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THE DIVISION ALGORITHM IN COMPLEX BASES

WILLIAM J. GILBERT

AsstrRACT. Complex numbers can be represented in positional notation using cer-
tain Gaussian integers as bases and digit sets. We describe a long division algorithm
to divide one Gaussian integer by another, so that the quotient is a periodic expansion
in such a complex base. To divide by the Gaussian integer w in the complex base b,
using a digit set D, the remainder must be in the set wT (b, D) N Z[i], where T(b, D) is
the set of complex numbers with zero integer part in the base. The set T(b, D) tiles the
plane, and can be described geometrically asthe attractor of an iterated function system
of linear maps. It usually has afractal boundary. The remainder set can be determined
algebraically from the cyclesin a certain directed graph.

1. Complex bases. A Gaussian integer b, together with a digit set D, of Gaussian
integers containing zero, is called avalid basefor the complex numbersif every Gaussian
integer, z, can be represented uniquely in the form

z= ia,-bj, where g € D.
j=0

j=

Such a representation will be denoted by z = (asas-1 - - - @a1@0)p and the valid base will
be denoted by (b, D). It can be shown, using arguments similar to [6, Theorem 2] or [8,
Theorem 10], that every complex number z € C has an infinite radix expansionin the
valid base (b, D) of the form

z= i abl, whereg €D.
j=—00
Thiswill bedenotedby z = (as@s—1 - - - @18p. @182 - - -)p. ASinthe standard bases, these
infinite expansions are not necessarily unique. The digits to the left of the radix point,
(asds-1 - - - @1@p)p, CoOnstitute the integer part of the representation.

Knuth [7, Section 4.1] describes many positional number systems, including the bi-
nary expansion of the complex numbersin the base —1 + i using the digits 0 and 1. For
example, in thisbase, (—2—i) /2 can be written as (110. 01)_1.;. If (b, D) isavalid base,
then the digit set D must be a complete residue system modulo b, and the number of
digits must be bb = Norm(b) [2]. The most obvious generalizations from the real bases
to the complex bases occur if we choose the digit set to be the set of natural numbers
{0,1,2,...,Norm(b) — 1}. In this case, K&tai and Szab6 [6] show that the only valid
bases for the complex numbers are —n =+ i, where n is a positive integer, and the digit
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setis {0,1,2,...,n?}. However if the digits are allowed to be complex, there are many
valid bases.
Each complex base (b, D), givesriseto atile

T(b,D)={(0.qa2- ) |y €D} CC

consisting of the complex numbers expressible in the base with zero integer part. If the
base is valid, then T(b, D) is a closed set with unit area that tiles the plane by transla-
tions using the group ZJi]. The trandlate of T(b, D) by a Gaussian integer z consists of
those complex numberswith integer part z. For example, T(—1+i, {0, 1}), shownin Fig-
ure 1(a), isthe space-filling twin dragon curve [ 7, Section 4.1]. The boundary of thetiles
T(—n+i,{0,1,2,...,n?}) areall fractal curves. Pointson the boundary of T(b, D) alsolie
on the boundary of two (or more) translated regions and correspond to complex humbers
with two (or more) expansionsin the base (b, D) with different integer parts [3].

L

(@) (b)

FIGURE 1: Thetiles(a) T(—1+i,{0,1}) and
(b) T(—2+1,{0,1,2,3,4}) liein the complex plane and have unit areawith fractal boundaries.

2. Iterated function systems. Thetile T(b, D) can also be viewed as the attractor
of an iterated function system, where the number of functions is the number of digits
in the base. For each digit a € D in the base (b, D), define the function f,:C — C by
fa(2) = (z+a)/b. Thesearelinear contraction mapsand, if z= (0.aa; - - -)» € T(b,D),
thenfy(0. a2 - - ), = (0.aa132 - - -)p € T(b, D). Hence

T(b,D) = {J fa(T(b, D))

aeD

and T(b, D) istheuniqueinvariant (or attractor) set determined by Hutchinson’sTheorem
[5] applied to the set of functions {f, | a € D}. Moreover, the set T(b, D) is self-similar
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with respect to these functions. The set {f, | a € D} forms an iterated function system
asdefinedin[1, Section 3.7].

