o n e d  f ro m  t h e  o n s e t  o f  t h e  p u ls e  a t  a n y  p o in t  o u ts id e  

t h e  s h a d o w ; t h e n  r  =  T  +  X v  H e n c e  i f  (2 2 ) a n d  (24) a r e  in t r o d u c e d  in  t h e  

fo rm u la e  fo r  t h e  p re s s u re , (2 1 ), i t  is  f o u n d  t h a t  t h e  a p p r o x im a te  e x p re s s io n  

fo r  t h e  p re s s u re  is :

i n  t h e  s h a d o w

P*  =  |{ p o W  +  ̂ ! f ,(T T -X 1) - 2 V X 1 ! f " ( r - X l ) } ;  

o u ts id e  t h e  s h a d o w

p*  =  l  ( p o W x t> +  2 VX,  S " ( r  -  X , ) J .

(31)

T w o  w a y s  a r e  n o w  o p e n  o f  c a lc u la t in g  th e  p re s s u re  w i th o u t  a p p r o x im a t io n  

(e x c e p t  t h a t  in h e r e n t  in  n u m e r ic a l  in te g r a t io n ) .  E i t h e r  th e  f o r m u la  (20) 

fo r  P  c a n  b e  u s e d  in  c o n ju n c t io n  w i th  t h e  ta b le  o f  W  =  o f  f o r m u la  (2 0 a )  

m a y  b e  u se d . T h e  s e c o n d  m e th o d  is  m o re  d i r e c t ,  b u t  t h e  f i r s t  o n e  h a s  t h e  

a d v a n ta g e  o f  f u r n is h in g  th e  v a lu e s  o f  W , W" w h ic h  a r e  n e e d e d  in  t h e

a p p r o x im a t io n s .  I f  i t  is u s e d , t h e  c o n t r ib u t io n  d u e  to  t h e  t e r m  — j -  i n  (2 9 6)
7T

m u s t  b e  e v a lu a te d  s e p a r a te ly .  I t  is

- t a n -1
7T ?

(32)

io n  o f  t h e  t e r m  7 r̂Ju to  th e  r e s u l t  c a n  a ls o  b e  e v a lu a te d  e x 

p l ic i t ly ,  b u t  i t  is  m o re  c o n v e n ie n t ly  in c lu d e d  in  t h e  n u m e r ic a l  i n t e g r a t i o n . f  

T o  o b ta in  a  m o re  g e n e ra l  s u r v e y  o f  t h e  s h a d o w in g  e ffe c t o f  t h e  w a ll,  

lin e s  o f  e q u a l  m a x im u m  p re s s u re  in  t h e  s h a d o w  w e re  p lo t te d .  T h e y  a re  

sh o w n  in  f ig u re  5. A t  a n y  p o in t ,  e .g . o n  t h e  fin e  la b e l le d  0 -2 , t h e  m a x im u m  

p re s s u re  w ill b e  e x a c t ly  0 -2 . T h e  0*5 lin e  co in c id es  w i th  th e  a x is  (b o u n d a r y

f  Th is is th e  m eth o d  w h ich  w a s a c tu a lly  u sed  in  n ea rly  a ll th e  ca lcu la tion s  

described  in  th is  paper. T he  reason is som ew ha t acc id en ta l; form ulae (21), e tc .,  

w ere d ev elo p ed  from  th e  a n alys is  in L a m b ’s paper ( 1 9 1 0 ), as th e  so lu tio n  g iv en  

th ere w as fou n d  u nsu ita b le for num erical w ork. T he b u lk  o f  th e  ca lcu la tio n s had  

been  co m p leted  w h en  th e  co n n ex io n  w ith  Som m erfe ld ’s w ork w as realized  and  th e  

form ulae (2 0 a ) an d  ( 1 1 ) ob ta in ed . I t  w ill be found  th a t  i f  (2 0 a) is u sed  in  th e
r z

ca lcu la tio ns described  in  th is  sec tio n , th e  in tegral I eu2 du w ill appear, so th a t
J 0

