THE DISTRIBUTION OF PRIME NUMBERS
ANDREW GRANVILLE AND K. SOUNDARARAJAN

0. PREFACE: SEDUCED BY ZEROS

0.1. The prime number theorem, a brief history. A prime number is a positive
integer which has no positive integer factors other than 1 and itself. It is difficult to
determine directly from this definition whether there are many primes, indeed whether
there are infinitely many.

FEuclid described in his Elements, an ancient Greek proof that there are infinitely
many primes, a proof by contradiction, that today highlights for us the depth of abstract
thinking in antiquity. So the next question is to quantify how many primes there are up
to a given point.

By studying tables of primes, Gauss understood, as a boy of 15 or 16 (in 1792 or
1793), that the primes occur with density @ at around x. In other words

1 odt
= i < i imatel ~ Li here Li = —
7(x) := #{primes < x} is approximately nzg:w g i(x) where Li(x) /2 Tog 1

This leads to the conjecture that 7(x)/Li(z) — 1 as * — oo, which is hard to interpret

since Li(z) is not such a natural function. One can show that Li(z)/ 5 — 1 as ¢ — oo,

— 1 as ¢ — oo, or in less cumbersome

T

so we can rephrase our conjecture as 7(x)

log x
notation that

T
0.1.1 ~ .
(0.1.1) wla) ~ o

It is not easy to find a strategy to prove such a result.

Since primes are those integers with no prime factors less than or equal to their
square-root, one obvious approach to counting the number of primes in (1/z, z] is to try to
estimate the number of integers up to x, with no prime factors < y/z. One might proceed
by removing the integers divisible by 2 from the integers < x, then those divisible by 3, etc,
and keeping track of how many integers are left at each stage. No one has ever succeeded
in getting a sharp estimate for 7(x) with such a sieving strategy, though it is a good way
to get upper bounds (see §3).

In 1859, Riemann wrote his only article in number theory, a nine page memoir con-
taining an extraordinary plan to estimate 7(x). Using ideas seemingly far afield from the
elementary question of counting prime numbers, Riemann brought in deep ideas from the
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theory of complex functions to formulate a “program” to prove (0.1.1) that took others forty
years to bring to fruition. Riemann’s approach begins with the Riemann zeta-function,

)=

n>1

which is well-defined when the sum is absolutely convergent, that is when Re(s) > 1. Note
also that by the Fundamental Theorem of Arithmetic one can factor each n in a unique
way, and so

(0.1.2) (=3 = 1] (1—pi)

when Re(s) > 1.

The Riemann zeta-function can be extended, in a unique way, to a function that is
analytic in the whole complex plane (except at s = 1 where it has a pole of order 1).! As
we describe in more detail in §0.8, Riemann gave the following remarkable identity for a
weighted sum over the prime powers < x:

(0.1.3) S logp=a— Y a  ¢(0)

O 9
p prime p: C(p)=0 o <(0)
p" <z

m>1

counting a zero with multiplicity m, exactly m, times in this sum. By gaining a good
understanding of the sum over the zeros p on the right side of (0.1.3) one can deduce that

(0.1.4) Z logp ~ z,

p prime
p" <z
m>1

which is equivalent to (0.1.1). To be more precise, the Riemann Hypothesis, that all such

< %, and one can then deduce from (0.1.3)

p have real part < %, implies that each |Z-

that

Z logp — z| < 2v/zlog® z,

pm <z
for all x > 100; or, equivalently,
|m(x) — Li(z)| < 3v/zlogz.

These estimates, and hence the Riemann Hypothesis, are far from proved. However we do
not need such a strong bound on the real part of zeros of the Riemann zeta-function to

n other words, there is a unique Taylor series for (s — 1){(s) around every point in the complex
plane.
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deduce (0.1.1). Indeed we shall see in §0.8 how one can deduce the prime number theorem,
that is (0.1.1), from (0.1.3) simply by knowing that there are no zeros very close to the
1-line,? more precisely that there are no zeros p = 3 + it with 3 > 1 — 1/|t|'/?. Note that
there are no zeros p with Re(p) > 1, by (0.1.2).

Clever people near the end of the nineteenth century were able to show that the prime
number theorem would follow if one could show that ((1 + it) # 0 for all ¢ € R; that is
there are no zeros of the Riemann zeta-function actually on the 1-line. This was proved
by de la Vallée Poussin and Hadamard in 1896.

Exercises. 0.1) Show that Li(z) = z/logz + O(z/(logz)?) and then give an asymptotic series expansion
for Li(x). (Hint: Integrate by parts, and be careful about convergence issues).

0.2) Let p1 =2 < p2 =3 < ... be the sequence of primes. Show that the prime number theorem, (0.1.1),
is equivalent to the assertion that p, ~ nlogn as n — oo. Give a much more accurate estimate for p,,
assuming that the Riemann Hypothesis holds.

0.3) Show that the prime number theorem, (0.1.1), is equivalent to the assertion

0(x) := Z logp ~ z,

p<w

where we weight each prime by logp. (Hint: Restrict attention to the primes > z/logz.)

0.4) Show that the prime number theorem, (0.1.1), is equivalent to the assertion

(0.1.4) P(x) = Z logp ~ z.
p prime
p" <z
m>1

0.2. Seduced by zeros. The birth and life of analytic number theory. The
formula (0.1.3) allows one to show that the accuracy of Gauss’s guesstimate for m(z)
depends on what zero-free regions for ((s) have been established; and vice-versa. For
instance, if % < a <1 then

C(B+it) #0 for § > « if and only if |7(z) — Li(z)| < 2" for > x,,

for any fixed k > « where z,; is some sufficiently large constant. More pertinent to what
is known unconditionally is that

exp(cs(logx)*)

C(ﬂ-l—it)#OforﬁZl—%

if and only if |7(x) — Li(z)| <
T y if () — Li(2)] <

b

where kK = 1/(1 + «). The best result known unconditionally is that one can take any
a > % and hence any k < % This result is over fifty years old — the subject is desperately
in need of new ideas.

These equivalences can be viewed as expressing a tautology, between questions about
the distribution of prime numbers, and questions about the distribution of zeros of the
Riemann zeta-function, and whereas we have few tools to approach the former, the theory

2The “B-line” is defined to be those complex numbers s with Re(s) = 3.



4 ANDREW GRANVILLE AND K. SOUNDARARAJAN

of complex functions allows any number of attacks and insights into the Riemann zeta-
function. For more than 150 years we have seen many beautiful observations about ((s)
emerge, indeed it is at the center of a web of conjectures that cover all of number theory, and
many questions throughout mathematics. If one believes that the charm of mathematics
lies in finding surprising, profound conjectures between hitherto completely different areas,
then Riemann’s is the ultimate such result.

If one asks about the distribution of primes in arithmetic progressions then there
are analogous zeta-functions to work with, and indeed an analogous Generalized Riemann
Hypothesis.

0.3. Can there be analytic number theory without zeros? Is it really necessary to
go to the theory of complex functions to count primes? And to work there with the zeros
of an analytic continuation of a function, not even the function itself? This was something
that was initially hard to swallow in the 19th century but gradually people came to believe
it, seeing in (0.1.3) an equivalence, more-or-less, between questions about the distribution
of primes and questions about the distribution of zeros of ((s). This is discussed in the
introduction to Ingham’s book [I1]: “Every known proof of the prime number theorem is
based on a certain property of the complex zeros of ((s), and this conversely is a simple
consequence of the prime number theorem itself. It seems therefore clear that this property
must be used (explicitly or implicitly) in any proof based on ((s), and it is not easy to
see how this is to be done if we take account only of real values of s. For these reasons, it
was long believed that it was impossible to give an elementary proof of the prime number
theorem.?

In 1948 Selberg found an elementary proof of a formula that counts not a weighted
sum of primes up to x, but a weighted sum of those integers that are either prime or the
product of two primes, namely:*

(0.3.1) E log® p + E logp logq = 2xlogz + O(x).
p prime p,q prime
ps® pg<z

We will give Selberg’s proof of (0.3.1) in section 4.2. Such a formula is so close to the
prime number theorem that it would seem to be impossible to prove without zeros of ((s).
But what Selberg had done was to construct a formula in which the influence of any zeros
close to the 1-line is muted, and hence can be proved in an elementary way.> From the

3An even better quote is due to Hardy: “No elementary proof of the prime number theorem is known
and one may ask whether it is reasonable to expect one. Now we know that the theorem is roughly
equivalent to a theorem about an analytic function... A proof of such a theorem, not fundamentally
dependent on the theory of functions, seems to me extraordinarily unlikely. It is rash to assert that a
mathematical theorem cannot be proved in a particular way; but one thing seems clear. We have certain
views about the logic of the theory; we think that some theorems, as we say, “lie deep” and others nearer
to the surface. If anyone produces an elementary proof of the prime number theorem, he will show that
these views are wrong, that the subject does not hang together in the way we have supposed, and that it
is time for the books to be cast aside and for the theory to be rewritten.”

4Here we introduce the “Big Oh” notation. That f(x) = O(g(x)) if there exists a constant ¢ > 0
such that |f(z)] < cg(z) for all z > 1. We also can write f(z) < g(z).

5See Ingham’s insightful Math Review of Selberg’s article for a detailed discussion.
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brilliance of this formula, Erdos quickly deduced the prime number theorem, followed by
a proof of Selberg shortly thereafter.

Other elementary proofs have appeared, most using some formula like (0.3.1). There
is another approach using a non-obvious re-formulation of (0.1.1):

0.4. The Mobius function. The Mobius function, u(n), is given by the coefficients of
the inverse of the Riemann zeta-function; that is by

(0.4.1) ﬁ - 11 (1 _ pi) _ uéz),

p prime n>1

where Re(s) > 1. More explicitly pu(n) = 0 if n is divisible by the square of a prime,
and pu(n) = (—1)% if n is the product of k distinct primes. Note that p(n) is an example
of a multiplicative function, that is a function f : N — C for which f(mn) = f(m)f(n)
whenever (m,n) = 1; in particular f(p{'p5®...pe*) = f(p1")f) ... f(pe¥) if p1,... Dk
are distinct primes.

One can easily predict the number of u(n) that are 0, but it seems far less obvious
how many equal +1, and how many —1. Since multiplying n by one more (new) prime
causes u(n) to change sign, one might guess that there are roughly equal numbers of +1
and —1 amongst the p(n). This guess can be formulated as

1 :
xll_)ﬂolo - Z p(n) exists and equals 0,

n<x

which can be re-written more simply as

(0.4.2) Z pu(n) = o(x).

n<x

What is surprising is that this statement is easily shown to be equivalent to (0.1.1),% and
several elementary proofs of the prime number theorem focus on proving this statement.
Moreover the formulation (0.4.2) is key to the theory developed in this book.

0.5. Halasz’s Theorem. Let f(n) be any multiplicative function for which |f(n)| <1
for all integers n > 1. We are interested in determining when the mean value of f(n) up
to x is “large”, that is > J in absolute value for some fixed § > 0. There are some obvious
examples: If f(n) = 1 then the mean value is 1. The correct generalization of this is to
take f(n) = n', for some fixed real number t. Then

1 iNl
S|

T
n<z u=0

utdu = = — = —.
x 141t 1+t

Now this has absolute value 1/v/1 + t2, so we must have |t| = O(1/§) (which we will also
write as |t| < 1/6) to obtain a mean value of size > §. Hence the absolute value of the

5Which will be proved in section 1.5.
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mean-value tends to a limit as x — oo. Surprisingly this does not imply that the mean-
value tends to a limit as x — oo: Indeed in our last example the mean value rotates around
the origin slowly, since 2% does as x increases, whereas the size of the mean value tends to
a limit.

What other examples have large mean value? An obvious class of examples come from
minor alterations to the ones we have above. For instance if f(p) = 1 for all primes p # 3,
and f(3) = —1, then f has mean value — 1 as z — oco. In general, if f(n) is close to n’,
the mean value can be large. In this case we say that f(n) is “n‘-pretentious”, in that it
is pretending to be that simple function. We will need to give a formal definition of this a
little later, but that is complicated so for now we remain deliberately vague.

Halasz’s great theorem states that if the mean-value of f is large in absolute value,

then f must be n''-pretentious for some real number ¢ for which |¢| < 1/6.

0.6. Sketch of a proof of the prime number theorem. Now let us apply this to the
mean value of the Mobius function: If (0.4.2) is false then there exists a fixed § > 0 such
that there are arbitrarily large = for which |)  _ p(n)| > dz. By Haldsz’s theorem we
deduce that there exists a real number ¢, with |t| < 1/6, for which u(n) is n*t-pretentious.
We will now give a heuristic that we will develop into a proof in the main part of this

book: u(n)/n' is 1-pretentious, if and only if

,u

—, which diverges to oo.

n>1 n>1

Now 1/¢(14it) should be much like > -, u(n)/n*** according to (0.4.1).” This suggests
that p(n)/n® is 1-pretentious if and only if ((1 + it) = 0. Hence we need to show that
((1+1it) # 0, as did Hadamard and de la Vallée Poussin did in 1896 (see section 0.1 above).

In the proofs of Hadamard and de la Vallée Poussin one shows that if (1 +it) =0
then (1 + 2it) = oo, which is impossible as ((s) is analytic at all s # 1. Most textbooks
give an easy proof of the first deduction via an inequality of Mertens: If & > 1 then

(0.5.1) 1¢(0)*¢(o + it)*¢(o + 2it)| > 1.

We know that (o — 1){(0) — ¢1 as 0 — 1, since ((s) has a pole of order 1, at s = 1,
for some constant ¢; # 0. As ((s) is analytic at s = 1 + it, and as ((1 + it) = 0,
therefore ((o +it)/(0c — 1) — c3 as 0 — 1. Inserting these into (0.6.1) we deduce that
|(c —1){(o + 2it)| > 1 as 0 — 1, and hence ((s) has a pole at s = 1 + 2it.

Our proof of this deduction is less magical than the use of Mertens’ inequality, but
arguably more straightforward: If u(n) is n'-pretentious then p(n)? is n?"-pretentious.
This can happen if and only if

;:Jl( +2) - behaves much like Z p(n )

n>1 n>1

"But notice that (0.4.1) is only a valid identity when Re(s) > 1 and hence not truly valid in our
current situation.
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Now 2,5, w(n)? /nt2% should be much like ¢(1+2it)/¢(2+4it), and ((2+ 4it) converges

to a non-zero constant. Therefore u(n)? is n?®-pretentious if and only if ¢ (1+2it) diverges.

There are various ways in which one can show that u(n)? cannot be n?*-pretentious.
Our proof will use upper bounds on the number of primes in short intervals, proved using
sieve methods, to establish that p?* rotates around as p varies, and so cannot almost
always be pointing more-or-less in the positive real direction.

Exercise. 0.5) Use (0.1.2) to show that {(s) has no zeros with Re(s) > 1. (Hint: Consider the Euler product
for ¢(s) in this range.)

0.7. Multiplicative Number Theory is the title of Davenport’s classic book on the
distribution of prime numbers, though the contents of that book mostly stem out of Rie-
mann’s seminal idea.® In this text we rework the basic results on the distribution of primes
to be a consequence of results on the distribution of mean values of multiplicative func-
tions, stemming mostly from the fundamental idea of Haldsz. As in Davenport’s book we
will prove theorems on m(z) and 7 (z;q,a), the number of primes up to x that are = a
(mod q), focussing on uniformity in z, including the Bombieri-Vinogradov theorem, and a
new simpler proof of Linnik’s theorem as well as Vinogradov’s three primes theorem. We
will prove an improved Polya-Vinogradov Theorem, as well as Burgess’s Theorem. Qual-
itatively we get all the same results, often with substantially easier proofs, quantitatively
we often get poorer error terms. The biggest advantage of our approach is that our results
are applicable to all multiplicative functions with values inside the unit disk; the biggest
disadvantage is that we have not yet proved the Siegel-Walfisz Theorem, and this lack of
uniformity is a substantial impediment to several applications of this theory.

We make no claims about giving an elementary proof of the prime number theo-
rem. Our proof of Haldsz’s theorem does use complex analysis: Fourier transforms and
Plancherel’s formula. This last may be regarded as the simplest non-trivial result in the
area, and in our applications could easily be proved without complex analysis, though it
seems artificial to try to do so. Since our results are so general, the proofs, as one might
expect, use less tools designed for a particular problem (like zeta functions that satisfy a
“functional equation”).

We mostly choose to work with multiplicative functions with values inside the unit
disk. Many of the technical results about multiplicative functions can be extended to wider
classes, though not all, and not without some significant complications. Books by Elliott
[El] and Tenenbaum [Te| are probably the best sources for advanced material in this area.

0.8. More details / more sketch for the proof of the prime number theorem.

The existing data lends support to Gauss’s belief that 7(x) is well-approximated by
Li(x).

8In his preface Davenport calls his book “... a connected account of analytic number theory in so far
as it relates to problems of a multiplicative character...”



8 ANDREW GRANVILLE AND K. SOUNDARARAJAN

x m(x) = #{primes < z} Overcount: [Li(z) — 7(x)]
108 5761455 753
10° 50847534 1700
1010 455052511 3103
101! 4118054813 11587
1012 37607912018 38262
1013 346065536839 108970
10t 3204941750802 314889
101° 20844570422669 1052618
1016 279238341033925 3214631
1017 2623557157654233 7956588
108 24739954287740860 21949554
1019 234057667276344607 99877774
1020 2220819602560918840 222744643
102! 21127269486018731928 597394253
1022 | 201467286689315906290 1932355207
1023 | 1925320391606803968923 7250186214

TABLE 1. The number of primes up to various z.

