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Abstract. The alternating direction method of multipliers (ADMM) is now widely used in many
fields, and its convergence was proved when two blocks of variables are alternatively updated. It is
strongly desirable and practically valuable to extend the ADMM directly to the case of a multi-block
convex minimization problem where its objective function is the sum of more than two separable
convex functions. However, the convergence of this extension has been missing for a long time —
neither an affirmative convergence proof nor an example showing its non-convergence is known in
the literature. In this paper we give a negative answer to this long-standing open question: The
direct extension of ADMM is not necessarily convergent. We present a sufficient condition to ensure
the convergence of the direct extension of ADMM, and give an example to show its divergence.

Keywords. Alternating direction method of multipliers, Convergence analysis, Convex program-

ming, Splitting methods

1 Introduction

We consider the convex minimization model with linear constraints and an objective function which
is the sum of three functions without coupled variables:

min 6 (z1) + 02(x2) + O3(x3)
s.t. Ajxi + Asxo + Agxgz = b, (1.1)

T € Xl, To € XQ, T3 € Xg,

where A; € RP*™ (1 =1,2,3), b e RP, X; C R™ (i = 1,2,3) are closed convex sets; and 6; : R — R
(i = 1,2,3) are closed convex but not necessarily smooth functions. The solution set of is
assumed to be nonempty. The abstract model captures many applications in diversifying areas
— e.g. see the image alignment problem in [22], the robust principal component analysis model
with noisy and incomplete data in [25], the latent variable Gaussian graphical model selection in
[0, 2I] and the quadratic discriminant analysis model in [20]. Our discussion is inspired by the
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scenario where each function 6; may have some specific properties and it deserves to explore them
in algorithmic design. This is often encountered in some sparse and low-rank optimization models,
such as the just-mentioned applications of . We thus do not consider the generic treatment that
the sum of three functions is regarded as one general function and possible advantageous properties
of each individual 6; are ignored or not fully used.

The alternating direction method of multipliers (ADMM) was originally proposed in [12] (see
also [4, [9]), and it is now a benchmark for the following convex minimization model analogous to

(1.1)) but with only two blocks of functions and variables:

min  61(x1) + O2(x2)
s.t.  Ajxy + Asxo = b, (1'2)
xr1 € Xl,xg € Xy.

Let
EA(.%'l, T9, /\) = 91(1‘1) + (92(.%'2) — AT(Al.,”Ul + AQJ:‘Q — b) =+ gHAlxl + AQ.%'Q — bH2 (1.3)

be the augmented Lagrangian function of (1.2)) with the Lagrange multiplier A € % and § > 0 be a
penalty parameter. Then, the iterative scheme of ADMM for (1.2) is

2 = Argmin{L 4 (x1, 25, \¥) |21 € X1}, (1.4a)
(ADMM) 2T = Argmin{ L4 (511, 29, \F) | 20 € A2}, (1.4b)
AL = 2P B(A 2T Agah T — b)), (1.4c)

The iterative scheme of ADMM embeds a Gaussian-Seidel decomposition into each iteration of the
augmented Lagrangian method (ALM) in [I8] 23]; thus the functions #; and 6, are treated individ-
ually and so easier subproblems could be generated. This feature is very advantageous for a broad
spectrum of application such as partial differential equations, mechanics, image processing, statistical
learning, computer vision, and so on. In fact, the ADMM has recently witnessed a “renaissance” in
many application domains after a long period without too much attention. We refer to [3, 6l [11] for
some review papers on the ADMM.

With the same philosophy as the ADMM to take advantage of each 6;’s properties individually,
it is natural to extend the original ADMM for directly to and obtain the scheme

:U’f“ = Argmin{ﬁA(xl,xé,xlg, )\k) |1 € X1},

(1.5a)
k41 . k+1 k yk
T = Argmin{ L 4(x7" ", 29,25, A\") | 20 € Ao}, 1.5b
(Extended ADMM) 2 smin{ Loy, o2, 75, 4 |2 € A} (1.55)
méf“ = Argmin{ﬁA(xlfH,m’;H, T3, )\k) | z3 € X3}, (1.5¢)
MFL = \F — B(A 2T 4 Agafth 4 Akt —p), (1.5d)
where
3 3 )
EA(CEl, T, T3, )\) = Z 91(1‘1) —\T (Alxl + Aoxo + Aszs — b) + EHAl'Tl + Aoxo + Az — b“ (16)
i=1

is the augmented Lagrangian function of . This direct extension of ADMM is strongly desired
and practically used by many users, see e.g. [22] 25]. The convergence of , however, has been
ambiguous for a long time — there is neither an affirmative convergence proof nor an example showing
its divergence in the literature. This convergence ambiguity has inspired an active research topic



of developing such algorithms that are somehow slightly twisted versions of but with provable
convergence and competitive numerical efficiency and iteration simplicity, see e.g. [15, 16, [19]. Since
the direct extension of ADMM does work well for some applications (e.g. [22] 25]), users have
the inclination to imagine that this scheme seems convergent even though they are perplexed by the
rigorous proof. In the literature, there was even very little hint for the difficulty in the convergence
proof for , see [6] for an insightful explanation.