Each function f; maps T(b, D) into itself. Moreover, for each z € T(b, D) there exists
a € D suchthat f;1(2) € T(b,D). If z= (0. awazas- - ), then f; 2(2) = (0. @83 - )b is
the Bernoulli shift on the sequenceof digitsto theright of the radix point. Therefore, for
any z € T(b, D), there exists an infinite sequenceay, ay, . . . of elements of D such that

foto---of tof ' (2) € T(b,D)

for al j. Thisideawill be used in the Escape Time Algorithm in the next section. The
elements of the sequenceay, ay, .. . are precisely the digitsin abase (b, D) expansion of
Z

3. Thelongdivision algorithm. In [4], we showed how to add, subtract, and mul-
tiply numbersin complex bases. We also gave examples of division, but gave no general
division algorithm.

The only problem in generalizing the usual long division algorithm to complex bases
isto determine what the remainders should bewhen aGaussianinteger visdivided by the
Gaussian integer w. We now show that the long division algorithm will remain bounded
if and only if the remaindersall liein the set wT (b, D) N Z[i], that we call the remainder
set and denote by RemSet(b, D, w).

LONG DiIVISION ALGORITHM. Let (b, D) be a valid base for the complex numbers.
If vand w # 0 are Gaussian integers, then there exists a Gaussian integer A and digits
g € D suchthat

vV=Aw+rg
bro=aw+rq

where each remainder r; € RemSet(b, D, w) = wT(b, D) N Z[i].
There may be choicesin the algorithm, but for each choice,

v
— =A+0. a8 )p.
w Qa1 )

The integer part A can be expanded in the base (b, D) and therefore each choice yields
a base (b, D) expansion of v/w. Moreover every such expansion can be obtained in this
way.

ProOF.  Since T(b, D) tiles the complex plane using translations from Z[i], the mag-
nified set wT(b, D) will tile the plane using translations from wZ][i]. Hence, for any
v € Z[i], there exists A € Z[i] such that v = Aw + ro, where ro € WT(b, D). Since
v, A and w are Gaussian integers, ro € WT(b, D) N Z[i].
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To prove the long division algorithm, we shall convert the problem to one involving
iterated function systems. Thetile T(b, D) isthe attractor of the iterated function system
{fa | @ € D} wherefy(2) = (z+ a)/b. Consider the conjugate iterated function system
obtained by multiplication by w. The conjugate function to f5 is g5: C — C where
zZ+aw

b
The magnified set wT(b, D) must be the attractor for the iterated function system {gs |
a € D}. Eachfunctiong, hasaninverseg;®: € — C, which isthe expansion map defined
by g;1(2) = bz — aw. The general term in the division algorithm is brj_; = aw +rj,
which isequivaent to

0a(2) = Wiy W_lz) =

rj = bri1—aw =gz '(rj-1).
Hence the division algorithm can be viewed as a dynamical system that starts with the
remainder ro and producesthe system of remaindersrq, r», . .. corresponding to a choice
of digitsay, a, ..., wherer; = g;*(rj-1).

By the Escape Time Algorithm in [1, Section 7.1], or the repelling method in [9],
there exists a sequence of maps g;ll, g;zl, ..., such that the successivetermsry, ro,. ..
remain boundedif and only if theinitial term rg isin the attractor wT(b, D). Moreover, if
the sequence of remainders does remain bounded, then all the complex numbersr; liein
wT(b, D). If aremainder r; wereto lie outside wT (b, D) then rj.s — oo and rj+sb =5 4 0
ass — oo. Since ro was constructed to lie in wT(b, D), there exists digits as, az, . ..
satisfying the long division algorithm with each remainder r; € wT(b, D) N Z[i].

For any choice of the digitsay, az, . . . for which the remainders are bounded

\' a a as s
WA TR T e
=A+(0.a1ap---ag)p + V\% — A+(0.aqap-- '), 8SS— 00.

