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Abstract

The paper studies a simple two-period principal/agent model in which
the principal updates the incentive scheme after observing the agent's first-
period performance. The agent has superior information about his ability.
The principal offers a first period incentive scheme and observes some mea-
sure of the agent's first-period performance (cost or profit), which depends
on the agent's ability and {(unobservable) first-period effort. The relation-
ship is entirely run by short-term contracts. In the second-period the prin-
cipal updates the incentive scheme and the agent is free to accept the new
incentive scheme or to quit.

The strategies are required to be perfect and updating of the princi-
pal's beliefs about the agent's ability follows Bayes' rule.

The central theme of the paper is that the ratchet effect leads to much
pooling in the first period. First, for any first-period incentive scheme,
there exists no separating equilibirum. Second, when the uncertainty about
the agent's ability is small, the optimal scheme must involve a large amount

of pooling. The paper also gives necessary and sufficient conditions for the

existence of partition equilibria.




1. Introduction.

In Laffont and Tirole (1984) we showed how cost observability helps a
regulator controlling a private or public firm when both adverse selection
and moral hazard affect their relationship. In particular, we showed that
under cost observability, there is a trade-off between revelation of informa-
tion through the selection of an incentive contract, and efficient ex-post
production. The optimal sharing of overruns was obtained. The analysis was
carried out in a one period model. Of course, relationships between firms
and regulators are often repeated. The purpose of this paper is to extend
1

our analysis of incentive contracts to a dynamic framework.

Section 2 presents the model, which is a simplified version of our one-

lgaron and Besanko (1984) and Roberts (1983) have studied long term
relationships with full commitment under various assumptions concerning
the type of adverse selection. One main result is that, in the indepen-
dent case (each period a new independent variable of adverse selection
is drawn), the optimal mechanism restores the first best from the second
period on and all the inefficiency occurs in period 1. Intuitively this
is because at the time the contract is signed, the agent does not really
have an informational advantage concerning period 2 on. In the perfect
correlation case (a variable of adverse selection is drawn at the begin-
ning for the whole relationship), the optimal mechanism is the optimal
static mechanism.

Baron and Besanko (1985) study multiperiod incentive schemes under
adverse selection for alternative assumptions about commitment. The
main focus of their paper is the "fairness case", in which the regulator
has a limited commitment in the second period: he must be "fair" to the
which is committed to stay. An interesting result of their analysis is
that separation is feasible in the first period, contrary to the case of
no commitment at all (see Proposition 1).

Freixas, Guesnerie and Tirole (1985) have studied repeated adverse
selection in the perfect correlation case with no commitment but no
moral hazard. Their analysis focuses on optimal linear incentive
schemes. (see also the literature on the ratchet effect using nonopti-
mal mechanisms Weitzman (1980), Holmstram (1982a)). Furthermore, it
considers only the two-type case, which leads to a much weaker emphasis
on pooling than the continuum of types framework envisioned in this
paper.




firm, earlier model. Each period a very valuable 1ndivisible project must be
carried out. The ex-post cost of the project depends on two variables: the
firm's intrinsic efficiency, and its level of "effort" during the period.

The firm's efficiency is known to the firm, but not to the regulatcr. The
firm's effort is not observed by the regulator either. The incentive scheme
(transfer to the firm) thus depends on observed cost only. For reference,
the optimal regulatory scheme under full information about the firm is de-
rived.

Section 3 solves for the optimal incentive scheme in the static (one
period) incomplete information case, and sets up the dynamic framework. For
the rest of the paper, we consider the two-period version of the basic model.
The regulator chooses a first-period incentive scheme, which specifies a
transfer to the firm as a function of the first-period observed cost. The
firm reacts to this incentive scheme by choosing a first-period level of
effort. The regulator then rewards the firm and updates his beliefs about
the latter's efficiency using the cost observation. In the second-period the
regulator chooses the optimal regulatory scheme given the posterior beliefs,
and the firm chooses a second-period effort and is rewarded.

We are thus assuming that the regulator cannot commit himself not to use
in the second period the information conveyed by the firm's first-period
performance. This assumption, which, we believe, is reasonable in a wide
range of applications, certainly deserves comment. The simplest way to moti-
vate it is the changing principal framework. For instance, the current ad-

ministration cannot bind future ones? (the changing principal framework also

2In this interpretation the discount factor of the principal is likely
to be lower than the firm's. This feature can be embodied at no cost to
our model, and reinforces our central theme that pooling is very likely
in ratcheting situations (the principal then finds it even more costly
to induce some separation).
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applies to planning models). Non commitment situations are also very common
in relationships between private parties, and in particular in organizations.
Contracts are costly to write and contingencies are often hard to foresee,
which gives rise to the allocation of discretion to some members of the or-
ganization (as emphasized by Coase [1937], Simon [1951], Williamson [1975,
1985], and Grossman-Hart [1985]). The existence of discretion creates scope
for the parties who exercise this discretion to use the information revealed
by the other parties.3 (We have in mind, for example, the case of new tasks
or new technologies which are costly or impossible to describe in advance,
and such that the agent's ability to handle them is positively correlated
with this ability to handle current tasks or technologies). As the theory of
incomplete contracts is still in its infancy, we prefer to couch the model in

a regulatory framework to motivate non-commitment.

The focus of this paper is the ratchet effect: an agent with a high

performance today will tomorrow face a demanding incentive scheme. He should

thus be reluctant to convey favorable information early in the

3as Katz-Kahn [1978] observe;

... there is the tradition amonq-workers, and it is not

without some factual basis, that management cannot be

relied upon to maintain a high rate of pay for those mak-
ing considerably more than the standard and that their
increased efforts will only result in their "being sweat-

ed."” There is, then, the temporal dimension of whether

the piece rates that seem attractive today will be main-

tained tomorrow if individual productivity increases sub-
stantially. I[p. 411]

For an interesting description of problems created by piece rates, see
Gibbons [1985].



* The purpose of the paper is to formalize and confirm this

relationship.
intuition. Indeed, we show that, with a continuum of potential abilities for
the agent, and for any first-period incentive scneme, no separating equili-
brium exists. Furthermore, when the range of potential abilities is small,
the principal cannot do better in the first period than imposing "much
pooling” (in a sense to be defined later). This holds even when, in the
static framework, full separation is optimal. These two results are derived
in section 4. Section 5 exhibits some further results when uncertainty is

not small. 1In particular, it gives necessary and sufficient conditions for

the existence of partition equilibria.

2. The Model.
We consider a two-period model in which a firm (the agent) must, each
period, realize a project with a cost structure:

c:B—-et t=1,2,

where ec is the level of effort performed by the firm's manager in period t,
and B is a parameter known only by the manager.