The main result of this paper is to answer this long-standing open question negatively: The direct
extension of ADMM is not necessarily convergent. We organize the rest of this paper as follows.
In Section [2| we present a sufficient condition to ensure the convergence of . Then, based on the
analysis in Section [2| we construct an example to demonstrate the divergence of the direct extension
of ADMM in Section |3 Some extensions of the paper’s main result are discussed in Section
Finally, some concluding remarks are given in Section

2 A Sufficient Condition Ensuring the Convergence of ((1.5))

We first study a condition that can ensure the convergence for the direct extension of ADMM .
Our methodology of constructing a counter example to show the divergence of is also clear via
this study.

Our claim is that the convergence of is guaranteed when any two coefficient matrices in
(1.1) are orthogonal. We thus will discuss the cases: AT Ay = 0, AT A3 = 0 and AT A3 = 0. This
new condition does not impose any strong convexity on the objective function in , and it simply
requires to check the orthogonality of the coefficient matrices. So, it is more checkable than some
conditions in the literature such as those in [14, [19] (to be delineated in Section [4).

2.1 Case 1: ATA;=0o0r ATA3 =0

We remark that if two coefficient matrices of 1} in consecutive order are orthogonal, i.e., A{Ag =0
or AT'A3 = 0, then the direct extension of ADMM reduces to a special case of the original
ADMM . Thus the convergence of under this condition is implied by well known results
in ADMM literature.

To see this, let us first assume AT Ay = 0. According to the first-order optimality conditions of
the minimization problems in 1' we have xf“ €X; (1=1,2,3) and

91(1‘1) — 91($If+1) + (Il — I]f—’_l)T{*A?[)\k — ﬂ(All'lerl + AQIIQC + Agl’]g — b)}} Z 0, Vxl S Xl, (21&)

O2(22) — Oa(25HY) + (z2 — 25T T{—AT[NF — B(A12™ + Az ™ + Agzf —b)]} >0, Vay € Xy, (2.1b)

03(2) — O3(z5) + (23 — abTHT{—AT NP — B(AL 2T 4 Agah ™! 4 Agab™ —b)]} >0, Vaz € X5 (2.1¢)

Then, because of AT Ay = 0, it follows from (2.1)) that

01(x1) — 01 () + (zy — 2P T{—AT MNP — (A28 + Ak — b)]} >0, Vi, € A, (2.2a)
02($2) — 02(1’§+1) + (1'2 — $§+1)T{7Ag[)\k — ﬂ(A2x§+l + A3£L’§ - b)}} 2 O, ng S XQ, (22b)
O3(x3) — O3(zh™h) 4 (x5 — b THT{—ATNY — B(A 28T + Aga® ™t 4 Agah — b))} >0, Vaz € A3, (2.2¢)



which is also the first-order optimality condition of the scheme

| 0u()) + 0a(x2) — V)T (Ayay + Agao)
Bl k1Y A 1) 72
(z77,257) retin { +8|| Ay + Agz + Agzh — b2

r] € XY,
, 2.3a
To € Xo } ( )

2Bt = Argmin{03(z3) — (\*)T Azzg + 5| A1t + Agah ™ + Azas — b|*|2s € &3, }, (2.3b)
AL = \F - B(A 2 4 Agah Tt Agaltt ). (2.3¢)

Clearly, (2.3)) is a specific application of the original ADMM (| . ) to (L.1) by regarding (IL‘1, x9) as
one Varlable, [A1, As] as one matrix and 601(x1) + 62(z2) as one functlon. Note that both % and x%
are not required to generate the (k -+ 1)-th iteration under the orthogonality condition A7 A5 =0 in
(2.3]). Existing convergence results for the original ADMM such as those in [8, [I7] thus hold for the
special case of with the orthogonality condition AT A5 = 0.

Similar discussion can be carried out under the orthogonality condition AL A3 = 0.

2.2 Case 2: ATA;=0

In the last subsection, we have discussed the cases where two consecutive coefficient matrices are
orthogonal. Now, we pay attention to the case where AT A3 = 0 and show that it can also ensure
the convergence of .

