Discussiones Mathematicae

Graph Theory 40 (2020) 807-821 % SC I en d O

doi:10.7151/dmgt.2154

THE EDIT DISTANCE FUNCTION OF SOME GRAPHS

YuMEI HU?, YONGTANG SHI?
AND

YARONG WEL®

@School of Mathematics
Tiangin University, Tiangin 300072, China

bCenter of Combinatorics and LPMC
Nankai University, Tiangin 300071, China

e-mail: huyumei@tju.edu.cn
shi@nankai.edu.cn

Abstract

The edit distance function of a hereditary property . is the asymp-
totically largest edit distance between a graph of density p € [0,1] and 7.
Denote by P, and C,, the path graph of order n and the cycle graph of order
n, respectively. Let (5, be the cycle graph Cs, with a diagonal, and C,, be
the graph with vertex set {vg,v1,...,v,—1} and E(a;) = E(C,) U {vva}.
Marchant and Thomason determined the edit distance function of C§. Peck
studied the edit distance function of C,,, while Berikkyzy et al. studied the
edit distance of powers of cycles. In this paper, by using the methods of
Peck and Martin, we determine the edit distance function of C§, C,, and P,,
respectively.

Keywords: edit distance, colored regularity graphs, hereditary property,
clique spectrum.
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1. INTRODUCTION

The edit distance in graphs was introduced by Axenovich, Kézdy and Martin [5]
and by Alon and Stav [4] independently. The edit distance problem considered
here is “How many edges need to be added or deleted (edited) in a graph G
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so that it will have a certain property?” The presence or absence of edges in
a certain graph corresponds to pairs of genes which activate or deactivate one
another in evolutionary biology. In evolutionary theory, the gene reconstruction
avoiding forbidden induced subgraphs is studied [9], which is equivalent to the edit
distance problem. The edit distance problem is also important to the algorithmic
aspects of property testing [1-4].

The edit distance between a graph G and a property J7 is

dist(G, #) = min { |B(G) A B(GY)|/ (Z) V(G) = V(G),G € ff} .

The edit distance function of a property #, denoted ed ;- (p), measures the max-
imum distance of a graph with density p from J#. Formally,

n—o0

(1) edy(p) = lim max {dist(G, H): V(G = n, |E(G)] = MZ)J}

if this limit exists.

A hereditary property is a family of graphs that is closed under the taking
of induced subgraphs. For a given graph H, the property of having no H as an
induced subgraph is called a principal hereditary property, denoted by Forb(H).
Clearly, Forb(H) is a hereditary property for any graph H. In fact, for every
hereditary property # there exists a family of graphs .# (%) such that . =
ﬂHeﬁ(%ﬂ) Forb(H). A hereditary property is said to be nontrivial if there is an
infinite sequence of graphs that is in the property. The properties for which we
study the edit distance are usually hereditary property.

Balogh and Martin [6] showed that the limit in (1) exists and the edit distance
function has a number of interesting properties.

Proposition 1 [11]. Let 5 be a nontrivial hereditary property. For p € [0,1],

(a) edy(p) is continuous.
(b) edy(p) is concave down.

In [4], Alon and Stav proved that for every hereditary property .7, there
exists a p* = p*(J) € [0,1] such that the maximum distance of a graph G on n
vertices from 7 is asymptotically the same as that of the Erdds-Rényi random
graph G(n,p*). Namely,

(2) max {dist(G, ) : |V(Q)| = n} = E[dist(G(n,p*), )] + o(1).

We denote the limit in (2) by d%,.

The edit distance functions of some kinds of graphs have been investigated
in recent years, including complete graphs [13] and split graphs [12]. Actually,
complete bipartite graphs are also studied. Marchant and Thomason [10] studied
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the edit distance functions of K59 and K3 3, respectively. Balogh and Martin [6]
established the value of p}orb( Kss) and d}orb( Kss)" Martin and McKay studied
the edit distance function of Ky, in [14]. Recently, Berikkyzy et al. [7] settled
the edit distance function for many powers of cycles.

Denote by P, and C), the path graph of order n and the cycle graph of order
n, respectively. Let C5, be the cycle graph Cs, with a diagonal, and C,, be the
graph with vertex set {vg,v1,...,v,-1} and E(a;) = E(Cy) U {vove}.