Furthermore any base b expansion of v/w yields a sequence of bounded remainders and
therefore can be obtained in this way. ]

We show in the next section that the remainder set, RemSet(b, D, w), is a finite set
of Gaussian integers, and so the remainders ro, r1,ro, ... must eventually repeat. This
implies, asin real bases, that the Long Division Algorithm will eventually be periodic,
or will terminate with zero remainder.

4. Theremainder set algorithm. Asthe boundary of thetile T(b, D) is usually a
fractal, the set wT (b, D) N Z[i] could be difficult to calculate directly. You cannot de-
termine geometrically which integers lie on the fractal boundary. We therefore give an
algebraic algorithm for determining the remainder set for division by w in the base b.
This Remainder Set Algorithm uses a directed graph on the Gaussian integers, derived
from the maps of an iterated function system. The remainder set will be the Gaussian
integersin the cyclesin this graph.

We first show how to find the remainder set when w and b are coprime. We shall use
thefunctions ga: € — C defined by ga(2) = (z+aw) /b, but restrict them to the Gaussian
integers.
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THEOREM. If wand b are coprime Gaussian integers, define the function g: Z[i] —

Z[i] by
00 = 6. = =~

whereadependson zand ischosen sothat z+aw = 0 (mod b). Thenzisintheremainder
set RemSet(b, D, w) if and only if g°(2) = z for some positive integer p.

PROCOF. Let zbe a Gaussian integer. The set of digits, D, forms a complete residue
system modulo the base b. Since w and b are coprime integers, {aw | a € D} and
{z+aw | a € D} aso form complete residue systems modulo b. Hence there exists a
unique digit a € D with z+ aw = 0 (mod b). Therefore, for each Gaussian integer z,
0(2) = ga(2) iswell defined and is also a Gaussian integer.

The map g is a contraction, when the modulus of z is large. Let M be the largest
modulus of the digitsin D and let R = M|w|/(|b| — 1). Then, under iterations of g, the
orbit of every Gaussian integer z must end up inside the circle of radius R, since

l9(2)

z+aw Z| + M|w
|:' b ‘<|| ||<|z|, whenever |z| > R.

— ol

Since there are only a finite number of Gaussian integers with modulus less that R, the
orbit of every Gaussian integer z must eventually cycle (or end up at a fixed point).

It follows from the Long Division Algorithm that ro is in the remainder set
RemSet(b, D, w) if and only if there exists an infinite sequence of digits ay, ay, ... from
D, and Gaussian integersry, ra, ..., suchthat rj = ga—jl(rj_l). We can writerj_y = g(rj),
sinceg; isthe uniquedigit with g, (rj) € Z[i]. Hence. .., r2,r1, ro ispart of an orbit under
iterationsof g, andrj = g"(rj+k) for all positive k. Therefore each Gaussian integer r; has
modulus less than R, and two of the remainders must be the same. This implies that rq
must lie in acycle; that is, there exists an integer p such that ro = gP(ro). Conversely if
ro liesin acyclethenit liesin the remainder set. n

The function g determines an infinite directed graph whose vertices are the Gaussian
integers. Each vertex has exactly one edge departing from it and Norm(b) edges entering
it. The verticeslying in the cyclesform the remainder set RemSet(b, D, w). These cycles
can be found as follows.

REMAINDER SET ALGORITHM.  Theremainder set RemSet(b, D, w), for divisionbyw
in the base (b, D), can be computed as follows, whenever w and b are coprime Gaussian
integers. Systematically look at all the Gaussian integers, z, with moduluslessthan R =
Miw| /(|b| — 1), where M is the largest modulus of the digits in D. If it is not known
whether zliesin the remainder set, calculate the iterates under the function g defined in
the previoustheorem, i.e. z, 9(2), 9%(2), 9°(2) - - - , until they cycle. If they start cycling at
g"(@ with g"(2) = g™P(2), then g"(2), g™(2), ..., g™ 1(2) all lie in the remainder set,
andz g(2),...,9"*(2) donot.
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FIGURE 2: The directed graph for division by 3 in the base (—1 +i, {0, 1}).