To prepare for the proof, we need to make something clear. First, note that the update order
of at each iteration is x1 — 9 — x3 — X and then it repeats cyclically. Equivalently, we can
update the variables via the order xo — x3 — A — 1 and thus have the following iterative form:

ah T = Argmin{ L (z}, zo, 25 \F) | 29 € A5}, (2.4a)
b = Avgmin{L 4 (¥, 25 23, \¥) | 23 € A3}, (2.4b)
N Z NP B(Aah + Agaht! 4 Agaltt —b), (24c)
x]fH = Argmin{ﬁA(iﬂl,xéHa%Ha )\Hl) |z1 € X1} (2.4d)

According to , there is a update for the variable A between the updates for 3 and 1. Thus, the
case AT A3 = 0 requires discussion different from that in the last subsection. Moreover, when z¥ is
taken as a:]f'H and a:’f“ as x1+2 the scheme reduces exactly to the direct extension of ADMM
(1.5). Therefore, the convergence analysis for the scheme is equivalent to that for . For
notational simplicity, we will focus on the representation of within this subsection.

Second, it Worths to mention that the variable s is not involved in the iteration of , meaning
the scheme (|2.4)) generating a new iterate only based on (:El,ac3, ). We thus follow the terminology
in [3] to call x9 an intermediate variable; and correspondingly call (x1,x3,\) essential variables
because they are really necessary to execute the iteration of . Accordingly, we use the notations
wh = (2, 2k, 25 \F), uF = wh \\F = (2F, 25 28), oF = wk \2k = (aF, 25 \F), v = w\za = (21, 23, \),
V=X x X3 x ®P and

Vo= {'U* = (%I,x;,/\*) ’UJ* = (xik,x;,xg,/\*) = Q*}

Third, it is useful to characterize the model (1.1)) by a variational inequality. More specifically,
finding a saddle point of the Lagrange function of (1.1)) is equivalent to solving the variational
inequality problem: Finding w* € 2 such that

VI, F,0):  0(u) —0(u*) + (w—w)TFw*) >0, YweQ, (2.5a)



where

T
Tl
u=1| 2z |, w= iz L 0(w) = 01(x1) + Oa(2) + O3(3), (2.5b)
I3 A
and
_ AT
AT
F(w) = 2 : (2.5¢)
_ATx

Ayzy + Aoz + Azzz — b

Obviously, the mapping F(-) defined in is monotone because it is affine with a skew-symmetric
matrix.

Last, let us take a deeper look at the output of and investigate some of its properties. In
fact, deriving the first-order optimality condition of the minimization problems in and rewriting

(2.4c|) appropriately, we obtain
92(1’2) — 92($§+1) + (332 — $]2€+1) { AT[)\k (A1£L'1 + A2$k+1 + A3$’§ — b)]} > O, V.’I?Q c XQ, ( a)
93(1’3) — 93($§+1) + (1‘3 — x’;H) { AT[)\k B(All'l + A2$k+1 + A3$§+1 — b)]} >0, Va3 € A3, (2 Gb)
(Apzh + Agah ™t 4 Agah ™ —b) + B(/\kH ) = (2.6¢)
01(x1) — 61 (zF) + (2 — 2MTHT{—AT A — B4y x’f“ + Agah ™ Azaf T — b)) >0, Vay € Xy (2.6d)

Then, substituting (2.6 into (2.64), (2.6b) and (2.6d); and using AT A3 = 0, we get

O (x2) — Oo(zh ™) + (wg — BTN T{—ATNMY 4 BAT Ag(ak — 25T1)} >0, Vg € Ay, (2.7a)

93(333) — 93($§+1) + (l’g — $§+1)T{—Ag)\k+l} Z O V$3 S X3, (27b)
1

(Apah ™ 4 Agah™ 4 Agah™ —b) + A (o} — 28T — ﬁ(xk — 2\ =, (2.7¢)

01(x1) — 01 () + (1 — VT {—ATNHL — AT A (2 — 281 4 AT (NF — XTI >0, Wy € AL (2.7d)

With the definitions of 6, F, Q, u*F and v*, we can rewrite (2.7) as a compact form. We summarize
it in the next lemma and omit its proof as it is just a compact reformulation of ([2.7)).

Lemma 2.1. Let wht! = (mlfﬂ :U’;H, lg“, N+1) be generated by ([2.4) from given vk = (2, 25, \F).

Then we have
Mleq, 0u)— 0w + (w— " HT{F@W ) + Q(* — ¥} >0, YweQ, (2.8)

where
— BA{Al 0 Ar{

0 BATA; 0

_ 2.9
Q 0 0 0 (2.9)
Ay 0 7%1

Note that the assertion is useful for quantifying the accuracy of w**! to a solution point of
VI(Q, F,0), because of the Varlatlonal inequality reformulation (2.5)) of (1.1} .

Now, we are ready to prove the convergence for the direct extensmn of ADMM under the condition
AT A3 = 0. We first refine the assertion under this additional condition.



Lemma 2.2. Let wftt = (af abT1 2T NK+1) be generated by [24) from given vF = (xf, 25, \F).

