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THE DIRICHLET PROBLEM FOR MONGE-AMPERE
EQUATIONS IN NON-CONVEX DOMAINS AND SPACELIKE
HYPERSURFACES OF CONSTANT GAUSS CURVATURE

BO GUAN

ABSTRACT. In this paper we extend the well known results on the existence
and regularity of solutions of the Dirichlet problem for Monge-Ampere equa-
tions in a strictly convex domain to an arbitrary smooth bounded domain in
R™ as well as in a general Riemannian manifold. We prove for the nondegener-
ate case that a sufficient (and necessary) condition for the classical solvability
is the existence of a subsolution. For the totally degenerate case we show
that the solution is in C1:1(Q) if the given boundary data extends to a locally
strictly convex C? function on Q. As an application we prove some existence
results for spacelike hypersurfaces of constant Gauss-Kronecker curvature in
Minkowski space spanning a prescribed boundary.

1. INTRODUCTION

Let © be a bounded domain in R™ with C'°° boundary 0€2. In this paper we
consider the Dirichlet problem for Monge-Ampere equations

(L.1) det(u;;) = ¢¥(x,u,Du) in Q, u=¢ on 0L,

where ¢ € C®(09Q), ¥ € C®(Q x R x R"), ¥ > 0, Du = (uy,--- ,uz) denotes the
gradient of u, u; = Ou/0x; and u;; = azu/axiﬁxj.

When 2 is a strictly convex domain, this problem has received considerable
study both in the non-degenerate case (1) > 0) and in the degenerate case (¢ =
0 somewhere). A well known theorem (see Caffarelli, Nirenberg and Spruck [6],
Ivochkina [17] and Krylov [19]) states that in the non-degenerate case ¢ > 0,
(1.1) has a strictly convex solution in C'*(€2), provided € is strictly convex and
there exists a strictly convex subsolution in C?(Q). (Please see, for example, [6],
[12] and [22] for further references, including the earlier work of, among others,
Pogorelov, Cheng and Yau, and P. L. Lions.) For the degenerate case (¢» > 0),
counterexamples have been found showing that the Dirichlet problem, in general,
does not have a solution in C2(£2); whether or not the weak solutions belong to
C11(Q) has attracted a lot of attention. In the totally degenerate case 1) = 0, the
C11 regularity was established by Caffarelli, Nirenberg and Spruck [7], who proved
that if Q is a strictly convex domain with 9Q € C*! and ¢ € C*1(99), then the
unique convex solution to the degenerate problem

(1.2) det(u;;) =0 in Q, u=¢ on IN
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belongs to C*+!(Q). Earlier Trudinger and Urbas [26] obtained local C''! regularity
under the weaker hypotheses that Q2 € C1'1 and ¢ € C11(99). The recent work
of Krylov [20], [21] provides a unified treatment of the non-degenerate and totally
degenerate cases. The main purpose of the present paper is to extend the above
mentioned results to non-convex domains.

The Monge-Ampere equations are closely related to problems involving Gauss-
Kronecker curvature in differential geometry, such as the Minkowski and Weyl prob-
lems. From the viewpoint of geometric applications, it is of interest to study the
Dirichlet problem for Monge-Ampere equations in non-convex domains. In his book
[2], T. Aubin also raised the question of whether one can remove the hypothesis
of convexity of the domain for a problem. Recently, an effort to extend the re-
sults of [6] to non-convex domains was made by J. Spruck et al. in [16] and [15].
It was proved in [15] that for ¢ > 0 the Dirichlet problem (1.1) in an arbitrary
smooth domain § admits a locally strictly convex solution in C*(Q) provided that
(¢(z, z,p))*/™ is a convex function with respect to p and that there exists a locally
strictly convex strict subsolution u € C?(Q2) (i.e., assuming u satisfies the strict
inequality in (1.4) below). This result applies to, for example, the Gauss curvature
equation

(1.3) det(ui;) = K (z,u)(1 4 [Dul?) "%

for hypersurfaces in Euclidean space and has interesting geometric consequences
(see, for example, [15], [23]). In this paper we will prove

Theorem 1.1. Let ¢ € C*(9Q), ¥ € C=(Q x R x R"™), ¢ > 0. Assume there
exists a locally strictly convex subsolution u € C?*(Q) satisfying

(1.4) det(u;;) > ¥(w,u, Du) in Q, u=¢ on 0.

Then there exists a locally strictly convex solution u € C®(Q) of (1.1) with u > u.
The solution is unique if 1, > 0.

Here a function v € C2(Q) is said to be locally strictly convez if its Hessian
matrix {v;;} is positive definite everywhere in 2. Obviously, condition (1.4) in
Theorem 1.1 cannot be removed even when  is strictly convex. In case ¥ = ¢(z)
or, more generally (due to P. L. Lions; see [6]), when 1) satisfies

0<(x,2,p) <CA+|p*)"? for €9, z<maxy, peR”,

one can construct a strictly convex subsolution if €2 is strictly convex; this fails for
non-convex .

