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1. INTRODUCTION

In [10], the second author proved that the equation
A*+ B*=CP (1)

had no integral solutions for prime p > 211 and AB # 0. In the present paper, we
explain how to extend this result to smaller exponents, and to the related equation

A* 4+ 2B%* = CP. (2)

In addition to the intrinsic interest of generalized Fermat problems, the analysis of
these equations provides a good test of contemporary Diophantine techniques; in
the present paper we use a combination of modularity of Galois representations,
averaging arguments from analytic number theory, and Chabauty methods in or-
der to control integral solutions to (1) and (2). These two equations also arise
rather curiously in recent work of the first author and Mignotte [1], related to a
classification of prime ¢ such that congruent number curves of the shape

V?=X%-N°X, N=2%"
possess nontrivial integral points.

In [10], one already has that (1) has no nontrivial solutions whenever there exists
a modular form f in a certain Atkin-Lehner eigenspace of S2(T'o(2p?)) or Sa2(To(p?))
satisfying L(f ® x—4,1) # 0, where y_4 is the Dirichlet character of conductor 4;
furthermore, the results of [10] show that such a form exists for p (effectively) large
enough. To check the remaining values of p is in principle a finite computation, but
computing in the space of newforms of level 2p? is still difficult when p is on the
order of 211. In the present paper, we prove the following theorem :

Theorem 1. There are no solutions to the equation A* + B? = C™ with AB # 0
and n > 4. The only solution to the equation A* + B?> = C™ and A* +2B% = C"
with AB #0 andn > 4 is (A,B,C,n) = (1,11, 3,5).

The first part of the paper is a sharpening of the analytic bounds used in [10] in
order to prove Theorem 1 whenever n is a prime at least 61 (for the first equation)
and at least 97 (for the second.) In the second part, we deal with the remaining
n on a case by case basis. We hope that the paper will provide an instructive
example of the interplay between analytic, geometric, and computational techniques
in Diophantine equations.
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2. PRELIMINARIES

We first recall the main ideas of [10] (see also [7]). If A* + B? = CP, the curve
Eap:y* =2 +2(1+i)A2® + (B +iA%)x (3)

is a Q-curve, which is to say its Galois conjugates are isogenous to one another.
It follows that there is a mod p Galois representation pg, : Gq — GL2(F))
attached to E := E4 p. By Lemma 4.3 of [10], one knows that E has potentially
multiplicative reduction at some prime greater than 3 (under the assumption that
AB # 0.) Lemma 4.4 and Proposition 4.5 of [10] then show that pg, is either
reducible or is equal to the mod p representation attached to a newform of weight
2 and level 32 or 256.

Similarly, recent work of Dieulefait and Jiménez [7] shows that if (4, B,C) is a
solution to A* 4+ 2B? = CP, the Q-curve

Eap:y?=ua+4A2% + 2(A +V—-2B)z (4)

again yields a representation pg , : Gq — PGL(F,). Again, E4 p is modular (see
the discussion after Theorem 2 in [7].) So pg,p is either reducible or is a modular
representation attached to a newform of weight 2 and level 256 or 512. (For a
discussion of the applicability of this method to equations of the form A*+ dB? =
C?, see [11].)

The newforms of levels 32 and 256 are all CM. In level 512, there are non-CM
forms. As Dieulefait and Jiménez point out, however, these non-CM forms do not
have the same inner twist as does pg p; if pgp is the mod-p representation attached
to some such f, this is a strong constraint on p. More precisely: one checks that
the non-CM forms of level 512 have a3(f) = V2 or a3(f) = v/6. However, a3(Fa.5)
must be an integer, since 3 splits in Q(v/—2). Thus p divides the norm of either
n —+/2 or n — /6 for some integer n with |n| < 2\/§, and this implies that p is at
most 7. In essence, this argument dates back to work of Serre [17].

We conclude that if p > 7 (or even if p = 7 in case E is as given in (3)), then
PEp is either reducible or is congruent to a CM representation, which in particular
implies that its image lies in the normalizer of a Cartan subgroup. In most of these
cases, the theorems of [10] will show that E4 g has potentially good reduction at
all primes not dividing 6, contradicting the following lemma.

Lemma 2. E4 p has potentially multiplicative reduction at some prime greater
than 3.

Proof. This is proved in [10, Lemma 4.3] in the case of (1), and in [7] in the case
of (2); we include a separate argument here only to handle the case where C' is a
power of 3 and p is small. For such a situation, this amounts to finding all S-integral
points on curves of the shape

y? 4 2zt = 39,
for S = {3,00} and ¢ € {0,1,2,3}. This is nowadays relatively routine; using
the Magma command SIntegral LjunggrenPoints([1,—2,0,3°%],[3]) leads to the
conclusion that

A'42B*=3"
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with A, B positive integers implies
(A,B,n)=(1,1,1),(5,1,3),(1,11,5).

If p > 13, it now follows from [10] and [7] that pg , is in fact irreducible.
Lemma 3. If p="7,11,13 then pg, is irreducible.

Proof. If p = 11 this follows from Proposition 3.2 of [10]. If p = 7, then FE yields
a K-point on the genus 1 modular curve Xo(14) (where K = Q(i) or Q(v/—2)
with the property that P? = w9 P; in particular, it yields a point on X((14) which
projects to a rational point of X((14)/wo. This quotient is an elliptic curve whose
Mordell-Weil group is finite of order 6; the preimages of these points are all defined
over Q or Q(v/=7) (see [12]). So P must be a wo-fixed point of X(14)(Q); but
wy acts without fixed points, so we are done. It is perhaps amusing to note that
the non-CM points of X¢(14)/wy whose preimages in Xo(14) lie in Q(v/=7) do, as
expected, yield an interesting ternary identity; namely

7+ 181%2 = 215,

When p = 13, the curve E yields a rational point on X(26)/ws, which is an
elliptic curve of rank 0 with exactly three rational points; two of these lie under the
cusps of X((26), and the other under a pair of points over Q(v/13) parametrizing
curves with CM by +/—13. Since none of these points of Xy(26) are noncuspidal
points defined over K, we are done. ([

We conclude that if p > 7 (or p > 7 for E as in (3)), then pg, has image
contained in the normalizer of a Cartan subgroup.