In [10], Marchant and Thomason studied the edit distance function of the
graph Cg. Motivated by this result, we study the edit distance function of the
graph Cg and prove the following result.

Theorem 2. Let 7 = Forb(C¥).

. [p p(l=—p) 1—p
edyr(p) = mln{za (1+p)’3}’ for p € [0,1].

Peck [15] in her Master’s thesis calculated the edit distance function of C,,.
The result is as follows.

Theorem 3 [15]. Let 5 = Forb(C,,).

. . 1— _
(a) If n is odd, then edz(p) = mm{g, H(Z’F%ijﬂp, [hpl}, forp € [0,1].

(b) If n is even, then ed(p) = min {H(ZJFQ‘_WP—)?)IJ’ [’521}’ forpe “n/:ﬂ*l’ 1}.

Motivated by this result, we study the edit distance function of 6’2 and P,.

Theorem 4. Let 5 = Forb(Cy,) and n > 9.

. p(1—p) l—p
ed (p) —mm{Q, T %1] oy [ng?’ }, for p €[0,1].

Theorem 5. Let 5 = Forb(P,) and n > 3.

o p(1 —p) l1—p 1
ed{yf(p)—mm{l_i_( %]_2)17, {311}7 forpe [((n—l)/iﬂ J10.

Our paper is organized as follows. Some definitions and tools are explained
in Section 2. We prove Theorems 2, 4 and 5 in Sections 3, 4 and 5, respectively.
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2. DEFINITIONS AND TOOLS

All graphs considered in this paper are simple. The standard graph theory nota-
tion not defined here will conform to that in [8]. The edit distance notation not
defined here will conform to that in [11].

In order to estimate the edit distance function, Alon and Stav [4] defined a
colored regularity graph (CRG) K as follows. Let K be a simple complete graph,
together with a partition of the vertices into white and black, and a partition
of the edges into white, gray, and black. Denote by VW (K) and VB(K) the
set of white vertices and the set of black vertices, respectively. Then V(K) =
VW(K)UVB(K). Denote by EW(K), EG(K) and EB(K) the set of white
edges, the set of gray edges and the set of black edges, respectively. Then we
have E(K) = EW(K)UEG(K)U EB(K). A CRG K’ is said to be a sub-CRG
of K if K’ can be obtained by deleting vertices of K and is a proper sub-CRG if
K' # K.

We say that a graph H embeds in K (writing H — K), if there is a function
¢ :V(H) = V(K) so that if hihe € E(H), then either p(h1) = ¢(h2) € VB(K)
or p(h1)p(he) € EB(K)U EG(K) and if hihy ¢ E(H), then either p(hy) =
w(h2) € VIW(K) or ¢(h1)p(he) € EW(K)U EG(K). For a hereditary property
A, we denote by # () the subset of CRGs K such that any graph H € % ()
does not embed in K. That is, # () ={K : Hv» K,YH € F()}.

For a hereditary property %, we can use the g function of each CRG K to
compute the edit distance function, where g function is defined by

(3) gk (p) = min {XTMK(p)x xT1=1,x> 0},
and
D if viv; € EW(K) or v; =v; € VIW(K),
Mk (p)lij=q1—p ifviv; € EB(K) or v; =v; € VB(K),
0 if ViV € EG(K)

Marchant and Thomason in [10] proved that for every p € [0, 1], there is a
CRG K € # () such that ed »(p) = gx(p). That is

Proposition 6 [10]. Let JZ be a nontrivial hereditary property. For p € [0,1],
edy(p) = min{gk (p) : K € A (A)}.

In [10], the authors also proved that in order to find such CRGs, we only
need to look at all p-core CRGs. A CRG K is p-core if, for any proper sub-CRG
K' of K, we have gx(p) > gi (p).

The gray-edge CRG K(r,s) is the CRG K with r white vertices, s black
vertices and all edges gray. The clique spectrum of F is the set I'() := {(r, s) :
H s K(r,s), VH € Z(s)}. Clearly, we obtain
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Proposition 7 [11]. Let 7 be a nontrivial hereditary property and I'() denote
the clique spectrum of 7. If we define

’ij(p) = min 9K (r,s) (p) = min M’
(r,s)€L(A) ’ (rs)er(#) (1 — p) + sp

then ed z(p) < v (p).