If AT A3 =0, then we have
W e Q, 0u) = 0 + (w — W H{F M) + BP Ay (x5 — 25"}

> (v —o"HTH@WY — oY), YweQ, (2.10)
where
AT
AT il ,BA{Al 0 —A?
P = A2T , v=| x3 and H = 0 BAYA; 0 . (2.11)
’ A —A 0 1
0

Proof. Since AT A3 = 0, the following is an identity:
k1 \ T [ pATA; BATA; —AT

L1 — Ty k k+1
Ty — T
To — x’;“ 0 0 0 ’16 B 11c+1
L k+l T T3 — T3
A /\kJrl A A
- — Ay 0 %I
p— T [ BATAL 0 AT\ [ gk n
= T3 — x§+1 0 ﬂAgTAg 0 :clg — x]?f“
A — )\k—i—l _Al 0 %I )\k - /\k—‘rl

Adding the above identity to the both sides of (2.8 and using the notations of v and H, we obtain
whtl ¢ Q, e(u) _ 9(uk+1) + (w _ wk+1)T{F(wk+1) + Qo(’l)k _ Uk+1)}

> (v — " THTH@WY — %), vw e Q, (2.12)
where (see @ in (2.9))
BAT A, pATA; —AT 0 BAlTAg 0
0 0 0 0 BATAs; 0
Qu=Q+ ’ = 2
—A; 0 51 0 0 0

By using the structures of the matrices Qo and P (see (2.11))), and the vector v, we have
(’U) _ ,warl)TQO(,Uk _ UkJrl) — (w _ wk+1)TﬁPA3(x§ _ $I§+1).
The assertion (2.10)) is proved. O

Let us define two auxiliary sequences which will only serve for simplifying our notation in con-

vergence analysis:

ik e -
1 1 ik
ik ak+l h
~k _ 2 | _ 2 ko ~k
"= | = P and o= | z5 |, (2.13)
T3 T3 7k
Yk k+1 k k+1 3

where {zhT1 25Tl 1 \k+11 ig generated by (2.4).
In the next lemma, we establish an important inequality based on the assertion in Lemma

which will play a vital role in convergence analysis.



Lemma 2.3. Let wht! = (xlfﬂ,xgﬂ, xl§+1, N+1) be generated by (2.4) from given vF = (a, 25 \F).
If AT A3 =0, we have w* € Q and

i ~ o 1 1
0(u) = 0(@") + (w — ") (") > (v = o™ = o = o"[F) + 510" =" F, Yw € Q,2.14)

where WF and @* are defined in .
Proof. According to the definition of @w* and F(w) (see (2.13) and (2.5d), respectively), (2.10)) can
be rewritten as

* € Q, O(u) — 0@k + (w — wHTF@F) > (v — *FTHTH@WF —o*), Yw e Q. (2.15)

0

0 . -
Note that w*t! — % = g 0 , we further obtain that @w* € Q, and

Az (af — 257

0(u) — 0(@*) + (w — ") F (@)
= 0(u) — (") + (w — W TP (@F) + (W — &%) P (wF)

> (’U o ’Uk+1)TH(Uk _ vk—i—l)

+(As(ah — BTN T (B(AE T + Agah ! 4 Azt — b)), vw € Q. (2.16)
Setting x3 = 2% in (2.7h]), we obtain
y(ah) — Og(a*) + (@ — abH)T{—ATNH) > 0, (2.17)

Note that (2.7b)) is also true for the (k — 1)th iteration. Thus, it holds that
03(x3) — O3(25) + (z3 — 25)" {-AJN} > 0.

Setting z3 = m’§+1 in the last inequality, we obtain
a5 1) — O(ak) + (k™ — )T {—ATNF} > 0, (2.18)
which together with (2.17)) yields that
(AF = MFDT Ag 2k — 251y >0, VE > 0. (2.19)

By using the fact \¥ — N+ = B(Ajah + Agab™ + Azab™ — b) (see (2.6d)) and the assumption
AT A3 = 0, we get immediately that

B(A1ZE T 4 Agaith 4 Agah ™t — p)T Az (ah — 25 > 0, (2.20)
and hence
" e Q, O(u) - 0(@F) + (w— M)V F@@F) > (v — FTHTH@P —oF ), Yw e Q. (2.21)
By substituting the identity
(0 — T HEE o) = (o — o* 3 o — b)) + gl — o

into the right-hand side of (2.21]), we obtain (2.14]). O

Now, we are able to establish the contraction property with respect to the solution set of

VI(Q, F,0) for the sequence {v*} generated by (2.4), from which the convergence of (2.4) can be
easily established.