In order to save ourselves some casework later on, we note that the case where
p =1 (mod 8) is easy to rule out.

Proposition 4. Suppose p =1 (mod 8). Then pg,, does not have image contained

in the normalizer of a Cartan subgroup.

Proof. We have already observed that when p > 7, the representation pg , is the
mod p reduction of a CM representation of conductor dividing 512. What’s more,
the CM field attached to this representation is either Q(i) or Q(v/—2). Since p =
1 (mod 8), both of these fields are split over p, and the CM representations have
their images in the normalizer of a split Cartan subgroup. But this is impossible
by Proposition 3.4 of [10]. O

As shown in [10], we can show that pg, is surjective as long as there exists a
modular form in level p? or 2p? with certain properties, which we record below. We

W I‘i‘ €
Xd Xd

for the Kronecker symbol (we will be interested only in d = —4 or —8).
Proposition 5. Let p > 5 be prime, and suppose there exists either

e a p-new form in So(To(2p?)) with w,f = f and waf = —f; or
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e a p-new form in S2(Lo(p?)) with w,f = f,

such that L(f ® x—4,1) # 0. Then the mod p representation attached to a nontrivial
solution of A* + B? = CP does not have image contained in the normalizer of a
Cartan subgroup. Similarly, if there exists a newform f in one of the above two
spaces satisfying L(f ® x—s,1) # 0, then the mod p representation attached to
a nontrivial solution of A* + 2B? = CP does not have image contained in the
normalizer of a Cartan subgroup.

Proof. This is essentially the discussion following Proposition 3.9 of [10]. We ob-
serve that the argument there, though given only for nonsplit Cartan subgroups,
applies equally well to the split and nonsplit case. The split case can be handled
by Proposition 3.4 of [10] when p > 13, so the point of this observation is merely
to avoid having to treat p = 13 separately. [

This allows us immediately to handle (1) and (2) for many n merely by exhibiting
weight 2 cuspforms with suitable properties. In fact, the great majority of Theorem
1 is a consequence of the following :

Proposition 6. For each character x_4 and x—_s, and each prime p > 7 with
p Z 1 (mod 8), there exists a weight 2 cuspform f of level p* or 2p? satisfying the
criteria of Proposition 5. There exists a modular form f of level 98 satisfying the
criteria of Proposition 5 for the character x—_4 of conductor 4.

With this Proposition in hand, it remains to treat the equations
A*+ B?=C", ne{4,56,9} (5)

and
A*+2B*=C", ne€{4,56,7,9}. (6)

By a result of Darmon and Granville (Theorem 2 of [6]), each of these has at most
finitely many solutions in coprime positive integers (A, B, C'). We will in fact deduce
the following :

Proposition 7. Equation (5) has no solutions in positive coprime integers, while
the only such solution to equation (6) is (A,B,C,n) = (1,11,3,5).

The layout of this paper is as follows. In the next few sections, we will prove
Proposition 6 for suitably large p. Our arguments are essentially refinements of
those given in [9] and [10], based upon estimation of exponential sums. In Section
7, we will complete the proof of Proposition 6 by tabulating modular forms with
the desired properties for 7 < p < 59 and character y_4, and for 11 < p < 89 and
character y_g. Finally, in Sections 8 and 9, we will prove Proposition 7, by explicitly
determining the rational points on a number of related hyperelliptic curves.

3. CONVERTING THE PROBLEM TO ANALYTIC NUMBER THEORY

In the next four sections, we will concentrate on proving Proposition 6 for p > 61
(in the case of character x_4) and for p > 97 (in the case of x_g). To carry this out,
we will translate the problem to one of estimating exponential sums. We begin by
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introducing some notation. If f is a modular form, we denote by a,,(f) the m-th
Fourier coefficient of the g-expansion of f, viz

[= Z am(f)g™.
m=0

Furthermore, we denote by F a Petersson-orthonormal basis for S2(T'o(N)) and
define

(@ms Ly)v =D am(F)L(f @ X, 1) (7)

fer

Here we are thinking of both a,, and L, as linear functions on the space S2(Io(N)).
Moreover, for M | N, we let (a,, Ly)¥ denote the contribution to (am,, Ly)n
of forms which are new at level M. We define (a1, Ly)}> " to be (a1, Ly)

(a/la Lx)i

p?

2.

As explained in [10], the conditions of Proposition 5 hold for an odd prime p as
long as

’(al, L)% >0

p2

We now outline our strategy for deducing the nonvanishing of (a, Lx)i > Y In

[9] and [10], it is proven that
(a1, Ly)p2 = 41 + O ((logp)*p~?) and (a1, Ly)h, = O(p™), (8)
where the implied constants are absolute and explicit. Consequently, we have
(a1, Ly)P2 | > 4m — Cy (log p)*p ™2 — Cop ™

for explicit constants Cy and Cs. For large p, it is clear that the dominant error term
on the right hand side of this inequality is the expression Cop~!. On the other hand,
for small primes p (say p < 500), the larger error term turns out to be C; (log p)?p~2,
due to the comparative size of C; relative to Cy. The most significant part of our
argument will thus be the evaluation of (a1, Ly),2 and subsequent determination
of a good constant for Cy. The approach used by the second author in [9] to
evaluate (7) was a refinement of a lemma appearing in a paper of Duke [8]. This
method employs the Petersson trace formula for coefficients of modular forms. In
this section, we shall apply the same methods to evaluate (7), but we sharpen some
of the estimates of [9] by specializing the argument to the characters of conductors
4 and 8.

We have recently learned that Michel and Ramakrishnan in forthcoming work
have proven exact formulae for certain sums of type (7). It is likely that some of
the estimates in this section may be improved through appeal to their work.