Each period the manager's utility level is s~{(e), where s is the net

(i.e., in addition to cost) monetary transfer he receives from the regulator

“The behavior is at variance with that described in Holmstrom [(1982].
This is not surprising, since our assumgtions differ from his in at
least three respects. First, Bolmstrom assumes that the efficiency
parameter is unknown to both the principal and the agent. Second, the
agent's cost (or profit) is observable, but not verifiable (so sy cannot
be contingent on ct). Third, BHolmstrom's agent faces a competitive
market, in which the transfer depends on past performance, while our
agent's second-period outside opportunities are independent of the
first-period outcome. A systematic study of the effect of these points
of departure between the two models would be worthwhile, but is out of
the scope of this paper. Let us simply notice that as an outcome the
agent has fairly different behaviors in the two set-ups. Holmstrom's
agent tries to prove he is efficient while ours may try to prove the
contrarye.
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and &(e) is his disutility of effort (¢' > 0, ¢" > 0). For simplicity, we
will allow any level of effort in R, and just require that ¢' 1is bounded
below by k € (0,1). &lso, we assume that ¢’ goes to infinity when e goes to
infinity and we define e* by ¢'(e*) = 1. Finally, let & be the discount
factor common to all parties (differences in discount factors could be cost-
lessly introduced).

The regulator (principal) observes cost but nat the effort level or the
value of the parameter f. He has some prior cumulative distribution function
F1(B) on LQ,B]. We will assume that F1 has a density f1 and that f1 is dif-
ferentiable and bounded away from zero on [QJB]. The probability distribu-
tion should be interpreted as an objective probability that both the princi-
pal (the regulator) and the agent (the firm's manager) share before date 1.

Let u be, each period, the social utility of the project, which can be
viewed for simplicity as a public good, i.e., as not sold on the market.?>
The gross payment made by the planner to the firm is s+c. We assume that
there is a distortionary cost A > O incurred to raise each unit of money
(through excise taxes for example).

Consumers' welfare in period t is:

u - (1+)‘”St+ct) c

Under perfect information (8 = B = B), a utilitarian regulator would

solve, each period t:

(2.1) Max fu - (14A) (s +B-e ) + s - ¢(et)}
s ,e
£t t

SWe will assume that in the static framework it is always worth carrying out
the project. It is sufficient to take u large enough. This assumption
enables us to avoid the issue of determining the cut-off level above which
firms do not operate in the one-period framework. In Fact 2 below, we will
however consider the more general case in which the cut-off point is not
necessarily B.



(2.2) S.t. S~ d)(et) 2 0 .

The 1individual rationality constraint (2.2) says tnhat the utility level
of the firm's manager must be positive to obtain his participation (the per-
fect information problem being stationary, the allocation, and therefore, the
constraint will be the same at each period).

The optimal solution is characterized by

(2.3) Sy ¢(et)

(2.4) e, = e*, where ¢'(e*) = 1 .

The individual rationality constraint is binding each period because
there is a social loss due to transfers and the marginal disutility of effort
is equated to marginal cost savings.

As a preliminary, we solve the static regulation problem under imperfect
information, the dynamic problem with commitment and we set up the dynamic

problem under no-commitment.

3. Preliminary analysis.

a) Static regulation.

The regulator has two observables, namely the level of net transfer, s,
and the level of cost, c¢c. In general, the contract will be a function s(c)
specifying the transfer received by the manager for each value of observed
cost. Let us make the following familiar .assumption on the prior distribu-
tion:

F1

Assumption M: - is non-decreasing.

&

Assumption M, which says that the hazard rate is monotone, is commonly made



in the incentives literature and is satisfied by many distributions. Assump-
tion M 1is not regquired for the main propositions of the paper (it is used
only in Proposition 4). We make this assumption to give separation its best
chance: as 1is well-known, M ensures that the principal does not want to
induce any bunching in the static case.

Appendix A rigorously characterizes the solution of the static incentive
problem under asymmetric information. We here give an informal treatment of
the main aspects.

First, the firm's profit II(B) = max {s(c) = ¢(B—c)} is a non-increasing
function of B, since a more efficient firm can always produce at the same
Eost as a less efficient firm by working less. From the "envelope theorem",
its derivative is egual to (—¢'(e(B))) where e(B) is the optimal effort of a
firm with type B when it faces the incentive scheme s(°¢). This tells us
exactly how fast the firm's rent II must grow with productivity for a given
effort schedule (for the effort schedule to be implementable, a second-order
éondition is reguired as well; but we ignore this condition, which is checked

in the Appendix). To maximize the social welfare function

fg{u - (1+M)(s+p-e) + s-q(e) £ (B)aB,

the regulator must trade off two conflicting objectives: 1) production
efficiency, which regquires that the marginal disutility of income ¢'(e(B)) be
equal to one for all B and 2) the elimination of costly rents [I(B). To re-
duce rents for the more efficient firms, the regulator can -- and will --
encourage less effort than in the first best.

The following simple results summarize the static analysis that is

relevant to our model; they are special cases of results in Laffont-Tirole



(1984) (which allows a choice of scale and cost uncertainty) (e*(8) dencte

firm B's effort for the optimal incentive scheme):

Fact 1: Under full information about the firm's type (B = 8 = B), the firm
obtains no rent, and its effort is optimal: ¢'(e*(B)) = 1.
Fact 2: If E denotes the supremum in [8§, E] of types that are willing to

participate (i.e., not to exercise their exit option) for the opti-
mal incentive scheme, then n(E) = 0.

Fact 3: There is no distortion for the most efficient firm:
b'(e*x(B)) = 1.

Fact 4: Under assumption M and if ¢'" » 0, e*(8) is non-increasing. This
implies that the optimal incentive scheme fully separates the vari-
ous types. Together with fact 3, this also implies that for all B,
¢'(e*(B)) < 1. Furthermore, for an "unexpected type" B < B, firm
B's rent for one optimal scheme (which allows only costs in the
expected range) is

I(B) = II(B) + ¢(e*) - d(ex—(B-B)).

Fact 1 was proven earlier. Facts 2 and 3 are familiar from the incen-
tive literature. Fact 4 is used only to prove Proposition 4. Fact 1 con-
tains the earlier observation that the agent does not enjoy any rent when the
principal has full information. Fact 2 says that under asymmetric informa-
tion the least productive of the active types does not obtain any rent. Fact
3 is the classic "no distortion at the top result.” Fact 4 simply says that
under assumption M, the optimal effort is suboptimal. It also gives the rent

for an unexpected efficient type, who is forced to mimic the behavior of the



b) Dynamic_Optimization with Commitment.

- In this subsection only, we consider the case in wnich the regulator is
able to commit himself to an intertemporal incentive scheme. 1In particular,
he can commit himself to a second period scheme which is not optimal given
his information. Let us notice that the regulator offers twice the same
scheme (similar reasonings can be found in Baron-Besanko (1984) and Roberts
(1983)). Thus commitment in this model eliminates dynamics and ratcheting.