Let K be a p-core CRG, v € V(K), and let x be an optimal weight vector in
the quadratic program (3) that defines gx (p). The weight of v, denoted by x(v),
is the entry corresponding to v of the vector x. We denote the gray neighborhood
of v by Ng(v) = {v € V(K) : vv' € EG(K)}. The weighted gray degree of vertex
v € V(K) is dg(v) = Syeng@wX(v') and the number of vertices adjacent to v
via gray edges is denoted by degs(v), i.e., degs(v) = |Ng(v)|. We use similar
notation for the white and black cases. Now we get dg(v) + dw (v) + dg(v) =1
for each v € V(K).

The weighted gray codegree of vertices v and v’, denoted by dg(v,v’), is the
sum of the weights of the common gray neighbors of v and v'. Denote the number
of common gray neighbors of vertices v and v’ by degq (v, v’).

Marchant and Thomason [10] gave the following characterization of all p-core
CRGs.

Proposition 8 [10]. Let K be a p-core CRG.
(a) If p < 1/2, then there are no black edges, and the white edges are only
incident to black vertices.

(b) If p > 1/2, then there are no white edges, and the black edges are only
incident to white vertices.

Martin [13] gave a formula for dg(v) for all v € V(K) and a bound on the
weight of each v.

Proposition 9 [13]. Let p € (0,1) and K be a p-core CRG with optimum weight
vector X.

(a) If p < 1/2, then x(v) = gx(p)/p for allv e VW(K) and

) = p—gK(p)+1 _2px(u), for eachu € VB(K).

p p
(b) If p > 1/2, then x(u) = g (p)/(1 —p) for allu € VB(K) and

x(u) < gk (p)/(1=p), da(u

1—p—gK(p)+2p—1
1—p 1—p

x(v) < gr(p)/p, dg(v) = x(v), for eachv € VW (K).

The following results will be used in this paper.
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Proposition 10 [13]. Letp € (0,1/2) and K be a p-core CRG with black vertices
and white or gray edges.

(a) If K has no gray 3-cycle, then gi(p) > p/2.

(b) If K has a gray 3-cycle, but no gray CI (that is, four vertices that induce 5
gray edges), then gr(p) > min{2p/3, (1 — p)/3}.

Proposition 11 [7]. Let F be a connected graph. If some path of mazimum
length forms a cycle, then F is Hamiltonian.

Proposition 12 [7]. Let F' be a graph on n vertices with no cycle of length longer
than [%—‘ — 1, with every vertex having degree at least (%1" > 2 and with every
pair of vertices having at least one common neighbor. Furthermore, let F have
the property that no maximum length path forms a cycle.

Let vy ---vg be a path of maximum length in F. Then vi and vy have exactly
one common neighbor v. on this path. Furthermore, N(v1) C {va,...,v.} and

N(vg) CH{vey .. v0-1}-

3. PROOF OF THEOREM 2

In this section, we consider the edit distance function for the hereditary property
that forbids C3,, where n is even and prove that edpop(cy)(P) = VYrorb(cy)(p) for
all p € [0,1].

First, we obtain the value of ypoupcy )(p) for p € [0,1] and restrict
edrorb(cy,)(p) to p € [0,1/2) and CRGs K with only black vertices. Finally,
we determine the edit distance edp,np(cy)(P) = Yrorb(cy)(p) and then prove The-
orem 2.

Lemma 13. Let 5 = Forb(C;,), p € [0,1] and n > 4 be even.

> T ([ g

Furthermore, if there is a p-core CRG K € K(Forb(C3,)) such that gx(p) <
Yrorb(cy,)(p) for any p € [0,1], then p < 1/2 and K has all black vertices.

Proof. If n is even, the extreme points of the clique spectrum of Forb(C3,) are

(2,0), (1,[2%2]-1) and (0,n—1). Then v (p) = min {12’, %, %

Since ed(1/2) = v(1/2) for any hereditary property and (1)
may use continuity and concavity to conclude that ed»(p) = v (p) =
p € [1/2,1]. Now we suppose p € [0,1/2) and K is a p-core CRG such that

9k (p) < v (p)-
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If K has only white vertices, then |V(K)| < 2 and gg(p) > & > v (p) since
Cs, — K(3,0). If K has both white and black vertices, then it has 1 white
vertex w since C3, — K (2,1). Furthermore, it can have at most [%] —1 black
vertices.