We now present our explicit results, beginning by outlining our lower bound for
(a1, Ly)p2. In [9], the second author derives the decomposition

(am, Ly)n = dmx(m)e=>m/oN1eN _ BG4 By — By — By + (am, B(oNlog N)) (9)

where the summands are bounded by explicit functions of N, m, and the conductor
of x, which we denote by q. We will use the following bounds from [9] without
change:
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Proposition 8. Suppose N > 400, and let o be a real number with o > ¢*/2x.
Then we have

o [(am, B(cNlog N))| < 30(230)3e?™ ¢*m3/2d(N NN (/24270 /%),
o |Ey| < L3 m3/2c(log N)e —N/27rmologN;
o B3| < 8C%(3)n® om®/2d(N)(log N)N—1/2¢=N/2mmolog N

In the following sections we will present bounds for Es and E®) that improve on
those given in [9]. We recall from [9] that E5 is defined by

Ey = SWQ\/%i %6_2””/“’ Z ¢ 1S(m,n;c) (J1 (4“‘£W) - 2”@),
n=1

Nlc
c>2m/mn

(10)

where J; is the Bessel function of order one, while
E®) = 167T3mz c28(e), (11)

Nlc
where
(oo}

= Z x(n)e= 2™/ aN1eN g1y n:e). (12)

See pages 541-544 of [9] where these formulae are derived. In each case
mu + nv
S ;c) = T
(o) = 3 o)
uwv=1(c)
denotes the Kloosterman sum.

We note that F; and E5 are very small for N > 400. Moreover, for appropriately
chosen o, the quantity (a,,, B(cN log N)) is small in the ranges under consideration,
for both conductors 4 and 8. It remains to control F5 and E(3), for which the bounds
given in [9] are insufficient for our purposes. We will instead derive refined bounds
for By and E®). Here and henceforth, we employ the notation

0 = e 2™/* with & = ¢ N log N.

Proposition 9. Suppose x is a character of even conductor, N > 400, and o > -
Then

|| < 64q6(g)°m? (@N*Q +1(c) 1og<%> ~ BN

—0) 4 (1 —9)—2) ¢~ TN

+ 32m°¢(%)? m?d —7/2 (
-5

4
+512C(11)2 7 7/2d( ) 1( )
(13)

We will postpone the proof of this until the next section. The most significant error
term in equation (9) is in fact F(3). We shall determine a bound for E() by proving
several estimates for S(c). In [9], one finds upper bounds of the shape

s < 2N g ()] < de)(em)ba - o)
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In case x = x—4 or x_s, we will sharpen the first of these by factors of 4 and
44/2 respectively. In the case when N = p?, we improve the second bound by
exploiting the fact that S(m,n;p?) may be evaluated in an elementary fashion.
These improvements are listed in the next proposition.

Proposition 10. Let ¢ be a natural number.
(1) If ¢ > 400 and x = x—4, then

S(0)] < fi(e) = ~(loge + K1)

where K1 = 2.242.
(i) If ¢ > 400 and x = x—s, then

S| < fale) =~ <ﬂ;g + m)

where Ky = 3.038.
(i13) If m = 1, x is a character of even conductor, and p? | ¢ for a prime p then

S(0)] < fole) i= 5dle)eg(0)
where

( ) o U uP N ?:1 (%) u? Z?:l (?j) u2i
=12 " 1w 1—up 1—wu?r '

(iv) If x is a character of even conductor, we have

[S(0)] < fale) = d(e)(em)/2(1 - 6%) 7"

(14)

We note that if m = 1 then the bound f3(c) is better than the bound f4(c) by

approximately a factor of 3. We expect g(0) ~ (1— %)(1 —6?)~1 as the sums in (14)
are small. This is since 6 is close to 1 and thus the sums are approximately equal
to a Dirichlet character summed over a full period. Numerically, this will prove

significant when p is small.
We deduce from this
Corollary 11. (i) Form =1, N = p? and x = x_4, we have
|E®)| <167 > min{fi(c), fs(c), fa(e)} 2 .
p3le
(i1) Form =1, N = p? and x = x_g, we have
[E®| <167 min{fa(e), fs(e), fa(e)} ™2 .

p?lc

In bounding E®), we shall apply our bounds for f;(c) and f»(c) for small ¢, and
our bounds for f3(c) and f4(c) for large c. We will also have need of a (relatively
standard) divisor sum bound; as with Proposition 9, we will delay proving this until
a later section.

Lemma 12. Let u > 60000; then
o d(n 2logu +4v+4.4
h(u) = Z n3/2 < Vu ’

n>u
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Assuming for the time being that we are equipped with Propositions 9 and 10,
and Lemma 12 (which will be proved in Sections 4, 5 and 6, respectively), we are
now in position to provide an explicit bound for E®). We will consider the cases
X = X—4 and x = x_g simultaneously by supposing we have a bound of the form
|S(c)| < £(Alogc+ B) for positive constants A and B.

Proposition 13. Suppose that m = 1, N = p?, and we have a bound of the form
|S(e)] < (Alogc+B) (15)

Then
|E(3)| < min {ﬁm )s Biv(p )}
where, for X > 2
1672 487 (1 — 0%) "1 h(X
Bra(p®) = pg(A@kg2X+%H%Abg@%+BngX+3»+ . ﬁ) =

5u?) = 20 5 min {bf(mog@pz) + B), d(b)blﬂgww} b2+ ng)h(x) .

3
PTox

)

Proof. We begin by showing that (1,(p?) provides an upper bound for |[E(®)|. Let
X > 2 be a parameter. We shall write each ¢ = p?b and split the sum into two
parts, the first consisting of those b < X, and the second sum consists of those
b > X. For those ¢ = p?b with b < X we apply the minimum of the bound (15) and
f3(c) and for those with b > X we apply the bound f3(c). Thus we deduce that

Yo IS(e)e?

pzlC
Z mln{ (Alog(bp?) + B), d(b)bl/ng(G))} b2+ 9(9) Z d(b) .