There has been some recent work on the Dirichlet problem for Monge-Ampere
equations on general smooth Riemannian manifolds. In [14], Y. Y. Li and the author
established an analogue of the result of Guan-Spruck [15] cited above. Some of the
result was also obtained independently by A. Atallah and C. Zuily [1]. Building on
[14] we will, in Section 5, extend Theorem 1.1 to general Riemannian manifolds.

The totally degenerate problem (1.2) is important to understanding hypersur-
faces of vanishing Gauss-Kronecker curvature. It is of interest to study the regu-
larity of its solution in non-convex domains. Applying Theorem 1.1 to the problem

(1.5) det(uj;) =¢ in Q, u=¢ on 0N

for sufficiently small ¢ > 0, by approximation we find that (1.2) has a unique locally
convex weak solution (in the sense of Alexandrov, which is the same as weak solution
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in the viscosity sense; see [4]) in C%1(Q2), provided ¢ extends to a locally strictly
convex function in C?(Q2). We will prove that this solution actually belongs to
C11(Q). More precisely, we have the following extension of the regularity theorem
in [7].

Theorem 1.2. Assume 00 is in C> and p € C>1(9Q). Suppose there ezists a
locally strictly convex function u € C%(Q) with u = ¢ on 0. Then there is a
unique locally convex weak solution of (1.2) in C+1().

As we have observed, a major motivation for our studying the Dirichlet prob-
lem (1.1) in non-convex domains comes from its close connection with geometric
problems. In this paper we consider one such problem, which concerns existence
of spacelike hypersurfaces of constant Gauss-Kronecker curvature with specified
boundary in Minkowski space R™!. (Please see [15], [13] for related results for
hypersurfaces in Euclidean space, and [23] in hyperbolic space.) We are inter-
ested in the following question: given a disjoint collection ' = {I'y,... T, } of
codimension-two closed smooth submanifolds of R™!, decide whether there exists
a spacelike hypersurface M of constant Gauss-Kronecker curvature with boundary
OM = T. Locally M is given as the graph of a function x,11 = u(x), x € R™,
satisfying the spacelike condition |Du| < 1 and the Monge-Ampere equation (1.1)
with
(1.6) (@, u, Du) = K(1 — |Duf?) "3,

where K is the Gauss-Kronecker curvature of M. We note that the right hand side
of (1.6), in contrast with that of (1.3), is not a convex function with respect to the
gradient Du.

Theorem 1.3. Suppose I' bounds a compact C? spacelike locally strictly convex
hypersurface M. Then for any constant 0 < K < min_ . K[M](q), where K[M]

denotes the Gauss-Kronecker curvature of M, there ezists a compact spacelike hy-
persurface My of constant Gauss-Kronecker curvature K with boundary OMyg =T.
Moreover, My is C* for K >0 and My is CbL.

The corresponding problem for spacelike hypersurfaces with prescribed boundary
value and mean curvature was treated by R. Bartnik and L. Simon [3]; see also [10]
and references therein for related results.

This paper is organized as follows. In Section 2 we first derive a priori estimates
for the C? norms of the desired solutions of (1.1) for the non-degenerate case. Then
Theorem 1.1 is proved using the continuity method and degree theory based on these
a priori estimates. Section 3 contains the proof of Theorem 1.2. Theorem 1.3 is
proved in Section 4 as a consequence of more general theorems presented there.
We note that since in general the hypersurface Mg is not globally a graph over a
domain in R™, Theorem 1.3 does not follow directly from Theorems 1.1 and 1.2. To
overcome this difficulty, we will reformulate the problem in a more general setting
and appeal for its proof to Theorem 5.1, the extension of Theorem 1.1 to general
Riemannian manifolds, which is proved in Section 5.

2. THE NON-DEGENERATE MONGE-AMPERE EQUATIONS

In this section we prove Theorem 1.1 using the method of continuity and degree
theory. As usual, the proof is based on the establishment of global C*® a priori
estimates for prospective solutions. A somewhat surprising fact to us is that in
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deriving these estimates one only needs the assumption that u is a locally strictly
convex C? function; it does not necessarily satisfy (1.4). As we shall see, condition
(1.4) is needed in the proof of Theorem 1.1 only to guarantee that, when 1, > 0,
the unique solution u of (1.1) satisfies v > w in © by the maximum principle.

2.1. A priori estimates. In this subsection we only assume u € C?(Q) is a lo-
cally strictly convex function; thus there exists a constant € > 0 (without loss of
generality, we may assume ¢ < 1) such that

(2.1) {Qm} > E{‘Sz‘j} on €.
Set

A= {w e C®(Q) : {wi} > 0,w > u,wlon = ¢}.
As in [15] it is easy to see that

(2.2) |w| + |Dw| < Ky, for any w € A,
where the constant K depends only on €2, n, and [|ul[c1(q)- From (2.2) we have
(2.3)
0<to= inf YP(r,w(z),Dw(x)) < sup Y(z,w(z), Dw(x)) =1 < 0.
rzeQ,weA zeQ,weA
Theorem 2.1. Let u € A be a solution of (1.1). Then
(2.4) |D?u| < C on Q.