Let {tT(B),c1(B)} and {tz(B),cz(B)} denote the first- and second-period
transfers and costs for firm B under commitment. For both the firm and the

regulator, this dynamic ocutcome is eguivalent to the stationary (or static)

random mechanism which gives

{tj(B), c1(8)} with probability 55

{tZ(B), cz(B)} with probability T%E

to a firm of type B. By construction, this static mechanism is incentive
compatible. Since the objective functions are concave in t and c¢ in turn,
this random static mechanism is dominated by the following deterministic

incentive mechanism:

e 5 _
{£®) = 556, (B + 25 (B, c(B) = —=

o)
+
c, (B) + 7,5 c, (B}
in both periods. Thus, the previous dynamic incentive scheme was not opti-

mal. So it is optimal for the regulator to commit himself not to use the

information revealed by the firm in the first period.
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c) No_commitment: presentation of the dynamic game.

We will assume in the rest of the paper that the regulator cannot com-
mit himself to a second-period incentive scheme. He chooses the second-peri-
od incentive scheme optimally given his beliefs about the firm's type at that

date. As explained above, these beliefs depend on the first-period cost, and

on the firm's eqguilibrium first-period strategy (the firm's actual choice of

effort cannot be observed by the regulator). For any first-period incentive
scheme s1(c1), each firm B chooses a level of effort taking into account both
the effect on the first-period reward and on the regulator's inference about
its efficiency. Lastly, the regulator chooses the first-period incentive
scheme knowing that the firm will take a dynamic perspective.

We allow the firm to guit the relationship (and to obtain its reserva-
tion utility O0) at any moment. Let Xe = 1 if the firm accepts the incentive
scheme at t, and Xe = 0 if it quits.

To summarize, the regulator's strategies are incentive schemes
{51(c1),52(c2)} and the firm's strategies are effort levels and acceptance

choices {(e1,x1),(e2,x2)} conditional on the firm's type. These strategies

must form a perfect Bayesian equilibrium: P1) (ez,xz) is optimal for the

firm given 52(-), P2) s, is optimal for the regulator given his beliefs

2

FZ(- c1), P3) (e1,x1) is optimal for the firm given s1(-) and the fact that

P4) s, is optimal for

the regulator's second-period scheme depends on C 1

1’

the regulator given subsequent strategies, and RB) F2(- c1) is derived from

the prior F the firm's strategy given by P3) and the observed cost ¢, using

1l

Bayes' rule®.

6see Kreps-Wilson (1982).
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A continuation eguilibrium is a set of strategies and updating rule that

satisfies P1), P2), P3) and B). In other words, it is an eguilibrium for an

exogenously given first-period incentive scheme.

4. Ratcheting and pooling.

This section characterizes eguilibria. For notational simplicity, we
drop the index for the first-period incentive scheme: s(c). In Proposition

1, we consider s(c) as given.

Proposition 1. For any first-period incentive scheme s(c), there exists no

separating continuation eguilibrium.

Proposition 1 shows that even when, in the static case, full separation
is feasible and desirable (as in the case under assumption M), it is not even
feasible in the dynamic case. The intuition behind the proof of this propo-
sition is the following. If the agent fully reveals his information in the
first period, he enjoys no second period rent (see Fact 1). Thus, he must
maximize his first-period payoff. ©Now, suppose an agent with type 8 deviates
from his equilibrium strategy and produces at the same cost as if he had type
(B + dB), where dB > O. From the envelope theorem, he loses only a second-
order profit in the first period. On the other hand, he enjoys a first-order
rent in the second period, because the principal is convinced he hés type
(B + dB). Thus, he would like to pool with agent (p+df). The proof makes

this intuition rigorous:

Proof of Proposition 1. Consider two types of firms: 8 < B'. Type B produc-

es at cost c and receives s. Type B' produces at cost c' # c and receives



[\

s'. If the eguilibrium is separating, C signals tnat the firm has type 8§;
and similarly for (8',c'). So, in the second period, the firms are put at
their individual rationality level, i.e., make a zero profit. Imagine that
type B' deviates and chooses to produce at cost c. In the second period this
firm makes a zero profit, as the second-period incentive scheme is designed
to extract all the surplus from the more efficient firm B. However, if firm
B deviates in the first period and produces at cost c', then it will make a
strictly positive profit in the second period (since the less efficient firm
makes a zero profit). We denote this profit H(B] ') > 0. Optimization by

both types of firms reguires that:

(4.1) s - ¢(f-c) > s' ~ G(B~c') + S&I(B| B")
and
(4.2) s'- ¢(B'-c') ? s - W(B'-c) .

Adding (4.1) and (4.2) we obtain:
(4.3) ((B=c') + ¢(B'=c)) - (P(B~c) + ¢(B'=c"')) > O .
Convexity of ¢ and (4.3) then imply that ¢ < c'.

Thus, 1if {C(B),S(B)} denotes the first-period allocation, ¢ must be an
increasing function of B. Therefore, c is differentiable almost everywhere.
On the other hand, s must be decreasing (otherwise an agent of type B would
imitate an agent of type B'; B' > £), and therefore is differentiable almost
everywhere. Consider now a point of differentiability f, say. If firm B
deviates and behaves like firm (B-df) (dB > 0), it does not get a profit in
the second period. Thus:

(4.4) s(B) = ¢(B-c(B)) > s(B-dB) - P(B-c(B—dB)) .
Taking the limit as dB goes to zero:

(4.5) s'(B) + ¢'(B-c(B))c'(B) >0 .
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If firm B deviates and benaves like firm (B+dB), 1t obtalns a second period
surplus. Although its magnitude turns out to be irrelevant, this second
period surplus is easy to compute: in the second period, firm B must mimic
firm (B+dB)'s outcome. Thus it saves df on effort. As the planner (believes
he) has complete informaticn on the firm, the marginal disutility of effort
is egual to one. Thus H(B] B+dB) = dB. We thus obtain

(4.6) s(B) = ¢(B-c(B)) > s(B+dB) - ¢(B-c(B+dB)) + bdAB

or by taking the limit as df goes to zero:

(4.7) 0 > s'(B) + ¢'(B-c(B))c'(B) + &,

which contradicts (4.5).

Q.E.D.

Proposition 1 shows that at least some pooling is necessary: there
exists no non-degenerate subinterval of [8§, B8] over which separation occurs.
The next proposition shows that, for small uncertainty ((B-f) small), the
p?incipal imposes "much pooling," in a sense defined below. At this stage,
it is worth emphasizing that under assumption M, the principal induces full
separation in the static case, even for small uncertainty.

We will say that a continuation eguilibrium exhibits infinite reswitch-

ing if there exist two equilibrium cost levels cO and c1 and an infinite

ordered sequence in [§,B] such that producing at cost co (respec-—-

Bl en

tively, c1) is an optimal strategy for ﬁ2k (respectively, ) for all k.