For example, Figure 2 shows part of the graph determined by division by 3 in the base
—1+iwithdigitsetD = {0, 1}. Eachedgez— g(2) islabeled by thedigit a € D, where
z+aw = 0 (mod b), so that g(z2) = ga(2). The graph contains two cycles, an 8-cycle,
and the origin as a fixed point. Hence the remainder set for division by 3 in the base
(-1+i,{0,1})is{0,—1,—-2,i,—i,1+i,—1—i,—2 —i,—1 — 2i}. This remainder set
can be used to show, for example, that 2i /3 = (11.00110111)_y.;, where the bar over a
sequence of digitsindicatesthat the sequenceis to be repeated indefinitely.

If wand b arenot coprime, we canwritev/w = vu/ w1 bK, wherew; and b are coprime,
and apply the Division Algorithm to vu /w;.

It is also possible to construct a more complicated directed graph on the Gaussian
integers to determine the remainder set when w and b are not coprime. For each digit
a € D definegzt: Z[i] — Z[i] by g;1(2) = bz—aw. Thisdefinesaninfinite directed graph
on the Gaussian integers. There are Norm(b) edgesleaving each vertex v, corresponding
to each digit a € D, and they point to the vertices g; *(v). The remainder set for division
by w in the base b consists of the periodic vertices lying in the cyclesin this graph, plus
any pre-periodic vertices, lying in a path that eventually cycles.

Figure 3 shows some examples of remainder sets, when w and b are coprime, that
were computed using the Remainder Set Algorithm. Compare Figure 3 with Figure 1.
The remainder sets consist of the Gaussian integers lying in the magnified set wT(b, D),
or equivalently, the Gaussian integers z for which z/w liesin T(b, D).

Since the tile T(b, D) has unit area, the region wT(b, D) has area Norm(w). If the
remainder set, RemSet(b, D, w) contains exactly Norm(w) members, then the set will be
a complete residue system modulo w and there will be no choice in the Long Division
Algorithm. However, if the remainder set contains more than Norm(w) elements, then
there will sometimes be a choice for division by w in the base b. In this case, some of
the elements of the remainder set must lie on the boundary of wT(b, D). Each boundary
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element must be congruent modulo w to some other boundary element, since wT (b, D)
tiles the plane by trandlations in wZ[i].

O - H
0 =

|| (b)

- |
L O (a) (©)

FIGURE 3: The remainder sets for (a) division by 11 in the base (—1+1i,{0, 1}),
(b) division by 6inthebase(—2+i,{0,1,2,3,4}) and
(c) divison by 2inthe base (—2 +1i, {0, 1,2, 3,4}).
Each small square represents one Gaussian integer. The black squareis the origin.

The remainder set for division by 3in the base (—1+i, {0, 1}), computed in Figure 2,
contains 9 elements and, as Norm(3) = 9, there will be no choice in the division algo-
rithm. Since the remainder set in Figure 3(a) has 121 elements, division by 11 in the base
(—=1+i,{0,1}) will alsoyield aunique expansion. Furthermore, this remainder set will
tile the Gaussian integers by translations by elements of 117]i].

The remainder sets in Figure 3(b) and 3(c) however, contain 40 and 8 elements re-
spectively, which is more than Norm(6) = 36 and Norm(2) = 4. Hence sometimes
there will be choices in the division algorithm for division by 6 or 2 in the base
(—2+1i,{0,1,2,3,4}).

Figure 3(c) can be used to show that (1 +i)/2 has three expansions in the base
(=2+1i,{0,1,2,3,4}), namely (0.041)_5.i, (13.104)_p, and (14.410)_5+.

The analogous Long Division Algorithm holds when the base and all the digits are
ordinary integers, with the norm in the real numbers being the absolute value. Matula[8]
describessome unusual integer digit setsthat give representationsof all thereal numbers.
Matula gives an example of a rational number, 53, with three different representations
in abase. The Division Algorithm and the Remainder Set Algorithm show that there are
actually five representations of 53 in the base (5, {0, 1, 7,23, —1}), namely (11.(1)),,
(1(-1). ?)5, (0.(3)),, (20.(=1)(23)),, and (1.(23)(—1)),. Matula lists the first three
of these expansions.
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