Here the constant C' depends on Q, n, e, K1, ¥o, Y1, [¢llcsams [¥llc2@) and
lullcz@)-

Proof. Tt is shown in [6] how to derive (2.4) from C? estimates on the boundary.
Thus we need only estimate D?u on 0. Consider any point 0 on 9Q; we may

assume it is the origin of R™ and choose the coordinates so that the positive x,
axis is the interior normal to 92 at 0. Near the origin, 9 can be represented as a

graph
1
(2.5) T =pla') = 5 > Bagrazs+O0(a'’), ' =(z1,... 20 1).
a,f<n
Since u — u = 0 on 09,
(2.6) (u—1wap(0) = —(u—wn(0)Bap, a,8<n.
It follows that
(2.7) luas(0)| < C, o, B <n.

Next we estimate the mixed normal-tangential derivative uq,(0). Rewrite equa-
tion (1.1) in the form

(2.8) log det(u;;) = log ¥(z,u, Du) = f(x,u, Du)
and let £ denote the linear operator defined by
(2.9) Lw = uw;j — fp,(x,u, Du)w; for we C*(Q),

where {u%} is the inverse matrix of {u;;} and fp, = fp (z,u,p). For fixed o < n
consider the operator

T=0,+ Z Bag(xgan — xnaﬁ).
B<n
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As in [6] we have
(2.10) LT (u—w)| < C1+>_ u").
Since |Du| < Ky, |T(u —u)| < C in Q. Moreover, on 92 near the origin
(2.11) IT(u — w)] < Claf.
We will employ a barrier function of the form
(2.12) v=(u—u)+tlh—u)— Nd*

where h is the harmonic function in Q with hlspq = ¢, d is the distance function
from 0f), and ¢, N are positive constants to be determined. We may take § > 0
small enough so that d is smooth in Q5 = Q N Bs(0). The key ingredient is the
following:

Lemma 2.2. For N sufficiently large and t,§ sufficiently small,

Lv < —Z(l —l—Zu”) m Qs, v>0 on 990s.
Proof. By (2.1) we have u" (us; — u;;) < n—ed u". It follows that
(2.13) L(u—u) <Cy —EZuii.
Next, since Au > ne > 0,

(h—u)(z) > cod(x), for x €
for some uniform constant cg > 0. Moreover, we have
Lh—u) < Ci(1+ > u),
for some constant C7 > 0 under control. Thus
Lo < Co+1tCy+ (tCy — ) Y _u' = 2N(dLd + uVd;d;) in Q.
It is easy to see that
Ld>—Co(1+) u™).

Furthermore, since {u%} is positive definite and d,,(0) = 1, dg(0) = 0 for all 8 < n,

we have, for § sufficiently small,

(2.14) wdidy = u"d} +2 Y u"dudy > = — Cod yuit in Q.

B<n
Let A\; < --- < A, be the eigenvalues of {u;;}. We have S wu? = S A7! and
u™ > \-1. By the inequality for arithmetic and geometric means,

=

ZZuii—l—Nu"”Z 1 1y ne

-1, n _— %: %
NAl /\n ) Z 4(¢1)1/nN _ClN .

Now we fix ¢ > 0 sufficiently small so that tC; < £ and fix N so that ¢; N'/™ >
Co + . We obtain

€ iay s
LUS_Z(1+ZU ) in Qs

if we require 0 to satisfy 2(Cy + C3)N§ < § in Q5.
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It remains to examine the value of v on 9Qs. On 902N Bs(0) we have v = 0. On
an 835(0),

v > teod — Nd* > (tcg — No)d > 0,

if we require, in addition, N§ < tcy. Now we can fix § sufficiently small to complete
the proof of Lemma 2.2. O

Using Lemma 2.2 we can choose A > B > 1 so that
L(Av+ Blz|> +T(u—u)) <0 in Q
and
Av+ BlzP £ T(u—u) >0 on 9Qs
by (2.10) and (2.11). It thus follows from the maximum principle that

(2.15) [ttan(0)] < C.
Finally, the tangential strict convexity of u has been established in [15]; i.e.
(2.16) D wap(0)éads > co >0
a,8<n
for any unit vector £ = (£1,...,&,-1) € R*®™L. Thus it follows as in [6] that
(2.17) [tnn (0)] < C.
The proof of Theorem 2.1 is complete. O

From the Evans-Krylov theory (see [11], [24], [18] and [5]) we thus have an a
priori bound for the C%* norm of u,

(218) HuHC2,a(ﬁ) < C, O0<a< 1,

with constant C' depending only on @, n, €, ¥o, ¥1, [¢llcsn@) [[¥llos@ and
[ullc2(g)- By the standard Schauder theory, we thus obtain the a priori bound for
each integer k > 3:

(2.19) [ullgra@y < C.

With the aid of such estimates we can apply the continuity method and degree
theory to prove Theorem 1.1 as in [6] with some modifications.

2.2. Proof of Theorem 1.1. We first assume that the subsolution u is in C*°(Q)
and prove the existence of a solution to (1.1) in A in two steps as follows.

(a) The special case: ¢, > 0. For each fixed ¢ € [0,1] consider the Dirichlet
problem

(2.20) det(uij) =t (2, u, Du) + (1 — t)det(u;;) in Q, u=¢ on Q.