B2k+1
An equilibrium which exhibits infinite reswitching is, thus, very complex; in
particular, there does not exist a well-ordered partition of the interval

[ﬁ,B] into subintervals such that every type in a given subinterval chooses

the same cost level (partition egquilibrium). An example of an equilibrium



o

exhiziting 1nfinite reswitching will pe providel in AppenzZix E.

we will sav that, for a given (small) z, a corntinuation ecuilibrium
exhiz:ts poolinc over & large scele (1-g) 1I there exist & cost level ¢ and
two values E1 < 32 such that (82—81)/(5—5) > 1-z, and ¢ is an optimal strate-

gy for types 81 andé ﬁz. In other words, one can find two <types wnhich are
arbicrarily far apart and pool. Xote that, of course, a £:1ll pooling equili-
briuz (all types choose the same cost target) involves pooling over a large
scale (for e = C).

et us now state Proposition 2. To this puirpose, we consider a sequence
of economies with fixed B, and we let the lower bound of the interval En
converge to B (the density is thus obtained by successive =runcations of the

e e - . 3 n - = _ QIS =
initial density: f£1(B) ‘1(5)/(1 F1(__Bﬂ)), defined on [8 .B1).

Proposition 2 (small uncertainty): For any e > 0, there exists 55 < B such

<hat for all n such that én > B_, and for any Zirst-period

incentive scheme s(c), there exists no conztinuation ecuili-
orium which yields the principal a higher payoZf than his
cptimal full pooling contract arnd woich:

either: a) involves less than & fraction (i-g) of firms
oroducing at the same cos%t; or

) does not exhibit both infinite reswitcking and pooling

over a large scale (1-g).

Thus, for small uncertainty, the equilibrium must either bs almost a
full pooling equilibrium (almost all types have the same cost target) or ex-—

hibit infinite reswitching (complexity) and pooling over a large scale.
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Proof of Prcoosition 2: The starting polint cf the procf consists in noticing

's profit relative to

[

that when §r tends to B, the distor=ion 1in tne principa
full informetion and associated with the best (full) pooling scheme tends to
0.7 Thus, to prove the proposition, it suifices to prove that the distortion
remains finite as long as the continuation eguilibrium does nct satisfy
either a) or b).

Consider a first-period incentive scheme s(c), and two distinct levels
of cost co and c1 that belong to the eguilibrium path (i.e., that are best
strategies for some types of agent) for some n (we will delete the subscript
n in what follows). Let Bi(i = 0,1) denote the supremum of types B for which

playing ct is optimal, and who are still active in the second period (i.e.,

are willing not to exercise their exit option) when they play ct. Bl will be

- i i . .
calleé the "supremum for c¢c™". B~ does not obtain any second period rent when

playing c* (see Fact 2). Assume for the moment that BO > 51. Thus, firm BO
. . . 1 2 .

does not cbtain any second period rent when playing c¢ either. Letting H(BI

cl) denote firm B's second-period rent when it has played cl in the first

period, we have:

’For instance, the principal can regquire a cost target ¢ = B-e* and give
transfer s = d(e*). The first-period distortion (which exceeds the second-
period one) is egqual to:

E[(1+N) (¢le*) - ¢lex—(B-B)) + (B-8))
+ A(d(e*) - ¢(e*-(B-8)) )] » O, when B_ goes to 8.

One can show that the optimal full pooling cost target c satisfies:

- — _ A
IE o' (B-c)E (BraB = 1 - Ao

o

(¢' (B-c) - ¢'(B-c))E, (B)AB



0 0 O 1 o \
(4.8) s(z) - ¢.3=¢c7) 2 s(c ) = J(E ~c
and

1 =

(4.9) s(c!) - ¢3'=c"y » s(c% - s(g'-®) + smeg'] <9 .
Adding (4.8) and (4.9), we get

0o 1 1 1 1 0 0 O Rep @1
(a.10) 0Pty - wist-ch) + w(3'=c?) - 03%=<% s ezp'| 9 .

. T L L 0 ) . B . 0 . .

Firm £ , if it chooses ¢ , can always duplicate what firm 3  does: thus, if
e(Bol co) denotes firm 50'5 effort in the second period, we have:

@) 28] % > eles?] <) - olecs?|®) - (5%-8"))

> ¢ (e6%] 0 - (3°%-58") )(g% 8"

0 A1
? k(5—5 )l
using the convexity of ¢, and the assumption that ¢' is bounded below by k.

Combining (4.10) and (4.11), we obtain:

o 1 11 1 0 0 0
. _ A _ . gl _ =20_
(4.12) O(B -c ) OB -c ) (8 -c7) G(8 =-c ) Sk >0 .
0 1
g -3
t us now come back to the seguence of economies. Consider a seguence
. . 0 1 0 1 N
of costs and suprema of types that choose these costs: (cn, cn, Bn, Bn). e

want to show that in the limit, cg and c; must be "suffiziently far apart.”

Using a Taylor expansion as Bg and 8; are close to B, ané inequality (4.12),

we get
(4.13) ¢ (B—c') - ¢' (B > x' >0 .
n n

(4.13) implies that there can be at most one of the two cost levels that



pelongs to the eguilibrium path and that belongs to tne interval [g—e*—;,
E_e*+;], where (f-e*) is the optimal effort in the limit (when n goes to
infinity) and  is a given strictly positive constant. Tnus, the fraction of
firms that choose the other cost level must be negligible if the distortion
relative to the first best 1s to converge to zero (which must be the case if
the eguilibrium dominates the full pooling optimum).

More generally, we must allow for the possibility that the suprema of
types playing some costs and still active in the second period be egual.
(4-13) applies only when these suprema differ pair-wise. However, it tells
us that, for a given n, there exists Bn and a set Cn of equilibrium cost
levels such that the corresponding suprema for all these cost levels coincide
and are egual to Bn’ and these cost levels are chosen by a fraction (1-g) of
types, where € can be taken arbitrarily small if the eguilibrium dominates
the full pooling optimum.

That the eguilibrium must exhibit pocling on a large scale follows:
since cost levels in Cn are chosen by a fraction (1-g) of types and all cost
levels have the same supremum, there exist at least one cost level which is
an optimal strategy for two types sufficiently far apart.

Last, if £he egquilibrium does not exhibit infinite reswitching, for any
two cost levels co and c1 in Cn' co is strictly preferred to c1 in an
interval (B,Bn) and Bn cannot be the supremum for ct. Hence, there can exist
only one cost in Cn' wnich means that the egquilibrium is, up to g, a full
pooling equilibrium.

3 Q0.E.D.
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Let us Ziscuss Proposition 2. or small zncsrtelnty, the crincipal must

either impose, up to a fraction Z oI tne firms, & cost target (Zull pocling)

or resort to an equilibrium with an infinite azount of reswitching anéd still

much pooling. Appendix B constructs such an ezuilibrium, which is depiczted

in Figure 1. The principal offers two {cost, zransfer} pairs.
Insert Ficure 1.