3
<X p b>X

The bound for 31,(p?) thus follows from this last bound and (11). The bound for
Bra(p?) is similar. Instead, we apply the bound (15) for small values of ¢ and f4(c)
for large values of c. As before, we have

7Tb2 3
p2le b<X p

Since we have the inequalities

logb 1. 5 1 1 8
E b §1g(X)+§ and g gglog(X)+§
b< X b<X

for X > 2 we deduce the bound for 14 (p?).

We are now prepared to prove our lower bounds for (aq, LX)Z 5 " The calcula-

tions presented here were carried out in PARI/GP. Details are available from the
authors on request.

Lemma 14. Let p be prime. If either x = x—4 andp > 61, or x = x—_g and p > 97
then we may conclude that

(ar, Ly)?% " | > 0.5.
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Proof. Note that, from equation (9), after invoking our bounds for (a,,, B(op? log(p?))),
F4, E5, and Fjs, as given in Propositions 8 and 9, we have that
(a1, Ly)p2 — 47re727r/(”02(log(pz))| < Bo(p®) + |E®|
where
172
o) = 90 490)%e2" g (H+477/4) 1 Bl e s
+ 64g6(q)m* (“2p~* + L(¢(3)(log B-) — ¢'(3))p™°)
2
+96m°¢(1)? —7(( F 11— )7+ (1 —0) %) s
+ 512<( 11) —11 2) 3
+16¢*(2)m°o(logp)p~ e m.
We may also write, from p. 779 of [10],
(a17LX)§2 =p(p* —1)" 1((‘117Lx)p - X(p)p_l(apaLx)p) :

By the argument leading to Lemma 3.13 of [10], as mentioned in the errata to [10],
we have for m =1 or p,

(1-
-
[

[(@my Ly)p| < (87r+32((3/2 )22 —3/2)Zd JnV2e=2mlaE (1)

_2m
Since d(n) < v/3n we have that the above sum is bounded by v/3(1 —e~ @7 )~! and
thus |[(am, Ly)p| < B2q(p), where

Baa(p) = V(87 + 32((3/2)*n%p /) (1 — e7777) !
We can give a slightly better bound by bounding just the terms in (16) with n >

1000. Applying d(n) < +/3n again and bounding the sum by an integral we conclude
that [(am, Ly)p| < B2n(p), where

1000

- d(n) _ qvV3p — 221000

_ 22 -3/2 a\n) _omn/ qvop -2

Bap(p) = (87 4 32¢(3/2)*x%p~3/?) (; e n/avp | e .
This second bound shall prove useful when we consider small primes p. Since we
have 4me=2m/oP*108(P") > 47 (1 — ) > 12.5653, at least provided p > 61 and

o > 2 it follows from (9) that
(a1, Ly )b " > 12.5653— o (p?) —min{ B14(p?), Bro(p?) } — 511 min{Baa(p), Bas (p)}

where (31, and (1 are as given in Proposition 13, and Sy, B2, and (op are as stated
above.

_m
op?(log p)

We begin with the case x = x_4. We set 0 = % and we apply the inequality
corresponding to 1, in Proposition 13, with parameters A =1, B = K; and X =
(#‘24))2192 log?(p?). We also invoke our bound for 3, to obtain the inequalities

Bo(p?) < 0.0791...
Bia(p?) < T.6177... ,
L Baa(p) < 3.5545...

(a1, Ly)P: ™| > 1.3138... .



10 MICHAEL A. BENNETT, JORDAN S. ELLENBERG AND NATHAN C. NG

for p = 89. These inequalities are obtained for all p > 89, since By(p?), B14(p?) and
ﬁﬂza (p) are monotone, decreasing functions of p. For p = 61,67,71,73,79, and
83 we apply the inequalities corresponding to 31, with parameter X = 2000000 and
Bap to conclude that

Bo(p?) < 0.3131... ,

Bip(p®) < 9.0476 ... ,

L3 02(p) < 2.6024...
(a1, Ly)P2 ™" > 0.6019... .

p?

In the conductor 8 case, we put o = % and appeal to the upper bound (1, of
2 B=K,and X = (2% )%p? log?(p?) and

\S

Proposition 13 with parameters A =

we apply the upper bound (s, to ﬁnd that e
Bo(p?) <0.1011... ,
Bra(p?) < 6.7012... ,
P 1ﬁ2a( ) < 5.1957...

(a1, Ly)22 "] > 0.5671...

for p > 137. For p = 97,101, 103,107,109,113,127, and 131, we apply the upper
bounds Sy, with X = 2000000 and (s, to obtain

Bo(p?) < 0.4861...
By (p?) < 7.4205...
L1 Ban(p) < 3.6872...

(ar, L) " | > 0.9713 ... .

Assuming the validity of Propositions 9 and 10, and Lemma 12, this completes the
proof of Lemma 14.

4. PROOF OF PROPOSITION 9

In the next three sections, we will give the proofs of the three technical results
Propositions 9 and 10, and Lemma 12, used in the preceding section. We begin by
proving Proposition 9. We start with the identity

T (z) — 7\ <X
‘ @) =5+ 761 = 381
valid for 0 < z < 2v/2. This implies that
oo Vmn\3
EQ + 871'2\/%7; W@ 2 / ; C IS(m7n;C)T S Eé” (17)
c>2my/mn
where
00 Vmn 5
"o 2 |X(n)‘ —27n/x -1 . (471- c )
E3" =8 \/ﬁ; n e %: c |5(m7n’0)|w' (18)
= c

c>2m/mn
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In the sum in (17), we swap order of summation to obtain

By + 321°m? Z ! Z nx(n)@”S(mm;C)‘ <E}.

Nle c )2
c>2m/m n<(2€ﬂ)

1
m

By writing the inner sum as a sum over all n and subtracting n > (—)2 - we
obtain |Ey + Eb| < |EY| + EY where

El = 32n°m? Z 4 Z nx(n)8"S(m,n;c),
Nle n=1
c>2m/m
and
EY = 3275m? Z ¢t Z nx(n)0"S(m,n;c) .