Note that since u is a subsolution of (2.20), it follows from the maximum principle
that any locally strictly convex solution u € C*°(Q) of (2.20) satisfies u > u and
hence (2.19), independent of ¢. Thus we can utilize the continuity method to show
that for each ¢ € [0,1] there exists a locally strictly convex solution of (2.20) in
C>(Q). The uniqueness follows from the maximum principle.

(b) Turning to the general case, we assume w is not a solution of (1.1) and let

u® € A be the unique solution of

(2.21) det(uij) =10 in Q, u=¢ on 0Q,
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where g is as in (2.3). The existence of u° follows from part (a).
For r > 0 we consider the open convex set of functions in C®(Q)

Cr = {v € C’(Q): [vllcs@y <7 v>0inQ, v[pg = 0and v, >0 on GQ}.

where v is the unit interior normal to 2. We want to prove that for each ¢ € [0, 1]
there exists a solution in A of the form

(2.22) u=u-+wv, v€C,. withr sufficiently large,
to the Dirichlet problem
(2.23)

det(u;j) = t(x,u, Du) + (1 — t)ho = ' (x,u, Du) in Q, u=¢ on .
As we observed, any solution u € A of (2.23) satisfies the a priori bound
(2.24) [ullcs@ < € independent of ¢.
Moreover, by the maximum principle and the Hopf lemma we have
(2.25) u>wu in Q and (u—u), >0 on 9.

Thus we can choose r sufficiently large so that (2.23) has no solution in A of the
form (2.22) with v € 9C;, the boundary of C,.
Now for 0 <t <1 and fixed v € C, consider the Dirichlet problem

(2.26) det(uij) = ¢! (x, u, Du)e™ 2™ = pt(z u, Du) in Q, u=¢ on 9N,
where

1
A = —sup sup ¢, (z, u, Du) < 0o, o as in (2.3).
0 weﬁuE.A

We observe that u is a subsolution of (2.26) and nt, > 0. Thus by part (a) there
exists a unique solution u’ € A for each t € [0,1]. For t = 0, this solution is our u".
From elliptic theory, the map T%v = u? —u is compact in C®. On the other hand,

we have seen that there are no solutions of

(2.27) v—Tv=0

on the boundary of C,.. Thus the degree

(2.28) deg (I —T%,C,,0) = v

is well defined and independent of ¢. For ¢ = 0, (2.27) has a unique solution
10 = 4% — w. By the maximum principle, when ¢t = 0 the linearized operator

of (2.23), linearized at u°, is invertible. Thus v" is a regular point of I — T°.
Consequently v = +1, and (2.27) has a solution v* € C, for all 0 < ¢ < 1. The
function u! = w + v! is then a solution of (1.1). The elliptic regularity theory
implies that u! € C*>(Q).

To finish the proof, we have to consider the case u € C?(2). We may take a
sequence of locally strictly convex functions u™ € C'°°(€2) converging to u in C2(Q),

such that
m _
det(gl—?) > m——|—1¢( ,u™, Du™) in
For each integer m > 1, set
moo__ m m — m
dj - m+ 1¢7 2 u |69
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and consider the Dirichlet problem
(2.29) det(u;;) =™ inQ, wu=¢™ ondQ.

Note that u™ is a subsolution of (2.29). Consequently, there exists a locally strictly
convex solution u™ € C*(Q) of (2.29) satisfying the a priori estimates

[w™[lcr@)y < C(m, k) for every k > 1,

where the constant C(m, k) only depends on, besides other known data, u™ and its
derivatives up to second order. It follows that a subsequence of u™ converges to a

solution of (1.1) in C°°(Q2). This completes the proof of Theorem 1.1.

3. THE TOTALLY DEGENERATE MONGE-AMPERE EQUATION

The main purpose of this section is to prove Theorem 1.2. We will first obtain
a weak solution in C%1(Q) of the totally degenerate Monge-Ampere equation by
approximation. The major part of the section is devoted to the proof of the C'+!
regularity of this weak solution.

For each small constant A > 0, we may first take smooth approximations of )
and u and apply Theorem 1.1, then pass to the limit to obtain, under the hypothesis
of Theorem 1.2, a locally strictly convex function u* € C2?(Q) satisfying

3.1 det(u)) =X in Q, u= on 0f2
ij ¥

and the C! estimate

(32) [l 1@y < Co

for some constant Cy > 0 independent of A. Therefore, there exists a sequence u

that converges to a locally convex function u € C%'(Q), and

(33) ||U||Co,1(§) < C().

By the maximum principle, w is the unique locally convex solution of (1.2). In the

rest of this section we will modify the proof of [7] to show that u is in C'(€).
We say a subset U of Q is relatively convex in € if any segment contained in

Q with endpoints in U lies completely in U. The relative convex hall, denoted by
I'q(U), of aset U C 2 is the smallest relatively convex set in ) containing U.

Lemma 3.1. Assume xOE Q is such that u(z°) = 0 and v > 0 near 2°. Let S0
be the component of {x € Q : u(x) = 0} containing 2°. Then Syo = T'g(Syo N ON).