Theorem 2.4. Assume AT A3 = 0 for the model . Let {x%, x% & Nk} be the sequence generated
by the direct extension of ADMM . Then, we have:

(i) The sequence {v* := (2% 2k N\¥)} is contractive with respective to the solution of VI(Q, F,0),
i.e.,
k k k k
Wt — o[ < 0% — ot F — [l = o T (2.22)

(ii) If the matrices [A1, Ag] and Az are assumed to be full column rank, then the sequence {w"}
converges to a KKT point of the model (1.1)).

Proof. (i) The first assertion is straightforward based on (2.14). Setting w = w* in (2.14)), we get

1 1
5 (" =7 = o = 1F) = Sllo* = o E > 0(@") = 0(u”) + (@° — w*) " F(@").

From the monotonicity of F' and ({2.5)), it follows that
0(i*) — 0(u*) + (0% — w)TF@@"®) > 0(a*) — 0(u*) + (0" — w")TF(w*) >0,

and thus ([2.22) is proved. Clearly, (2.22) indicates that the sequence {v*} is contractive with respect
to the solution set of VI(Q, F', 0), see e.g. [2].
(ii) To prove (ii), by the inequality (2.22)) and (see the definitions of v and H in (2.11]))
1
B(Ak = NP+ 8| As(2f — 2517,

it follows that the sequences {Ajz¥ — %/\k } and {A32%} are both bounded. Since As has full column
rank, we deduce that {4} is bounded. Note that

k_ .,k ko k+1
lv* — "G = BllAr (2 — 27 —

1 1
Ayxh + Agah = Ajah — B)\k — (Ayzh=t - EA'H) — Azl +b. (2.23)
Hence, {A;x% + Aszk} is bounded. Together with the assumption that [A;, As] has full column
rank, we conclude that the sequences {z¥}, {25} and {\*} are all bounded. Therefore, there exists
a subsequence {x?’““,x?”l,x’g”l, ALY that converges to a limit point, say (23, 2%, 25, A>°).

Moreover, from ([2.22]), we see immediately that

D " = o* [ < oo, (2.24)
k=1
which shows
Jim H(v* —of) =0, (2.25)
—00
and thus
Jim Qv* — vty = 0. (2.26)
—00

Then, by taking the limits on the both sides of (2.8)), using (2.26)), one can immediately write
w™® € Q, Ou)—0u>®) + (w—w)TFw>) >0, YweQ, (2.27)

which means w™ = (27°,25°, 5%, A*°) is a KKT point of (1.1). Hence, the inequality (2.22) is also
valid if (z7, x5, x5, \*) is replaced by (29°, 25°, x5°, A>°). Then it holds that

[ — o < Jlo* —o|1F, (2.28)



which implies that

lim Ag(zF — 229) — S(AF =A%) =0, Tim Ag(ak — 23°) = 0. (2.20)
k—00 15} k—o00

By taking limits to (2.23)), using (2.29) and the assumptions, we know

lim o =23°,  lim 2§ =25°,  lim 2§ = 23°,  lim \F =\, (2.30)
k—o00 k—o00 k—o0 k—o00
which completes the proof of this theorem. O

Inspired by [I7], we can also establish a worst-case convergence rate measured by the iteration
complexity in the ergodic sense for the direct extension of ADMM ([2.4]). This is summarized in the
following theorem.

Theorem 2.5. Assume AT A3 =0 for the model . Let { (2%, %, 25 \¥)} be the sequence gener-
ated by the direct extension of ADMM and @F be defined in [2.13). Aftert iterations of ,

we take
1
- ~k
= — E . 2.31
Wy f+1 w ( )
k=0
Then, w € W and it satisfies

1

0() = 0(0) + i = ) Flu) < 3o

v =%, YweQ. (2.32)

Proof. By the monotonicity of F' and (2.14)), it follows that

1
wF e Q, 0(u) - 0(@*) + (w— )T F(w) + §HU — ¥4 > Z|jv — "%, Yw e Q. (2.33)

N |

Together with the convexity of X1, Xy and A3, (2.31) implies that w; € . Summing the inequality
(2.33)) over k =0,1,...,t, we obtain

T 1
w’f) Fw)+ gllo =} 20, Vweg.

]~

(t+1)0(w) — D 0@") + (¢t + Dw -
k=

0 k=0
Use the notation of w0y, it can be written as
1 < 1
~k ~ T 0)12
Since #(u) is convex and
t
- 1 &
TR <
t+1 prd
we have that .
1
O(iy) < —— Y 0(a").
t+1 prt
Substituting it into (2.34)), the assertion of this theorem follows directly. O



Remark 2.6. For an arbitrarily given compact set D C 2, let d = sup{||v—2°||%} | v = w\z2,w € D},
where v0 = (29,29, \?). Then, after ¢ iterations of the extended ADMM (2.4) , the point ; defined

in (2.31)) satisfies
- - d
sup{0(iis) — O(u) + (0 — w) F(w)} < =———, (2.35)
(t+1)
which, according to the definition ([2.5)), means w; is an approximate solution of VI(Q, F, §) with an
accuracy of O(1/t). Thus a worst-case O(1/t) convergence rate in the ergodic sense is established

for the direct extension of ADMM ([2.4)).