Nlc n>( < 21
c>2m\/m (27) m

We now proceed to bound Ej, EY, and EY’. We shall first bound E4. Note that
the Weil bound for the Kloosterman sum is

[S(m, s )| < d(c)(me)'/2, (19)
whence, writing J = [(N/27)?m~!] + 1,
|EY| < 32n°m3 Z no™ Zd(c)c_7/2 < 32r°mid(N)N~7/2((7/2)? Z nd" .
n=J Nle n=J

Since

in@"—@‘] L-FL < e TemTEN L—i— 4
B 1-0 (1-6)2)~ 1-0 (1-6)2)’

n=J

we conclude that

B3] < 32555 mAd(N)N T/ (25 +1)(1 = 0) 7 4 (1 0)72) e Feomeem.

4m2m

Next we bound EJ’. By (18) and (19), we obtain

By < Game Y xmn®en Y d(e)e
n>1 Nlc,c>2m/mn
o0 (20)
%W7m7/2d(N)N711/2<(11)2 Z n2om .

2

IN

n=1
n odd

Since

o0 4 2

Dm0 = 9(0(1+—632): s = (1 —802)3’
n=1

n odd

for 0 < 6 <1, we deduce
E5'| < 227 ()P mEd(N)N /2 (1 - 6%) 7 .
Lastly we deal with E}. By opening the Kloosterman sum, we see that
El = 3275m? Z c*U(e)
N|c,c>2m/m
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where
U(e) = Z nx(n)d" Z e (mutn) — Z e(™2) Z nx(n)X".  (21)
n=1 ve(Z/cL)* ve(Z/cZ)* n=1

Here and henceforth, we employ the standard shorthand e(t) = e*™ and set X =
e(2)0. It follows that

Z ny(n)X"

n=1

U< N

ve(ZL/cl)*

This inner sum is
q

an(n)X" = Z x () Z nX"

a=1 n=a(q)
where
e @ a+q
n __ at+kq __ aX qX
Z nX —Z(a—i-kq)X _1—Xq+(1—Xq)2'
n=a(q) k=0

Hence

> nx(n) X" < q(q)(|1 — X971+ 1 - X9 72)

n=1
and thus

Ul <adle) D (I1—6%(2)| ™ +[1— 6% (%) 7%).

ve(Z/cZ)*

We write £ = % where ¢ = ¢/ged(q,c¢) and j € (Z/dZ)*; for each fixed j €

(Z/c'Z)* there are at most ged(g, ¢) values of v € (Z/cZ)* such that 2> = £ mod 1.
We thus obtain

U] < adl@) ged(g.e) D (11 —=0%(H)| 7"+ 1 - 60%(Z)?)
jez/c'L)*

< 2¢(q)ged(g0) S (11— 0%(L)| 7 + 1 —6%e(d)?), (22
1<j<e
(4,¢)=1

by pairing j and ¢ — j. From Lemma 8 of [9], we have |1 —e*|~! < 2/|2] for 2 such
that |Im z| < 7 and —27/30 < Re z < 0, and hence

/ !’ 2
U < 2woedad ¥ (5+(5)) -
1<j<4
(4,¢")=1

It follows that

U(c)| < 2q¢(q) ged(q, ¢) (c’ 10%5%) . (Cl)ﬁ

|y
—
N~—
~—
AN
N
©-
—
S
N—
N
)
—
]
o}
—
w8
N
+
o]}
~__
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for ¢ > N > 400. Therefore
log(5) | ¢
E'| < 3955m2(2 —4 (€ 2 c
|B5| < 32n°m?(2¢6(q)) Y et [ —=25 + 5
Nle
= 64go(q)n°m? (SR N2+ 1(C(3)log(5)) — C(B)N ) |

again provided N > 400. Collecting estimates yields our result.

5. PROOF OF PROPOSITION 10

To prove parts (i) and (ii) of Proposition 10, we begin by considering (12).
Opening the Kloosterman sum as in (21), we obtain

s= Y ﬂigk (=)

vE(Z/cL)*
Setting as before X = fe(%), it follows that
q «a
mo 1 x(@)X
ve(Z/cL)*

where T € (Z/cZ)* is the multiplicative inverse of v. For part (i), we have x(n) =
(=2) and thus

Zi:l x(a) X _ X
1— X4 1+ X2
Now we remark that for n € N,

14+ X7 = (1+6%" 420" cos (22))3 = (1 — 0")% 4 46" cos®(T2L))z  (24)
via the identity cos(2u) = 2cos?(u) — 1. It follows that

X 2 2 21 -3
IS(c)] < Z mz@ Z (1= 6%)% +46%cos? (22v)) 2
ve(Z/cZ)* ve(Z/cl)*
whereby
1
[S@I<5 Do [sec(*g)l.
ve(L/cL)*
We now write 2 = % where ¢/ = zed(zg and j € (Z/dZ)*. Just as in the argument

for bounding U(c), given before (22), we have

S < B2 S e )| < ged2.0) Y Jsec(T)

JjE(Z/T)* 1<<g
(4,¢)=1

see(=20)).

§gcd(2,c)< Z |sec( (=)

1<j<M -1

where M = L%J and the last term only occurs if ¢’ is odd. Note that we have the
inequality

o0 <5 [ o (25)
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valid for convex functions. Applying this identity at the points ¢ = % for j =
1,...,M —1 with 6 = L yields

S()] < eed2.0)(¢ [

. M-—1 1
and since o t 50 <

M—1
/Jr

2¢’

sec(mt) dt + sec (m (3 — %))) (26)

we have

1_ 1
— 2 2¢’

|S(c)] /2 * sec(mt) dt + ged(2, ¢) esc(

IN
o

)
cI

(log|csc ) + cot ()| + Z ese(2))
(log

>Hn=lm

)+ log (& | esc() 4 cot(&)]) + = ese()) -
Noting that ¢ > ¢/2 > 200 and writing
co = max log(z|csc(%F) + cot(F)]) = log(2) = 0.241564. ..