Proof. By the local convexity of u, we see that S,o is relatively convex in Q. Thus
we only have to show that Syo C I'g(Sz0 NON). If not, there is a point, which we
may assume to be the origin after translation and rotation of coordinates, in QNS0
such that 0 is the only point in S,o N By, (0) that lies in the half space {z, > 0},
for some small &g > 0. Therefore, there is a constant d; > 0 small such that u > a
on 9Bs,(0) N {x, > —d;} for some constant a > 0. But then the function

v = 69(01 + 2, + 03|2|?)  for 2,83 > 0 small
satisfies
det(vij) = 25253 >0 in U, v<u on 8U,

where U = Bs, (2°) N {z,, > —d1}. Consequently, u(0) > v(0) = §162 > 0 by the
maximum principle. This contradicts the fact that u(0) = 0. |
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In this section a constant is said to be under control if it depends only on 2,
llellesi(on) and u (up to its second derivatives).

Theorem 3.2. There is a constant C' under control such that for every z° € Q
there exist 5(x°) > 0 and V (z") € R™ so that for every x € Q with |x — 2% < §(2°),
we have

(3.4) lu(z) — u(z®) — (x — 2°) - V(2°)| < C|z — 2°)2.

We note that Theorem 3.2 implies that u is differentiable and Du(z?) = V(2°).
Thus it follows from (3.3) that

(3.5) |Du| < Cy on Q.

According to [7], Theorem 3.2 then implies that v € C*(Q); namely, for some
constant C under control,

(3.6) |Du(z) — Du(y)| < Clz —y| forall z,ye€Q.

Proof of Theorem 3.2. For any fixed point 2° € €, since u is locally convex, there

exists an affine function p such that p(z%) = u(2°) and p < u near z°. Let V(2°) =
Dp(z°); (3.4) is then equivalent to

(3.7) u(z) — p(z)| < Clz - 2°|%.

Without loss of generality, we may suppose p = 0 and, therefore, u(z°) = 0 and
u > 0 near 2°. By Lemma 3.1, 2° then lies in a simplex S C {z € QJu(z) = 0} of
dimension k& < n with vertices on 9Q. According to [7], we only have to consider
the case k = 1. So we assume S is a segment with end points x!, 22 € 9Q. By the
local convexity of u we have v > 0 in a neighborhood of S.

Of the two end points of S, suppose 22 is closer to 2. We may assume z? = 0.
After rotation of coordinates, we suppose the positive z,-axis is interior normal to
0 at 0 and 2° = (29,0,---,0,2%) with 2§ > 0, 2 = 20 tan6, 0 < 6 < Z. Near
the origin, 0f) is represented as a graph

1
(38)  wn=p@) =5 D puOma; + (), @' = (a1, waa).
7,j<n

Lemma 3.3 below implies that if 6 is sufficiently small, 2* falls in that piece of 9§
given by (3.8). Set £ = (c0s0,0,---,0,sinf) € R™.

Lemma 3.3. For some constants c1,C1 under control,
(3.9) 0<cif < |zt <Ch0.
Proof. We have
u(') = u(0) + ue (0)|2'| + ue (tz')|2' >, for some 0 <t < 1.

But u(0) = u(z') = 0 and u,(0) = w,(0)sinf, since u;(0) =0 for 1 <7 <n—1;
thus

uee(ta')]at| = —u,(0) sin ),

and (3.9) follows from the local strict convexity of w and the comparison principle.
O

Lemma 3.3 also implies that § > 0; that is, S cannot be tangential to 9Q at 0.
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Lemma 3.4. There exist uniform positive constants €9 and 0y sufficiently small so
that if 0 < 0y then

pll(O) >¢eg > 0.

Proof. For any p > 0, there exists u* € C?1(Q) satisfying (3.1) for some A > 0
such that

lu* = ull gor @) < p

Since u(0) = u*(0) = 0, it follows that

0 <u(0,t) —u(0,t) < tu, foranyt >0 with (0,t) € Q.
But u(0,t) > 0 for all ¢ sufficiently small; thus
(3.10) up(0) > —p.
As in the proof of Lemma 3.3, we have

ué\g(t;vl)|x1| = —u;\L(O) sinf, for some 0 <t <1,
since u* (') = u*(0) = 0 and ug‘(O) = u)(0)sinf. Since u* € C?(Q), it follows
from Lemma 3.3 that
|ué\5 (tz') — ué\f (0)] < p,  when 0 is sufficiently small.

By (3.10) and Lemma 3.3 we thus obtain
(3.11) ué\f (0) < Cap, for 6 sufficiently small.
Next,

ug‘g (0) = u3,(0) cos? 0 4 u),,(0) sin® 6 4 2u?, (0) sin 8 cos 6.