The two costs are c and c. Firms in [§,§) strictly prefer c. PFirms in [E,E]
are indifferent between ¢ and ¢ and randomize between these Ttwo cCOSts. Ap-
pendix B shows that this first-periocd randomizztion can be chosen so that the
principal's posterior, and thus, the firm's second-period rent, maintain the
equality between U and U over this interval. It can also be shown that c and
¢ can be chosen arbitrarily close (by choosing 3 close to 8); hence, a priori
this equilibrium need not be suboptimal for smzll uncertainty.

We have been unable to show that full pooling i§ optimal for small
uncertainty. We would, however, like to arcgue <tha*t it has robustness
properties that, in practice, are likely to make it preferred to its corcbdlex
contenders. The latter needs a very fine knowledge of the game in order to
create the right equilibriuvm configuration. A unicue cost target, by
contrast, will be more robust to small mistakes in the description of
uncertainty. Note that Proposition 2 implies that if the regulator is
constrained to induce a "simple" equilibrium (poocling or partition), he
chooses to impose a cost target (pooling).

In the class of full pooling equilibria, the best cost target is easy to
characterize ksee footnote 7). If such a cost target is imposed, the firm's
first-period effort decreases with efficiency (while it increases with

efficiency in the static model). Furthermore, in spite of the ratchet el
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ect, there 1s no underprovision of eifort in the first period. Indeed, it
is possible to show that under a guadratic cdisutility of effort and a uniform
prior, the average marginal disutility of effort over the population of types
is the same as in the static (or full commitment) case. And, for 2 close to
B, the firm works harder than in the first best! This is due to the fact
that the regulator foresees this ratchet effect and forces the less efficient
types to work very hard to avoid an excessive amount of shirking by the effi-
cient types. Lastly, most efficient types work harder in the second period,
while the least efficient types work harder in the first period. The vari-
ance of earnings (st) over the population of types grows over time (while it
is constant under commitment). The optimal full pooling eguilibrium in the

uniform quadratic case is represented in Figure 2.

Insert Figure 2

5. PFurther results.

a) Partition vs. non-partition eguilibria.

The natural type of equilibrium to look for in incentive problems is the

partition egquilibrium, in which Lg, E] can be divided into a (countable)

number of ordered intervals such that in the first period all types in an
interval choose the same cost level, and two tvpes in two different intervals
choose different cost levels (for examples of partition equilibria in sender-
receiver games, see Crawford-Sobel [1982]). Tﬁe case of full pooling is a
degenerate partition equilibrium in which there is only one such interval.

We now derive necessary and sufficient conditions for the existence of
a partition.equilibrium when the disutility of effort is gquadratic (or, more

generally, a—convex,8 as the reader will notice).

8¢ is a-convex if (" > a everywhere.
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Proposition 3 (necessary condition). Assume ¢ 1s guadratic (¢(e) = aez/g),

and the equilibrium is a partition eguilibrium. If Sy and c, are

two equilibrium cost levels, [c —c;| > &5/a .

K

Proposition 3 states that the minimum distance between two equilibrium
costs in a partition eguilibrium is equal to the discount factor divided by

the curvature of the disutility of effort.

Proof of proposition 3. Let {Bk} denote the cutoff points and {ck} the equi-

librium costs in a partition equilibrium. Agents with types in (Bk’6k+1)

choose cost c. (where Bk < ﬁk+1)' Agent Bk is indifferent between ¢, and

k k

It is easily seen that c, increases with k: firm Bk+1 does not have a

“k-1° k

second-period rent when choosing c, or c (from fact 2):

k k-1

slep) = bBy =6y ) 2 sley 1) = bRy 7G4

hlso, firm ﬁk does not enjoy a second-period rent when choosing Cy_qr but
enjoys a strictly positive rent when choosing Cpe Thus,

S(ck_1) - ¢(Bk_ck—1) > sley) = ¢(Bk-ck)-
Adding these two inequalities and using the convexity of ¢ leads to Sy >
Cp_q®

Next, define the function Ak(B) on [Qk, Bk+1]:
A (B = {s(c,) - ¢(B-c,) + 8M(B| c, )} - {slc,_;)=d(B-c, 1)}

To interpret Ak(ﬁ), remember that the principal's posterior beliefs about the
agent's type when the agent chooses ¢, . is the prior truncated on [Bk—1'8k]'

Thus, the agent with type Bk’ and a fortiori with type B > Bk’ enjoys no
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. Wnen he chooses ¢

-1 however, the

second-period rent when he chooses Sy w

and the agent enjoys a rent that

posterior puts all the weight to [By, Bk+1]

we denote H(BI cy). Thus, Ak(B) is the difference in intertemporal profits

for agent f in [Bk, Bk+1] when he chooses Sy and Crq® By definition,

=

Ak(ﬁk) = 0. If we want the agent with type (Bk+a) to choose ¢ it must be

k,

the case that Ai(Bk) > 0, or;
(5.1) -4 (B —c,) + 8 (B |e ) + &' (B -c, ) >0 .

From Fact 3 ("no distortion at the top" result), we know that

H'(Bk] ¢y ) = -1. Thus, a necessary condition is:
(5.2) aley-c, ) - 65 > 0.

Q.E.D.
Proposition 4 (sufficient condition). Assume ¢ is quadratic (¢(e) = aez/Z)

and assumption M is satisfied. If the principal offers a finite

set of allowed cost-transfer pairs {sk,ck} such that Ick— > §/a

c,l

for all (k,X), there exists a partition eguilibrium.

The proof of Proposition 4 is provided in Appendix C. It is a construc-
tive proof, which works by "backward induction" from B. It starts by notic-
ing that type B, who never enjoys a second-period rent, maximizes its first-
period profits. It then constructs the cut-off points of the partition equi-
librium by moving towards §B.

We thus see that, contrary to the case in which sending a message is

costless (as in Crawford-Sobel [1982]),9 the existence of a partition egui-

9Here, the sender is the agent and the receiver the principal. The
message is the first-period cost.



librium reguires some stringent assumption. Indeed, 1t is possible to con-

struct first-period incentive schemes for which there exists neither a parti-

tion equilibrium, nor a full-pooling (degenerate partition) eguilibrium: see

Appendix D.

b) The finite case

We have verified that the intuition and the characterization results
obtained for the continuous case also hold for the large, but finite case
(finite number of types for the agent and finite number of potential cost-
transfer pairs for the principal). For instance, Proposition 1 can be stated

informally:

Proposition 1': Let [c,c) denote an arbitrary cost range and [B,B] the un-
P = 2

certainty range. Assume that the set of potential efficien-
cies in the uncertainty range is finite, and that the prin-
cipal is bound to offer a finite number of {cost, transfer}
pairs, where the costs belong to the cost range. For a
sufficiently large number of potential efficiencies, there

exists no separating eguilibrium.

Proof of Proposition 1': see Appendix E.

Thus, with a finite number of types, separation may be feasible, but as
the grid becomes fine, eguilibrium costs must go to — «® or + «® to allow se-

paration. This clearly cannot be optimal for the principal. We checked that
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(the natural analogs of) Propositions 2, 3, and 4 also hold in the finite
case, but their statements are cumbersome.