0<z< 555
and
€1 = 1max I Ccsc (%) = 105 SC (200) = 2.000082...,
0<x<—

100

it follows that

c
IS(e)] < = (10g( )+ co+er) < - (log(c) + 2.242) ,
as desired.
For part (ii), we have x(n) = (=2). Thus
Socux(@Xe| | 14 XE [ 14004200 cos (222)
1— X8 T 1+ X (1= 0%)2 1 46% cos (422)
by (24). Hence
0
- 4 4mv
SEI< 55 D Isec (422) [\/14 69 + 262 cos(22)
ve(Z/cT)*
As before, we write 4 = L where ¢’ = zdia J € (Z/cZ), whence it follows

that

4
|3(c)|§% Z | sec (ZF |\/1+94+292005( 1) .
Jje€Z/c'L)*

Pairing j with ¢’ — j, we have

o)) < B § o (1) g(cos(7H))

20
1<<y
(4,¢)=1

where ¢(t) = V1 + 6% +20%¢ + 1+ 6% — 262t. Since z = oNlogN, o > 22 and
N > 400 we obtain the inequality 8 > 0.9996. It thus follows that

B(t) < ¢ (1) := V2 + 2t + /2 — 2(0.9996)2¢
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for 0 <t < 1. Writing M = | % |, we now have

S0 < BRI (57 e (22) 6+ cos(Z) + seel ) (cos(z2L)))

20
1<G<M -1

where the last term only occurs if ¢’ is odd. As cos(™5%) = sin(55),

sec(™L) T (cos( =4 (y/2 + 2sin(55) + v2) < cea

M) < ese( 5=

where
o = c1(1/2 + 2sin(%) + V2) = 5.679214 . . ..

Note that here we have appealed to the inequality ¢’ > ¢/4 > 100. Via calculus,
we verify that sec(mt)¢™ (cos(rt)) is convex on [0,1). Applying (25) in the same
fashion as before,

1S(c)] < M(C’ /05_216/ sec(mt)pt (cos(mt)) 6:2) ,

It follows that

|S(e)] < %(/05_26 sec(mt)o™ (cos(mt)) dt + c3 + )
where

0.4
cg = / sec(mt)¢T (cos(mt)) dt = 1.496360. .. .
0

By the variable change t = 1/2 — t/, we have

S()]

| N

0.1
i N+ (o ! ’ ) 9
9(/ csc(mt')¢™ (sin(mt')) dt’ + 3 + 7T) :
2¢7
From the inequality ¢ (t) < v/2(2+t/2), it follows that
0.1
\UL%QW/(mmﬁ+J+%+)

The integral here may be evaluated as

0.1
[ttt — o ) o 1

1 7T

2c/

_ logc

B4 " tog (2 Jesc (55) + ot (5)]) — &

where ¢4 = log | csc(0.17) 4 cot(0.17)| = 1.842730. ... Defining

cs = max log(z|csc(0.5mx) + cot(0.57z)|) = log(£) = 0.241564. ..
0<

<z<15p 100

and noting the inequality ¢ > £ > 100, we have

0.1
cse(nt’)dt’ < = (log( Y+ (e5 — c4)) s

1
Zeq
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and hence deduce that

c [ V2log(c) 1 01
<= _ 0L 4. .
Sle) = ( 2t 59096 (x/i(c5 ca) + (325 + 0.5¢3) +0 5@)
e (ﬂlog(c) . 3_038> |
T 0
as claimed.

We now turn our attention to the proof of part (iii) of Proposition 10. We write
¢ = p*b with ged(p,b) = 1. If we suppose that p | n, then, via Lemme 2.10 of [15],
we may conclude that S(1,n;c) = 0. We may therefore assume that ged(n,p) = 1.
By the twisted multiplicativity of the Kloosterman sum,

S(]-a n; C) = S(Fv Fn; b)S(Ev En;pa) .

The Kloosterman sum with modulus p® may be evaluated in an elementary fashion.
In particular, we have S(b, bn; p®) = 0 unless n is congruent to a square modulo p®
(see pages 16-18 of Salié [16] for an explanation). Supposing that n = (2 (mod p®),
we have that

R

1S (B, b2 p™)| = |S(1b, 1b; p*)| < 2p

n
P

(and otherwise it vanishes). In addition, since x by supposition is a character of

even conductor, it is only supported on odd integers. We deduce that if ¢ = p®b

with ged(b, p) = 1 then

by Lemmata 4.1 and 4.2 of [14]. Consequently, |S(1,n;c)| < 2d(b)/c if ( ) =1

Sl <db)er (1 + (g)) =2/ — q(b)ch g(6)

n odd >1
(n,p)=1

where g(0) = > 5 odd>1 (1 + (%)) o™, If we set a, = (1 + (%)) 0™, we obtain
(n,p)=1
the identity

9(9) = Z Ap = Z(an — A2 — Qpn + a2pn) .

n odd >1 n>1
(n,p)=1

Note that if p | k then

e k
D S

n>1 n=1
and if (p, k) = 1 then
S p—1 k Zp:l (@) aak
k?’L 9 a=1 P
vgl ' 7;1 az::l p 7;1 1— 6k 1 — Ok

n=a(p)
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Combining these last two formulae with our expression for g(0) yields
9(0)

i (g)ee iy (%) e
(139 + 11—<gp) ) B (1 f292 + 11—(;)22 ) 1 fpap 1 322217

-1 (a a a
0 B or +Z§:1(5)9 Py ( )92
S 1—-62 1-—62 1—or 1—62r '
Thus we deduce that
S()] < db)e2g(0) = -2
B d(p*)

c'/29(0) < d(c)c'/?9(0)

w| =

since a > 2.