We have u)),(0) > 0 and, from the proof of (2.15) in Section 2, |u3,,(0)| < C for
some constant C' independent of A. Thus, by (3.11),

(3.12) up, (0) < Cap+ C48,  for 0 sufficiently small.
Finally, it follows from (see (2.6)) u;,(0) —u7; (0) = (u}(0) —u,(0))p11(0) and (3.2),
(3.12) that

p11(0) > co(uy1(0) — Cap — C40),

where ¢y > 0 is a uniform constant. By the strict convexity of u we can first fix p
small, then choose 6y sufficiently small to complete the proof of Lemma 3.4. O

Returning to the proof of Theorem 3.2, we first consider the case 6 < 6y, where
0o is fixed such that Lemma 3.4 holds for some ¢¢ > 0. To set up notation we fix a
positive constant ro depending only on Q such that T' = {(2/, p(2')) : 2| < 1o} C
99Q; by Lemma 3.3 we may assume 6 is sufficiently small so that ! € I'. As in [7],
using Lemma 3.3 and the hypothesis that ¢ € C31(99), one can prove that

where A is a constant under control.

It follows from Lemma 3.4 that for any point z € Q with |z — 2°| < § sufficiently
small (depending on eg and possibly on z°), the ray from ! to z strikes I' at a
point T = (', &) with &’ = (Z1, T2, -+ ,Tn—1) satisfying

(3.14) 02(21)* + (T2)* + - + (T—1)? < Oz — 22
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for a constant C' under control (here we also use the fact that |z — 2% > [2°]).
Since u(z!) = 0 it follows from the local convexity of u that

(3.15) u(w) S u(@) = 0l#) = Y puy; + O(F),

Consequently by (3.13) and (3.14),
§
u(z) < C (A+ ﬁ) |z — %2,

with C under control. Now we may fix § = 6(z") < 62 to obtain (3.7) for 6 < 6.
The case 8 > 6 is simple, and we refer the reader to [7] for the details.
The proof of Theorem 3.2 is complete, and thus so is that of Theorem 1.2. O

4. SPACELIKE HYPERSURFACES OF PRESCRIBED (GAUSS CURVATURE

Recall that Minkowski space R™! is the space R™ x R endowed with the Lorentz
metric ds? = Y, da? — da? |, where x = (21,...,2,) and z,41 are the co-
ordinates in R™ and R. A spacelike hypersurface of R™! is a codimension-one
submanifold whose induced metric is Riemannian. Locally a spacelike hypersurface
M is given as the graph of a function z,+1; = u(z) satisfying the spacelike con-
dition |Du| < 1. (We will also denote the hypersurface by u when it is globally
given as the graph of u). The first and second fundamental forms of M are given
respectively by

Uij
(1—[Duf?)?
We say M is a locally strictly convex hypersurface if its second fundamental form
is positive definite everywhere. The Gauss-Kronecker curvature of M has the ex-

9ij = 5ij — Uiy, Aij =

pression
K[M] = %
(1= |Dul?)"="
Thus the equation
(4.1) det(ui;(2)) = K (x, u(2)) (1 — [Du(x)?) "

locally describes spacelike hypersurfaces with prescribed Gauss-Kronecker curva-
ture K. As an immediate consequence of Theorem 1.1, we first state an existence
result for spacelike graphs with prescribed boundary value and Gauss-Kronecker
curvature. (By a graph in R™!, we always mean a submanifold, with or without
boundary, that can be represented globally as the graph of a function z,+1 = u(z)
defined in a subset of R™.)

Theorem 4.1. Let ) be a bounded smooth domain in R". For given ¢ € C*(0Q)
and K € C*(Q xR), K > 0, suppose there exists a spacelike loca_lly strictly convex

hypersurface u € C%(Q) with Klu](z) > K(z,u(x)) for x € Q and uloo = ¢.
Then there exists a spacelike locally strictly convex hypersurface u € C*°(Q) with

prescribed boundary value ulpo = ¢ and Gauss-Kronecker curvature Klu](z) =
K(z,u(z)) for x € Q, i.e., u satisfies (4.1) in Q and the gradient bound
(4.2) |Du| <1 on Q.
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Proof. Note that since u is a locally strictly convex subsolution of (4.1), Theorem 4.1
will follow from Theorem 1.1 once the a priori gradient bound (4.2) is established.
By the local convexity of u we see that |Dul attains its maximum value on 9.
Next, we want to show that

(4.3) max |Du| < max | Dul,
o9 a0

which implies (4.2) since u is a spacelike hypersurface.

Let « denote the interior normal vector to 92 and let £ € R™ be a unit vector.
Consider an arbitrary point z € 9Q. If £ - v(Z) < 0, then
(4.4) ug(T) < ue(z) < |Du(T)],
since u > u in Q and u = u on 9§). Now suppose & - y(Z) > 0, and let y € 9 be
the first point where the ray z + t&€, ¢ > 0, touches 0f2. Then we have
(4.5) ue(Z) < ue(y) < ue(y) < |Du(y)-

The first inequality follows from the local convexity of u, the second from (4.4)
since £ -(y) < 0. Finally, suppose |Du(Z)| # 0 and take & = Du(z)/|Du(Z)|. From
(4.4) and (4.5) it follows that

|Du(#)| = ue(#) < max | D).
This proves (4.3). O

We note that if M is a compact spacelike hypersurface and OM is a graph over
the boundary of a domain 2 C R", then M is necessarily a graph over 2. Thus
Theorem 1.3 follows from Theorem 4.1 and Theorem 1.2 when I' is a graph. To prove
Theorem 1.3 in the general situation, we formulate an extension of Theorem 4.1 as
follows: Let U be a compact domain that immerses into R™ with smooth boundary
OU, and let 7 : U — R™ denote this immersion. Given a function v : U — R, one
obtains a hypersurface of R™! defined by

(4.6) X:U—R™ X(q)=(n(q),ulq)) forqeU.