One may make more precise guesses from the data in Table 1. For example one can see that
the entries in the final column are always positive and are always about half the width
of the entries in the middle column. So perhaps Gauss’s guess is always an overcount
by about 1/z? We have seen that if the Riemann Hypothesis is true then the difference
between Li(z) and 7(z) is never much bigger than /x; however Gauss’s guess is not always
an overcount. In 1914 Littlewood showed that the difference changes sign infinitely often,
it probably first goes negative at around 1036 (which is far beyond where we can explicitly
compute all primes in the foreseeable future). Littlewood’s proof involves zeros far away
from the 1-line and we are currently unable to propose a proof using our methods.”

The Prime Number Theorem, was proved in 1896, by Hadamard and de la Vallée
Poussin, following a program of study laid out almost forty years earlier by Riemann.
Riemann’s idea was to use a formula of Perron to extend the sum in (0.1.3) to be over all
prime powers p"*, while picking out only those that are < z. The special case of Perron’s
formula that we need here is

1 ts 0 ift<l,
L —ds={

20 s: Re(s)=2 S 1 ift> 1,

for positive real t. We apply this with ¢ = 2/p™, when x is not itself a prime power, which

90ur methods work best when the classical proof proceeds by showing that the zeta function zeros
that are close to the 1-line are sparse.
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gives us a characteristic function for integers p™ < x. Hence

T pm S
Z logp = Z logp - 227r %ds

p" <z p prime st Re(s)=2
p prime m>1
m>1
1 Z logp «°
- 2m ., — ms. g
s: Re(s)=2 p prime p

Here we were able to safely swap the infinite sum and the infinite integral since the terms
are sufficiently convergent as Re(s) = 2. Recognizing that

logp ¢'(s)
2 2 pms  ((s)’

p prime m>1

at least for Re(s) > 1, we obtain the closed formula

S

_ ¢(s) @
(0.8.1) Z logp = —% ooz C(9) ?ds.

p prime
pYVL <./L'
m>1

To evaluate (0.8.1), Riemann proposed moving the contour from the line Re(s) = 2,
far to the left, and using the theory of residues to evaluate the integral. What a beautiful
idea! However before one can possibly succeed with that plan one needs to know many
things, for instance whether ((s) makes sense to the left, that is one needs an analytic
continuation of ((s). Riemann was able to do this based on an extraordinary identity of
Jacobi. Next, to use the residue theorem, one needs to be able to identify the poles of
¢’(s)/C(s), that is the zeros and poles of ((s). The poles are not so hard, there is just the
one, a simple pole at s = 1 with residue 1, so the contribution of that pole to the above

formula is (s) . )
. s) x° . — x
- e =055 5 =~ lme-0 (575) o=

the expected main term. The locations of the zeros of ((s) are much more mysterious.
Moreover, even if we do have some idea of where they are, in order to complete Riemann’s
plan, one needs to be able to bound the contribution from the discarded contour when
one moves the main line of integration to the left, and hence one needs bounds on |((s)]
throughout the plane. We do this in part by having a pretty good idea of how many zeros
there are of ((s) up to a certain height, and there are many other details besides. These
all had to be worked out (see, eg [Da] or [Ti|, for further details), after Riemann’s initial
plan — this is what took forty years! At the end, if all goes well, then one has the exact
formula

(0.1.3) U(z) = Z logp =2 — Z x—p—gl(o).

p prime im0 P C0O)
X
pmz_l
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Amazing! A precise formula for the weighted sum of prime powers, in terms of the zeros of
an analytic continuation of a function. What an unexpected and delightful identity. This
clearly runs deep and is so profound that it must lead to all sorts of insights. Indeed this
has been the basis of much of analytic number theory for the last 150 years.

Using the right-side of (0.1.3) is, in practice, easier said than done. For one thing,
there are infinitely many zeros of ((s) that effect the sum — it seems odd to deal with an
infinite sum to understand a finite problem, that is the number of primes up to . We can
address this problem by truncating the sum over zeros at a given height T, and to have
real part > 0, that is consider only those p with'® 0 < Re(p) < 1 and |Im(p)| < T. One
then has the approximation,

xP zlog? (zT)
0.8.2 = — — 4+ 0| ——
(052) v -e- Y Teo(TEE),
p: ¢(p)=0
0<Re(p)<1
[Im(p)|<T
in the range 1 < T < z, and the sum is known to be over only finitely many zeros.
As we discussed above, we bound the sum on the right side of (0.8.2) simply by taking
the absolute value of each term, so we miss out on any potential cancelation (and one might
guess that there will be quite a bit). Hence if 87 > Re(p) for all p for which {(p) = 0 and

[Im(p)| < T, then our sum is < z°7 > |17| and it can be shown that this sum over the

zeros in this box is < log? T'.

Exercise. Assume that if ¢(8 + it) = 0 then 1 — 8 > 1/|t|'/3. Deduce the prime number theorem (using

the above discussion).

Selecting T' = 2!~ P log? z we deduce that
(0.8.3) 0(z) — x| < 2P ((1 — ) logz + loglog z).

Let m(x;q,a) denote the number of primes < z that are = a (mod ¢q). A proof
analogous to that proposed by Riemann, reveals that if (a,q) = 1 then

(0.8.4) w(x;q,a) ~ (@) :

w(q)

once z is sufficiently large. However in many application one wants to know just how
large x needs to be for the primes to be equi-distributed in arithmetic progressions mod gq.
Calculations reveal that the primes up to x are equi-distributed amongst the arithmetic
progressions mod ¢, once x is just a tiny bit larger than ¢, say = > ¢'7° for any fixed
d > 0 (once q is sufficiently large). However the best proven results have = bigger than the
exponential of a power of ¢, far larger than what we expect. If we are prepared to assume
the unproven Generalized Riemann Hypothesis we do much better, being able to prove
that the primes up to ¢>*? are equally distributed amongst the arithmetic progressions
mod g, for ¢ sufficiently large, though notice that this is still somewhat larger than what
we expect to be true.

10We already saw that ((s) has no zeros p for which Re(p) > 1. Moreover the zeros with Re(p) < 0
are easily found: These “trivial” zeros lie at p = —2,—4,—6,... and have little effect on the formulas
above.
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1. INTRODUCTION

1.1. The prime number theorem. As a boy Gauss determined that the density of
primes around z is 1/log z, leading him to conjecture that the number of primes up to z
is well-approximated by the estimate

(1.1.1) w(z) =Y 1~

logax”

p<z

Less intuitive, but simpler, is to weight each prime with log p; and, as we have seen, it is
natural to throw the prime powers into this sum, which has little impact on the size, so
that, defining

™ where p is prime, and m > 1

1 if n =
An) = { ogp ifn p
0 otherwise,

we conjecture that

(1.1.2) P(x) =Y An) ~z.

n<x

The equivalent estimates (1.1.1) and (1.1.2), known as the prime number theorem, are
difficult to prove. Our primary goal at the beginning of this book, is to give a new proof
of the prime number theorem that highlights the techniques that we develop herein.

Short of (1.1.1), there are several ways to obtain good bounds on the number of
primes up to z. Perhaps the easiest is to note that all of the primes in (/V,2N] divide the
numerator of the binomial coefficient (2]3] ), and so

2N
p< < 4N
I or=(’y) =t

N<p<2N

from which it is not hard to deduce that

(1.1.3) O(N) = > logp < (log4) N,
p<N

and that

(1.1.4) m(N) < (10g4—|—0(1))10gN.

Lower bounds for 7(N) of the right order can be obtained by a modification of this method:

Exercise. (i) Show that there are [IN/q] integers < N that are divisible by ¢, and hence the difference in the
number of integers in the numerator and denominator of (215) that are divisible by ¢ is [2N/q] — 2[N/q],
which equals either 0 or 1.
(ii) Deduce that if p* divides (%) then p* < 2N. Moreover show that p divides (%) if N < p < 2N, but
does not if 2N/3 < p < N.
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(iii) Prove that the largest (Qév) occurs when k = N, so that (2137) > 2?(,]11.

(iv) Deduce that Nlog4 4+ O(log N) < 6(2N) — 6(N) + 0(2N/3) + (log N)w(v/2N).

(v) Use (1.1.3) and (1.1.4) to deduce that 6(2N) — O(N) > % log4 + O(+/N), and hence that

log4
3

m(N) > ( +o(1)> N

log N’

Since the Riemann-zeta function is absolutely convergent for Re(s) > 1, we can ma-
nipulate this series, more-or-less at will in this range. Various functions of ((s) will be of
importance to us, in particular

_CI(S) _ Z lofsn,
C(s) < An)
) 2

1 un)
X

where we (again) define the Mo6bius function,

0 if p? divides n, for some prime p
pu(n) =

(—=1)* if n =pips...px, where p1,po,...,pi are distinct primes.

The Mobius function is an example of a multiplicative function: That is a function f(.)
with the property that

f(mn) = f(m)f(n) whenever (m,n) = 1.
One can show that if n = pi'p3®...p.*, where p1,p2, ... ,pi are distinct primes, then

f(n) = f(p1")f(p3*) ... f(pe*).

Our main goal in this section will be to prove that the prime number theorem (1.1.1)
is equivalent to the conjecture that

(1.1.5) M(z) =Y p(n) = ofx).

n<x

That is that the mean value of a certain multiplicative function, that lives inside the unit
disc, tends to 0. The main study in this book are the mean values of such multiplicative
functions in some generality.
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1.2. Integrals of monotone functions.

Exercises. 1.2.1) Define sy := ZN % —log N. Since 1/t is a decreasing function one sees that

n=1
nodr 1 ntl gt
—_> = > —.
n—1t n n 3

Use this to show that sy > 0 for all N > 1, and that if N > M > 1 then 0 < spy — sy < ﬁ Deduce that
N

1 1
1.2.1 Z =logN o—),
(121) 3 =tesN o)
where we define the Euler-Mascheroni constant
N
1
vi= Jim n§:1 og

1.2.2) Use the fact that logt is an increasing function to deduce, by analogous arguments, that
(1.2.2) log N! = Nlog N — N 4+ O(log N).
Improve this to log N! = NlogN — N + %logN + ¢+ O(1/N), for some constant ¢, by showing that
log N = [v 11//22 logt dt + O(1/N?). (Establishing that ¢ = 1 log 2 yields Stirling’s formula.)
Another approach to this formula is to use the identity
logn = Z A(d),
d|n
to deduce that

logNl= Y ") Ad) = > A(d) {%] =N>_ #—1—0 > A(d)

n<N dn d<N d<N d<N
By (1.1.3) and (1.2.2) we deduce that

1
(1.2.3) Z %8P _ log N + O(1).
p<n P

Exercises. 1.2.3) Use (1.2.3) to show that if there exists a constant ¢ > 0 such that ¥(z) ~ cx then ¢ = 1.
1.2.4) Use partial summation on (1.2.3) to show that

1 1 1
2 boue(25) o ()
D logy logy

y<p<z
and then use this to show that there exists a constant ¢ such that
1 1
(1.2.4) Z:loglogz—i—c—i—O( >
et log x

From this deduce that there exists a constant « such that

(1.2.5) I1 <1 - 1) ~

p<a P logz’

(In fact 7 is the Euler-Mascheroni constant. There does not seem to be a straightforward, intuitive proof
known that it is indeed this constant.)

If f(n) is any function with |f(n)| <1 for all n then, by (1.2.2),

(1.2.6) Z f(n)log(N/n)| < Z log(N/n) = Nlog N —log N! < N + O(log N).
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1.3. Dirichlet series, convergence and Mobius inversion..
Exercises. Begin by establishing that

(1.3.1) S () = { boitn=l

— 0 otherwise.
ab=n

Remind yourself what the Mobius inversion formula is and prove it using (1.3.1).
Since 7(n) = 3_;,, 1, use Mdbius inversion to obtain that

(1.3.2) 1= pula)r(b)

ab=n

Similarly starting with

logn = Z A(d),
din
use Mo6bius inversion to obtain von Mangoldt’s formula
(1.3.3) A(n) = > p(a)logb.
ab=n

Now >_,, 1(a)logn = 0 by (1.3.1), so writing b = n/a in (1.3.3) we have A(n) =
> _ajn #(a)log1/a. Therefore, by Mébius inversion,

(1.3.4) wu(n)logl/n = Z p(a)A(D).

ab=n

Exercises. Suppose that, for every e > 0 we have |fn|,|gn| < n°. Prove that > - fn/n® is absolutely
convergent for Re(s) > 1. Deduce that if

Z Z fa . = then hy = Z fagb for all n > 1.

n>1 a>1 b>1 ab=n
a,b>1

Use this to establish the four identities in displayed equations in this subsection.

We call
Z f(n)
nS
n>1

a Dirichlet series. The product of two Dirichlet series, whose coefficients are given by the

above formula
= Y fla)g(b) =D f(d)g(n/d),

ab= d|n
a,b>1

is known as a (Dirichlet) convolution, and is often denoted by h = f x g.
Exercise. Prove that if f is multiplicative and |f(n)| <. n¢ then

f fp) | f?
> =11 (1+ps+ JoE +>

n>1 p prime

for any s for which Re(s) > 1.
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1.4. Dirichlet’s hyperbola trick. Divisors of an integer come in pairs. That is {a,b}

where ab = n. Evidently the smaller of the two is < /n and therefore

T(n)221:2 Z 1+,

d|n d|n
d<i/n

where 6, = 1 if n is a square, and 0 otherwise. Therefore

dorm)y=2)" > 1+ 1= [142 Y 1|=> (2/d-2d+1),

n<x n<z d|n n<z d<+/x d?<n<z d<+/x
d</n n=d? dn
and so
1
ZT(TL) =2z Z p — 2+ O(Vr) =zlogr — z + 2vx + O(Vx),

by (1.2.1). We deduce, using (1.2.2), that

(1.4.1) Z(logn—l—27—7'(n)) =0(x).

n<x

1.5. The prime number theorem and multiplicative functions.
If we sum up the identity (1.3.1) over all n < x we obtain

1= 3" nla) =Y ma) 7]

ab<lz alx

Now 0 < z/a — [x/a] < 1 for each a and so

for x > 4. Therefore, verifying the cases x = 1,2, 3 by hand, we have

(1.5.1) 3 “EL‘L) <1

for all x > 1. With this tool in hand we shall prove:
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Theorem 1.1. The estimates (1.1.1) and (1.1.5) are equivalent. That is (z) —x = o(x)
if and only if M(x) = o(z).
Summing the identities in (1.3.3), (1.3.2) and (1.3.1) over all n < z, yields
V@)~ =Y (Am) ~ 1) = 3 pla)(logh — m(b) +2y) - 27,
n<x ab<z

We separate this sum into two parts. Those b < B, and the rest. By (1.4.1), the rest yields

< Y @Iy < o/VF,

a<z/B
and so
(1.5.2) () —z =Y (logh—7(b) +27)M(z/b) + O | —— ) .
2 © ! (@)

We deduce that if M(x) = o(z) then for any fixed B we have (z) — 2 < z/v/B, and so
Y(x) — x = o(x) letting B — oo slowly enough with x.
Summing (1.3.4) over all n < z yields

> ulmlog1/n= 3" u(@A®)
n<zx ab<lz
By (1.2.6) and (1.5.1), we deduce that
(1.5.3) M(z)logx = — Z,u(a) <1/) (g) — f) + O(z).

a
a<zx

Now, by (1.1.3),

Z p(a) <¢ (2) - 2) < Z g < xlog(z/A).

A<a<lz A<a<z

We deduce that if ¥(x) —x = o(z) then by splitting the sum in (1.5.3) into those a < A :=
x/log x, and those a > A (as in the line above), we have M (z) = o(z).

Remark. Tt is worth noting that the identity at the beginning of this proof can be seen to
be the sum of the coefficients of the Dirichlet series

S AL i - L) - ooy = 3D M 3 logb T 0),

= ¢(s) ¢(s) =1 b1

Exercises. Modify the above proof to show that

I M(z) < - then ¥ (z) —z <

(log z)
i) If Y(z) — 2 <

x

x

—+ then M(z) < (log z)min{1, A}’

(log @)
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1.6. Other equivalent forms of the prime number theorem. We have seen that the
estimate ¥ (x) ~ x is equivalent to M (z) = o(z). In [TM, Theorem 5] two more equivalent

forms are given:!!
3 wn) _
n

n>1

which is stronger than (1.5.1). Also, that

Z# =logz — v+ o(1),

n<x

a strong form of (1.2.3). Note that Merten’s Theorem, (1.2.5) yields

A(n
(1.6.1) > nl(()g)n = loglogx + v + o(1).

n<x

HWith elegant elementary proofs of their equivalence.
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2. SIEVING

2.1. Integers coprime to m. One first encounters a multiplicative function when count-
ing the integers in an interval that are coprime with a given integer m, for this is the sum
of f(n) where f(p) = 1 unless p|m, in which case f(p) = 0.

The classic way to work on this is via the inclusion-exclusion formula:

)REDIDS u(d)=d§u(d)[ﬂ;

n<z n<z d|(m,n)
(n,m)=1

and then approximating [z/d] = z/d + O(1) we obtain

11 (1 _ %) 2 + O(r(m)).

plm

The problem is that if m has > log x prime factors then the error term here is much larger
than the main term, so we need to be more subtle about how we apply inclusion-exclusion.
The trick is to use the inequalities:

dooud) =) pd = > )
dlm dlm dlm

w(d)<2k w(d)<2k+1

which are valid for all £ > 0 (Exercise). Hence we have the approximation

J—1 J—1

S @G =X Y w0 Y1

j=0 d|m j=0 d|m dlm
w(d)=j w(d)=j w(d)<J—1

for the number of integers < = that are coprime with m, with error

J
x x T 1
(2.1.1) <X s X i<aly,
dlm dlm plm
w(d)=J w(d)=J

If we repeat this argument with x = m then we find that

EEATIE < R VI BN R RS |
Z,TW{G p)‘; DR bl PO

w(d)=j

Combining these estimates we obtain

J-1 iy,
(2.1.2) S 1—:01_[(1—%) <2 w?) + 5 %
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where w(m) denotes the number of distinct prime factors of m. So if all prime factors of
m are < y = x'/* then, selecting J = [u] we obtain, by (1.2.4) and then (1.2.2),

(2.1.3) > 1:xH(1—%) —I—O(m (elog#y—l).

n<x plm
(n,m)=1

This generalizes to give the Fundamental Lemma of the Sieve (see any book on
sieves)...