6. PROOF OF LEMMA 12

We will now finish the proof of Lemma 14 by proving Lemma 12. Since

dn)<2 > 1,

kln,k<yn
the sum we wish to estimate is bounded above by

Qik*% oot ST ESAY 1 YT Ry

k=1 I>max k, % k<@ 1>u k>4 1>k

<2 Z E—3/2 ( (u/k) 1z (u/k)_3/2> i Z k;_3/2(2/<:_1/2 n k_3/2)
k<vu k>+/u
The first sum within the brackets of this last expression is

Zk + = <<1og(f)+v+ )
k<f Vu 12y/u
logu+2y 13
P =l A
- NG + 6u’
while the second sum within the brackets is
1
<2 k2 k3 < .
Z + Z -1 + 2(\/6_ 1)2
k>u E>Vau
Collecting estimates thus yields
d(n) _ 2logu+ 4~y 4 13 1
h(u) := < e T S
(w):= D Taym < Ji a1 3 (Ja-1p

n>u

It follows that
2logu+4y+4+¢€

NG

h(u) <

for u > 60000, where

4 13 1
_ S AR S RO W\ V'
¢ ué%%é%oﬁ(\/a(ﬁ_ TR 1)2) =0.04

We thus deduce Lemma 12.
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7. MODULAR FORMS TABLES

We will now complete the proof of Proposition 6. From Lemma 14 and the
discussion at the start of Section 3, it remains to exhibit weight 2 cuspforms f at
level p? or 2p? satisfying the criteria of Proposition 5, where

p € {11,13,19,23,29,31,37,43,53,59}, if x = x_4,
and
p e {7,11,13,19,23,29,31,37,43,53,59,61,67,79,83}, if x = x_s.

For many of the values of p under consideration, it suffices to consider forms of
dimension 1, i.e. those corresponding to elliptic curves over Q. Indeed, a short
Pari computation implies that we may take, using Cremona’s notation for the
corresponding curve, our forms f as follows

p f p / P f
11 121b | 37 2738c¢ | 67 4489q

13 338b |43 1849a | 79 12482
19 722d | 53 2809a | 83 13778b
29 1682g | 59 69621
31 1922¢ | 61 372la

For 11 < p < 59, these forms have the desired nonvanishing of their twisted L-
functions, for twists by either character y_4 or x_g. For p > 61, they have this
property for x_g. With this in mind, it remains to handle p € {7,23,47} for
character x_4, and p € {23,47,71} for x_s; we necessarily restrict our attention to
higher dimensional forms. For these primes, a rather lengthy Magma computation
confirms that we may choose forms f as follows (in Stein’s notation) :

P X / P X f

7 x_a 98(2) [47 x_4 2209(9)
23 x_a4 529(7) | 47 x_s 2209(9)
23 x_s 529(7) | 71 x_g 5041(4)

These computations finish the proof of Proposition 6. A detailed Magma script for
the calculations described here is available at

http://www.math.ubc.ca/~bennett/BeEINg

We are left, therefore, to prove Proposition 7.

8. PROOF OF PROPOSITION 7 : EASY CASES

Let us begin by noting that equation (5) has been shown by Bruin to have no
solutions in coprime positive integers for n = 5 and n = 6, in [3] and [4], respectively.
Furthermore, the cases with n = 4 are relatively classical. The change of variables

4C

2
Y:F(chz), X:—E(BnLC?)
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takes a positive solution to (5) , with n = 4, to the curve Y2 = X3 44X, Cremona’s
32al. This curve has Mordell-Weil rank 0 over Q and full 2-torsion, whereby all its
rational points have ¥ = 0; these correspond to solutions to (5) with ABC = 0.
Similarly solutions to (6) with n = 4 correspond to rational points on an elliptic
curve over Q of conductor 64 and rank 0; again only trivial solutions accrue.

To complete our analysis of (5) and (6), we will consider the first of these equa-
tions with n = 9, and the second for n € {5,6,7,9}. In the first case, factoring over

Q(v/—1), we have
A? 4+ BV—1=(a+b/-1)°,
for coprime nonzero integers a and b of opposite parity, whence
A? = a(a® — 3b?)(a® — 33a*p? + 27a%b? — 31°).
It follows that
a® — 33a*b? + 27a%b* — 305 = €22,
for z a positive integer and € € {41, +3}. By consideration of the reduction of this

equation modulo 8, we see that either e = 1 or ¢ = —3. In the first instance, since
the elliptic curve given by

Y? = X% -33X2% 427X — 3,

of conductor 1296, is readily shown to have no finite rational points, there are no
solutions. In the second, writing a = 3¢, we have that

22 = b8 — 81b%¢? + 891b%c* — 2435,
and the fact that the curve
V? = X3 - 81X? + 891X — 243
has rank 0 over Q and trivial torsion leads to the desired contradiction.

It remains to treat equation (6) with n € {5,6,7,9}. Factoring over Q(v/—2),
we have

A% 4+ BV=2 = £(a + byv/=2)",
for a and b coprime nonzero integers (if n is odd, we may assume further that the

sign is a positive one). We will handle the two composite values of n first. If n = 6,
we find that

A? = £(a® — 30a"b? 4 60ab* — 8b°) = +(a? — 2b%)(a* — 28a%V? + 4b)

Since a and b are coprime, it is easy to show that the two factors on the right hand
side here are also coprime, so that there exists an integer z such that

+2% = a* — 28420 + 4b*.
Reducing mod 4, we see that the sign on the left hand side must be positive.

Writing
Y—4—a(z—a2+14b2) X—_—z(z—a2+14b2)
s ’ b2
we obtain

Y2 = X34+ 56X + 768X.
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This curve (of conductor 192) has rank 0 and full 2-torsion over Q. The torsion
points (with ¥ = 0) map back to a point on our original curve with b = y = 0.
Similarly, if n = 9, we may, without loss of generality, write

A? = a® — 72a"b* + 504a°b* — 672a%b° + 144ab®
The form on the right hand side of this equation factors as
a(a® — 6b%)(a® — 66a*b? + 108a%b* — 24b°).

If 3 fails to divide a, then this last form is coprime to the others. By considering
both sides modulo 8, we see that there exists an integer z such that

2% = a® — 66a*b? + 108a%b* — 24b°.
This is a double cover of the curve
Y2 = X3 -66X%+108X — 24

which is Cremona’s 5184ba, with trivial Mordell-Weil group over Q. If 3 | a, then,
again after consdering the reduction mod 8, we have

a® — 66a'b” + 108a%b* — 24b° = 327
for some integer z. Writing Y = 27z/a® and X = —18b?/a?, we thus have
V2= X®+81X? + 891X + 243.
This is Cremona’s 1296f, again with trivial E/Q.