Theorem 4.2. Let ¢ € C*(9U) and K € C®(R""'), K > 0. Suppose there
exists a spacelike locally strictly convex hypersurface M of R™! represented by

(4.7) q €U (r(q),u(q) € R™!

with uw € C*(U) and u|gv = ¢, such that K[M](q) > K (7(q),u(q)) for ¢ € U. Then
there exists a spacelike locally strictly convex hypersurface M given by (4.6) with
u € C®(U) satisfying

(4.8) K[M](q) = K(n(q),u(q)) forqeU, wuloy =¢.

Proof. We observe that it suffices to prove that, with respect to the metric on U
induced by the immersion 7w : U — R", the Monge-Ampere equation

(4.9) det(u;;) = K(1 — |Du|2)nT+2 inU, wu=¢ ondU
has a locally strictly convex solution in C*°(U) that satisfies the spacelike condition
(4.10) |Dul <1 inU.

The existence of such a solution will follow from Theorem 5.1 in Section 5 once
(4.10) is derived. To complete the proof, one observes that (4.10) can be derived
as in the proof of Theorem 4.1 with some slight modification. O
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The case K = 0 leads to the degenerate Monge-Ampere equation.

Theorem 4.3. Let o € C>1(OU) and suppose there exists a spacelike locally strictly
convex hypersurface M of R™' given by (4.7) with u € C?(U) and uloy = .
Then there exists a locally convex spacelike hypersurface M given by (4.6) with
u € CYY(U) and ulpy = @, whose Gauss-Kronecker curvature vanishes everywhere.

Proof. The existence of M of the form (4.6) with u € C%1(U) follows from The-
orem 4.2 by approximation. In order to obtain the desired C'! regularity, we
observe that for an arbitrary point ¢ € U, since it is locally convex, M has a sup-
porting hyperplane, T, at Q = (7(¢),u(q)) € M. By Lemma 3.1, there is a simplex
S C M NT, containing @, of dimension k < n with vertices on M. In a neigh-
borhood of S, M lies above T and is given as a graph 2,11 = @(z) which solves
det(&;;) = 0 weakly. Now we can repeat the proof of Theorem 3.2 to show that
@ satisfies an inequality of the form (3.4), which implies that « € CH1(U) since,
clearly, & = u o 7 locally. O

Finally, in order to see that Theorem 1.3 is a consequence of Theorems 4.2 and
4.3, we take U = M and let 7 : U — R" be the orthogonal projection from
M C R™*! to R”. By the spacelike condition, we see 7 is an immersion and M can
be represented in the form (4.7) with u € C?(U). Theorem 1.3 thus follows.

Entire spacelike hypersurfaces with constant or prescribed mean curvature have
also been studied in Minkowski space and in more general Lorentzian manifolds
as well; for references please see, for example, [10]. In [9], Cheng and Yau proved
a Bernstein type theorem for entire maximal spacelike hypersurfaces. It seems of
interest to study entire spacelike hypersurfaces of constant Gauss-Kronecker curva-
ture.

5. MONGE-AMPERE EQUATIONS ON MANIFOLDS

In this section we extend Theorem 1.1 to Monge-Ampeére equations on Riemann-
ian manifolds. Let M™ be a smooth Riemannian manifold of dimension n > 2 and
Q0 C M™ a smooth domain with compact closure . We consider the Dirichlet
problem

(5.1) g tdet(Viu) = ¢(r,u,Vu) in Q, wu=¢ on 09,

where g = det(g;5) > 0, g;; denotes the metric of M™, V is the Levi-Civita con-
nection, and V;;u denotes the Hessian of u (with respect to the metric g;;). We
assume ¢ € C°°(9Q) and 1 > 0 is C>° with respect to (z,2,p) € Q x R x T, M;
here T, M denotes the tangent space at € M. The main result of this section is
the following analogue of Theorem 1.1, which extends some of the results in [14].

Theorem 5.1. There exists a locally strictly convex solution of (5.1) in C>(9Q),
provided that there exists a locally strictly convex subsolution u € C2(Q) to (5.1).
Furthermore, the solution is unique if ¥, > 0.

Proof. Let A be as in Section 2. We shall prove the existence of a solution of (5.1)
in A. Tt is clear that the proof of Theorem 1.1 in Section 2 still works in this general
case once C? a priori estimates are established for such solutions. According to [14],
we need only estimate the second derivatives at the boundary.

About a point zg € 9Q, let eq,...,e, be a local orthonormal frame on M™
obtained by parallel translation of a local orthonormal frame on 92 and the interior
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unit normal vector field to 92 along the geodesics perpendicular to 92 on M™. We
assume e,, is the parallel translation of the unit normal field on 0f.

Let u € A be a solution of (5.1). Since u —u = 0 on 912, it is straightforward to
bound the pure tangential second derivatives

(5.2) [Vapul < C on 0 for a, f < n.