2.2. Mean values of multiplicative functions: Heuristic. Given a multiplicative
function f with |f(n)| < 1 for all n, we are interested in the mean-value of f up to z, that
is L3 -, f(n). A simple heuristic suggests that

(2.2.1) i Z f(n) — Prod(f,o0) as x — oo.

n<x

where

Prod(f,x) := H (1—1—%—1— f;lf) +...><1—1>.

p<z p

Erdés and Wintner conjectured that is true when f is real-valued, which was proved by
Wintner in 1944 when Prod(f, c0) # 0, and Wirsing in 1967 when Prod(f,co0) = 0).
The heuristic goes as follows: Define g so that f(n) = _,,, g(d), and therefore g(n) =

> apn #(n/d) f(d). Then

S =3 S g =>gd) 3 1= 9@ [%] |

n<N n<N djn d<N n<N d<N
d|n

Now each [IV/d] = N/d + O(1) so this becomes

N oS gt

d<N d<N

One can easily invent restrictive hypotheses to ensure that this tends to a limit; and note

that p

) %l) = Prod(f, N),

d>1

pld = p<N

so we can hope to obtain (2.2.1). It turns out that such a heuristic is easiest to turn into a
justified argument when f is real-valued (or is “close” to a real-valued function); and the
example of section 0.5 (the mean-value of n**) shows that (2.2.1) is certainly not always
true.
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Proposition 2.2.1. (i) If >, % converges then (2.2.1) holds. In particular
(ii) If f is real-valued and Prod(f;x) converges then (2.2.1) holds.
(iii) If 0 < f(n) <1 for all n then (2.2.1) holds in all cases.
(iv) If f is real-valued and 1 < f(p) < f(p*) < ... for all primes p < x, then

anm f(n) < xProd(f;x).
Erdés and Wintner conjectured (2.2.1) when f is real-valued, which was proved by

Wintner in 1944 when Prod(f,c0) # 0 (that is, Proposition 2.2.1(ii)), and by Wirsing in
1967 when Prod(f, c0) = 0 (which is a little more than Proposition 2.2.1(iii)).

Proof. Fix € > 0 and select y so that ) ‘1*]{& < e. Let g(p*) = f(p*) if p <y, and

g(p*) = 11if p > y. We observe that

P>y

Prod(g, z) = Prod(g,y) = Prod(f,y) = Prod(f, x)e®© = Prod(f,z) + O(e).
Let f = g * h so that

S (fn)—gm) = > h(d)g(m)= > glm)= > h(d) > g(m).

n<z dm<zx m<zx 1<d<zx m<z/d

Taking absolute values this is

1<d<z p<zx p p
1—
<o|en| 3 f(p>|+0(—2) 1| <
p p
y<p<w

Hence Zn<x ( ) = anm g(n) + O(EZ’)
Now let g = 1 % £ so that

S o=t =Y ) [] =23 Wi o S k)

n<z n<z d|n d<z d<z d<z
(d) 4(d)]|
:QUZTWLO ZW@%LQUZT
d>1 d<zx d>zx

since £(p®) = g(p®) — g(p®~1). The main term here is xProd(g, z) = zProd(f,z) + O(ex).
Now notice that if £(d) # 0 then d is y-smooth; that is all prime factors of d are < y. Now
if 0 < a < 1then (x/d)*>1if d <z, and (d/x)!~* > 1if d > x so that

> +s 34 5 <> SN

d<z
—e L1+ 'fg;gu...)

p<y
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Let x = y* and select « = 1 — @ for some A > 1 with a@ > 2/3 so that the above is

< (w/e?™) exp (2 > p<y #), and the sum over prime numbers is, by (1.2.4) and (1.1.4),

0 e
< Z l—l— Z %_log(liy>+O(1)+(10g4+0(1))z.

We select A = log(ulogu) and therefore our error term is

4+o(1)\"
<<< +of )> xlogy.

ulogu

We pick x big enough so that this is < ex. Collecting the above estimates we deduce that
> < f(n) = zProd(f,y) + O(ex) = xProd(f,z)e?® + O(ex) = xProd(f,z) + O(ex),
which yields the first two parts of the result.

Suppose that 0 < f(n) < 1 for all n, and that Prod(f;o0) = 0. Select y so that
Prod(f,y) < €, and then select g(n) as above. As 0 < f(n) < g(n) for all n we have
0< > <. f(n) <> ~.9(n) <zProd(f,y) + O(ex) < ex, and thus the third part of the
result is proved. B

Let g = f * p, so that f = 1% g. The hypothesis of iv) implies that g(n) > 0 for all n.
Therefore

Do fm) =YD gl =Y gd) || <a %l)

n<x n<z d|n d<z d<zx
(2.2.2) SZUH(l—I—M—I—Lp;)—i—...):xProd(f;x).
p<z p b

2.3. The Brun-Titchmarsh Theorem.

The Brun-Titchmarsh Theorem. If (a,q) =1 then we have, uniformly,

Yoor<{2to(1)) 1 Y

i ¢(q) logy
p=a (mod q)

Let m be a given integer. Let A denote the integers n = a (mod ¢) for which x < n <
x 4 yq. Selberg observed that if \y,d > 1 are real and A\; = 1 then

2

Z)\d Z{l if (n,m) =1

dl () 0 otherwise,
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no matter what the choice of the \;’s (where we suppose that m is the product of some
primes < z, with (m,q) = 1). Hence

2
vio Yoy (2 oa
ncA n€A \d|(m,n)
(n,m)=1
B SEVEV o
dyi,da|m ne€A
[d1,d2][n
(2.3.1) < Z Ay My s + Z [ Ady| [Ads]-
W [d1, da]
1,da|m dy,dz2|m
dl,d 1
Now [dl%dz} = (dld;) = d11d2 Zﬂ(dl’@) () so the first term is

DI SO S Dk

di,dalm 2 p|(dr,da) rlm d|m

We now define \j = 0 if d > z and d { m; with

_ w4, = Md)d Ga(z/d)
Cul)i= 2, Gy mnd M= SOy TG0)
(nrflr)nzl
if d < z and d|m, and G(z) = G1(x). If d|m then
A a =S ) 1% (n) 2 _ o
@D =2 Gy 2 Gy = 2 O
T?\m rlr
(n,d)=1

writing r = gn, and noting that there is at most one such factorization of . Hence |\4] < 1,
and the second term in (2.3.1) is < 22.
The choice of the \; gives that if r|m and r < z then

A _ 1 p(d) p2(n)
2. = G(2) dlzm@(d) 2 p(n)

dlm n<z/d
rld r|d n|m
(n,d)=1
! 12(0) 1 p(r)
=G0 2 o0 2 "D G e

Llm
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writing ¢ = dn. Hence the first term in (2.3.1) is
Yy Z (2 (r) __Y
G(2)? = o(r)  G(z)

r<z
rlm

Let @ be the product of the primes < z that do not divide m. Now ﬁ =>, %, where
the sum is over all integers ¢ whose prime factors all divide n, and so

1 1 1
%G(@:Zj; I EDI LS

n<z

by exercise 1.2.1. where our sums over all integers r whose prime factors all divide @), and
all integers ¢ whose largest squarefree divisor divides m and is < z. We deduce that
Q Y 2
N< —— + 2.
p(Q) logz

The Brun-Titchmarsh Theorem follows by taking ) = ¢ so that m is the product of all
of the primes < z that do not divide ¢ and z = y'/?/logy. More generally, by (1.2.5) we
deduce that if (m,q) =1 then

(2.3.2) doooag{e+oWly [] (1 - %) :

z<n<z+yq <Yy
n=a (mod gq) p|lm
(n,m)=1

Exercise: For any given 7, @ <K n < 1, show that

(2.3.3) > pll_n <log(1/n) + O (

p<y

y" )
log(y™) )~
(Hint: Compare the sum for the primes with p”7 < 1 to the sum of 1/p in the same range. Use upper
bounds on 7(z) for those primes for which p” > 1.)
3. MULTIPLICATIVE FUNCTIONS

3.1. Mean values of multiplicative functions. In general one has

(3.1.1) S(x)logz =Y f(p)logp S (%) +O(x).

p<z

where

S(a) = f(n),

n<x
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for any multiplicative f for which |f(n)| < 1. To prove this we use (1.2.6) to show that

(3.12)  S(z)logz+O0(x) =Y _ f(n)logn =Y f(n)Y A(d) =Y _Ad)>_ f(n)

n<zx n<x d|n d<z n<x
d|n

This last sum has size < x/d. We discard the terms with d = p® b > 2; and replace the
terms f(n) by f(pn/p*) when d = p is prime and p¥||n where k > 2. These operations

yield an error of < x/p?, and hence (3.1.1) follows.
Now, for z =y +y/ log? y, using the Brun-Titchmarsh theorem,

> our [ (5)] 3 wwr

T
U
y<p<z y<p<z

< [5G s l5(5) -5 ()

y<t,ulz
_t —
’5(%)_5@)‘S‘E_f‘:x.ng.z y
t U t u tu Y

Summing over such intervals between y and 2y we obtain

2y
£ wer |5 (5)] < s (o oy

y<p<2y

S(%)‘<<(z—y) max

y<u<z

Y

and

N

which implies, by (3.1.1), that

|S(z)] < loéx/m S<t>‘dt+log3§

logm/ 19 loga:

(3.1.3)

Note that if f(.) > 0 then

[1s0%g /Zf - T [ G- ———Zf

n<x

which can be inserted into (3.1.3), though we will do better in the next subsection.
3.2. Upper bounds by averaging further. Suppose that 0 < h(p®) < C® for all
prime powers p*, where C' < 2.

Exercise: Use this hypothesis to show that Zpa<x h(p®*)log p® < z. Give an example to show that this
fails for C' = 2.
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Therefore
Zh(n)logn:Zh(n)Zlogp“: Zh( Z h(p®)log p* <<xz )
n<x n<lx p%||n m<x p*<z/m m<zxz m

pfm
by the Brun-Titchmarsh theorem. Moreover, since log(z/n) < x/n whenever n < x, hence

Zh )log(z/n) < Z @

n<x m<x

and adding these together gives

h(m
(3.2.1) S hin) logx 2 En).

n<x

Using partial summation we deduce from (3.2.1) that for 1 <y < z1/2,

R L P R S

z/y<n<z n<z

3.3. Smooth numbers, I. In section 1%.1 we discussed the most basic multiplicative
functions, the integers coprime to given integer m. Here we introduce a function that
occurs all over analytic number theory, which counts the integers that only have “small”

prime factors; that is
U(z,y):= Z 1.

n<x
pln = p<y

We call an integer y-smooth if all of its prime factors are < y. We can recover the above
as a question about multiplicative functions by taking f(p) = 1 if p < y, and f(p) =
otherwise. The key result is that ¥(z,z'/*)/z tends to a (non-zero) limit as 2 — oo, for
any fixed u: Define the Dickman-de Bruijn function, p(u), as follows: p(u) = 1if0 < u <1,
and p(u) =1—logu if 1 <wu < 2. In fact, for any u > 1, p(u) can be defined as an average
of its recent history:

Theorem 3.3.1. We have

U(z,y) = 2p(u) + O ( a )

log x

where x = y*, and p(.) is the Dickman-de Bruijn function.
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Proof. If 0 < u < 1 then ¥(z,y) = ¥(z,z) = [z] = x + O(1) and the result follows. Any
integer counted by [z] — ¥(z,y) has a prime factor > y, and so if 1 < u < 2 then each such
integer can be written uniquely as mp where p is a prime > y. Therefore

Vo =l S Y 1=ll- 3 p=a|1- ¥ }9 +0(n(x)).

y<p<z m<z/p y<p<z y<p<z
p prime

By exercise 1.2.4, and the bound (1.1.4) for the error term we deduce that

x
U(z,y) =2 (1—logu)+ O <logy) ,

as desired, since p(u) = 1 — logwu in this range.
Now if f is the characteristic function for the y-smooth integers, then (3.1.1) yields

(3.3.1) U(z,y)loge = Zlogp 4 <§,y) + O(x)
Py p
By partial summation we have, letting E(t) :==}_ , loﬁp —logt,
8
1 Y logt
Y logp T p (M> - x/ p (u _ 8 ) d(logt + E(t)).
P log y e logy

ye<p<yP

The first part of the integral equals, writing t = y",

B
mlogy/ p(u—v)dv.

Now E(t) < 1 by (1.2.3) and so the second part is, after integrating by parts,
8

B
logt Y v d logt
— E(t — — — E(t)dt —
w[p(u logy) ()La x/y“ dtp(u 1Ogy> (B)dt < zp(u — )

since p(.) is monotonically decreasing. Now if we write U(z,y) = zp(u)(1 + €(u)) then
substituting the above into (3.3.1) yields

(3.3.2) zp(u)e(u)logz = Y (x/p)logp p(up)e(u,) + O(x)

p<y

where x/p = y"», using the integral equation defining p(u).
We shall prove our theorem by induction on n > 1, for n/2 < u < (n+1)/2. The
result is already proved for n < 3, so now assume that the result is proved for n — 1. Let
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k(n) == max, jp<p<n+1)/2 YY", y)/y’p(v) — 1|, and select u where this maximum occurs.
Hence for x = y*, we can deduce from (3.3.2) that

r(n)zp(u)loge <y (x/p)logp plup)e(uy) + Y (2/p)logp plup)e(uy) + O(x)

p<z/y"/? x/yn/?<p<y
U n/2
< k(n)x logy/ p(v)dv+k(n—1)x logy/ p(v)dv + O(x).
n/2 u—1

Moving the first term from the right side to the left side, using the functional equation for
p(u), and noting that fun_/f v)ydv > [ 1/ (v)dv > up(u)/2, we now have

r(n) < k(n —1) + O(1/up(u)logy),

and the result follows, by induction.

There is a very nice technique, due to Rankin, to find an upper bound on ¥(x,y) as
follows: Select any o > 0, so that

o X () I(-5)

n<x n<x
P(n)<y P(n)<y

This can be extended to consider, for 0 < o < 1

A D SR D

n<x n>x
P(n)<y P(n)<y
-1
r\° X
< — — .= — _ )
SN C I DN RS | [(EE
n<x n>x p<y
P(n)<y P(n)<y

Let 0 =1— %, and use (2.3), to deduce that

U(t,y) c \"
3.3.3 dt < 1
( ) /m t2 - (ulogu) Rk

for a certain constant C' > 0.

For small u we get a better bound for ¥(z,y), by using (3.2.1): Let X < z and
use the upper bound 1 < (n/X)" for n > X, with n = ¢/logy and ¢ < log2, so that
p" < y" = e < 2. Hence, by (3.2.1) we have

1
ml=-n

U < X X n X
(z,y) + ; (n/ L X+ —— 7 loga: mz<$
P(n)<y P(m)<y



28 ANDREW GRANVILLE AND K. SOUNDARARAJAN

Since 7 is a far smaller than 1/2, we have

1
> <0y OEPJFO(1)<<1.

p<y

1 1
1
| X | 0w+ X (G5
m<x p<y
P(m)<y
Therefore choosing X = x'177, we have the upper bound ¥(z,y) < gl-ntn’ « x/e?u/3,

and also - o g )
/ <2’y)dt<</ < ; < e—2u/3
- t . ti+n—n Nz

3.4. Bounding the tail of a sum.
Lemma 3.4.1. If f and g are totally multiplicative, with 0 < f(p) < g(p) < p for all

primes p, then
(-1 & Maqa-22) o o

p<y n<x <y n<x
P(n)<y P(n)<y

Proof. We prove this in the case that f(q) < g(q) and g(p) = f(p) otherwise, since then the
result follows by induction. Define h so that g = f*h, so that h(¢**1) = (g(q) — £(¢))g(¢®)

ay _ : : 9(p)
for all b > 0, and h(p®) = 0 otherwise. The left hand side above equals [],., (1 — %+
= hom) s (0

noy ey R imo e
m>1 m n<x N<x mn=N n<x n
P(n)<y P(N)<y P(n)<y

as desired.

Corollary 3.4.2. Suppose that f is a totally multiplicative function, with 0 < f(p) <1
for all primes p. Then

I0e-77) 2 (i)

p<y n>x
pln = p<y

where r = y*.

Proof. If take © = oo, both sides equal 1 in the Lemma. Hence if we subtract both sides
from 1, and let g = 1, we obtain

fp) 1
1 22 < _ = -,
oe-2) % () >
p<y n>x p<y n>x
pln = p<y pln = p<y
By Mertens’ theorem and this is
— o0 —y oo

< € / d¥(t,y) _ e / v(t.y) ),

“logy Ju t T logy Ju
and the result follows from (3.3.3).
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3.5. Elementary proofs of the prime number theorem.
Selberg’s formula (as discussed in (0.3.1)) can be written as

(3.5.1) ((2) —z)logz = = ) _logp <¢ (1%)

p<z

- f) +O(x).

p

There is an analogous formula for p(n), derived from (3.1.1):

M(z)loge = - Y logp M (%) +O(2).

p<z

Exercise: Show that if F'(x) is any function for which

F(z)loga = — ZlogpF( )—1—0(:7:).

p<lz

holds for all z, then
F
lim inf ——= (2) + lim sup —= ( )

Tr— 00 xr Tr— 00

=0,

and so if limg o0 F'(x)/x exists then it equals 0. Note that these deductions apply to M(z) and ¢ (z) — =,

given the formulas in the last two displayed equations.