To see this, denote the vertices of C5, by {0,...,2n — 1} where i ~ i+ 1 for
0<i<2n—-2,2n—1~0and 0 ~ n. If n is not divisible by 3, then let S consist
of the members of {0,1,...,2n — 1} that are divisible by 3. The graph C5, — S
has {2"37 1} connected components, each of which are cliques of size 1 or 2. If n
is divisible by 3, then let S = {i :i € {0,1,...,2n — 1},7 — 1 is divisible by 3}.
The graph C35, — S has [%] connected components, each of which are cliques
of size 2 except three edgesn —1~mn, n ~ 0 and 0 ~ 2n — 1.

If dg(v;) = x(w) for any v; € VB(K), then by Proposition 9(a), we have
9x(p) _ p*gK(p)_,_l—?pX(vi) > p*gg(p)

P P P
£ > vx(p), a contradiction. So, there are two black vertices vi, vz in K such

that vivy € EG(K). Let vy receive n — 1 ~ n and v receive 0 ~ 2n — 1. Then
C5,, — K. Thus, regardless of whether the edges are white or gray, there are at

most [2%1] — 1 black vertices in K and gk (p) > % > v(p).
3

So, if p € [0,1/2) and gi(p) = edrorp(cy,)(p), then K is either K(2,0),
K (1, P”g_l] — 1), K(0,n — 1) or K has all black vertices (and white or gray
edges). |

. Rearranging the terms, we obtain gk (p) >

Proof of Theorem 2. Now, we calculate ed »(p) where 5 = Forb(C§). By

p 1-p p(1-p) } and only need to consider the

203 0 Ifp
p-core CRGs K with only black vertices for some p € [0,1/2).

If K has only black vertices, then K has no gray Cj otherwise g — K.
By Proposition 10, we know either gx (p) > p/2 > v(p) or gk (p) > min {2p/3,
(1—p)/3} > v(p). By straightforward calculations, this contradicts to gx (p) <
v (p) for all p € [0,1/2). |

Lemma 13, we know v (p) = min{

4. PROOF OF THEOREM 4

In this section, we consider the edit distance function for hereditary property

that forbids C,. Let J# = Forb(a@). First, we obtain the value of v, (p) for
p € [0,1]. Then we suppose there is a p-core CRG K € J (Forb(C,,)) such that
9k (p) < v#(p) and establish some characterizations of such a p-core CRG K.

Finally, we obtain a contradiction to such a CRG existing in ¢ (Forb(C,,)) for
our desired range of p values, establishing v, (p) < ed »(p).
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Lemma 14. Let 5 = Forb(Cy), and n > 6. Then

(p) — min d P p(1—p) L-p | .
’Y%(p) {27 1_’_("%“_2)1)7 |'7123'|}7 f pE[O,l].

Furthermore, if there is a p-core CRG K € J () such that gx(p) < v (p) for
any p € [0,1], then p < % and K has all black vertices.

Proof. The extreme points of the clique spectrum of F orb(a;) are (2,0), (1,
["T_l] - 1) and (O, ["T_ﬂ ), which establishes the value of v, (p).
Since ed(1/2) = ~v(1/2) for any hereditary property and v, (1) = 0,

we may use continuity and concavity to conclude that ed - (p) = 7(11;% for p €
2
[1/2,1].
Now, let p € [0,1/2) and K be a p-core CRG such that C),, v» K. If K has
at most two vertices, then gg(p) > & since C), — K (3,0). If K has both white

and black vertices, then it has at most one white vertex since C,, — K(2,1).

Furthermore, it can have at most ["T_l} — 1 black vertices.

To see this, denote the vertices of CN'n by {0,1,...,n— 1} where i ~ i+ 1 for
0<i<n—-2,n—1~0and0~ 2. Let S consist of the members of {3,...,n—1}
that are divisible by 3. If n — 1 is not divisible by 3, then add 0 to S. The graph

C, — S has ["T_l] connected components, each of which are cliques of size 1 or 2

or 3. Thus, regardless of whether the edges are white or gray, there are at most

["T_l] — 1 black vertices in K and gx(p) > %, with equality if and
3

only if K = K (1,[%1] — 1).