Next, we note that Lemma 2.2 readily extends to the present general case. For
completeness we restate the lemma. As in (2.9), set

L= uijvij — fp; (x,u, Vu)V,,

where {u%} is the inverse matrix of the Hessian {V,;u}, f = logt. Let v be the
function as defined in (2.12).

Lemma 5.2. For N sufficiently large and t,§ sufficiently small,
Lv < —Z(l —I—Zu”) in Qs, v>0 on 99,
where Q5 = QN Bs(xg); here Bs(xo) denotes the geodesic ball of radius 6 about x.
Proof. Tt is the same as that of Lemma 2.2 except that (2.14) takes a simpler form:
UV dVd > u(Vad)?,
since Vgd = 0 for all 8 < n. |

Using Lemma 5.2 one can estimate V,,u on 92 for « < n as in [14]. For any
fixed a < n, differentiate equation (5.1) and use the formula for commuting the
covariant derivatives

Vijkw — Vjikw = Rijivl’w,
to find
(5.3) LV (u—w)] < C(L+ > u),

The mixed normal tangential derivatives V,,u(zg), @ < n, can be estimated the
same way as in Section 2. Namely, by (5.3), we may choose A > B > 1 such that

L(Av+ Blz|* £ Va(u —u)) <0 in Qs,
where |z| denotes the (geodesic) distance between z and g, and
Av+ Blz]? £ Va(u—u) >0 on 99,

since Vo (u —u) = 0 on 92N B;s(xg), and |V (u —uw)| < C in Q. It follows from
the maximum principle that Av + B|z|? > |V, (u — u)| in Q5. Consequently,

(5.4) [Vinau(zo)| < AV,0(20) + [Viaw(zo)| < C,  a<n.

For the double normal derivative V,,,u, since u is locally convex, it suffices to
derive an upper bound

(5.5) Vanu <C on 0N.
We use an idea of Trudinger [25]. For x € 99 let
Az) = mi Veeu(x),

= n
|€1=1,6€T:(892)
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and assume that A(z) is minimized at zo € 9Q with £ = e (o), that is, Viju(zg) <
Veeu(z) for all 2 € 002 and any unit vector £ € T,,(9€). As in [6], (5.5) will follow
from

(56) V11U($0) >co > 0.

To show (5.6), we may assume Viiu(zo) < 3Viiu(zo), since otherwise we are done
as Viju(xg) > ¢1 > 0 for some uniform ¢; > 0. We have

(57) Vllu = Vllg - Bllvn(u - y) on 89,
where Bog = (Vaeg, en), 1 <a,8 <n—1. It follows that

1
Bi1(x0)Vy(u — u)(zo) > §V11@($0) > %7

and for x € 99 near g, since Viiu|gq is minimized at xg,
B11(2)Vp(u — w)(r) < Viiw(r) — Viiu(zo) + Bii(zo) Vi (u — u) (o).

Because Bi; is smooth near 9 and 0 < V,,(u—u) < C, we must have By > ¢o > 0
on Qs for some uniform ¢y > 0, if § is chosen sufficiently small. Therefore,

(5.8) Vi(u—u)(z) < ¥(z) forze QNN and V,(u —u)(zo) = ¥(zg)

where ¥ (z) = By  (2)[Viiu(z) — Viu(xo) + Bii (o) Va (u — u)(20)).
We observe that since ¥ is smooth in s, by (5.3), (5.8) and Lemma 5.2 we may
choose A > B > 1 such that

Av+ BlzP +V —V,(u—u) >0 on 09,

L(Av+ Blz|* + ¥ —V,(u—u)) <0 in Q.
By the maximum principle, v + ¥ — V,,(u — u) > 0 in s, and therefore
Vanu(zo) < C.

This shows that the eigenvalues of {V;;u(x)} are all bounded (and all positive).
On the other hand, equation (5.1) says the product of these eigenvalues is bounded
below away from zero by a uniform positive constant (¢ as in (2.3)). Thus each of
them must be bounded below away from zero. In particular, we obtain the estimate

(5.6), which in turn implies (5.5). |
We conclude this section by a remark on the following equation of Monge-Ampere

type on S™:

(5.9) g~ det(ugi; + Viju) = ¥(z,u, Vu).

This equation arises in various geometric problems related to Gauss curvature such
as the Minkowski problem (see for example Cheng and Yau [8] and the references
therein). The Dirichlet problem was studied, in connection with the boundary value
problem of finding hypersurfaces in R™*! of prescribed Gauss-Kronecker curvature,
by J. Spruck and the author in [15] and [13] under the hypothesis that /™ is a
convex function with respect to the gradient Vu. By employing a better barrier
similar to that in Lemma 5.2, we may refine the argument in [13] to prove
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Theorem 5.3. Let  C S™ be a smooth domain that does not contain any hemi-
sphere. Let ¢ € C>(09), and let ¢ > 0 be a smooth function. Then (5.9) has a
solution u € C> () satisfying {ugi; + Viju} >0 in Q and u = ¢ on 0, provided
that there exists a subsolution u € C%(Q) with {ugi; + Viju} > 0 in Qandu= ¢
on 0f2.
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