W, W" cou ld  be com puted .
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o f  t h e  s h a d o w ) f ro m  y  — —oo u n t i l  so m e  p o in t  n e a r  th e  o r ig in  (w h o se  p o s i t io n  

w a s  n o t  c a lc u la te d :  i t  is  o b v io u s ly  q u i te  c lose  t o  t h e  o rig in ),  w h e re  i t  d e p a r t s  

f r o m  t h e  y- ax is ;  in s id e  t h e  s m a ll  s p a c e  b o u n d e d  b y  th e  y -a x is , t h e  x -a x is , 

a n d  th i s  p a r t  o f  t h e  0-5 lin e  t h e  m a x im u m  p re s s u re  r is e s  f ro m  0-5 t o  i t s  

v a lu e  a t  t h e  o r ig in , w h ic h  is  1*0 . T o  p lo t  t h e  c u rv e s  s h o w n  in  f ig u re  5, t h e  

m a x im u m  p re s s u re  a t  a  n e tw o r k  o f  p o in ts  in  t h e  s h a d o w  w a s  c a lc u la te d  

b y  c o m p u t in g  t h e  p re s s u re  fo r  a  s u f f ic ie n tly  lo n g  t im e  in te r v a l  a t  e a c h  p o in t ;  

t h e  c u rv e s  w e re  t h e n  o b ta in e d  b y  in te r p o la t io n .  T h e  n e tw o r k  c o n s is te d  o f  

th e  p o in ts

y  =  — 20 , x — 1; y  =  - 1 0 ,  x  =  1 ; y  =  - 5 ,  x = l ;

V =  — 20 , x  =  2 ; y  =  — 10, x  =  2 ; y  =  - 5 ,  x  =

y  =  — 20, x  =  3 ; y  =  — 10, x  =  3; y  =  — 5, 

T h e s e  lin e s  o f  e q u a l  m a x im u m  p re s s u re  a ll t e n d  a s y m p to t ic a l ly  to  p a r a b o la s

o f  t h e  fo rm  r+y  =  c o n s t ,  b u t  t h e  r a n g e  o f  y  in  f ig u re  5 is n o t  la rg e  e n o u g h  

t o  p e r m i t  a  v e r if ic a t io n  o f  th i s .

I t  a p p e a r s  t h a t  t h e  m a x im u m  p re s s u re  re a c h e d  fa lls  o ff v e r y  q u ic k ly  to  

a b o u t  a  t h i r d  o f  i t s  v a lu e  in  t h e  p u ls e , b u t  d e c re a se s  c o n s id e ra b ly  le ss  

r a p id ly  a f te r w a r d s .

P r e s s u r e - t im e  c u rv e s  a t  so m e  p o in ts  in  t h e  s h a d o w  a r e  sh o w n  in  f ig u re  6 . 

I t  w ill  b e  n o t ic e d  t h a t  t h e  d e c re a s e  in  m a x im u m  p re s s u re  is  a c c o m p a n ie d  

b y  a  le n g th e n in g  o f  t h e  t im e  in te r v a l  d u r in g  w h ic h  t h e  p re s s u re  is  p o s it iv e  

( i t  m u s t  b e  re m e m b e r e d  t h a t  t h e  ‘p r e s s u r e ’ is  a c tu a l ly  th e  ex cess  p re s s u re  

o v e r t h a t  o f  t h e  u n d is tu r b e d  a tm o s p h e re ) .  I f  a n y  p re s s u re - t im e  c u rv e s  a re  

c o m p a re d  i t  w ill b e  f o u n d  t h a t  t h e  c u rv e  w i th  th e  lo w e r m a x im u m  in te r s e c ts  

t h e  t im e -a x is  f a r th e r  a w a y  f ro m  th e  o rig in  a s  th e  o th e r  c u rv e .