Proof of Selberg’s formula. Let Ay(n) := A(n)logn+ >, _. A(l)A(m), so that

D Ao(n) =D A()logl+ > A(L)A(m)

d|n Ln tm|n

=Y A@) {logt+ > A(m) | = (logn)?,

Ln m|(n/L)

and therefore

Zu (logn/d)?

by Mobius inversion.

Now
YN )= D> Y ud)(logr)= Y u(d)(logr)?

m<z n<z/m mn<xz dr=n dmr<z
= (ogr)?) pu(d) = (logr)?
Nr<z d|N r<z

= z(log? z — 2logz + 2) + O(log® z).

Moreover by (1.2.1) we obtain

v 1dt
22 log——2:1:/ e = z(log® z 4 2ylogz + co) + O(1),
m<x 1 m<t
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for some constant ¢y, and

Z <61% + 02> =z(crlogx +2 —co) + O(1),

m<x

with ¢ = =2(1 +7) and ¢c3 =2 — ¢y — ¢17.
Therefore if A(x):=>_ _ As(n)—2zxlogx — cix — co, and then

n<x

B(x) = Z A(xz/m) < log® z,

m<x

so that

A(z) = p(n)B(z/n) < Y log’(z/n) < x.

n<x n<x

Therefore we have proved

> As(n) =2zlogz + O(z).

n<x

The result, (0.3.1) or (3.5.1), follows from (1.2.3) and the bounds

Z A(n)logz/n < x and Z A(l)y (%) <L z,

n<lx <z
0=p®, b>2

which follow from (1.1.4).
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4. DISTANCES

4.1. Distance functions. Throughout we define
U:={|z| <1} and UN = {z = (21,2,...) : Each z; € U}.
Lemma 4.1.1. The function n: U — R>q given by n(z)*> =1 — Re(z) satisfies

n(yz) < n(y) +n(z) for ally,z € U.

Proof. Let y = %™ and z = ¢*7?. Since 1 — Re(e?™®) = 2sin*(na), for any real o we
deduce that

0(y2)/v2 = |sin(n(0 + ¢))| < |sin(n8) cos(mp)| + |sin(mp) cos(xd)|
< [sin(76)| + [sin(mp)| = (n(y) +n(=))/V2.

This settles the case where |z| = |w| = 1, and (Exercise) one can extend this to all pairs
z,w e U.

We can define a product in UN by multiplying componentwise: that is,
y Xz = (y121,Y2%2, ... ).
Lemma 4.1.2. Suppose we have a sequence of functions
n; : U— Rxq for which n;(yz) < n;(y) +n,(z) for any y,z € U.

Then we may define a ‘norm’ on UN by setting

o0 1
2
Iz = (> miz)?) "
=1
assuming that the sum converges. This norm satisfies the triangle inequality
(4.1.1) ly x z|| < lyll + llz]]-

Proof. Indeed we have

ly x z||* = Zm viz)> <Y (i (i)? +mi(25) + 205 (y;)n;i (25))
7j=1

< Il + 2l +2( 3 n(w)?)” (an<zj>2)2 = (lyll + llz])?.

using the Cauchy-Schwarz inequality, which implies (4.1.1).
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A nice class of examples is provided by taking 7;(z;)> = a;(1 —Re(z;)) (as in Lemma
4.1.1) where the a; are non-negative constants with Z;’;l aj < oo. This last condition
ensures the convergence of the sum in the definition of the norm. A specific case of this,
for a multiplicative function f(n), is to define the coefficient a; = 1/p and let z; = f(p)
for each prime p < . We therefore have the norm

”me2 — Z 1- Re(f(p))

p

)

p<z
where f, corresponds to f truncated at z. We can extend this to define the distance (up
to z) between the multiplicative functions f and g as

D(f,g;x)* = 1—Re g(p)g(p)_

p<z

By Lemmas 4.1.1 and 4.1.2 this satisfies the triangle inequality
(4.1.2) D(f1,91; %) + D(f2, g2; ) > D(f191, f292; 7).

(We might alternately use D (f, g;x)? = > opt<a 1-Re f;’zk)g(pk), though this can lead to
complications.)

For x > 3 and T' > 1 define t(z,T) = ty(x,T) to be a value of ¢t with |¢| < T for which
D(f(n),n™;x)? is minimized; and then define

M@J%ﬂW@JWZﬁgDUWMWWVZWﬂMWMM%@Q

Now
it

AH%T)ZE:I—ReKMF%“j)S}:l—Rezwm

p<z p

for all ¢t with [¢| < T. Therefore if x > y then

p<z

Y

3 1 —Re f(ﬁ)p‘i“m,T) M) M) <

y<p<wz y<p<zx
and so, by (1.2.4),

S~ L= Re S 0D
p

(4.1.3) \M(z,T) — M(y,T)| < 2log GZ%) +0(1).

We will need some further definitions for a given multiplicative function f: For any
complex number s with Re(s) > 0, let

F(s) = F(s; z) ::H(1+L’j)+@+...).

2s
< p p

Exercise: Show that |F(1,z)| < (log m)e‘“fﬂcH2; and that |F(1 + it,x)| < (log x)e‘mf(”)’"it;xf.
Now define

L=L(z,T):= <max|F(1+it)|>.

logx \ |t|<T

Exercise: Show that M (z,T) = log(1/L(z,T)) + O(1).
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4.2. A lower bound on a key distance.

Lemma 4.2.1. If |t| < 2°M) then

D2(u(n), n't; z) > {1 - % + 0(1)} log (%) .

Proof. Fix a € [0,1) and € > 0. Let P be the set of primes for which there exists an integer
n such that p € I, := [e2m(nte)/Itl 2r(ntate)/lth) g6 that Re(p™) lies between cos(27a)
and cos(2m(a + €)). We partition the intervals I,, into subintervals of the form [y, y + 2],
where z = o(y) and logz ~ logy, which is possible provided |t| = o(n/logn) (Exercise).
The Brun-Titchmarsh Theorem implies that the number of primes in each such interval is

<{2+o0(1)}z/logy, and so > ; 1/p < {2+ o(1)}log(l + %), from which we deduce

1 log
> o< Ceromlon (R ) 4 0(0),

ro<p<lzx
p€l, for some n

where z¢ := (2+ |t])'°8 %>/l and 2 + |t| = 2'/*, as u — co. Combining this with (1.2.4),
we deduce (exercise) that

1 + cos(tlog p) log = 3/4
Z ) > {2+ 0(1)}log <log xo) /1/4 (1 + cos(2mar))da + O(1)

> {1 - % + 0(1)} log (1100ggjo> +0(1).

The result follows if |[¢| > 1. If |¢| < 1 then log < log @ ) ~ log(|t|log z). However, we also

log zo

zo<p<lz

have

>

Z 1+ coslgtlogp) > (14 cos(27/3)) Z

log — + O(1),

N | —

1
p<e2w /31t p<e?w /31| p

by (1.2.4), and then adding these lower bounds gives the result.

5. ZETA FUNCTIONS AND DIRICHLET SERIES: A MINIMALIST DISCUSSION

5.1. Dirichlet characters and Dirichlet L-functions.

This section maybe may be mostly discarded, though we may have to wait to see how other things
pan out.

Define the Dirichlet characters, especially the role of primitive characters, and L-functions to the
right of the 1-line. Note that

(5.1.1) 1 S ) = { 1 ifm=1,

©(q) x (mod q) 0 otherwise,
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and

(5.1.2) 1 5 x(b)—{l if x = xo,

v(q) b (mod q) 0 otherwise,

where xg is the principal character mod q.

We will need to add a proof of Dirichlet’s class number formula, perhaps a uniform version? (Since
this can be used to establish the connection between small class number and small numbers of primes in
arithmetic progressions). We also need to discuss the theory of binary quadratic forms, at least enough
for the class number formula and to understand prime values of such forms.

Lemma 5.1.1. For any non-principal Dirichlet character x (mod q) and any complexr number s with
real part > 0, we can define

2 x(n)
L(s,x) = lim =22,
n=1

nS
since this limit exists.

The content of this result is that the right-side of the equation converges. One usually uses the idea
of analytic continuation to state that this equals the left-side.

Proof sketch. We will prove this by suitably bounding

S X

n=N+1

for N > (q(14]s]))?/9, where s = o +it. If n = N 4 j we replace the n in the denominator by N, incurring

an error of

1 1 1 |slj |slq
hmw‘w<<

Ne N Nlto’

for 1 < j < g. Summing this over all n in the interval (N, N + g|, gives N~ > x(n) + O(|s|¢?/N'T7) <
|s|g?/N'T2. Summing now over N,N + q, N + 2q,..., we obtain a total error of < |s|q/cN?, which
implies the result.

Exercise. Actually this proof is not complete. Find the error and correct it.

Lemma 5.1.2. For any complex number s with real part > 0 we can define

1 = {t}
C8)=—7 s . or1 b

where {t} is the fractional part of t, since this integral is absolutely convergent.

Proof. We simply use partial summation so that for Re(s) > 1 we have

L~ 1 edl edi—-{t)) 1 < d{t}
C(S)_ZE_/I 18 _/1 s _S—l_/l ts

n>1

[0 O] [ [

5.2. Dirichlet series just to the right of the 1-line.

Integrating by parts

and the result follows.
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Lemma 5.2.1. For x > 2 we have

e [ 40 ) =Y
P 1+zt - nltToes it

p<x n>1

Proof. Let s =1+

+ it. By (1.2.3) we deduce that

I 1
S I <Y e <,

p>x p>x

1
log ©

and

1 1 1
Z(w—]%> SZ];(l—p‘l“ogI)« logxz %P <1,
p<z

S
p<z p p<z P

and so

The result follows by, adding the relevant terms for p*,k > 2 to the right side, which
converge, and then taking the exponential of each side.

Corollary 5.2.2. Suppose that there exists an integer k > 1 such that f(p)* = 1 for all

primes p. Then D(f(n),n®;00) = oo for every non-zero real t.

Examples of this include f = p the M6bius function, y a Dirichlet character, and even .

Proof. Suppose that there exists a real number ¢ # 0 such that D(f(n),n';c0) < oo.
Then D(1,n%**; 00) < kD(f(n),n";00) < oo by the triangle inequality (4.1.2). Let s =

1+ loéx + ikt. By Lemma 5.2.1, we have
1
log¢(s) = > —7 T O(1),
—.. P
pPST
and so

e 1kt
log ¢(s)| = Re(log () = 3 % +oq)

p<zx

_Z__D F.x) + 0(1) = loglog = 4+ O,(1),

p<ac

and therefore |((s)| > logx. However Lemma 5.1.2 yields that

1 1 1
C(S)—:+O(1+|t|)—ﬁ+0(1+’ﬂ+m>,

a contradiction.



36 ANDREW GRANVILLE AND K. SOUNDARARAJAN

Lemma 5.2.3. Let a,, be a sequence of complex numbers such that 22021 % < 00, S0
that A(s) = Y07 apn™* is absolutely convergent in Re(s) > 1. For all real numbers
T>1, and all 0 < a <1 we have

> L),

n=1

(5.2.1) max | AL+ a4 if)] < max |A(1+iu) |+o(
lt<T

Nl e

Exercise. Prove that, for any integer n > 1, we have

1 T « , a
- ——n"®de+0(=).
" 7T/7T052+£2n &t (T)

(Hint: Show that a§2 is the Fourier transform of e~#l.)

Proof. Multiplying the result in this exercise through by a, /n'*%, and summing over all
n, we obtain

T o)
A(l + a+it) = I/T%_ng (1+zt+z§d§+0<%2‘7>

which yields the result when |t| < T, since then |u| < |t| + |£| < 2T for u =t + &, and as
% fTT O%szdrf < % ffooo O{QL_’_ggdé. = 1 by the exercise with n = 1.

Lemma 5.2.4. If x is a character mod q, with x >y > q and [t| < y°W), then

1 1
L{l14+ —+it,x || <|L|14+—+it,x
log x log y

It would be good to have a proof of this that stays to the right of the 1-line, and does not use

the analytic continuation. Here are two proofs with not too much in them.

Proof # 1. Note that 1 < 1+ loé 1+l ey S 1+ logq By (2) and the next two displayed
equations of Chapter 14 of Davenport, we know that for s = o + it where o > 1, we have'?

L'(s,x
(5.2.) ~Re T <logla(2 + ),
Therefore
L(1+10;m +it,x> L<1+loéx+it,x)
log = Re | log
1 . 1 .
L(1+logy+zt,x) L<1+1ogy+“f7><>
1/logy L' (1 j 1 2
:_/ e L +v+?tx)d og(a2+[t)
1/logx L(1+'U+Zt7X) logy

12This is the proof from Lemma 1 [Elliott6]. The key is (5.2.2) — can we prove it without zeros? In
Lemma 14 he gives a proof with limited analytic continuation.
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Proof # 2. 1t is well-known that the completed Dirichlet L-function has a Hadamard
factorization; that is if § = (1 — x(—1))/2 then

s () T () s —er s [T (1-2)er

pr A(p,x)=0

where Re(B +3_,1/p) = 0 (as in Chapter 12 of Davenport). Since all zeros p of L(s, x)

have Re(p) < 1 we see that ’1 + loéy —i—it—p‘ > )1 + loém —|—z't—p), by applying the

triangle inequality. Hence ‘A(l + loéy + it X)‘ > ‘A(l + 102;1; + it, X)‘ by multiplying over

all zeros. Inserting this into the definition of A(s,x), we deduce the result from the fact
that I'(s)/T'(s) = logs + O(1/]s|) (as in (6) of Chapter 10 of Davenport), which implies
that the ratio of the Gamma factors is < log [t|/logy < 1.
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6. HALASZ’S THEOREM

6.1. Halasz’s Theorem in context. In §1%.2 we gave a simple heuristic that for any
real-valued multiplicative function f with |f(n)| <1 for all n, we have

(2.2.1) é Z f(n) — Prod(f,o0) as z — oo.

n<x

However, not all complex valued multiplicative functions have a mean value tending to a
limit. For example, the function f(n) = n', with t € R\ {0}, since

it

1 , I
—Zn”’z—/ utdu + O(1) ~ S
T = T Ju=1 1+t

Notice that for large x this mean value rotates around a path getting closer and closer to
the circle of radius 1/(1 4 ¢2)'/2. And it is not only the functions n whose mean value
does not tend to a limit — indeed you might expect a similar phenomena if you make some
minor alterations to n‘. For example, if we take f(2) = —2% and f(p) = p* for all odd
primes p, then the mean-value up to x is ~ z%/3(1 +it). So we find that any f that is
“close” to m** also has this property. We measure “close” by using the distance function,
that is D(f(n),n'; 00) is bounded. In this case we say that f(n) is n'-pretentious. Are
there any non-pretentious multiplicative functions whose mean values do not exist?
In the early seventies, Gabor Haldsz [8,9] brilliantly proved that the answer is “no”:

Halasz’s Theorem. Suppose that f(.) is a multiplicative function with |f(n)] < 1 for
all n. If limg oo 237, . f(n) does not exist then f(n) is n'-pretentious for some real

number t. That is, .
D(f(n),n";00) is bounded.

Haléasz’s theorem gives more, both qualitatively and quantitatively:

1 Y n<a f(n)‘ exists.

limg o0

If f(n) is not n'-pretentious then lim,_, - > on<e f(n) = 0.
Exercise: Prove that there can be at most one value of ¢ for which f(n) is n**-pretentious.

In fact, if f(n) is n'-pretentious then

=3 ) ~ T Prod(fi, )

n<x

where fi(n) := f(n)/n'. This converges in absolute value, and the angle varies slowly.!?
Although Haldsz’s result is a little technical, it does indicate how rapidly mean values
converge: We have
(6.1.2) 1’ S F)] < (14 My (o, T))e M) 1, loglogr
o x £ T log x

n<x

13That is the argument for the mean values at « and at z¢, differ by < €, once z is sufficiently large.
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This can be formulated a little differently. At the end of section 4.1 we saw that M(x,T') =
log(1/L(z,T)) + O(1), so that (6.1.2) is equivalent to
1 2 1 loglogx
1. | | < Llog 7+ 7 + =22,
(6.1.3) . > )| < og 7 + 7+ og

n<x
where L = L(z,T).
Exercise: Taking f(n) = x(n), a Dirichlet character, deduce the following: For 0 < € < loglogz/logx we

have
> x| < e

n<z

except perhaps if |L(1 + it, x)| > € logx for some t, [t| < 1/€ where ¢’ = ¢/ log(1/€).
6.2. Inverse and Hybrid results, etc.

Theorem 6.2. There exists a constant ¢ > 0 such that there exists y in the range
z/1oenl <y < x for which

L(x, T
Z f(n)| > ny, where n = n(z,T) := M
- 1+ |t
n<y
and t = t(z,T).
Proof. Let ¢ =log(1/n), 7 =n/p and § = ¢/logz. Now
fn) | _ f) \
Z nltotit| H 1- pltotit
n>1 p<z
AN 1~ Re(/(p)/p")
<1 (1 5) o |-
p<z p<z
18T m@ry 18T gy
¥ ¥

by the prime number theorem. On the other hand
Z n1+5+zt - 1 +o+ t)/ 2—|—6+zt Z f
1 n<y

Assuming that |3, f(n)| < ny for all "% < y < z, and using the the trivial bound
|2 n<y f()| <y otherwise, we find that the integral here is

zn/ e T )
d d d

S/ 1-yHS +77/ 1—3|/-6 +/ 1-yHS
1 Yy xn/e Y x Yy

1
= 87 (1—e M +nle"—e¥)+e¥) <3

log

which yields a contradiction if ¢ is chosen sufficiently small.