For comparison, we should mention that we sclved the two-type case.
Even under our assumptions, incentive constraints are, in general, binding
"upwards" and "downwards" {contrary to the static case). This leads to seve-
ral potential equilibrium configurations. For instance there can exist
continuation equilibria that exhibit "double randomization”": Both types
randomize between two cost levels in the first period (in the spirit of the
continuation equilibrium exhibited in Appendix B). We were able to obtain
the optimal scheme numerically. But more generally, the number of potential
equilibrium configurations grows rapidly with the number of types, and a

numerical analysis becomes hard to perform.
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Appendix A

Characterization of the Optimal Static Incentive Scheme

Let us assume that the principal has beliefs dF(B) on the interval [B,F]
(4F need not be the truncated prior).

let us first inguire about what type of function e*(B) can be implement-
ed. The transfer s is a function of ¢ = B-e*(B) only. If we want to imple-
ment e*(B) we must have
(A.1) s(B-e*(B))-v(e*(B)) > s(B-e)-¢(e) for all e.

Consider B, B' with B > B'. In particular, it must be the case that

agent B is better off by choosing e*(B) rather than the level of effort which

would identify him with agent B', i.e.,

(4.2) e*(B'|B) = B-B'+e*(8")

(A.1) becomes in this case

(4.3) s(B-e*(B))-v(e*(B)) > s(B'-e*(B'))-¢(B-B'+e*(8")) .

Reasoning symmetrically we obtain

(&.4) s(B'-e*(B'))-¢(e*(B')) > s(B-e*(B))-0(B'-p+e*(B)) .

Adding (A.3) and {A.4) we have:

(4.5) o(e*(B'))-0(p-B'+e*(B)) < -0(e*(B))+¢(p'-p+e*(p)) -

The convexity of ¢ then implies that c(B) is nondecreasing and, there-
fore, differentiable almost everywhere.

The transfer s must be a noﬁincreasing function of ¢ because it is al-
ways possible for an agent B with a low coét (in terms of disutility of ef-
fort) to imitate agents with a higher cost.

Consider a point of differentiability of the level of utility of agent

B. Then:

(4.6) I(B) = s(B-e*(B))-0v(e*(p)) .
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Since agent B chooses € by maximizing {s{c)-d(e)} with respect to e, we have

(£.7) -2 _4(e) = 0
(4.8) f1(8) = $2 (1-8%(8))-0" (e*(8))*(8) = -u'(e*(8))
from (4.7).

The individual rationality constraint is

(£.9) n(g) > o for all B.

The second period optimization problem of the regulator can be written:

(4.10) Max fs {u-(1+1) (R-e+d(e) ) -AIT}aF(B)
s.t. I(p) = -¢'(e) dF. ae
e(B) = ¢ dF. ae
n(g) > © for all B
E < 1.

In this optimal control problem £ is the control end N and e the state
variables. Without restrictions on the shape of F(+), the constraint £ < 1
may be binding in some intervals (i.e., the solution involves bunching) and
the solution to (A.10) reguires the use of methods described in Guesnerie and
Laffont (1984).

let us assume for the moment that F(+) is twice continuously differen-
tiable and is such that £ < 1 is never binding.

Then (A.10) can be rewritten more simply

B
(A.11) © Max IB {u-(1+1) (p-e+¢(e))-Am}aF(R)

st. ﬁ(B) = —¢'(e) dF. ae

o(g) » 0 for all B,
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(h.12) o= [u-(1+2)(8-e+0(e))-2m)] &£ - ug'(e)

(where u(B) > 0).
Tre first order conditions (these conditions are sufficient for (4.11)

because the mzxircized Heziltonian is concave in II) can be written:

(A.13) (1+2) (1 = ¢'(e)) %% = uo"(e) ae
(£.12) b= A g—; m

Since II is nonincreasing, T(8) » O will be binding only at é and
therefore, p(8) = O.
Tnus, we have:

(215)  e'(e) =1 - 5 2B er(e)

2

. Q q q g q e
For exzamzle, if the distribution F is uniform end ¢ = 5

A(g-8)
l‘l = —.:-—
B-8

=1 -2 (s-

More generally, define

8

inf{B|F(B+e) > O for all € > 0O} .

B8 is the real lower bound of the support of F. The following is the tradi-

tional "no distortion zi the bottom" result (Fact 3):

lerma 1. g—g (8) = -¢'(e(8)) = -1 .

Proof. This results from the first-order condition and the fact that the
ignored constraint clearly is not binding: (F/f) is close to zero and.non-

decreasing around B.

Q.E.D.
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) is non-decreasing and A is "not too big,

Hol

Next, note that if (
(A.15) and the terminal condition ¢'(e(8)) = 1 yield a solution e(8) which

decreases with B. Tnis in particular implies that the ignored constrain

(é < 1) is indeed non btinding. Thus, we obtain:

Lemma 2: If (-% ) is non-decreasing, f is bounded away from zerc and contin-
uously differentiable, and A is "not too big," the marginel disutility of
effort is non-increasing and does not exceed one (the first best level).

The following two properties hold for all distributions dF. let E < E

be defined by
B = sup{B|F(B-g) < 1 for all € > O} .
B is the "real" upper bound of the interval.

lemma 3. H(E) = 0 .

Proof. We know that H(B) » 0. Imagine thet N(B) = I > O. Reduce the
transfer by II uniformly over all costs. Since H(B) is a decreasing function
of B, all types that are at least as efficient as E are willing to partici-
pate. The other types (which have measure zero) can always guaraniee them
selves zero by not participating. The uniform reduction in transfer is so-

cially desirable.

Lemma 3 is straightforwardly extended to the case in which the cut-off
point 1s lower than E (some firms with types lower than E do not produce).
This resulfs in Fact 2.

lastly, let us show that, under assumption M, there exists an optimal
incentive scheme such that an unexpected type B < 8 chooses to mimic agent B.

Assume that all cost levels that differ from the set {B-e*(B)}_ (5.5] are
B e (8,8
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prohibited (i.e., correspond to huge negative trensfers). Then, agent B can
only duplicate an equilibrium cost. BHut, we know that:

(4.16) s(B-e¥*)-¢(e*) > s(B-e)-¢(e)

for g1l e such that there exists B in [E;S] such that B-e = B-e*(B). 1If
gssumption M holds, e*(B) < e*, and therefore, e < e*. The last step of the

proof consists in noticing that (£.16), the convexity of ¢, and the fact that

e < e¥*¥ imply that:
(A.17) s(B-e*)-0(e*-(8-B))

> s(B-e*(B))-v(e*(B)-(B-8)) .
Thus, the last part of Fact 4 is demonstrated.

Q.E.D.