T h e  c u rv e s  in  f ig u re  6 m a y  b e  c o m p a re d  w i th  th o s e  in  f ig u re  7, sh o w in g  

th e  p re s s u re  v a r ia t io n s  a t  p o in ts ,  a lso  in  th e  shadow -, a t  t h e  b a c k  o f  th e  

w a ll  i ts e lf .  T h e  g e n e ra l  s h a p e s  o f  a ll  th e s e  c u rv e s  a r e  v e r y  s im ila r.

T h e  p re s s u re  o n  t h e  f r o n t  o f  t h e  w a ll, p v  is  c o n n e c te d  w i th  t h a t  o n  th e  

b a c k  o f  th e  w a ll, p 3, b y  t h e  r e la t io n

Pi+Pz = 2Po

w h ic h  fo llow s f ro m  (2 1 ). H e n c e  th e  d iffe ren ce  o f  t h e  p re s s u re s  o n  th e  tw o  

s id es  o f  t h e  w a ll is a t  a n y  p o in t

Pi~P* = 2(Po~Ps)-

T h is  p re s s u re  d iffe rence , fo r  t h e  p o in ts  x  — 0-75 a n d  x  =  1-50, is s h o w n  in  

f ig u re  8 . D u e  to  t h e  re fle x io n , t h e  p re s s u re  is e q u a l  to  tw ic e  th e  p re s s u re

The diffraction of sound pulses 3 3 9
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3 4 0 F .  G . F r i e d l a n d e r

y

-20 -15 -10 -5 0
0-5

0-4

—  o l

__ . •

_  -  "  "0-25

F ig u r e  5. L ines o f  eq u al m ax im u m  pressure in  th e  sh ad ow . N o t e : th e  

0-5 line dep arts from  th e  y -a x is  a t  a  p o in t near th e  origin .

tim e  ( )

F i g u r e  6 . P ressure-tim e cu rves a t  som e p o in ts  in  th e  sh adow . Curve 1 , =  1-0,

y  =  — 10; curve 2, x  =  1-5, y  — — 3-0; cu rve 3, 
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The diffraction of sound pulses 341

Fi g u r e  7. P ressure-tim e curves a t  p o in ts on  th e  back  o f  th e  w all. Curve 1 , =  0-05,

y  -0; cu rve  2, x  =  0-75, y  =  0; curve 3, =  1-5, i

F ig u r e  8. D ifference o f  th e  pressures on th e  tw o  sides o f  th e w a ll  

a t tw o  po in ts, (1) x — 0-75, (2) x  =  1-5. *
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3 4 2 F .  G . F r i e d l a n d e r

o f  t h e  in c id e n t  p u ls e  u n t i l  t h e  re f le c te d  w a v e  h a s  a r r iv e d  ( s im u lta n e o u s ly  

a t  t h e  b a c k  a n d  a t  t h e  f r o n t  o f  t h e  w a l l ) ; i t s  e f fec t a p p e a r s  a s  a  c o n s id e ra b le  

n e g a t iv e  p re s s u re  d iffe ren c e , so  t h a t  a  c o m p a r a t iv e ly  la rg e  fo rce  a c t s  o n  t h e  

w a ll  in  th e  d ir e c t io n  o p p o s i te  t o  t h a t  o f  th e  p r o p a g a t io n  o f  t h e  p u ls e .

Ca l c u l a t i o n s  : v a r i o u s  f o r m s  o f  i n c i d e n t  p u l s e

S e v e ra l  o th e r  case s  in  a d d i t io n  to  t h a t  g iv e n  in  t h e  l a s t  s e c t io n  h a v e  b e e n  

d is c u s s e d , th o u g h  le ss  th o r o u g h ly .