3 An Example Showing the Divergence of (1.5

In the last section, we have shown that if it is additionally assumed that any two coefficient matrices
in be orthogonal, then the direct extension of ADMM is convergent. In this section, we
give an example to show the divergence of when such an orthogonality condition is missing.
The analyses below also present a strategy for constructing more such non-convergent examples.
More specifically, we consider the following linear homogeneous equation with three variables:

A1 + Asxo + Asxzg =0, (3.1)

where A; € R3 (i = 1,2,3) are all column vectors and the matrix [A;, Ay, A3] is assumed to be
nonsingular; and z; € R (i = 1,2,3). The unique solution of is thus z1 = z9 = z3 = 0. Clearly,
is a special case of where the objective function is null, b is the all-zero vector in R3,
and X; = R for i = 1,2, 3. The direct extension of ADMM is thus applicable to , and the
corresponding optimal Lagrange multipliers are all 0.

One will see next that the convergence of the direct extension of ADMM applied to solving
the linear equations with a null objective is independent of the selection of the penalty parameter
(. That is, if the direct extension of ADMM is convergent for one selected 5 > 0, then the it
is convergent for every S > 0. On the other hand, if is not convergent for one selected 8 > 0,
then it is not convergent for all 8 > 0. Hence, in our specific example developed below, one can
think 8 = 1 without loss of generality.

3.1 The Iterative Scheme of (1.5 for (3.1))

Now, we elucidate the iterative scheme when the direct extension of ADMM (|1.5)) is applied to solve
the linear equation (3.1]). In fact, as we will show, it can be represented as a matrix recursion.
Specifying the scheme (1.5 with any given 8 > 0 by the particular setting in (3.1]), we obtain

—ATNF 4 BAT (At Agal + Azah) =0, (3.2a)
—ALNF 4 BAT (AT Agah T 4+ Agah) =0, (3.2b)
—AENF £ BAT (AT Agah T 4 AzahT) =0, (3.2¢)
B(ALZE T 4 Agafth 4 Azahthy 4 \EHL _\k =, (3.2d)

10



By introducing a new variable ;% := \* /3, we can recast the scheme(3.2)) as

—ATpE - AT (AT Agal + Agah) =0, (3.3a)
— AT pF 4+ AT( AT AgabT 4 Azah) =0, (3.3b)
—ATpFE 4 AT (AT 4 Agaf Tt 4 Agab ) =0, (3.3c)
(At 4 Agahth 4 Agaktly 4 bt — k=0, (3.3d)
It follows from the first equation in (3.3)) that
1
2kt = yi (—AT Aoah — AT Agah + AT pP). (3.4)
1411
Substituting (3.4) into (3.3b)), (3.3c) and (3.3d]), we obtain a reformulation of (3.3])
AgAg 0 01><3 $]2€+1
AT Ay AT A3 0143 i
Az Az I3xs it
0 —AgAg Ag 1 AgAl (L‘IS
- 0 0 AT ~ATA AT Ay | (AT As, —AT A3, AT) x5 1.(3.5)
1
O3x1 O3x1  Isxs Ay p
Let
ATAs 0 O1xs
L=| AYA; ATA; 0143 (3.6)
Ay Az I3xs
and
0 —ATA; AT oA
R= 0 0 AT — AT A, AT Ay (—A{Ag, —AT A, Ar{) (3.7)
O3x1 Osx1  Isxs Ay

Then the iterative formula (3.5) can be rewritten in the following fixed matrix mappings:

wlgﬂ =M| 2% | == M 9 (3.8)
/,Lk+1 ,Uk ,UD
with
M=L"'R. (3.9)

Therefore, the direct extension of ADMM (|L.5]) is convergent if the matrix mapping is a contraction,
or equivalently, the spectral radius of M, denote by p(M), is strictly less than 1. Thus, to construct
a divergent example, we would look for a A such that p(M) > 1.

3.2 A Concrete Example Showing the Divergence of ([1.5]

Now we are ready to construct a concrete example to show the divergence of the direct extension of
ADMM (1.5) for all 5 > 0 when it is applied to solve the model (3.1)).