9. PROOF OF PROPOSITION 7 : HARD CASES

It remains only to treat (6) with n = 5 and n = 7. These equations, as far as
we can see, require more than routine arguments involving rank 0 elliptic curves
over Q. To replace these, we turn to modern Chabauty-type arguments, mostly
now implemented in Magma. A useful reference for what we have in mind are the
papers of Bruin [4], and Bruin and Flynn [5]. A more detailed description of the
work in [4] is available in [2].

In the case n = 5, we may write

A? = d® — 20a°b* 4 20ab” = a (a* — 20a%b* + 20b*) (27)
for coprime a and b. We prove
Proposition 15. The only solutions to equation (27) in coprime integers a and b,
and integer A are with

(a,b) € {(0,+1), (1,0),(1,+1)}.
Only the solutions (a,b) = (1,%1) are relevant to our original problem; they lead
to the identity 14 42 - 112 = 35.

Let us define 3 by #* — 108% + 20 = 0, so that the field Q(3) is Galois with
integral basis 1, 3, 3%/2, 3%/2, ring of integers Og(p) and units

Obp =< —1,2—0%/2,34+23 - > - 3°/2,7+ 48 - > - 8°/2 > .
We may factor X4 — 20X? + 20 as

(X;(,B34ﬁ)) <X+;(534ﬂ)) (X;(638B)> <X+;(538ﬂ)).
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Choosing a = 1 (8% — 48) (so that a* — 20a? + 20 = 0), we find that
2
a =Norm(8)a3 and a —ab=4§ (ao +a18+ %62 + %ﬁ3> ,
where, in the notation of [4], 6 € L(S,2) for S = {2,5} and L = Q or Q(8), and
the a; are rational integers. Additionally,

(a/b)* — 20(a/b)* + 20 = Norm(8) (A/(asb*))”,

whereby local analysis at 2 and 5 guarantees that we may assume Norm(d) = 1,5
or 20. The primes dividing 2 and 5 in O, say —3% — 3+ 4 and (33/2 + 32/2 — 283,
have norms —4 and —5, respectively. Since all the units in O have positive norm,
it follows that we may assume that § is either a squarefree unit or has norm 20;
local arguments using primes up to p = 31 (as described in some detail in [2]), in
fact enable us to restrict attention to the following values of £6 :

1, %(a?’ +a? — 220 — 22), 3(5043 + 220% — 2a — 20), %(65043 + 29602 + 200 — 240).

For each of these d, we are thus led to an elliptic curve of the shape
Norm(d)
)
Here, X = a/b and Y € Q(8). We now employ Magma to determine the Mordell-
Weil groups of these curves (over Q(5)) up to finite index, via a 2-isogeny-descent.
On each case, we encounter a rank less than 3, whence we might hope that a
Chabauty-type argument may prove feasible. In every case, as it transpires, a
prime p < 31 yields the desired result; only the values X = 0,41 and co occur, as

claimed. A detailed Magma script for these computations is available, again at

http://www.math.ubc.ca/~bennett/BeEINg

Es : YZ=X"*+ %(63 —4B) X3 + (487 — 30)X? + (—36° +208) X.

We take this opportunity to express thanks to Nils Bruin for carrying out many
of the computations described here, and, in particular, for the use of his specialty
Magma routine “TwoCoverDescent”.

Lastly, let us suppose that n = 7 in equation (6), whereby we may write
A% = a(a® — 424"V + 140a®b* — 560°) .
Arguing modulo 8, we thus have that
a® — 42a*b* + 140a*b* — 560° = §2*
for 6 € {—7,1} and z a positive integer. If § = —7, then, writing a = T,
8b% — 980b%c? + 14406b%c* — 16807c® = 2.

Since the curve

Y? = X3~ 245X% 4 7203X — 16807
(Cremona’s 392b) has rank 0 and trivial torsion over Q, there are thus no solutions
with § = —7. In the case 6 = 1, we are led to consider the curve

C :Y?2=X5—42X*+140X2 — 56.

Here, from Magma, we have that the Mordell-Weil rank of the Jacobian of C is
2, ensuring that a direct Chabauty-type argument will not suffice to determine
the rational points on C. We note also that the evident genus 1 quotient Y2 =
2% — 4222 4 1402 — 56 has positive rank, so it also fails to supply an easy way out.
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We argue as in [13]. Let us define K = Q(6) where 6% — 426% + 1400 — 56 = 0.
It follows that Ok has an integral basis given by
1 1 1 1 1
1, =0+, —0>°+ —0+4+ —
e’ T 16
class number 1, discriminant 49 and
O =< —1,0%/64 —90/16 — 3/16,0% /64 — 116/16 + 25/16 > .
We have, for (X,Y) on C,
Y2 = (X% —0)(X* — (0 —42)X? + (6% — 420 + 140)),
and
Xt — (0 —42) X2 + (0% — 420 + 140) = 6V}
where §,Y; € Q(f). As in the preceding example, local considerations show that
most of the J-twists may be discounted; in this case only § = 1 survives our local
sieve. Choosing a point on this curve, say

. 1 2 .
(0 16 (07 — 440+ 196) : 1),

we may convert this to Weierstrass form :

] ]
E :y?=2>+——(30%>-116 2
Y=t s (3 +6) 2 + 357708

A full 2-descent now shows that F/K has rank 1 whence, after finding a generator,
a Chabauty-type argument at p = 5 shows that the only K-rational points on F
with Q-rational z-coordinate correspond to x = 0,00. Only the latter correspond
to (the known) rational points on C. Once more, a detailed Magma script for these
computations is available at

http://www.math.ubc.ca/~bennett/BeEINg

(2076 — 7476 + 302) .

This completes the proof of Proposition 7 and hence of Theorem 1.

Acknowledgements. The authors would like to thank N. Bruin, K. Soundararajan
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