F o r  a  p u ls e  w h e re  t h e  p re s s u re  is  g iv e n  b y

p 0(z) =  2 z, (0  ^  z ^  | )

=  2 ( 1 - 2 ), ( * < z < l )

=  0 , ( z ^ l )

t h e  p re s s u re  d i s t r ib u t io n  n e a r  t h e  e d g e  o f  t h e  s h a d o w  h a s  b e e n  c a lc u la te d  

in  a  w a y  a n a lo g o u s  t o  t h e  d is c u s s io n  in  t h e  p re c e d in g  s e c tio n . T h e  f u n c t io n  

P (X ,  T )  b e co m e s  in  th i s  ca se

p  = * y ( |)  (o < t h ), i> = x { r ( | ) -  2r ( ^ ) }

w h e re  y {Z )  =  ^ { (1  +  

N o  a p p r o x im a t io n  is  n e c e s s a ry . T h e  c a lc u la t io n s  w e re  c a r r ie d  o u t  fo r  

y  =  —1 0 , x  r a n g in g  f ro m  — 1 t o  + 1 . A  s u r fa c e  w h o se  h e ig h t  r e p r e s e n ts  

t h e  p re s s u re  c a n  b e  c o n s t r u c te d  in  t h e  s a m e  w a y  a s  b e fo re , a n d  i t  is  s h o w n  

in  o b liq u e  p ro je c t io n  in  f ig u re  9. A s  t h i s  p u ls e  d o e s  n o t  s t a r t  w i th  a  d is 

c o n t in u o u s  ris e  in  p re s s u re , t h e  d is c o n t in u i ty  o c c u r r in g  in  f ig u re  4 is  n o t  

p r e s e n t  h e re ;  t h e  o n ly  in d ic a t io n s  o f  t h e  f a c t  t h a t  t h e  in c id e n t  p u ls e  is  b e in g  

p r o p a g a te d  o u ts id e  t h e  s h a d o w  a r e  h e re  t h e  d is c o n t in u i t ie s  in  s lo p e  a t  t h e  

h ig h e s t  p o in ts  o f  t h e  p r e s s u re - t im e  c u rv e s , a n d  a t  t im e  r  =  1 , o u ts id e  t h e  

sh a d o w . T h e re  is  t h u s  n o  m a r k e d  b o u n d a r y  o f  t h e  s h a d o w  h e re  a t  a l l ;  t h i s  

m a y  b e  e x p e c te d  to  a p p ly  t o  a n y  p u ls e  w h e re  t h e  p re s s u re  r is e s  in i t ia l ly  a t  

a  f in i te  r a te .

W h e n  th e  in c id e n t  p u ls e  is  ‘r e c t a n g u la r ’, i.e . t h e  p re s s u re  is  g iv e n  b y

p 0(z) =  1 ((K z * $  1 ), p 0(z) =  0  ( z >  1),

 D
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3 4 3The  d iffra c tion  o f  sound  p u ls e s

P (X ,  T )  is  e a s i ly  e v a lu a te d .  A n  a p p l ic a t io n  o f  (2 0 a )  y ie ld s

P ( X ,  T )  =  - ^ t a n -1  y !  (T * .  1)

{ T > i )

S o m e  o f  t h e  d if f r a c te d  p r e s s u re - t im e  c u rv e s  in  t h i s  ca se  w ill b e  f o u n d  in

P a r t  I I  o f  t h i s  p a p e r .

F i g u r e  9 . Surface p  = p (x , z )at =  —1

W ith  th e  a id  o f  t h e  fo rm u la e  (2 1 ), a n y  t y p e  o f  in c id e n t  p u ls e  c a n  b e  in v e s t i 

g a te d ;  th e r e  is  m o re o v e r  n o  d if f ic u lty  in  d e a lin g  w i th  th e  d if f ra c tio n  o f  

a  p u ls e  w h o se  fo rm  is o n ly  k n o w n  fro m  e x p e r im e n t ,  a s  i t  is  p o s s ib le  to  p ro c e e d  

b y  n u m e r ic a l  in te g r a t io n  fro m  th e  s t a r t .  I t  w ill b e  fo u n d  t h a t  t h e  case  o f  

th e  s h a r p - f r o n te d  p u ls e  t r e a t e d  in  th e  p re c e d in g  s e c tio n  is  f a ir ly  r e p r e s e n ta 

t iv e  o f  a  la rg e  c lass  o f  p u lse s , v iz ., th o s e  w h ic h  a re  p ro d u c e d  s u d d e n ly  a n d  

o n ly  fo r  a  s h o r t  t im e  in te r v a l .  T h e  ‘r e c ta n g u la r  p u l s e ’ is  le ss  lik e ly  to  o ccu r 

in  p ra c t ic e .