Appendix B

Example of a Non-Partition Egquilibrium

The non-partition equilibrium we construct is depicted in Figure 1.
The first-period incentive scheme offers two levels of cost ¢ < E, and
associated transfers: s < s. let I(B|c) and N(B|T) denote firm B's second

period rent when it has chosen ¢ or ¢ in the first period. And 1let

~ U(B) = s-¢(B-c)+8I(B]c) .

and

U(B) = s-¢(B-c)+s0(Blc) -



B-g = 1 and that <the

ot

Assume that ¢ is guairatic: «(e) = e2/2, tha
prior f1 is uniform on [gjé]: f1 = 1.

The continuation equilibrium we construct hes the following property:
firms in [g,E] produce at cost c. Firms in [E,B] ere indifferent bpetween
producing at c and producing at <. Tney randomize in such a way that the
posterior distributions on [E,B] given ¢ and ¢ are uniform on this interval.

Iet us introduce some more notation before constructing the ecuilibrium.

Iet g and E denote the unconditional densities of firms choosing c¢ and c:

g(B)+e(8) 1 for all 8. And let f and f denote the conditional (posterior)

densities given that c and ¢ have been chosen in the first period. Since the

densities are uniform, we have:

If g e [8,F] £(8)

1
O

T(8)

where g is the (uniform) density on [8,E] of firms choosing cost c.

I

1t B e [B,R] £(B)

(B-8)+(B-B)e

—_

£(g)

p-B
Ve now put conditions on the parameters g (the uniform unconditional

density given c is chosen), E and the costs and transfers levels, so that

this is indeed arn equilibrium. These conditions are:

(B.1) s-¢(B-c) = s-¢(B-c)
- B-B
(B.2) g = S =) -

Condition (B.1) says that firm B is indifferent between the two cost levels

(remember that firm E never has any second-period rent). Condition (B.2)



insurea that the indifference between costs ¢ and ¢ is xept from B to B, as

we now show. Let e(B) and e(8) denote firm B8's second-period effort when it

~

has chosen cost ¢ or c.

T(B). Given (E.1), it

let us show that, for all B in [B,B], U(B)

suffices to show that, for all B in [B,B], U(8) = T(B), or

(B.3) -¢'(B-c)-8¢" (e(B)) = -¢'(B-C)-60"(e(B)) ,

where we use the fact that the derivative of the second-pericd rent is equal
to. minus the marginal disutility of effort (see section 2). Next, the pos-
terior densities satisfy condition M on [g,é]. From Appendix A and using the

fact that ¢ is quadratic, we lmow that:

' (e(B)) = 1 - 25 7—;};(2)
and
o (5(r)) = 1 - 2 KB
A )

where F and F are the cunmulative distributions corresponding to f and f; on

[E,B]:

(-8)+(8-B)e
F(B) = ——
(B-8)+(B-Blg
and
HORE=
B-B

So, on [B,B]:

> , A B-.é o
¢'(e(B)) = 1 - 537 ((7))+(8-B))

o' (3(p)) A

]
_—
I
~
ki
™
~
.
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3.7) then becomes (using the fact that ¢ is guadretic):

A P

& -
1+ g

= c-c ,

which is nothing but condition (B.2).
To complete the proof that this 1s indeed an equilibrium, we must first
show that the parameters can be chosen so that g is less than 1, and also

that for B in [B,E], U(B) > T(B).

o
>
™
1
™

It is easy to ensure that g =

TN is less than one. It suffices to

ol

-C

take E close to 8. To check that firms in [EJE] prefer to choose c, it suf-

fices to show that, on this interval, U(B) < U(B), or

-¢" (B-c)-6¢"' (e(B)) < -¢'(B-c)-8¢"(e(B)) -
Since condition M is satisfied for the posterior distribution given c, we
have, for B in [E,E]:

g _ A
¢'(e(B)) =1 - Erey (B-8) -

On the other hand, e(8) = €(B)-(E-B) (in the second period, B, which is to
the left of the real lower bound E of the posterior distribution, does pro-

duce at the same cost as B). So:
¢'(e(B)) = o' (e(B)-(B-B)) -

Using the fact that ¢ is quadratic, the condition for U(B) < U(B) becomes,

for any B in.[E}E]:
~ A 6
c-c > 8(355) (B-8)

which is satisfied from condition (B.2) and the fact that g < 1.

Q.E.D.
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Arpendix C
Proof of Proposiztion 4 (sufficient conditions

for the exlstence of a partition equilibrium)

Let O denote the arg max {s(c)-0(B-c)} where ¢ € I', the set of allowed
costs. If there are ties, take cO to be %he lowest of the arg max. Firm B
chooses co, since whatever the planner's beliefs in period 2, it will get a
zero surplus in that period. Let BO = B.

let H(BI[B,BOJ) denote firm B's second-period profit when the planner's
posterior distribution is the prior distribution truncated at B (i.e., the
planner knows that the firm's type belongs to the interval [B,B]). 1 is
continuous in B, and is equal to O for B = BO (from Fact 2). Define the
function hO(B):

0 -0 0 0
(C.1) h (B) = s -¢(B-c )+81(B|[B,87]) - max {s(ec)-a(B-c)} .
c<c
.0 . . X 1o 0 0

We know that n~ is continuous and that from the definition of ¢, h (B)
. . s 0 i 0
is strictly positive for B close (or equal) to B . Let B = max {B|h (B) =
0 and ho(B-e) < 0 for any sufficiently smz2ll e > O}, and let c1 denote the
corresponding cost (as before, in case of ties, choose the lowest such cosi).
If there exists no such 61 above B or if there exists no ¢ < co so that ho is
not defined, then the equilibrium is a pure pooling one. Assume that 51 > B.

Iet us notice that if in (C.1) we maximized over c » cO rather than over

c < co, ho(ﬁ) would always be positive: we have:

s9-¢(p-c®)+sm(p|[p,8%]) » s%-4(-c% .

But, for all ¢, from the definition of cO:

s9-4(8%c%) > s(e)-0(g%c) .

Using B < BO and ¢ » cO and the convexity of ¢, then leads to
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s ~p(B-c”) > s(c)-uv(B-c)

Thus, in our guest Ior E1, we can restrict ourselves to costs under co. This
property (with the same proof) will hold at each stage of our algorithm.
Next, define the function h1(6):
1 N 1 1 :
h'(B) = s -¢(B-c )+6m(Bl[B,8 ]) - max {s(c)-¢(B-c)}
c<c
1. . . 1 1. . .
h 1is continuous; and from the construction of ¢ , h 1is strictly posi-
tive for B slightly under B'. Let B° = max [B<p' |n'(B) = O and h'(B-g) < O
for any sufficiently small e}, and let 02 denote the corresponding cost (in
case of ties, choose the lowest such cost).
(Bk,ck) is then constructed by induction until either there exists no
k . s k, k k, k .
B > B that satisfies h (B7) = 0 and h" (B -g) < O for small &, or there is not
allowed cost level left.
.. o T s . k+1 k
The partition equilibrium we propose has type B in (B ,B~) choose cost
ck (the zero-probability cut-off types are indifferent between two cost
levels). When cost ¢ is played, that does not belong to the equilibrium
path, Bayes rule does not pin posterior beliefs down. We will assume that
the principal then believes that the agent has type B (the reader who worries
about the plausibiltiy of this conjecture should remember that the principal
is always free not to allow such cost levels, so that the problem does not
arise).
. . k+1 _k
Let us first show that a type B in [B B ] does not prefer a cost c <

ck. From the construction of Bk+1, we know that

o (8 -cF)+on(8" [T D) = max {s(o)-0(8"-0)} -

Now, define for B ¢ [Bk+1,6k] ’

s -g(p-c)+on(p1 (871, 65]) - max | {s(e)-u(8-c)}

c<c

A (B)