11



Our previous analysis in Section [2| has shown that the scheme is convergent whenever any
two coefficient matrices are orthogonal. Thus, to show the divergence of for , the columns
Aq, A and As in should be chosen such that any two of them are non-orthogonal. Specifically,
we thus construct the matrix A as follows:

111
A= (A, Ay Ay =| 11 2 |. (3.10)
1 2 2

Given this matrix A, the system of linear equations (3.5 can be specified as

6 0000 bt
7900 0 it
11100 it
12010 bt
2200 1 it
[0 -7 1 2 4 1 [ %
0 0 1 2 2 5 zk
= 0 0 100 —% 1| (=4,-5,1,1,1) | | u}
0 0 010 1 It
(\0 0 00 1 1 1\

Note with the specification in (3.10|), the matrices L in (3.6) and R in (3.7) reduce to

6 0 0 0O 16 -1 -1 -1 2
79 0 00 20 25 -2 1 1
1
L= 1 11 00 and R:§ 4 5 2 -1 -1
1 2 010 4 5 -1 2 -1
2 2 0 01 4 5 -1 -1 2
Thus we have
144 -9 -9 -9 18
8 157 -5 13 -8
1
M=L"'"R=_—_ —58 —
R 162 64 122 122 58 64

56 —-35 —-35 91 56
—88 —26 —-26 —62 88

From direct computation, M admits the following eigenvalue decomposition
M = VDiag(d)V 1, (3.11)

where
0.9836 + 0.29841

0.9836 — 0.29841
d=1 0.8744 + 0.2310:¢
0.8744 — 0.23101¢

0
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and

0.1314 +0.2661¢  0.1314 — 0.2661: 0.1314 — 0.2661¢ 0.1314 + 0.2661% 0

0.0664 — 0.2718:  0.0664 + 0.2718;  0.0664 + 0.2718; 0.0664 — 0.2718¢ 0
V=1 —0.2847 — 0.4437; —0.2847 4 0.44377 0.2847 — 0.4437¢ 0.2847 + 0.4437: 0.5774
0.5694 0.5694 —0.5694 —0.5694 0.5774
—0.4270 4+ 0.2218: —0.4270 — 0.2218: 0.4270 + 0.2218 0.4270 — 0.22187 0.5774

An important fact regarding d defined above is that
p(M) = |di| = |da| > 1,

from which we can construct a divergent sequence {:r’g, x§ , )\]f , )\15 , )\]?f} starting from certain initial
points. The questions are: Can we find real-valued non-convergent starting points? Does the set of
non-convergent starting points form a continuously dense set, that is, are they not isolated? We give
affirmative answers below.

Indeed, for any initial (29,29, 19, 13, 43), let

ll 1'(2]

lQ Jjg

Iz [ =vt] W |. (3.12)

ly 5

ls 13

From and , we know that

o5 =
w5 g
ut | = VDiag(d" )Vt g
1 H
s 1

= VDiag(d®) | i3

11(0.9836 + 0.2984i )*
12(0.9836 — 0.29844 )¥
= V| I3(0.8744 +0.2310i )* |,
14(0.8744 — 0.2310i )*
0

Thus, as long as l1lo # 0, the sequence would be divergent and there is no way for it to converge to

a solution point of (3.1)).
There are many choices of the starting point (mg, xg, ud, ug, ug) such that l1ls # 0. For example,

.%'(2) aq
.’L'g a1
W=V a |, (3.13)
1 as
13 as
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where a; are any real numbers and oy # 0 (which implies that I; =l = a3 # 0). Furthermore, it is
clear that the pair of V(1) and V' (2) are two complex conjugate vectors, so are the pair of V(3) and
V(4), where V(i) denotes the i-th column of V. Thus the starting point of is real-valued.

Since (a1 > 0,a9,a3) € R3 form a continuously dense half space, the non-convergent starting
points given by with a1 > 0 also form a continuously dense half space. Thus, we conclude the
main result of this paper as follows.

Theorem 3.1. For the three-block conver minimization problem , there is an example where
the direct extension of ADMM (L.5)) is divergent for any penalty parameter 5 > 0 and for any
starting-point in a continuously dense half space of dimension 3.

4 Extensions

In this section, we extend our previous analysis to some relevant work in the literature.

4.1 Strongly Convex Case of ((1.1))

When all functions 6;’s in are further assumed to be strongly convex and the penalty parameter
0 is restricted into a specific range determined by all the strong convex modulus of these functions,
the direct extension of ADMM is convergent as proved in [14].

Then, it is interesting to ask whether the scheme for a strongly convex minimization model
is still convergent when the restriction on 8 in [I4] is removed. In other words, does the strong
convexity of the objective function help the convergence of the direct extension of ADMM for the
three block convex minimization problem ? A by-product of this paper is a negative answer to
the question.

Theorem 4.1. For the model with the strong convex assumption on its objective function, the
direct extension of ADMM s not necessarily convergent for all 5 > 0.

Recall that the requirement p(M) > 1 yields the divergence of the direct extension of ADMM
(1.5) when it is applied to solve (3.1)). Consider the following strongly convex minimization problem

with three variables:
min  0.052% + 0.0523 + 0.0523

1 11 T (4.1)
s.t. 1 1 2 T2 =0.
1 2 2 T3

One can verify that each iteration of the direct extension of ADMM applied to the problem
remains a fixed matrix mapping. Based on a simple calculation, it is seen that for , the spectral
radius of the matrix involved in with 8 =1 is 1.0087. Thus, by a similar discussion to that in
Section one can find a proper starting point such that the direct extension of ADMM with
B =1 is divergent. The detail is omitted for succinctness.