There is a version of Haldsz’s theorem that takes into account the point 1 + it:
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Theorem 6.3. Lett = t(z,logx) and let L = L(x,logz). Then

2 log log x
log—+ ———.
‘ Z J(n ‘ 1+ |t| 5T (log )2—V3

We require the following lemma, which relates the mean value of f(n) to the mean-value
of f(n)n®

Lemma 6.4. Suppose f(n) is a multiplicative function with |f(n)| < 1 for all n. Then
for any real number t we have

> £ 1+th; ) 4 0 tontz + ) exp (DU (0). s 0) 2TogTog ) ).

n<x

Corollary 6.5. Suppose f(n) is a multiplicative function with |f(n)] < 1 for all n. If
t =ts(z,logx) then

xloglog x
> 5o z ro( Dl

n<x

Proof of Lemma 6.4. Let g and h denote the multiplicative functions defined by g(n) =
f(n)/n®, and h(p*) = g(p*) — g(p*~1), so that g(n) = > djn M(d). Then
(6.2.1) S fm) = gnm' =3 0> hd)=> n(d)d" Y m".
n<x n<x n<z d|n d<zx m<z/d

By partial summation it is easy to see that

L1t
Y mit = T tO(1+¢%)

O(z2).

m<z

We use the first estimate above in (6.2.1) when d < x/(1 + t?), and the second estimate
when /(1 +t?) < d < x. This gives

1+it
> fn) thh(dd)+o(<1+t2) oo+ > @)

n<z d<z/(1+t2) x/(1+t2)<d<z

Applying (2.4.5) and (2.4.6) we deduce that

> ) r hw)+0(

h(d
102+uyzﬂ )

n<x 1+Zt d<z d d<z
p o ) z 11— 9(p)]
= 0 log(2 + |t — ] |.
1—1—2'75(%r d * (lo x og(2+| ])eXp(I;E D ))
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We use this estimate twice, once as it is, and then with f(n) replaced by f(n)/n®, and t
replaced by 0, so that g and h are the same in both cases.
Then, by the Cauchy-Schwarz inequality,

3 I —g(p)l - 22}19 3 %}9@)) < 2D(g(n), 1; 2)*(loglog z + O(1)),

p<zw p<zw p<z

and the result follows, since D(f(n),n";x)? = D(g(n), 1;7)? < loglog z.

Proof of Corollary 6.5 and Theorem 6.3. We may assume that M := M(z,logz) >
(2 — V/3)loglogz else Corollary 6.5 follows immediately from Lemma 6.4. Moreover, in
this case 3 _ f(n) < zloglogz/(logx)> V3 by (6.1.2). Now let g(n) = f(n)/n'. If
t| > $logx then |(z/(1 + it)) > <. 9(n)] < 2/(1+4|t]) < x/loga and Corollary 6.5
follows. But if [t > $logz then t;(x,%logw) = 0, so that My(z,1logz) = M, and
Corollary 6.5 follows from (6.1.2) applied to g.

Finally Theorem 6.3 follows from Corollary 6.5 by the definition of L.

6.4. Halasz’s key Proposition. The main result is the following:

Proposition 1. Let f be a multiplicative function with |f(n)] < 1 for all n. Let x > 3
and T > 1 be real numbers. F be as in Theorem 1. Then

1 1 ! da 1 loglogx
—\Zf(n)\« / max |[F(1+a +it)] 28 4 - 4 2898%
L n<z log x 1/logz ItI<T (6 T log x

To evaluate the integral we use Lemma 2.7.

Proof of (6.1.3). We will bound the terms in the integral in Proposition 1 using Lemma
2.7. Let a, be the multiplicative function with a,x = f(p*) if p < z and a,x = 0 so that
3 lanl/n < TTeu (1~ 1/p) " < loga

Let M = maxy<or |F(1 +it)| so that M = Llogz. If M < 1 then (6.1.3) follows
immediately by Proposition 1 and Lemma 2.7. If M > 1 then, by Lemma 2.7, for 1/logz <
a < 1/M, we have

1
max [F(1 + a + it)] < M+0<O‘ Ogl’).
t|<T T

Moreover, for any real t and 1/M < o < 1, we have

1 1
|F(1+Oé+7:t)’§<(1+Oé):a+0(1)<<a,

by taking the absolute value of each summand. The result follows from Proposition 1.
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6.5. The proof of Proposition 1.
Proof of Proposition 1. By (1.2.6) we know that

1 N
= Z f(n) = Tog N n<ZNf(n) logn + O (@)

n<N

1
do N
1
<</1/1ogx Z f(n)logn N2a +10gN
n<N

whenever © > max{N, 4}. Therefore

TS d
/2 | ;Qy)ldy < //1 / Zf logn‘ 2J;y2 da + loglog x.
ogx

n<y

Applying Cauchy’s inequality twice we obtain, for a > 1/logx,

r

2

Zf(n)logn‘y;l% S /m Ay / )Zf logn’ %)

n<y n<y

1 oo

— 1
< 04/1 ‘ E f(n) ogn
= / ‘ E f(n logn‘ e 20+t gy

n<et
1 ‘F’(l—i-a—i-z'y)’?d

y3+2a

2ra J_o | 14+ a+y

by Plancherel’s formula.
The integral in the region |y| < T is evidently

It
1+a+tiy v

T
< max |[F(l+a-+1 2/‘
max [F(1 o+ i) [

This integral is, by Plancherel,
< : dy = ‘ E A ‘ —.
= /_OO ‘ 1+ a+iy T n<yf(n) " e S gt S

For |y| > T, we expand the integral to obtain

(6.5.1) 3 f(m)Jz(n) logmlogn / 1

- —d
mon>1 mn) e wi>T |1+ o+ iy[2(m/n)w
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If m = n the integral is < 1/T. Otherwise, partitioning the range into intervals of length
27 /| log(m/n)| we deduce that the integral is < 1/72|log(m/n)|. Hence the above is

(logn)? 1 log mlogn
< T ; n2+2a + T2 m>zn>1 (mn)ttelog(m/n)’

The first sum is bounded. For the second sum we consider the sum over m for n fixed,
breaking the sum into those with m =n+ 5,1 < j <n,then m =in+/¢,1 < /¢ <n, and
finally m > n?:

logm logn 1
Z mi+alog(m/n) < Z jna Z (in) 1—|—a log 2i T ZQ mlta

m>n>1 j=1 i=1 m>n
< loenly L
Hence in total we have
(6.5.2) <Y (71;‘323 + afi’;a < %
n>1
yielding a bound of < 7 4 —7 for (6.5.1).

Substituting this all in above yields

T g ! d log x)3/2
/ —‘ (Zy)‘dy<</ max |F(1+ o+ it)| _Q+M+loglogm,
2 Y 1/logz [tI<T r

. . . .. . (log q;)l/2 .
which implies Proposition 1, with ~—=7—

in place of 7, using (2.4.4).

1/2 .
To improve the error term in Proposition 1 from % to %, we now improve (6.5.2)

to < 1/a3

Strong Hilbert’s Inequality. Ifaq,as,... is a sequence of complex numbers, and x1, s, . ..
are distinct real numbers then

provided the right side converges.
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Corollary. If ay,as,... is a sequence of complex numbers then

2

T
Qnp 2
/0 i dt <Y (T +n)lan|,

n>1 n>1

provided the right side converges.

Proof. If we expand the left side we get
TZ lan|? + Z aras / (s/r)™dt.
r#s
The second term equals
<8~ 1T

a,Qg arQg
;ilog(s/r)((s/ Zlogs—logr Z logs—log'r ’

Applying the Strong Hilbert’s Inequality to each sum yields our result.
Reworking the last part of the proof of Proposition 1. By the Corollary above we have

F(1+a+iy) ‘2 |f(n)|* log” n
. dy < T+mn).
/kT§|y§(k+1)T ‘ I+a+y Y 1+ k2T2 Z n2+2a ( )

Summing over all £k > 1 gives, in total,

1 o= log®n 1 = log®n 1 1
< T nz:l n2+2a T T2 ;:1 nlt2a < T T a3T2’
- pln = p<z

Proposition 1 now follows by substituting this into the argument above.
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7. THE PRIME NUMBER THEOREM
7.1. Pretentious proofs of the prime number theorem.
Proof of the Prime Number Theorem. Take f = p and T' = logz in (6.1.2). By Lemma
2.2 we deduce that .
‘ 2 nn ’ = Z4o(1)

n<x log 113)

and then

(7.1) P(x)=x+0 ((logx)lz_goa))

by exercise (i) of §1.5.

The classical proof of the Prime Number Theorem yields a much better error term
than in (7.1); indeed something like

Y(z) =2+ 0O <3: exp <—(log a:)3/5+0(1)>) .

There are elementary proofs of the prime number theorem that yield an error term of
(0] (:U exp (—(log x)l/”o(l))). We believe that some of the ideas that come up below indicate
that we will not able to improve the exponent 1 — 2 in (7.1) even to 1. That is our methods
are very far, quantitatively, from what can be obtained by several other methods. Hence
to get good error terms with our methods one will need to incorporate unpretentious ideas.

7.2. Lower bounds on distances, II.

Lemma 7.2.1. For any f, and any real numbers t1,ts with |t; — t2| <logx we have

. 2 1
’Ltj, 2 > _ _ - .
anlé%}é D(f,n*;x)* > (1 77) (loglog:ﬁ log (|t1 - + 1)> +0(1)

Proof. We may assume 3 := |[t; — t2|/2 > 1/log x, else the result is trivial. Then

2 . ‘
1 1—Re f(p)(p~r 4 p~42)/2
= j=1 p<z P
1
> loglogz — Z [ cos(Blogp)]| + O(1).
p<z p

By partial summation this equals

Blogx .
(7.2.1) loglogm—/ [cosu] 1, +o( / () ”'dv),
B 2

u v2log v

and the error term here is O(1), by the prime number theorem (7.1).
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Exercise: Show that ftH'% Wdu = %ftﬂ'% dﬁu +0 (%2) for any t > 1.
Show that fg Wdu = log(1/8) + O(1). (Hint: Compare the left side to f; Ldu.)
Hence, if > 1 then fﬁmogm @du =2 glogx du 1+ O(1) = 2loglogz + O(1), and the
result follows.

If # < 1 then [j 87 leostlgy — fPlose leosulgy o 7 leosulygy — 210g(Bloga) +
log(1/8) +O(1), so that (7.2.1) becomes (1 — 2)log(3logz) + O(1) and the result follows.

7.3. Ellenberg’s problem. Suppose that f is a multiplicative function, with |f(n)| =1
for all n > 1. Define

Ry(N.au)i= 1 #{n <N s Las(r(w) € (@}

We say that the f(n) are uniformly distributed on the unit circle if Ry (N, «, 8) — [ —a for
all 0 < a < # < 1. Ellenberg asked whether the values f(n) are necessarily equidistributed
on the unit circle according to some measure, and if not whether their distribution is
entirely predictable. We prove the following response.

Distribution Theorem. Let f be a completely multiplicative function such that each
f(p) is on the unit circle. Fither the f(n) are uniformly distributed on the unit circle, or
there exists a positive integer k for which (1/N)Y., - n f(n)¥ /4 0. If k is the smallest
such integer then B

R(N,a + %,ﬁ—i—%) — R(N,a,3) = 0 forall0 < a< fp<1.
Moreover R¢(N,a, ) — %Rfk(N, ka,kfB) =0 for0<a< <1

The last parts of the result tell us that if f is not uniformly distributed on the unit
circle, then its distribution function is k copies of the distribution function for f*, a
multiplicative function whose mean value does not — 0. It is easy to construct examples
of such functions f*¥ = g whose distribution function is not uniform: Let g(p) = 1 for all
odd primes p and ¢(2) = e(v/2), where g is completely multiplicative.

To prove the distribution theorem we use

Weyl’s equidistribution theorem. Let {&, : n > 1} be any sequence of points on the
unit circle. The set {&, : n > 1} is uniformly distributed on the unit circle if and only if
(1/N)> . N &7 exists and equals 0, for each non-zero integer m.

We warm up for the proof of the distribution theorem by proving the following result:

Corollary. Let f be a completely multiplicative function such that each f(p) is on the
unit circle. The following statements are equivalent:

(i) The f(n) are uniformly distributed on the unit circle.

(ii) Fiz any t € R. The f(n)n" are uniformly distributed on the unit circle.

(iii) For each fized non-zero integer k, we have >, - f(n)¥ = o(N).

Proof. That (i) is equivalent to (iii) is given by Weyl’s equidistribution theorem. By (3.1.2)
we find that (iii) does not hold for some given k # 0 if and only if f(n)"* is n?“-pretentious
for some fixed u. But this holds if and only if (f(n)n®)* is n*(“+*)_pretentious for some
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fixed u. But then, by Theorem 6.2, we see that (iii) does not hold with f(n) replaced by
f(n)n®, and hence the f(n)n' are not uniformly distributed on the unit circle.

Proof of the distribution theorem. The first part of the result follows from the above Corol-
lary. If k is the smallest positive integer for which > _ 5 f(n)¥ > N then, by Halasz’s
Theorem we know that there exists u, < 1 such that D(f(n)*, n?*“* oo0) < oo, and that
D(f7,n", 00) = oo for 1 < j < k — 1, whenever |u| < 1.1 Write f(p) = (p)p“““g(p)
where r(p) is chosen to be the nearest kth root of unity to f(p)p~*“*, so that | arg(g(p))| <
7/k, and hence 1 — Re(g(p)) < 1 — Re(g(p)*). Therefore D(1,g,00) < D(gk, 1,00) =
D(f(n)k, nFur o00) < .

By further use of the triangle inequality, D( ™%, ni*mur o0) < mD(fF, n*r o0) < oo,
and D(f™k*+7 ni 00) > D(f7,n"oo) — D(f™F, nikmuk o) = 0o, where v = u — kmauy, for
1<j<k—1landany Jul <1,andso Y., .n f(n) =o0,(N)if kt¢.

The characteristic function of the interval (o, 3) is

e(mt).

e(ma) — e(mp
Z( ) — e(mf)

2imm
meZ

We can take this sum in the range 1 < |m| < M with an error < e. Hence

RN = Y O LS o
1<|m|<M n<N
e(kra) —e(krp) 1 ,
- Z 2imkr Z F)™ +0(e)
1<|r|<R N =

writing m = kr (since the other mean values are 0) and R = [M/k]|. This formula does
not change value when we change {«a, 8} to {a + %, G+ %}, nor when we change {f, «, 5}
to % times the formula for {f*, ko, k3} and hence the results.

14Note that the sum for —k is the complex conjugate of the sum for k, so we can restrict attention
to positive integers k.
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8. THE LARGE SIEVE

Let a1, aq,... be a sequence of complex numbers. We are interested in how they are
distributed in arithmetic progressions. By (2.2.2), when (b, q) = 1, we have

S Y 10 Y anx),

n=b (mod q) QO(Q) x (mod q) n
Therefore, by using (2.2.3), we deduce that
2 2

(8.1) S Y w0 %

(b,g)=1 [n=b (mod q) x (mod q)

Z anX(n)

n

Now

S alsX (TH) T b
(bg)=1| n<N b=t N1
n=b (mod q) n=b (mod q)

so by (8.1) we deduce that

(8.3) S0 2 | X e S@+N) Y el
X (mod q) |[n<N n<N

Note that if a,, = X(n) for all n, then the term on the left-side of (8.3) corresponding to the
character x has size #N 2 whereas the right-side of (8.3) is about (¢ + N )%N . Hence
if ¢ = o(N) and then (8.3) is best possible and any of the terms on the left-side could be
as large as the right side. It thus makes sense to remove the largest term on the right side
(or largest few terms) to determine whether we can get a significantly better upper bound
for the remaining terms.

The same argument used to prove (8.1) yields, for any choice of x1,... , Xk,
(8.2)

Y Y = YO anm)| = 3

(b,9)=1 |n=b (mod q) XAX15-- Xk

2

> anx(n)

)
Summing the left-side of (8.3) over ¢ < @ is important in applications, which yields a
right-side with coefficient Q%/2 + QN. Using some simple linear algebra we will improve
this to

2

q M+N M+N
B9 X o5 X | X ex) S(NV+3Q%0Q) 3 el
q<Q LN x (mod q) In=M+1 n=M+1
X primitive

This is also known to be true with 3Q?log @ replaced by Q% — 1, and we will (?) use
Hilbert’s inequality to do this.
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The Duality Principle. Let z,,,, € C for1 <m < M, 1 <n < N. For any constant c

we have
2
2
E E AmTomn SCE |an|
m n

n

for all a,, € C, 1 <m < M if and only if

Z Z bnxm,n

m

2
<c) lbul?
m

forallb, € C, 1 <n <N.

Proof. Assume that the first inequality is true. Given b, € C, 1 < n < N define a,, =
Y bnTm n, so that

2

m

2
Z bnTmn| = Zam Z bpTm.n = Z by, Zﬁmxm,n,
n m n n m
so by the Cauchy-Schwarz inequality, the above squared is
2 2
(Z \an|2> <Y Bl DD @mTmn| <D (bl e lanl,

using the hypothesis, and the result follows. The reverse implication is completely analo-
gous.