m  co n c lu s io n , I  w a n t  to  t h a n k  P ro fe s s o r  G . I .  T a y lo r  w h o  s u g g e s te d  

th e s e  c a lc u la t io n s  a n d  to  w h o m  I  a m  in d e b te d  fo r  m u c h  v a lu a b le  a d v ic e  

d u r in g  th e i r  p ro g re s s .
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T h e  d if f rac tio n  o f  so u n d  p u lse s  

I I .  D if f ra c tio n  b y  a n  in fin ite  w edge

By  F . G . F r i e d l a n d e r

(' Communicated by G. I .  Taylor ,  

T his p art is a  report on  som e calcu la tion s o f  th e  d iffraction  effec ts  o f  

in fin ite  w ed ges w h ich  w ere carried  o u t b y  m eans  o f  a  so lu tio n  o b ta in ed  b y  

Som m erfeld . In  a ll cases  b u t one th e  inc id ent pressure p u lse w as ta k en  to  

be ‘r e c ta n g u la r ’, i.e . to  c o n sist o f  u n it  pressure rise p ersistin g  for u n it  

t im e ; in  on e ca se a  ce r ta in  p u lse d iscu ssed  in  d e ta il in  P a r t  I  o f  th is  paper  

w as ta k en . I t  is  fou nd  th a t  th e  pressure a t  th e  su m m it o f  a  w e dg e is a c tu a lly  

greater th a n  th a t  o f  th e  in c id en t p u lse, b u t d ies  d ow n  in  th e  sh ad ow . T he  

general character o f  th e  d iffra cted  pressu re-tim e cu rves is v er y  sim ilar  to  

th a t  o f  th e  cu rves o b ta in ed  in  th e  ca se o f  th e  h alf-p lan e.

I n  P a r t  I  o f  t h i s  p a p e r  th e  d if f ra c tio n  o f  p la n e  s o u n d  p u ls e s  b y  a  s e m i

in f in i te  p la n e  h a s  b e e n  d is c u s s e d . F o r  p u rp o s e s  o f  c o m p a r is o n , so m e  

c a lc u la t io n s  h a v e  b e e n  m a d e  o f  t h e  d if f ra c tio n  e ffe c t o f  a n  in f in i te  w ed g e . 

T h e  s o lu t io n  o f  th i s  p ro b le m  h a s  b e e n  g iv e n  b y  S o m m e rfe ld  ( 1 9 0 1 ), b u t  

w i th o u t  a n y  n u m e r ic a l  a p p l ic a t io n .  T h e  p r e s s u r e - t im e  c u rv e s  w e re  c a lc u 

la te d  fo r  p o in ts  o n  th e  b a c k  fa c e  o f  c e r ta in  w e d g es , m a in ly  in  t h e  ca s e  w h e re  

th e  in c id e n t  p u ls e  is  o f  t h e  ‘ r e c t a n g u l a r ’ ty p e .  T h e  p re s s u re  a t  th e  s u m m it  

o f  a  w e d g e  is  a c tu a l ly  b ig g e r  t h a n  t h e  in c id e n t  p re s s u re , a n d  in  c o n se q u e n c e  

i t  is  f o u n d  t h a t  t h e  a t t e n u a t io n  o f  t h e  p re s s u re  d u e  to  a  w ed g e  is  n o t  a s  la rg e  

a s  t h a t  d u e  to  a  h a lf -p la n e , w h ile  t h e  s h a p e s  o f  t h e  c u rv e s  a r e  v e r y  s im ila r .  

I n  o n e  ca se , th e  in c id e n t  p u ls e  h a s  b e e n  t a k e n  a s

Po(z ) =  ( l - z ) e~ z, 0)

a  ca se  w h ic h  is  d is c u s s e d  in  d e ta i l  in  P a r t  I  fo r  th e  h a lf -p la n e .
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