C. Let us show that A'(8) > C:

b €
K

i+
Thus, Ay(s )

8:(8) = =" (p=c¥)eom (BI85, 8" )wa" (B-c)

for some ¢ < ¢

k+1,5k]) is equal to minus the marginal disutility of ef-

Next, M'(8|[B
fort by agent B in the second period. Since the posterior beliefs are the
. k+1 _k . . . .
truncated prior on [ﬁ B ], assumption M (monotone hazard rate) is satis-
fied, as is easily checked. From Fact 4, the marginal disutility of effort

is lower than 1. Thus:

A (B) > _s+a(cF-c) > 0,

since the distance between the allowed costs exceeds 8/a.
. k+1 _k

Second, we must show that a type B in [B ,B ] does not prefer a cost
c > ck. We prove this by "backward induction” from B. Let us suppose that
we have shown that for any B in [Bk, E], B prefers to play its presumed op-
timal cost to playing a higher cost. (To start the induction, remember that
this property holds on [81,51, by definition of 61). Define on [Bk+1,8k] and
for ¢ > ck:

{s%-0(p-cX)+om(p [, 65])}

A, (B,c)

{s(c)-¢(B-c)+on(gle)} ,

where TI(Blc) is agent B's second-period rent when it chooses cost ¢ in the
first period. Notice that, by induction and from the fact that ck is an
optimal strategy for Bk,

A, (85,c) > 0 .

. . c k+1 k
To prove our property, it suffices to show that Ak(B,c) < 0 on [B B ].

But, we have:
A(B,e) < 4" (B-c)+¢" (B-c)-81'(Ble) -

If ¢ does not belong to the equilibrium path, from our updating rule, we have



\N

h

n'(sic) = 0. If c belongs to tne equilibrium patn, ¢ = ¢ with £ < kK, then
9 7 2+1
n'{8le) = ~¢'{e*-(8" '=8B)) > -1
(see Fact 4: the B-agent mizics the cost chosen by the lower possidle type
given the second-period posterior beliefs). In both cases, H'(B]c) > -1, so
that

A;(B,c) < 6-a(c-ck) <0 .

k
Thus, the agent with type B does not want to choose ¢ > ¢ either.

Appendix D

Example of Inexistence of s Partition or Pooling Equilibrium

. . 2 . .

I=t us assume that ¢ is quadratic: ¢ = e~ /2, say, and that B is uni-
formly distributed on [1,2]. Suppose that the principal offers iwo cost-
transfer pairs {c ,s.] and {c S }. Assume w.l.o.g. that ¢, > c,. If c.-c

0’70 1771 0 1 0 1
< 8, we kmow from Proposition 3 that there exists no (non degenerate) parti-
tion equilibrium. Iet us now show that one can choose the parameters so that
there exists no pooling equilibrium either. Assume that the transfers satis-

5257

(D.1) sg-(2-cy) = s -¢(2-c,)+e ,

where € is strictly positive and small. Eguation (D.1) says that type B = 2
slightly prefers co (remember that this type never enjoys a second-period

rent). Thus, a full pooling equilibrium must be at cost co.

To give the full pooling equilibrium at c. its best chance, let us

o)

assume that when the agent plays cy (2 zero probability event), the principal



believes ne has type 8 = 1, so that tne agent does not enjoy a second-period
rent. Iet H(5|L1,2]) denote agent B's rent when the posterior coincides with
the prior, and define:

a(8) = {sg-v(B-cy)+om(8l[1,2])}-{s,-¢(B-c )]
to be the difference in intertemporal payoffs for agent B. Wwe know that

A(2) = €. We have:

A'(B) (00—01)+5H'(Bl[1,2])

cg-e,-5(1 - T%X (8-1)) ,

using the computetion in Appendix A. In particular,

A'(2) = ¢c.-c, -

Thus, for & > (co-c1) > §/(1+)\), there exists & sufficiently small such that
A(B) becomes negative to the left of 2. Then there is no pooling equilibrium

at cO either.

Q.E.D.

Appendix E

Proof of Proposition 1'

Consider a finite number of costs {c which are chosen on the

)
equilibrium path. And let

Ek = sup {BIB produces at cost c, and is active in the second period}.

k
Note that Bk obtains a zero surplus in the second period if it plays cy (see

Fact 2). So for all (k,2), with obvious notation, we have:

v (E.1) 5k—¢(ék-0k) > sg~¢(Bk-cg)



N

Q]

and

(5.2) s,-4(By-c,) > 8, -4(B,-c )

Adding (E.1) and (E.2) gives:

(E.3) G(By e g)+o(Bg-c, ) -0(By-c, )~4(By-c,) > 0
(E.3) and the convexity of ¢ imply that:

(E.4) By < By >cp < cy

So there is an increasing relationship between the cost levels chosen on
the equilibrium path, and the supremum of the types that choose these costs.
Now, consider two "adjacent"” levels of cost belonging to the equilibrium

: c h
path: Cy < 1 We have

(2.5) Spa1 ™ Byag i g) 7 8 ¢(Byyymey)
Furthermore, we can refine (E.2): type Bk’ after deviating to Cpsqr cED

always mimic what type Ek+1 does in the second period. Given that the latter

has a zero surplus and that it makes some effort e2(5k+1), we get:

(E‘e) sk-¢(ék-ck> ? sk+1-¢(BK-ck+1)
+ 8[0(e (Bpay))-0le o(Bs V08,01

where AB, = Bk+1'Bk .

Adding (E.5) and (E.6) we have:
(E'7) -¢(Bk-ck)+d)(ék+1 -ck)-¢(Bk+1 -ck+1 )+ ¢(Ek_ck+1 )

Now assume that the equilibrium is a separating equilibrium. Then, from
Fact 1, e2(§k+1) = e¥,6 i.e., ¢'(e2(Ek+1)) = 1. It is clear from (E.7) that
the right hand side is of the first order in ABk. Thus, if (c

K+l = ck) is

not bounded away from zero, the left hand side cannot exceed the right hand

4953 060
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O

side (take a Taylor expznsion for £8 small).

tx!
1S
n'u

s the grid size goes to

zero, the range of cost must become infinite.

Q.E.D.
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