Proposition 8.1. Let a,, M +1<n < M + N be a set of complex numbers, and x,,1 <
r < R be a set of real numbers. Let 0 := min, -, ||z, — x| € [0,1/2], where ||t|| denotes
the distance from t to the nearest integer. Then

M+N 2 log(e/0) M+N
Dol D anelnay)| < <N+ gT) > lanl?
r |n=M+1 n=M+1

where e(t) = €2,

Proof. For any b, € C, 1 <r < R, we have

2 M+N
DD bee(nan)| =D bbs Y eln(z, — ) = N|b|* + E,
n T 8 n=M+1

since the inner sum is N if r = s, where, for L := M + %(N +1),

sin(mN(z, — x))
sin(m(z, —xg))

E <) bbse(L(z, — 1))
r#s
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Taking absolute values we obtain
|bbs| |b,bs| 9 1
Bl < <3S <SP
Z | sin(m(zr — @s))| 22”%—%” ; Z2||x7"_558||

since 2|b,.bs| < |b.|? + |bs|?. Now, for each x, the nearest two x, are at distance at least §
away, the next two at distance at least 20 away, etc, and so

(1/6]

J)
ZEIDY s < Rl Sl

so that
2

En: Er:bre(nxr) < (N log 6/5 )Z|bm|2

The result follows by the duality principle.

We should improve the result, getting a constant N+4+O(1/§) by using the strong Hilbert inequal-

ity in the proof above.

For a character x (mod q), let the Gauss sum g(x) be defined as
a
gx) = > x(ae(-).
q
a (mod q)

For fixed m with (m, q) = 1 we change the variable a to mb, as b varies through the residues
mod ¢, coprime to ¢, so that

(8.5) X(m)g(x) = g(x,m), where g(x,m):= Y  x(a)e <%) :
a (mod q)

It is known that if x is primitive then |g(x)| = /¢, Using this we can establish (8.4):
Proof. By (8.5) we have

M+N 1 M+N bn
> anin) = - X0 S ane (—) .
n=M+1 giX b (mod q) n=M+1 q
Therefore, using (8.1)
2 2
M+N 1 M+N bn,
S DSESTCIET I SN I VI U D)
X (r{lOgl 'q) n=M+1 X (rpogl .q) b (mod q) n=M+1
X primitive X primitive
Wy ()
|5 ()
Ty (mod q) In=b141 q

(b,9)=1
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We deduce that the left side of (8.4) is

2

> 2

q<Q b (mod q)
(b,q)=1

& ()

n=M+1 q

We now apply Proposition 8.1 with {z,.} = {b/q: (b,q) =1, ¢ < Q}, so that

. ) b v

6> min min |- — —

2,4'<Q b q q
b/q#b'/d

1
> min — >
T 20<Qqq¢ T Q(Q —1)

and (8.4) follows.

8.2. Other forms of the large sieve. Needs verifying
Hildebrand used the large sieve in the form (7):

DN DENTEED DI = DIt

p<Q n<N n<N n<N
p prime [n=0 (mod p)

Elliott [MR962733] proved that for Q < 2'/27¢, and f multiplicative with |f(n)| <1,

/

S - Dmax max | Y f) - Y fm)] <

<z a, =1
p<Q y<z (a.p) n<y n<y

n=a (mod p) (n,p)=1

where the sum is over all p except one where there might be an exceptional character.

8.3. Consequences of the large sieve.
1/ Barban-Dav-Halb
2/ Bombieri-Vinogradov
3/ Least quadratic non-residue.
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9. THE SMALL SIEVE

9.1. Shiu’s Theorem and the proof of Lemma 9.1.
We wish to prove that if 0 < f(n) <1 and (a,q) =1 then

Z f(n) < yexp _Zl_—f(p)

z<n<z+qy p<y p
n=a (mod q) ptq

For now assume that f is totally multiplicative. Write n = p1ps ... with p; < py < ...,
and let d = pips...p, where d < y'/2 < dpg+1. Therefore n = dm where the smallest
prime factor of m is at least max{P(d),y'/?/d}, where P(d) is the largest prime factor
of d, and so equals pg. For any such d we have m in an interval (x/d,x/d + qy/d] of an
arithmetic progression a/d (mod ¢) containing y/d + O(1) terms. By the small sieve the

number of such m is <~ 1Og(1‘i%§l+y1/2/d). Since f(n) < f(d) we deduce that

w )
Z f(n) < o(q) Z dlog(P(d) +y'/2/d)

r<n<z+qy d§y1/2
n=a (mod q) (d,q)=1

If we consider just those terms with d < y'/2=¢ or P(d) > y¢, so that log(P(d) +y*/?/d) >
elogy, then we get

o0 <) 2 ARl () ()
(dg)=1 pld

the upper bound claimed above. We are left with the d > y'/2~¢ with P(d) =< 2" for some
1 <r <k =lelogy]. Hence we obtain an upper bound:

"1 1 d) -1 d
eI i PO IO

1/2—e€ (p(q) d 1/2—€ r=1 d>y1/276
(d,q)zl (d,q)=1 (d,g)=1
P(d)=<2" P(d)<2F P(d)<2”

For the first term we proceed as above. For the remaining terms we use Corollary 3.4.2 to

obtain
-1
qy 1 f(p) 1
« By ST(-1Y) =

Uy
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where u, := (1/2 — €)logy/(rlog2). Now this is (9.1) times

—1 k
<<H(1——) Z%H 11 (1——)<<Z - < P09,
p<y = i 2’"<)?9§y
p1q

To prove this last step, consider those r in an interval R < r < 2R and write u =
(1/2—¢)logy/(Rlog?2) so that u is in a dyadic interval also. Hence this sum is about 1/u"
and we sum over u = ug, 2ug, 4ug, ... with ug = 1/e.

9.2. Small sieve type results. Define

pf) =TT (1= ) (14 220) ana ) = 22y

p<gq p
plq

We also define

logg(n Z A(d

des

d|n
where S might be an interval [a,b], and we might write “< @” in place of “[2,Q)]”, or
“> R” in place of ““[R,00)”. Note that logn = log, ,, n.

Lemma 9.1. Suppose that x > Q**¢ and Q > q. Then, for any character x (mod q),

n;/ FRmLM)| < palf)y = rD o5
n=a (mod q)

where L(n) = 1,log(x/n), 10&;%” or logliggn, and N ={n:Y <n<Y+z} forY =0

i the second and fourth cases, and for any Y in the other two cases.

Proof. For the first estimate, the small sieve (reference?) yields that if x > ¢'*¢ then

S x| < Y 0 <)
neN neN q
n=a (mod q) n=a (mod q)

The second estimate follows similarly. If d is a power of the prime p then let f;(n) denote
f(n/p*) where p®||n, so that if n = dm then |f(n)| < |fs(m)|. Therefore if z > Qq'**
then, for the third estimate, times log (), we have

< Y fmdla@) < Y A@) > | fa(m)]

Y <md<Y+z d<Q Y/d<m<(Y+=z)/d
md=a (mod q) (d,q)=1 m=a/d (mod q)
d<Q@
x
< Z <<pq(f)—10g62-
d<Q q

(d,q)=1
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In the final case, if x > Q(¢'™¢ + log Q) + ¢* then writing n = mp where p is a prime
> /@, we have

< D Ufm) D logp+ Y > logn

m<Q z/Q<p<z/m z/Q<p<\T n<x
(m,q)=1 p=a/m (mod q) n=a (mod q)
p’In
xr/m xr
< X el Prioge Y (1)
m<Q M /Qepyi TP

(m,Q):l

< gpq(f) log @ + glog:v +Vr < pq(f)g log Q.

by the Brun-Titchmarsh theorem.
By (8.1) we immediately deduce
Corollary 9.2. Suppose that x > Q*T¢ and Q > q. Then

2

Yo 1D fx(mLm)| < (b (f)z)?,

X (mod q) [n<z

where L(n) =1, log(z/n), lolié%n or logligg Sand N={n:Y <n<Y+4z} forY =0

in the second and fourth cases, and for any Y in the other two cases.

Lemma 9.3. If A > ¢'*¢ then for any D > 0 we have

> S F@XAA@)] < A

x (mod q) |D<d<D+A

Proof. By (8.1), when we expand the sum on the left hand side we obtain ¢(q) times

2 2
A 2
SX s < X | X a@)| <o)
(b,q)=1 |d=b (mod q) (b,q)=1 |d=b (mod q) vie
D<d<D+A D<d<D+A

by the Brun-Titchmarsh theorem, and the result follows.
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10. THE PRETENTIOUS LARGE SIEVE

10.1. Mean values of multiplicative functions, on average. Our goal is to produce
an averaged version of (3.1.3) for f twisted by all the characters x (mod ¢), but with a
better error term. Define

Throughout we let C, be any subset of the set of characters (mod ¢), and define

1
max max |F,(1+47it)],

L=L({C,) :=
(Ca) logz X€Cq |t|<log?

where

F\(s) ::1;[ <1+f(p;§(p)+f(p;§p)+...).

We will let Li(x;q) be the minimum of L(C,) as we vary over all sets C, of k distinct
characters modulo ¢g. Our main result is the following:

Theorem 10.1. Suppose that x > Q*T¢ and Q > ¢*T¢logx. Then
2 2
log @ log
> < ((pen+mn B s (125))
e log log @
Lemma 10.2. Suppose that x > Q*1¢ and Q > ¢*t¢logx. Then
dt

log?s 3 2<< 3 (/; %sx(t)'7)2+p;(f)2 (logQ+log (llsggg)f

X€Cq
2
h=x 89 and T =2 <logQ> . By Corollary 9.2 we have

ésx (z)

éSX(x)

Proof. We set z = %,

2

and
2

DD f)x(n)logs. n| < (py(f)rlog Q).

X |n<lx

For g = fX we have

1 x+h 1 x+h
(10.1) Zg(n) log, n| < E/x Zg(n) log., n dt—l—ﬁ/m Z g(n)log., n|dt,

n<x n<t rz<n<t
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by the triangle inequality. When we square and sum over characters x, with ¢ = f, the
sum of the second terms on the right side of (10.1) is

2

1 [eth
SZZ E/ Z f(n)x(n)log, n|dt
X z z<n<t
2

<2 / ST S R loge. n| dt < (g (f)hlog2)? = (o) (f)rlog Q)2

X |x<n<t
by Corollary 9.2. For the first term on the right side of (10.1) we have

Y gn)logen= " g(m)g(d)Ad) <Y Ad)| D g(m)|,

n<x md<z d<z m<z/d
d<z

and so

%/w Zg n)log., n|dt < — / ZA Z g(m)|dt

n<t z d<z m<t/d

(z+h)/d
< Z dA(d / Z g(m)|dt.

d<z m<t

Note that t > z/d > x/z = Q. We split the integral into two parts. The first part of the
integral is where Q <t < T, and we get

e T log(x/t) dt
— dA(d)dt —_—
m<t z/t<d<(z+h)/t m<t
d<z
T
dt
< x/ Z g(m) =
Q m<t

by the Brun-Titchmarsh theorem, as h/T = (x/T)/2. To obtain the result we will extend
the upper limit of the integral from 7" to x which is okay since the integrand is non-negative.

For the second part we have

1 (z+h)/d
> )y > gom)| dt:
d<(z+h)/T max{T,x/d} m<t
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and when we square and sum over characters y, with g = f’, the sum of the second parts
is, Cauchying twice,

< > Mo maX (G| s

d<(z+h)/T d<(z+h)/T X z/d m<t

1 (z+h)/d
<log(@/T) Y @Ay [ SO|S smpnm)|

d<(z+h)/T z/d X |m<t

(+h)/d
<loge/T) > Ea@y [ (hnrd

d<(z+h)/T z/d

< py()log(e/T) S dA(d)(x/d)* < (pl,(f)zlog(a/T))* < (p;(f)xlog<logx)) |

d<(zth)/T log Q

by Corollary 9.2. The result follows from collecting up the estimates given, using that
logz = log(x/n) +log, n +log. ., n

Lemma 10.3. Suppose that x > Q*T¢ and Q > ¢*t¢logz. Then

> (L

di 2 x B dt
xec 75x(®) 7) <2 / D_ f(n)x(n)log> /g t2logt

x€Cq Q@ n<t

+ (oese-os (25 )

Proof. We expand using the fact that logt = log(t/n) +log<g/,n + log. g/, n; and the
Cauchy-Schwarz inequality so that, for any function ¢, (t),

v e \* ("
§</Q CX(t)ﬁlogt) _/ tlogt /Z t3logt

By Corollary 9.2 we then have

dt Toodt log
m) log(t/m < p 2/ < pl(f)*lo ( )

A S| X st oe(e/m)| i < A [ s < 1008 (o

and
2
dt * 2 dt
m) 1 —_— "()t] —_—
A D3 AR ks i < | s/’ e

and the result follows.
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Proposition 10.4. If x > Q'€ and Q > ¢'*¢ then

2

dt
Z / Z f(n)x(n)log>qn 2logt

xeC, \7 Q1 |Q<n<t

log x 9 log x ©o(q)logQ log’x
<tos (1025) (s () + 70" +

where M := maxyecc, max|,|<or |[Fy (1 + iu)].

Proof, by revisiting the proof of Proposition 1. For a given g = fx and () we define

h(n) =Y g(m)g(d)A(d),

md=n

d>Q

so that G(s)(GLg(s)/G>q(s)) = — 2,5, h(n)/n® for Re(s) > 1. Now

S g(n)logagn— > hin)| <2 Z ogp 3 1< 2y Z ligff tlz)gt,

n<t n<t p >Q ;1+<1t b>1 P >Q
In pb+l<t

by the prime number theorem. This substitution leads to a total error, in our estimate, of

*tlogt dt \° q 5 (logx 1 log =
<[ ( tlogt ) <« L 1o < Liog? ,
N Jew @ Progt) <2 (s log Q

which is smaller than the first term in the given upper bound, since M > 1/logq.
Now we use the fact that

1 1/1log Q do
— < _
logt /

whenever x >t > Q, as x > Q'1¢, so that

T dt 1/log Q T
h(n <</ /
L Z ( ) tlegt 1/logx

n<t

Zh (th do.

Now, Cauchying, but otherwise proceeding as in the proof of Proposition 1 (with h(n) here
replaced by f(n)logn there), the square of the left side is

dtdo.

2o J_ o 14+a+t

1/log Q 1/1og@Q >~ G(G" G 14+a+it)2
<</ d_a/ Lo )(>Q/>Q)(Oéi)

(0%

1/logx 1/logx
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The integral in the region with [t| < T is now
< maX|G(1+a+Zt)|2 h ‘ Z (n)A(n) b
1 9 t3+2a'

[t|<T
Q<n<t

If we take g = fx and sum this over all characters x € C, then we obtain an error

2 dt
< Fy (1 t)|? E E
ﬁ3¥| +a+i ’/ fn (n) 312
e ¥ (mod ) Q<n<t

> dt 1

2 12

<<|rtrllz<1x|F (1 + o+ it)| /Q T <o llg‘lg)jg’F( + o+ it)|”,
X€Cq x€Cyq

by Lemma 9.3 as t > Q > ¢'*

For that part of the integral with |t| > T, summed over all twists of f by characters x
(mod ¢q), we now proceed as in the proof of Proposition 1. We obtain ¢(gq) times (3.5.1),
with f(¢)log¢ replaced by h(¢) for ¢ = m and n, but now with the sum over m = n
(mod ¢) with m,n > Q. Observing that |h(£)| < log¥, we proceed analogously to obtain,

in total
plg) 1og@)°  wle) 1
T Q q afT?’

The result follows by collecting the above, and by Lemma 2.7.

<

Proof of Theorem 10.1. By combining the last three results, one immediately deduces that
2 log log x 1 log’x
log” 1 M?1 p
e 3] <o (g5g) (s () + 7+ 77)

xX€Cq
2
+ () <10gQ10g Gfé))

where M := max|, <or |Fy (1 + iu)|. Now letting T' = 1log® x gives the result as Py (f) >
X€E€Cq

—Sx(z)

1/loggq.
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10.2. Lower bounds on distances, 1I.

Lemma 10.5. Order the characters ¢; (mod q) so that the Mz (x,T) are organized in
J
ascending order. If QQ > q then

M, (2,7)) < OB () (1089 o
exp £, T <e pq(f Togz )

where the implicit constants are independent of f. If f is real and vy is not then we can
1

extend this to k = 1 with exponent 1 — 75 on the right side of the equation.

We shall order the characters mod ¢ in two different ways:

Order the characters x; (mod ¢) so that the S, (x) are organized in descending order.
Define Cy r, = {x; : j > k}.

Order the characters ¢; (mod ¢) so that the max ;| <jog2 , [Fy; (1+it)| are in descending
order. Define Cy , = {¢j : j > k}.

Combining this with Theorem 10.1 we obtain the following;:

Corollary 10.6. Suppose that x > Q*T¢ and Q > ¢**¢logxz. For any fized k > 1, we

have
2 log O\ '~ 1 2
oWk) 1 0g ’“1 ogx
< (e Py (f) (—logx) % | 10g 0 ,

where the implicit constants are independent of f. If f is real and 11 is not then in the

case k =1 we can replace the exponent 0 with 1 — % on the right side of the equation.

isx(x)

D

x (mod q)
XFEX1:X25+ 5 Xk—1

Proof. Since ercxk |SX(:B)|2 < erka |Sx(x)|2 we apply Theorem 10.1, and then
Lemma 10.5 (since M =log(1/L) + O(1) — see section 3.1).