Summarizing, if p € [0,1/2) and gx(p) = ed ¢ (p), then K is either K(2,0),
K (1, [”T_l] — 1), K (0, {"53]), or K has all black vertices (and white or gray
edges). |

We only need to consider the K € # (Forb(C,,)) with all black vertices such
that gr(p) < ,yForb(év)(p)' Now, we establish some characterizations of such a
p-core CRG K.

Proposition 15. Let p € [0,1/2) and K be a p-core CRG such that K has only

black vertices and white and gray edges. If C, v/ K then K has no gray cycle of
length | € {[”Tfl] ,...,n—l}.

Proof. Suppose K has some gray cycle of length [ € {[anl“ N 1}. Par-
tition the vertices of CN’n into [ parts so that one part is the triangle and each
of the others parts is either a set of two consecutive vertices (an edge) or single
vertex. Because of the structure of 6'\; and the fact that ("qu <l<n-1,it

is always possible to do so. This partition witnesses an embedding of C), into
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the [-cycle of K because we can map consecutive parts to consecutive vertices
on the [-cycle. Since non-consecutive parts do not have edges between them and
Proposition 8(a) gives that the edges of K are either white or gray, this map is
an embedding that demonstrates 5; — K, a contradiction. [

Proposition 16. Let p € [[nll], %), and K be a p-core CRG with all black
3

vertices such that g (p) < VRorb(Go)(p)" Then

(a) for every v € V(K), degg(v) > ["T_I_‘, and
(b) for every v,w € V(K), degg(v,w) > 1.

Proof. (a) Let v,w € V(K). By using Proposition 9(a),

degg(v)

Y

[ oty Fp‘g;“”ﬁ‘i’”x(v)

max{x(w)} gle(?

S Pw—gr@)—-p) _1-p 1-p

- P9K (p) gk (p) P
>+(V 1 -Yp 1-p [n-1]

> p _[ 3W .

(b) By the inclusion-exclusion principle, dg(v) + dg(w) — dg(v,w) < 1, and
by using Proposition 9(a), we have dg (v, w) > 2%5(;7) + %(x(v) +x(w))—1>

pfg;(p) > p72~’;K(p) and for all u € V(K), x(u) < gx(p)/(1 — p). Therefore,

dg(v, w) p20lp) |y 9(1 - p)
degq (v, w) > [ )}-‘ > —

max{x(u glKi(m gk (p) P
P
I R
p 3 P
Since p > ﬁ, we have degq (v, w) > 1. [
3

We consider the value of ed Forb(C, )(p) from the perspective of the gray sub-
graphs of CRGs K. Let F be a graph such that V(F) = V(K) and E(F) =
EG(K), where K € Ji/(Forb(a;)) is a p-core CRG with all black vertices such
that gi(p) < wForb(an)(p). By Proposition 16, F' is a connected graph and each
pair of vertices has at least one common neighbor.

Proposition 17. Let n > 9 and F be a graph with no cycle with length in
{[”T_W N 1} and every pair of vertices having at least one common neigh-

bor. Then F has no cycle of with length greater than [”T_l] —1.
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Proof. Let vy ---vpv;1 be a shortest cycle in F' among all those with length greater
than n — 1. Consider the path vy ---vra—17_; on the cycle vy - - - vv1.
2

Assume v; is a common neighbor of v1 and vfn-17_;, then either viv;v;;1---
2
Vg1 OF V1 - Vil[n=1_y * - VgV has length less than ¢. Without loss of generality,
2
we assume v1v;U;11 - - - vpv1 has length less than ¢, which implies

n—1 n—1 n—1
—1>0—i >0 — - >p— | —— )
[ . } 1> 0—it2>¢ ({ . } 2)+2_n { . %4

Thus,
-1
2[” W 1—n—4>0,
2
a contradiction, since 2 ["7_11 —1-n—-4< 2("7_14—1) —1-n—-4<0.
Therefore, F' has no cycle of with length greater than (”qu —1. [

Then, we consider the maximum-length path in the graph F. If this path
forms a cycle, then Proposition 11 gives that F' must be Hamiltonian. By Propo-

sition 17, [V(K)| < [251] — 1 and gk (p) > ﬁ, a contradiction. Thus, no
Sy

maximum-length path in F' forms a cycle. By Proposition 17, F' has no cycle of

n—1

with length greater than {TW — 1. And, by Proposition 16, every vertex in F
has degree at least {%‘1] > 2 and every pair of vertices has at least one common
neighbor.