4.2 Application to the ADMM Variant with a Small Step-size in [19]

To tackle the convergence ambiguity of the direct extension of ADMM ((1.5)), it was recently proposed
in [19]E| to attach a shrinkage step-size factor to the Lagrange-multiplier updating step in (1.5). An

® A more general model with m block of functions and variables was considered in [I9]. But here, for the convenience
of notation, we only focus on the model (|1.1) with m = 3 and the analysis can be trivially extended to the general case
with a generic m.
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interesting ADMM variant was thus proposed whose iterative scheme differs from (1.5 only in the
step of updating the Lagrange multiplier:

ML — \F _ 2 B(Arah + Ak + Aszh —b), (4.2)

where the “step-size” factor -y is required to be sufficiently small to ensure that a certain error-bound
condition is satisfied. With some additional assumptions on #;’s and A;’s, this ADMM variant would
be linearly convergent; as it was rigorously proved in [19].

The sufficiently small requirement on « indeed plays a significant theoretical role in ensuring the
linear convergence of the ADMM variant in [19], and the requirement depends on the objective func-
tion and problem data. It would be valuable to investigate the possibility of a pre-determined range
for the step-size factor v, say depending only on the number of blocks in the model. This possibility
is not unreasonable. When there is only one block of variable and function in the model, the ADMM
reduces to the standard ALM [I8] 23], and it is convergent for all v € (0, 2) as demonstrated in
[1L 13} [7, 24]. When there are two blocks of variable and function in the model, the original ADMM

1) is convergent for all v € (0, \/52+1) as shown in [I0]. Thus, in these two cases, the convergence

is guaranteed even for selecting v > 1 in the Lagrange-multiplier update, which typically results in
a numerical acceleration of the convergence.

Similarly, we ask whether or not a problem-data-independent positive step-size interval for ~
exists such that the ADMM variant in [19] is guaranteed to be convergent. In the next, we construct
an example to give a negative answer numerically. In particular, we again consider the linear equation

example (3.1)) but the matrix A is given by

1 1 1
A=11 1 14+~ (4.3)
1 1+ 144

where the positive scalar v > 0 is the same step-size factor in . (Note that the matrix in
used to show the divergence of the direct extension of ADMM is a special case of with
v=1)

Let M () be the mapping matrix when the ADMM variant is applied to the problem (3.1))
with the new matrix . Recall that the matrix mapping is divergent from a certain initial point if
the spectral radius of M (), denoted by p(M (7)), is greater than 1. In Table 1, we report the values
of p(M()) for several choices of v ranging from le-8 to 1. It was found that the ADMM variant
remains divergent even if «y is as small as 1078, It is thus numerically demonstrated that the ADMM
variant (4.2)) is still divergent even if the step-size factor « is very small. In fact, not similar as the
ALM and the original ADMM, we conjecture that there does not exist a problem-data-independent
interval in which any value of the step-size factor v can ensure the convergence of the ADMM variant

2.

Table 1: Spectral radius of the small step-size variant of ADMM (8 = 1)

0% 1 0.1 le-2 le-3 le-4 | le-5 | 1e-6 | 1le-7 | 1e-8
p(M(v)) | 1.027839 | 1.002637 | 1.000105 | 1.000004 | >1 | >1 | >1 | >1 | >1
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5 Conclusions

We have shown by an example that the direct extension of the alternating direction method of
multiplier (ADMM) is not necessarily convergent for solving a convex minimization model with
linear constraints and an objective function in sum of three separable convex functions; which solves
a long-standing open problem. Based on the strategies to construct the divergent example, we give
answers to some other questions related to the direct extension of ADMM.

The negative answer to the open question thus justifies the rationale of algorithmic design in
recent work such as [I5, [I6], where it was suggested to combine several correction steps with the
output of the direct extension of ADMM in order to produce a splitting algorithm with provable
convergence under mild assumptions for multi-block convex minimization models.

We also studied a condition that can guarantee the convergence of the direct extension of ADMM.
This new sufficient condition is significantly different from those in the literature which often require
strong convexity on the objective functions and/or restrictive choices for the penalty parameter.
Instead, the new condition simply depends on the orthogonality of the given coefficient matrices
in the model and poses no restriction on how to choose the penalty parameter 8 in algorithmic
implementation.

Although our results have focused on the model where there are three blocks of variable and
function, our analyses can be easily extended to the application of the direct extension of ADMM
to a more general convex minimization model where the block number of variable and function is
greater than 3.
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