Proof of Lemma 10.5. We begin by noting that if ) = qlogx then

oo [ 3 L RU@T ) _ (—ZM> ().

p<Q p p<g P
Let t; = ¢, (x,T) for each j. Moreover
J
2 2

a F®)o;(p) 1 e ¢
Sy Iy Ly al

Jj=1Q<p<z

1 1 vi(p)¥;(p)
<Y Ly e 3y m(nn))

1<i#j<k Q<p<uz
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by Cauchying. Now by Lemma 2.4,

L (1 + ez +z’r,zp>

L(1+@+w,¢)

> o

Q<p<z

+o(1) <1

by Lemma 10.7, taking Q = (qlogz)°™). Hence the above is

(o (f2g) o) (e (25) o).

Taking the square root we deduce that

5 () s (35) ).

Q<p<z

and hence, exponentiating, gives the first result. If f is real-valued and %); is not, then

Re(f(p)v,(p)/p™) = Re(f(p)vi(p)/p~ ™) and 1, = 1, for some j > 2, and the final part
of the result follows.

10.3. Linear averaging. By (2.1.3) we can generalize Corollary 10.6 to

Corollary 10.8. Order the characters x; (mod q) so that the Sy, (x) are organized in
descending order. Fix e > 0. There exists an integer k < 1/€® such that if x > ¢*T°¢ then

2
; log g + loglogy '™
< 01/ (pg(f) ( S ,
2y

2

1
(10.3.1) > ‘—ij (y)
Yy
X (mod q)
X#X17X2,“' s Xk

for any y in the range

log = )6/2

1 >1 >1
08T =08y = ogx/ (logq+10glogx

where the implicit constants are independent of f.

Proof. Select k to be the smallest integer for which 1/ Vk < 3e. Let C4 be the set of all
characters mod q except X1, X2,---,Xk. Let @ = ¢**€logx and write x = QF, so that
y = Q°, where B > C > B'~¢/2. We apply Theorem 10.1 with = y. Noting that

1
01—26

1 2
L, < L. (ﬂ) < VO (f)

B¢ O(1/e)

Bl—3e

by (2.1.3) and Lemma 10.5, and the result follows. Note that we bound L, by a function
of L, so that we can have the same exceptional characters x1, x2,... , X% for each y in our
range.

We use this to deduce the following technical tool.
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Proposition 10.9. Fiz e > 0. For given © = ¢* there exists K < e 3loglog A such that
ifx > X >a'? and X/q**% > U > L > ¢*tlogx then

1 . log g + log log x -
Z Zf n)logs, y)n < O )P;(f)( ° 508 >

log x log x
& x (mod q) n<X &
X#Xj, J=1,... . K

Remark. Note that the ordering of the x; is defined by the values of the sums S, (x), and
in this result we are using the same order for each X in our range.

€/2
Proof. We may assume that <logqﬁ%> > 4 else the result is trivial. We apply

Corollary 10.8 with z = 2;, where log z; = 20+¢/3)'+11og ¢ for 0 < i < I < (1/€)loglog A,
with I chosen to be the smallest integer for which y; > z/L. The characters excluded
from the sum will be, say, x;:, 1 <j <k for 1 <i < 1I: Let x1,x2,..., XK be the union
of these sets of characters, so that K < k(I + 1) < e ?loglog A. Hence (10.3.1) holds for
all y € [v/U,z/L].

We can rewrite the sum in the Proposition as

> Y. f)x(m) f(@X(d)A)].

X (rnod q) dm<X
X#Xj, j=1,... ,K |L<d<U
We split this into subsums, depending on the size of d. For a given D in the range

L<D<UletA= Dloqgl(ggl(o )g((/)lg/)D)). Then we get an upper bound of a sum of sums of

the form

(10.3.2) > Y @A) Y fm)x(m)|.

x (mod q) D<d<D+A m<X/d
X#Xi> J=1,--, K

If we approximate the final sum by the sum with m < X/D then the new version of (10.3.2)
is the square root of

2

> > f@x@AE) D> fm)x

X (mod q) D<d<D+A m<X/D
X#ij Jj=1,... aK

2 2
< Y Y. f@X(@AQ) > > fm)x
X (mod q) |D<d<D+A x (mod q) m<X/D
X#Xj, 3=1,... ,k—1

(10.3.4)

1—e\ 2
o (s () )
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by Lemma 9.3 and Corollary 10.8. The error in the approximation of the dth term is

S Fm)xm)| < A(NX 5

X/d<m<X/D

by Lemma 9.1, yielding a total error of the square root of

2

> | X x| v (ning 5) <o (8005 5)

x (mod q) |D<d<D+A

which is negligible compared to the bound in (10.3.4). Hence (10.3.2) is

X [log(ql 1=
o ()

Summing over < D/A intervals [D, D + A) that give a partition of [D,2D] yields

< Oy (F)X (lozf-z(qlogﬂf))1
Pq log(X/D)

Finally, summing over D of the form U/27 with L < D < U yields

1 1 1—e
< 60(1/6)p;(f)X10gx ( ogiq og:c)) ’
ogx

and the result follows.

10.4. Multiplicative functions in arithmetic progressions.
Define

k
E}k)(y; q,a) := Z L Z Z f(n )Yj(n)'

= v(q)
n=a (mod q)

By bounding each term in these sums, we have |E](ck)(y; q,a)| < (k+1)p,(f)y/¢(q) which
we now improve.

Theorem 10.10. For any given k > 2 and sufficiently large , if v > X > max{z'/? ¢5t7¢}
then

_ "(HX [log(ql -5 1
|E](ck 1)(X;q7a)|<<€c\/E pq(f) (Og(q ngv)) klog( og T )7
©(q) log x log(qlog x)

where the implicit constants are independent of f and k. If f is real and x1 s not then we

can extend this to k = 1 with exponent 1 — —=

73
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Remark. Note that the ordering of the x; is defined by the values of the sums S, (x), and
in this result we are using the same order for each X in our range.

Proof. Fix € > 0 sufficiently small with 1/vk > €. Let L = ¢**“logz and U = z/¢**.
By applying Lemma 9.1, with x = xo we have

gz Y. fy= Y f(n)log[L,Umw(p@,(f)ﬁlog(glogx)).

n<x n<x
n=a (mod q) n=a (mod q)

Then by (2.2.2), and Lemma 9.1 summed over all a (mod ¢), we obtain

g = L 3 ) S 1%, () 4 0 ()2 A0 )
Pommyele) 4 T dog T 0(q)  logw

< (0(1/9 pq(f)x (log(qlog fc))l_e ,
¢(q) logz

by Proposition 10.9, where K < e 2 loglog A. By Cauchying and then Corollary 10.6 with
Q = L, we obtain

E®) (w5q,a) — B (234, )Is% SN

j=k+1 |nlx

1 X _
2@ (K —k) Z Zf(n)xj(n)

j=k+1 |nlx

x log(qlog x -7
OBy ) (RELEEL)
o(q) log ©

<

since K < loglog A, and W \}E Applying the same argument again, we also obtain

, 1—-L

- fz (log(qlogz)\ ™~ VE log
EED o o) - B (. Vi Pa ! ,
£y (wig,a) — BV (25g,0)| < e o) log z % \log(qlog z)

The result follows from using the triangle inequality and adding the last three inequalities.
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11. PRIMES IN ARITHMETIC PROGRESSION

Theorem 11.1. For any k > 2 and x > ¢° there exists an ordering X1,... of the charac-
ters x (mod q) such that

1 1 = N
Z A(”)—@gy —@g )%A(n)x (n)

n<y
n=a (mod q)

log(q1 -7 1
¢ (CVE T og(qlog x) "o o3 og T .
©(q) log x log(qlog x)

Remark. Note that we can take x,4) to be xo the principal character since the distance
function

Corollary 11.2. There ezists a character x (mod q) such that if x > ¢* then

S A - YA - XS A « T (PELED)

= plq) — wlq) = w(q)
n=a (mod q) h a

We may remove the x term unless x is a real-valued character.

Remark. Tt would be nice to obtain the error in term of |L(1 + it, x)!|/logx, which is
probably possible. In the case that y is real one can then probably deduce that ¢ = 0.

Proof of Corollary 11.2. We let k = 2 in Theorem 11.1 to deduce the first part. If x is not
real valued, then we know that

ST Amxm)| = Y An)x(n)| < [ES (@:4,0) — EY (34, a)]

n<x n<x

and the result follows from Theorem 11.1.

Proof of Theorem 11.1. We may assume that z > ¢ for B sufficiently large, else the result
follows from the Brun-Titchmarsh Theorem.

Let xo be the principal character (mod q). Let @ = qlogz and v = log <11§ggé> Let

f be the totally multiplicative function for which f(p) =0 for p < @, f(p) = —1 for p > Q
and f(p®) = 0 for all b > 2, and let g(.) be the totally multiplicative function for which
g(p) =0 for p < @ and g(p) = 1 for p > Q. We use the following variant of von Mangoldt’s
formula (1.3.3),

=Y A 1Ogm_{A(n) if pln = p>Q,

0 otherwise.
dm=n
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Now
log x
Yo (A —Aem) < ) Ad) < D) logr < QIOgQ-
n<a n<a p<Q
n=b (mod q) pln = p<Q

by the Brun-Titchmarsh theorem. Denote the left side of the equation in the Theorem
as E(k_l)(:c;q,a), and note that all of these sums can be expressed as mean-values of

A+

> n<z  A(n), as b varies. Hence
n=b (mod q)
(b=1)( . (b=1)( . log z
EA,—{— (1.7 q, Cl) - EAQ7+ (1.7 q, Cl) < QlOgQ

Now

(11.1.1) Y Agn) =) f(d) > g(m)logm.
n<z d<z m<z/d
n=a (mod q) m=a/d (mod q)

By the fundamental lemma of the sieve (see §13) the sum

> g(m)logm,

m<M
m=b (mod q)

equals a main term that is independent of b plus an error term that is

M log M 1 M
(11.1.2) < 08 . S+ _e—c\/log(M/Q),
©(q)log@Q uvt q

)

where M /q = Q“. Decomposing the other terms of E/(\’;_l similarly, leads to inner sums

L) > g(m)logmzﬁ o) glm)logm,

QO(Q m<z/d (b,q)=1 m<z/d
m=b (mod q)

1 1
and ﬂ Z g(m)x;(m)logm = T Z x;(m) Z g(m)logm,
g m<z/d g (b,q)=1 Tlr)Lg(a:/c(ii :
m=b (mod ¢

and so we may apply the same sieve estimate to all of these inner sums, and thus the main
terms cancel and we end up with an error term of k times (11.1.2) for M = z/d. We sum
this up over all d in a range z/Q** < d < x/Q% with f(d) # 0, to get

2 1.3 _smg
olq) u* ¢
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When we sum this up to get a bound over all d < z/Q" with f(d) # 0, we obtain

1 2
(11.1.3) <z ( OgQ) .
q \ logz

We are left with those d > z/Q" so that m < Q”. The remaining sum in (11.1.1) is

> gm)logm > f(d).

m<QY z/Q¥<d<z/m
(m,q)=1 d=a/m (mod q)

There are analogous sums for the remaining terms in EXZB (z;q9,a) and so we need to
bound

S gm)logm [EV Y (2/msq,a/m) — BV Y (@/Q%5q,a/m),

m<Q”
where
(k—1) 1 1 = _
By (yig,a) = n%:y f(”)—@%f(”) - @;Xj(a)%f(n)xj-(”)-

n=a (mod q)
D k—1
This is, in absolute value, < \E](c )(y;q, a)| plus ﬁ ‘any f(n)‘ Now ﬁ ‘any f(n)‘
is appropriately small by Halasz’s theorem. For the remaining terms we use Theorem 10.10

to obtain the bound

3" g(m)logm [EVV (/miq.afm) — EY ™) (2/Q%: q,a/m)|

m<QY
/ 1 =7 /1 1
< CVE pg(f)z ( 0gQ> . log( ngL’) Z g(m) ogm

p(q) \logz logQ/) ==, m
2 1-—=
< (OVE V' <10gQ) klog(logx>.
¢(q) \logx log @

since p;(f) < 1/log Q. The result follows.
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11.2. Linnik’s Theorem.

Proposition 11.3. Suppose that x > ¢* where A is chosen sufficiently large. If

An) — L/l B(logﬂf)
; =) o@)|” e/ " \logQ
n=a (mod q)

for some B > 0 where Q = qlogz, then there exists a real character x (mod q) such that

1 lo
Z +TX(W < loglog <1 ga:) .

Q<p<z 8¢

Corollary 11.4. If there are no primes < x that are = a (mod q), where x > g* and A is
chosen sufficiently large, then there exists a real character x (mod q) such that x(a) = —1,
and

(11.1.4) > len

q<p<z
x(p)=1

Proof of Proposition 11.3. By Corollary 11.2 we immediately deduce from the hypothesis
that

(11.1.5) 3 An)x(n)| > ﬁ/legﬁe Ggggg) .

n<x

If we trace through the proof of Theorem 11.1, then we see that this implies that there
exists y in the range z'/? < y < x for which

_ y (logQ\" Bio (logx
S soown > o2 (es ) /e (o)

n<y

for some ¥ in the range z'/? < y < z. We observe that there are = @ non-zero terms
in the sum on the right, so we see that f(n)x(n) = 1 for significantly more than half the
values of n <y for which f(n)x(n) #0 .

We do not get a useful bound on the sum from Halész’s Theorem, but we can improve
(3.1.2) by taking into account the fact that f(p) = 0 if prime p < Q. First note that
S(N) =1 for all N < @Q, so we can reduce the range in the integral for «, throughout the
proof of Proposition 1, to % << 5o Moreover in the first displayed equation we can
change the error term from < =& z N to << i gQ og N N for N > (). This allows us to replace
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the error term in the second displayed equation from < loglog z to < 1+ @ log (fggg 5)
Hence we can restate Proposition 1 with the range for « and the loglog x changed in this

way. Now we use the bound |[F(1 + « + it)| < |F(1 4 iu)| + O (% fggg) throughout this

range, as in Lemma 2.7, to obtain

—iu)

|3 s < o (120 Y exp | - wan, 7 LT UINER

lo <log?
= 8@ ul<log? e o p

Combining the last two displayed equations yields that

1+R iu ]
j{j + Re (x(p)p"™) < loglog (1og1:)'
. D og Q)

Note that if |u| > 1/logx then this sum is > log (llggg 5), and hence we may assume that

u = 0. The result follows.

Proof of Corollary 11.4. By Corollary 11.2 we know that for all y in the range Q := ¢ <

y < x we have H
E:Amhhwz—ﬁwy+0<y(@$ﬂ§2)>

= logy

where 0 < kK < 1 — 1. By partial summation, we deduce that
/2 oY

3 x&a)#-x(p)<<1.

Q<p<z p

Comparing this to the conclusion of Proposition 11.3, we deduce the result.

Proposition 11.5. If (11.1.4) holds for x = q* where A is sufficiently large, and if
x(a) =1 then there are primes < x that are = a (mod q).



70 ANDREW GRANVILLE AND K. SOUNDARARAJAN

12. EXPONENTIAL SUMS

Proposition 12.1.

an 1 . _
> s (7) - ) 2 @) X FT)
(n,qj:l B
-
< e (ey ) AES

Note that the second error term dominates unless ¢ < (log :1:)2+°(1), a fact that is
well-known from the paper of Montgomery and Vaughan. We will therefore assume that

Corollary 12.2. If ¢ < (logz)*t°(N) then there exists a primitive character v (mod r)
for some r|q such that

S fln)e (—”) = YDIW) ) ST Fn)Bnnh(n)

n<x q SO(T) n<x
1 3 log log x -7 q 2 log log =
ﬁg 7)o (Coes ) a2

where n,. is the largest divisor of n that is coprime to r, and h is the multiplicative function
with h(p®) =1 if ptq, and

1 if rp > 1 and b= q, — 1p;
1 ' =0 db> qy;

h(p’) = Z-frp_ L
—1/(p—1) ifr,=0andb=gq,—1;
0 otherwise

where pT||q and p»||r. If f is real then we may assume that 1 is real.

Proof of Proposition 12.1. The same proof as in Lemma 9.1 yields that if z > Q¢ and
@ > q then

Y. f)x(n)e(an)L(n) <<P;(f)m,

n<x
n=a (mod q)

1 1 :
where L(n) = 1,log(z/n), oié%n or ogﬁ;g " and then summing over all a that

Y fmx(n)e(an)Ln)| < py(f)z.

n<x
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Let U = X/q¢*™¢, L = ¢**“logx and Q = qlogx. Therefore
(121)  logz ) f(n)X(n)e(an) = ) _ f(n)x(n)e(an)logy, yyn + O (py(f)zlog Q).
n<a n<w
Taking o = a/q and x = xp in (12.1), we obtain.
logz > f(n ( ) > fn ( >1Og[LU]n+O(Pq(f)$10gQ)-
(et (it

Using the expansion
b 1

L (b
‘ (Q> ¢(q) x)slx)
when (b, q) = 1, we deduce that
1
> s (S Ytogon= i 3 xa)gh) X F0x) ok
(maet -
Taking o = 0 in (12.1) yields
longf Zf logLU]n+O(pq(f)x10gQ).

n<x n<x

Combining the last three displayed equations yields that

> sme (%) - 5wt S0

n<x n<z
(nyq)_l
(12.2)
Vg 1 log ()
< V1T
= SO(q)logx Z Zf 1OgLU]n +O pq(f) log.ﬁlf 9

x mod g |nlz
X#Xl:"' XK

as each [g(x)| < /g, assuming K < ¢'/3.
We now proceed much as in the proof of Theorem 10.10. First apply Proposition 10.9.
Let = ¢* and K < ¢ 2loglog A, so that the first part of (12.2) is

<gagrhns(i58)

For the terms with k£ + 1 <17 < K we use Cauchy-Schwarz and then Corollary 10.6 to get

1——L1
< ﬂeowm\/gpfq(f)x (10gQ) Vit

©(q) log x
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If K > ¢*/3 we use this same method to bound all the terms with k& +1 < i < ¢(q), so
we would replace K/2 in this upper bound by K?3/2. We bound the kth directly using
Halasz’s theorem. This then implies the result.