Let v1 - - - vy be a maximum-length path in F' such that the sum x(v1) +x(vy)
is largest among all such paths. Then by Proposition 12, we have v; and vy
have a unique common neighbor v, and N(v1) C {ve,...,v.}. Let v; have d
neighbors in F. Since v; cannot have neighbors outside of this path, dg(v1) <
x(v2) + -+ +x(ve). And if v; € {v1,...,v.—1} is a predecessor of a neighbor of
v1 in F, then it is an endpoint of a path containing the same ¢ vertices, namely
ViVi—1 * - V1Vi41Vj42 - - Ve - - - vg. Hence all d predecessors of gray neighbors of vy

(including v itself) have weight at most x(v;). By Proposition 9, %f{(p) +

L2y (vy) = x(v1) + dg(v1) < x(v1) + - + x(ve) < dx(v1) + (¢ — d)ﬁ, which

gK(p)<c_d~l-1> >1—x(v1) <d—1_p>.

implies
I—-p »p D

By Propositions 15 and 16, we have ¢ < {"7_11 —1andd > ["T_q — 1. So when
p> [”T_l] _1, by Proposition 9(a), we have x(v) < gx(p)/(1 — p), hence
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Finally, ed(p) = v (p) = § for p = W’ and ed - (p) = v (p) = § for

p = 0. Then, since the function vjf(p) is linear over this interval and ed J;ﬂ( )
is continuous and concave down, we have ed z(p) = v (p) for p € |0, (n |-

Hence the two functions are equal for all p € [0, 1].

5. PROOF OF THEOREM 5

Similarly as Section 4, but it also involves some crucial differences. We first prove
the following lemma.

Lemma 18. Let 5 = Forb(P,) where P, denotes the path on n > 3 vertices.

: p(1—p) 1—p
v (p) = min — . T , for pe|0,1].
{1+(3]—2)P m—l}
Furthermore, if there is a p-core CRG K € J# () such that gx (p) < v (p) for
any p € (0,1), then p < % and K has all black vertices.

Proof. The extreme points of the clique spectrum of Forb(P,) are (1 [?] — 1)
and (0, [%2] — 1), which establishes the value of 7. (p).
Since edx(1/2) = v»(1/2) for any hereditary property and (1

may use continuity and concavity to conclude that ed»(p) = [i1
2

[1/2,1].

Now, let p € [0,1/2) and K be a p-core CRG such that P, v» K. If K has
only white vertices, then K ~ K(1,0) and gx(p) = p > 7.#(p). If K has both
white and black vertices, then it has at most one white vertex since P,, — K (2,1).
Furthermore, it can have at most {%] — 1 black vertices. To see this, denote
the vertices of P, by {0,1,...,n — 1} where 0 ~ 1 ~2 ~ .- ~n—1. Let S
consist of the members of {0,1,...,n — 1} that are divisible by 3. The graph
P, — S has {”T_l} connected components, each of which are cliques of size 1 or
2. Thus, regardless of whether the edges are white or gray, there are at most

n=17 _ : : p(1—p) ; T
[ 3 ] 1 black vertices in K and gx(p) > (522 with equality if and

only if K ~ K (1,[%1] - 1).
Summarizing, if p € [0,1/2) and g (p) = ed_»(p), then K is either K(l, ["T_l]

—1), K(O, {%] — 1) or K has all black vertices (and white or gray edges). [

v@ /\
\_/
Il
L
=
@]

|
—_

When n < 5, v,#(p) = min{p,1 — p}. This observation plus continuity and
concavity give that ed »(p) = v (p) for all p € [0,1]. From now on, we assume
n > 5.
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We only need to consider the K € J# (Forb(P,)) with all black vertices such
that gk (p) < Yrors(p,)(p).- Now, we establish some characterizations of such a
p-core CRG K.