Proof of Corollary 12.2. We take k = 2 in Proposition 12.1, with x = x1, to obtain

Zf() XDIN 5~ rmyn)

n<zx n<x
(n,q)=1
1— L
Vi L0 loglog x vz, log log x

Now if d|q then, writing n = mgq/d when (q/d)|n,

Y fn (”) = Y fmajie (M.
n<a 7 m<a/(a/a)
(n.q)=q/d (m,d)=1

We apply (12.3) to this and sum over all d|q. We claim that each x can be assumed to
be the same, for if we have 1) (mod d), and the character induced by ¢ (mod ¢) is not x,
then we can use the lower bound on M f@<m’ T') implicit from the proof, to get a good lower
bound on M ;(z/d, T) (note that we can ignore the prime factors of ¢ in this calculation
since they are < Q). To calculate the main term, note that if x (mod d) is induced from
a character ¢ (mod r) where r|d|q, then g(x) = u(d/r)(d/r)g(1). The first part of the
result follows.

Finally if f is real then |3 _ f<n)y(n)| - (zm F(n)x(n)
than the error term if x is real.

, so this is only bigger

Evaluation. By Theorem 4 of [Decay| and Corollary 3.5, we deduce that

q’" _ K z f(n)y(n) (2“’((1)_“’(7") xloglogx)
Zf (n) = o(q) 1+it ; pra @) (loga)?-3

n<x

(n,q)=1

where

@) Fp(pj) - Fp(pj_l)
e 1L o) 11 | o

P |q/r p|q/r \J=0
plr pir
and F,(p?) = f(p®*7)(p?)/p¥t. Now, since 2 — /3 < 1 — 75 we deduce from this and

Corollary 12.2 that if ¢ < (logz)27°() then

_ P(a)g(y) o™ f(n)¥(n)
2. 1) ( ) " o) 1+itn§<; n't

n<x ¥

(n,q_):1

3v@ zloglogx < q >2 log log =
0 + "(f)x .
( Va4 (logz)2—V3 ©(q) palf) log z

If f is real then we may assume that 1 is real.
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13. PRIMES IN PROGRESSIONS, ON AVERAGE

Suppose that the character x (mod ¢) is induced from the primitive character
(mod r). Then we write cond x = ¢ and cond*y = r.

13.1. The Barban-Davenport-Halberstam-Montgomery-Hooley Theorem. We
begin with a technical lemma; most of the proof is left as an exercise.

Lemma 13.1. Let c:=]], (1 + o 1)> and 7y, =~ — 3. 8P Then

p p?—p+1
1 log R
:clogR—}—C’y’—}—O(Og ),
o(r) R
r<R
i =cR+ O(log R),
r<R 90<T)

Sy :gRQJrO(RlogR).
Also

11 1 oo B log p log R/m
gw(r)_w(m)ynou(p—l)) lg e Z —p+1 O( R )

m|r

Proof. We can write r/p(r) = Zd|r p2(d)/¢(d) to obtain in the first case

> o ZZ“ S =Y D o D+ o)
r<R

r<R d<R r<|R d<R
d
log R
:c(logR+7')+0<Oi ),

by (1.2.1). The next two estimates follow analogously but more easily. The last estimate
is an easy generalization of the first.

Proposition 13.2.

1 X+N 2 X+N
S X | e <<(—log@+@) loglog@ 3 Jau .
q<Q 9 x (mod q) In=X+1 n=X+1

cond*x>R

Proof. Suppose that the character y (mod ¢) is induced from the primitive character
(mod 7). Let m be the product of the the primes that divide ¢ but not r and write ¢ = rm#
so that (r,m) =1, and p|¢ = p|rm. Hence ¢(q) = ¢(r)p(m)f and

doanx(n) = > ant(n);

n: (n,m)=1
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and therefore the left side of the above equation equals

,u 1 1
SUAGINS SR S R
m<Q RSTSQ/m 1 (mod r) | X<n<X+N £<Q/rm

(r,m)=1 (n,m)=1 pll = p|lrm

The last sum is < We partition the sum over r into dyadic intervals y < r < 2y;

- o Logy, and so by (8.4) the above becomes

(7“) sa(m
in such an interval we have ( 2 <

w(r)

2
<<1og10gQZM 2 é(Nerz) > anl?

=y em)

M mym (N Q X+N
< loglog Q Z m) (E + E) Z |an|2,
m<Q
which implies the result.
Let
WP (ziq,0) = paiga) - —— 50 3 xla) 3D x(m)Am),

so that (N q,a) = ¥(N;q,a) — t((](j))'

Corollary 13.3. Forlog N < R < +/Q with Q < N we have

> % o -] <2 S S [ - 43
0 et o(@) | SlogR T e(q
2log® N
+O(N%+QNlogNloglogN).

Proof. By (8.2), and taking a,, = A(n), X = 0 in Proposition 13.2, we deduce that
2 N
> ‘ Y (N:q,a )‘ < <ElogN+Q)NlogNloglogN.
9<Q (a,q)=1

by using the prime number theorem. Now, if x (mod ¢) is induced from v (mod r) then

> xmAm) =D w(n)An) — > ¢(p*)logp,

n<N n<N p*<N
plg, pir
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hence the error term in replacing x by ¢ is < (w(q) — w(r))N log N, and so in total is

< Z Z wig) — wir) W(T)NlogN < Nlog N log Qlog Rloglog @ < N(log N)**<,

which is smaller than the above.
What remains is, by (8.2),

*

> |2 wmAe Z;“

> LYY S v e

r<|R1/J (mod 7) | n<N ¥ (mod r) In<N

By Lemma 13.1 this last sum is < log2Q/r. Replacing Q here by R?, we see that this

quantity is
2

_ log@
=g R Z Z Z Z Y(n)A(n

<R2 T‘<R¢ (mod r) [n<N
rla

and our result follows, by replacing @ with R? in the arguments above.

The SIEGEL-WALFISZ THEOREM states that for any fixed A, B > 0 one has

e N
viNig.a) 2@  o@)log? N’

uniformly for ¢ < log z and (a,q) = 1.
Proposition 13.4. Assume the Siegel-Walfisz Theorem. If N/(log N)¢ < Q < N then

PIRL

9<Q (a,q)=

2

YN)|” NQlog N + O (NQlog(N/Q)).

©(q)

Proof. Let Q' = Q/log® N and R = (N log® N)/Q, and assume the Siegel-Walfisz Theorem
with A =2C + 6 and B = C + 1 so that Corollary 13.3 yields

2. D |¥

4<Q’ (a,q)=1

2

N;q,a _W

We are left with the sum for Q' < ¢ < @, which we will treat as the sum for Q' < ¢ < N,
minus the sum for Q < ¢ < N. We describe only how we manipulate the second sum, as
the first is entirely analogous.
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Now the ¢th term in our sum equals

N 2
(13.5) Z log® p + 2 Z log p1 log ps — vN)

)
p<N p1<p2<N ( )
p2=p1 (mod r)

plus a small, irrelevant error term made up of contributions from prime powers that divide
q. We will sum the middle sum over all ¢ in the range () < ¢ < N and then subtract this
from the sum for Q' < ¢ < N. We write py = p; + ¢qr then r < N/q < N/Q, so that
p2 = p1 (mod r) with N > py > p1 + Qr, and therefore the sum equals

> Y {e(Nirp) —¢(p+Qrir,p)} logp

r<N/Qp<N—-Qr

1 N®
— Z W Z (N—p—Qr)logp+ O Z W

r<N/Q p<N-Qr r<N/Q ¥
1 N —Qr)?

Ly (0o,
r<ne ¥

by the Siegel-Walfisz theorem. We now subtract this from the same expression with @
replaced by @', add the sum, for Q' < ¢ < @, of the outer terms in (13.5), which are both
evaluated using the prime number theorem. By estimating the various sums that arise
using Lemma 13.1, we obtain our result, after some remarkable cancelations.

Remark. We really could do with Siegel’s theorem and then the Siegel Walfisz theorem.

These probably can all be expressed as theorems about L(1,x) so it should be doable.
We can surely incorporate the discussion on binary quadratic forms in my Italy paper.
We can get a good prime number theorem from the elementary proofs since they

helpfully avoid any zeros! We could just quote this or we could find our own version.

13.2. The Bombieri-Vinogradov Theorem.
Proposition 13.5.

1 X+M Y+N
Z (@) Z Z amx(m) Z bnx(n)
q<Q e x (mod q) Im=X+1 n=Y+1
cond*x>R
X+M Y+N
vVMN
< ( 7 logQ-i-Q-l-(vM-l—\/N)long) loglog @ Z |2 - Z I, |2
m=X+1 n=Y+1

Proof. We proceed analogously to the proof of Proposition 13.2 to obtain

K201 | T e YN

< loglog @ Z 0?2 Z — Z " Z Z A x (M) Z bx(n)|.
<Q v y=2'R, i=0,...] y y<r<2y Y ¥ (mod r) Im=X+1 n=Y+1
2! R:i=Q/¢ (m,£)=1 (n,0)=1



THE DISTRIBUTION OF PRIME NUMBERS T

The square of the sum over » may be bounded, after Cauchying, by

2 2
” * X+M r * Y+N
2 omy 2= | 2 amxtm) - DL s DL | DL bax(n)
y<r<2y v (mod r) iIm=X+1 y<r<2y ¥ (mod r) [n=Y+1
(m,0)=1 (n,0)=1
X+M Y+N
<M+ Y laml- (N+97) D |bal
m=X-+1 n=Y+1

by applying (8.4). Hence the above is \/folig{ﬂ_l am|? - ZZ;J/VH |b,|? times

< loglog @ ZM2(£)€ Z < A5N+\/M+\/N+y>,

/)2
<@ SO( ) y=2'R, i=0,...1
2l R:=Q/¢

and the result follows.

Proposition 13.6. Suppose that a,,b, are given sequences with a,,b, = 0 for n < R2,

and |an| < ag, |bn| < bg foralln <z. Ifen =), . _namby then
1
Z @ Z Z enX(N)| < agbg (}% log? x + Qv/x log  log R) log log .
Y a

q<Q X (mod q) [N<=z

cond*x>R

Proof. We begin by noting that

Z enx(N) = Z amX(m) - bpx(n).

N<z mn<zx

We will partition the pairs m,n with mn < z in order to apply Proposition 13.5 to many
different sums. For the intervals X <m < X + M, Y <n <Y + N, Proposition 13.5
yields the upper bound

aoboV M N ( ]\;N log@Q + Q + (\/M-I-\/N) log? Q) log log Q

We now describe the partition for m in the range X < m <2X. Let Y = 2/X. We
begin with all X <m <2X, n <Y/2. Then in step k, with £ =1,2,... K, we take

2j 2 + 1 2 +2 2+ 1
(1+_J)X<mg<1+ *7; )X, Y/<1+ s )<n§Y/<1+ I )

2k 2k 2k
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for 0 < j < 2¥=1 — 1. The total upper bound from all these is agbg loglog @) times

\/ﬁ(mlogQ+Q+(\/§+ﬁ)log2Q> +ZQ’“_1-W (mlogQ—l—Q—l—M
k=1

R 2k 2FR 2k/2

< \/ﬁ< );YlogQ+KQ+(\/Y+\/?)log2Q> :
Now, for each such m the number of n not yet accounted for is < Y/2%, thus contributing
a total of < agbo XY /2%, This is negligible compared to the main term, taking 2% ~ R.
We now sum up the upper bound over X = 2/R? for j =0,1,2,...,J where 2/ = z/R?
(since if m < R? then b,, = 0, and if m > z/R? then n < R? and so ¢, = 0), to obtain
the claimed upper bound.

Corollary 13.7a. If R < z'/* and Q < z'/? then

1
o— > e, x) - Gla,x)| < (E log = + Qv/x log R) log? z log log ,
=59 R
< x (mod q)
cond*x>R

where G(z,x) == >,

n<s X(n)logn, the sum over integers whose prime factors are all > R?.

Proof. Let a; = 0 with a,, = f(n) for n > 1 and b,,, = g(m) log m in Proposition 13.6, where
f and g are as in the proof of Theorem 11.1, for the decomposition of Ar2. The missing
contribution of the powers of the primes < R? is < Q > p<relogr K QR?*log z/log R.

Remark. We should be able to get rid of the sum of the |G(x, x)|, surely! Each G(z,x)
with x non-principal is a sum over ¢(q) arithmetic progressions, where the main term
cancels. Hence by (11.1.2) we have

| 1
G(z,x)| < Q;O(g’g}: s+ vo—8ey/108(w/q)
uu

which is not small enough. Another idea is to write G(x, x) as a convolution: G(z,x) =
> < 1(d)x(bd) log bd, where the d are restricted to integers that are R?-smooth. We can
again apply Proposition 13.6, so we need only worry about the b,d < R2. If d < R? we
are taking sums like >, Jd x(b) log bd which is < ,/qlog qlog x by the Polya-Vinogradov
Theorem (and partial summation). We sum this up to get < Q%/?R? log? z which is
< x3/4F¢ 50 easily acceptable. It is when b < R? that we have problems, that is with sums
> d<a /b w(d)x(d)log bd; you would think it would be easy! We again get the sort of terms
we have in the previous display.
We now prove a version of the Bombieri-Vinogradov Theorem:

Corollary 13.7b. If R < eVIo8® gnd Q < z'/2 then

Z (mz)ix |w(R)(:1:; q,0)| < <% log z + Q+v/x log R) log? zlog log .
a,q)=1
g<@ 1
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Proof. The estimate in (11.1.2) yields

Z Z Z xlogx 1 T g loatala)
max1|G(R) 7¢0)| < b2 e ( (@) log R~ uv+2 e v /q)>
S (a 9 q<Q r<|R g q

rlq

rlogz 1 —de ST x
1 . c/log x
<<ROgQ(logR uu+2+xe <<—R,

where z'/2 = R?" since z/q > /Q > x'/?, and ¢*(r) is the number of primitive characters
of conductor r (here ¢*(p) = p — 2 and ¢*(p®) = p*~2(p — 1)?). Combining this with
Corollary 13.7a gives the result.

Remark. We should try to improve the small sieve argument for the contribution of g.
If we can then we can get some amazing consequences for moduli ¢ without small prime
factors (e.g. prime q), because if ¢ has no prime factor < R then /(®) (2;¢,a) = (z;q,a) —
() /¢(q). At the moment we can claim that for primes ¢ in the range e®V1°87* < ¢ <
VI /Y187 we win in the error term by a factor of ecVIos?

Corollary 13.8. Assume the Siegel-Walfisz Theorem. Fix A > 0. If x1/2/10gA r<@Q<

z1/2 then
. _ Y(x) 2
E max |Y(z;q,a) — —=| < Qvz(log x loglog )
2 @a)=1 ©(q)

Proof. Let R = logAJrl x in Corollary 13.7b.
Corollary 13.9. Assume the Siegel-Walfisz Theorem. If xl/z/e(c/mvlog"” < Q < z'/?

then
S s U() )
q<Q (e.0)=1

— w(xa 1
P(x;q,a) — ——= =Xy (a) — ===
which x1 (mod m) is the most pretentious character for all conductors < @ (and the term

M)« Q+v/zlog® zloglog z,
v(q) (q)
is only included if m|q.

Proof. [Da] §20, (8) states that there exists a constant ¢ > 0 such that for all x (mod q)
with ¢ < ec\/@, except when x = xo and perhaps y = x1 for some exceptional xi, we
have ¥(z, x) < x/eV1°8%  This implies, dealing with the prime powers dividing ¢ as we
did in the proof of Corollary 13.7a,

Yo X Wewi< Y

> [¥(z, x)|log Q + Rlog zloglog Q

r
q<Q v x (mod q) 1<r<R 90( ) condx=r
1<cond®*x<R X#X1
XFX1
Rxlog Q)
ecViogz

Letting R < +/z/Q, and combining this with Corollary 13.7b, yields the result.
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Using [Dal, §19, (13) with T = R? we have that ¢(z, ) < B2 log? = provided x & =g,
where Zg is the set of characters xy with conductors < R for which L(s, y) has no zeros p
with [Im(p)| < R? and Re(p) > 1 — 268 Now the remark to Theorem 14 of [Bo] implies

logz

that |Zgr| < exp (23 @). Hence by Corollary 13.7a we have that if R < z!/* then

log
Z . Z [z, x)| < £logz)’aclogloga:,
©(q) R

e<z'/?/R x (mod g)
XZER

provided that we can obtain an appropriate estimate for

3 (i S G-

7<Q #(9) x (mod q)
cond*x>R

14. THE PoOLYA-VINOGRADOV THEOREM

15. BURGESS’S THEOREM

Proof of B’s Theorem via additive combinatorics
Strange results using Halasz.
The number of chi for which the chaa=racter sum is large.

16. SUBCONVEXITY

17. EXPLICIT SIEVE CONSTRUCTIONS
17.1. Long gaps between primes (Erdés-Rankin).
17.2. Short gaps between primes (Erdés-Rankin).
17.3. Daniel Shiu’s Theorem.

18. MEAN-VALUES OF MULTIPLICATIVE FUNCTIONS

This should include the decomposition theorem into small and large primes.
A study of differential delay equations, especially Buchstab’s function.
A discussion of Spectra

19. LIMITATIONS TO EQUI-DISTRIBUTION
19.1. Maier’s Theorem.
19.2. G-S generalization.

IDEAS?

Compare (1 +it)~! for |[t| < T = 2 — can we replace RH by a hypothesis on this?
ie to get an error term of O(\/x).
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