Proposition 19. Let p € [[nll], %), and K be a p-core CRG with all black
3

vertices such that gr(p ) < ’)/Forb(Pn)(p). Then

(a) for every v € V(K), degg(v) > [251], and

(b) for every v,w € V(K), degG( v,w) > 1.

Proof. (a) Let v,w € V(K). By using Proposition 9(a),

0 }>“¥@+i?mw

max{x(w)} o)

(P—gx(@)d—-p) 1-p 1-p

Pgx (p) gk (p) p

SRR R R

p P 3

degav) > |

v

(b) By the inclusion-exclusion principle, dg(v) + dg(w) — dg(v,w) < 1, and
by using Proposition 9(a), we have dg (v, w) > 2LK(’7)+ 1- 2p( (v)+x(w))—1>

p*gg(p) > p72~’;K(p) and for all u € V(K), x(u) < gK( )/(1 — p). Therefore,

da (v, w) rle) _1-p 2(1-p)
>}1 -

max{x(u i ® | gk(p) D
P

(("TW p 2(1-p) V—ﬂ 1

degs(v,w) > [

Since p > ["7;11’ we have degq (v, w) > 1. n
3

Proposition 20. Let p € [0,1/2) and K be a p-core CRG such that K has only
black vertices and white and gray edges. If P, & K then K has no gray path with

n

length greater than B] —1.

Proof. Suppose K has some gray path of length [ > [%1 — 1. Partition the

vertices of P, into [ parts so that each of parts is either a set of two consecutive

vertices (an edge) or single vertex. Because of the structure of P, and the fact

that [ > {%1 — 1, it is always possible to do so. This partition witnesses an

embedding of P, into [-path of K because we can map consecutive parts to
consecutive vertices on the [-path. Since non-consecutive parts do not have edges
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between them and Proposition 8(a) gives that the edges of K are either white or
gray, this map is an embedding that demonstrates P, — K, a contradiction. m

We consider the value of edpop(p,)(p) from the perspective of the gray
subgraphs of CRGs K. Let F be a graph, V(F) = V(K), E(F) = EG(K)
where K € J(Forb(P,)) is a p-core CRG with all black vertices such that
9x(P) < Yrorn(p,)(P). By Proposition 19, we obtain F' is a connected graph.
Suppose a maximum-length path forms a cycle in the graph F. Then Proposi-
tion 11 implies that F must be Hamiltonian. By Proposition 20, [V (K)| < [%]-1
and gx(p) > %, a contradiction, and so we may assume that no maximum-

length path in F' forms a cycle. By Proposition 20, F' has no path with length

n

greater than [§] — 1, so F" has no cycle with length greater than [5]| — 1. And,
by Proposition 19, every vertex in F' has degree at least [anl" > 2 and every
pair of vertices has at least one common neighbor.

Let vy - - - vp be such a maximum-length path in K such that the sum x(vq)+
x(vg) is the largest among all such paths. By Proposition 12, v; and vy have a
unique common neighbor v. and N(v1) C {va,...,v.}. Let v; have d neighbors
in F. Since v; cannot have neighbors outside of this path, the sum of the weights
of the neighbors of v; satisfies dg(v1) < x(v2) + -+ + x(ve) in K. And if v; €
{v1,...,v.—1} is a predecessor of a neighbor of v1, then it is an endpoint of a path
containing the same /¢ vertices, namely v;v;_1 - -+ V1V 11042 - - - Ve - - - vp. Hence all
d predecessors of gray neighbors of v; (including vy itself) have weight at most

x(v1). By Proposition 9, p—ng(p) + LPx(v)) = x(v1) + dg(v1) < x(v1) + -+ +

p
x(ve) < dx(v1) + (¢ — d) 22 which implies
c—d 1 1—p
Z)l>1 = S
) (254 2) 21 xton) (4 227)

By Propositions 19 and 20, we have ¢ < (%W —land d> ["Tflw And, when
["T_l]_l <p< %, by Proposition 9(a), we have x(v) < gx(p)/(1 — p), hence
Slzp, 1-p

gK(p) = = (%" 1 > Vﬂ(p%

a contradiction.

So we can get ed(p) = vu(p) for p € [("111’1} The proof is thus

3

complete.
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