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Abstract

We study the effect of a singular perturbation on certain nonconvex variatio-
nal problems. The goal is to characterize the limit of minimizers as some perturba-
tion parameter &¢— 0. The technique utilizes the notion of “I-convergence”
of variational problems developed by DE GIORGI The essential idea is to identify
the first nontrivial term in an asymptotic expansion for the energy of the perturbed
problem. In so doing, one characterizes the limit of minimizers as the solution of
a new variational problem. For the cases considered here, these new problems have
a simple geometric nature involving minimal surfaces and geodesics.
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Introduction

We are concerned with the effect of a singular perturbation on a nonconvex
variational problem. The goal is to characterize the asymptotic behavior of mini-
mizers in the limit as some perturbation parameter ¢ — 0; this goal is achieved
by showing that the minimizers converge to a limit which solves a new variational
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problem. For the cases considered here, these new problems have a simple geo-
metric nature involving minimal surfaces and geodesics.

Our approach uses a tool developed by DE GIORGI called ¢ I'-convergence”
of variational problems ([1], [7]). The fundamental idea is to identify the first
nontrivial term in an asymptotic expansion for the energy of the perturbed prob-
lem. In doing so one characterizes the desired limit of minimizers as a solution of
a new variational problem, the “I™-limit” of the perturbed sequence of functionals.

Before perturbation, the variational problems we study are mathematically
trivial. Beginning with a functional F:L'Y(Q)—> R (2 C R", open, bounded)
given by

F) = [ W(u)dx

with W =0 and W(t) =0 at more than one #, consider the problem:

P inf F(u)

for u possibly subject to a constraint such as f udx = ¢, and for a variety of
2

nonconvex W. Problem (P) has a chronic failure of uniqueness for such W:
a piecewise constant absolute minimizer is determined by any partitioning of the
domain into regions so as to accommodate the constraint. If, for example, mini-
mization of F models a physical problem, then this nonuniqueness might be due
to the neglect of some small effect. Restoring the effect through the addition of
a singular perturbation might then resolve this failure of uniqueness. Choosing
€2 |Vu|? as perhaps the simplest possible perturbation, we are led to the functional

F()= [ W) + & |Vu|* dx

and the problem
(P) inf F(u).
u constrained as in (P)

Our goal is to characterize u, = lim,_ o u, (in L'(£2)), where u, is a solution
of (P,).

Since minimizers of (P) have a purely geometric characterization, one might
expect the same of the criterion which selects a limit u#,. We shall show that this
is indeed the case by establishing that u, solves a new variational problem
(Po) inf  Fo(u),

ucBV(£L2)

where
(inf F,) = & (inf Fy) + o(e).

Solutions of (P,) typically involve a partition of £ into regions separated by mini-
mal surfaces or surfaces of constant curvature.

Often this partition problem (P,) is easy to solve directly. In that case, the
technique also yields information on the structure of constrained minimizers
and the existence of local minimizers of (P,).
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The analysis of the problem by this method clearly differs from the more
classical approach of matched asymptotic expansions: the focus here is on the
asymptotic behavior of the energy of (P,) rather than on an expansion for u,
itself. Furthermore, in the classical approach one knows (or presumes) the loca-
tion of a boundary layer, whereas one of our tasks is to determine its location:
The two viewpoints, however, are not unrelated. The identification of (P;) re-
quires the construction of a sequence of functions {¢.} which efficiently traverse
this boundary layer in bridging the zeros of W, in close analogy with the notion
of an “‘inner expansion”. For a rigorous analysis of (P.) with a Dirichlet condition
using matched asymptotic expansions, see the work of BURGER & FRAENKEL ([2)).
Many others have studied similar problems by this approach. (See e.g. CAGINALP
[4] and Howes [17].)

When it applies, the advantages of the [ -convergence technique are nume-
rous: the problem (P,) determines the location of the interior boundary layer,
the analysis is considerably easier, and, as will be discussed later (see remark
(1.14)), the results are immediately adaptable to continuous perturbations of
(P).

An earlier application of this technique to (P,) was carried out by MoDICA &
MorroLA ([22], [23]), who obtained the [-limit for the unconstrained problem
with various choices of scalar-dependent W. Our results generalize this work and
the approach borrows many ideas from these authors.

In Section 1, we consider W: R — R having exactly two zeroes, a and b,
and we attach the constraint

fudx=1¢, where al|Q|<c<b|2|
Q2

(|-| = n-dimensional Lebesgue measure). A typical minimizer of the unperturbed
problem (P) might then take the form of Figure 1. GURTIN ([13], [14]) raised the
question of describing limits of minimizers of (P,) with these conditions as a model
for obtaining the stable density distributions « for a fluid confined to a container
£, within the context of the Van der Waals-Cahn-Hilliard theory of phase transi-
tions. Recent contributions to this problem include the work of NoOVICK-COHEN

Fig. 1. A Typical Minimizer of (P)

Fig. 2. Solution of (Py): up = lim,_, ¢ #,.
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& SEGEL ([24]) and CARR, GURTIN & SLEMROD ([5]). The latter group of authors
prove that in one dimension, stable minimizers of (P,) are monotone, and their
limit is ‘a step function with only one discontinuity.

Our Theorem 1 generalizes this result to £2 C R”. It says that any limit point
of {#;} must minimize

ueg}/f(‘g) Perg {u = a},

W(u(x))=0a.c.

j‘ udx =c

2
where Per, A = perimeter of A4 in £, and BV(82) = space of functions of
bounded variation, defined e.g. in ([11]). Thus, as ¢ — 0 the minimizers of (P,)
select a function u, that minimizes the area of the interface separating the -states
u=a and u=>b (see Figure 2).

Essentially the same result has been proved recently also by Mobpica ([20]).

Section 1 also includes, in Theorem 2, a generalization of Theorem 1 to a
spatially dependent W. The associated limiting problem (P,) which #, solves is
then a weighted partitioning problem.

In Section 2 we consider generalizations to vector-dependent W. For W:
R? > R, zero on two disjoint simple closed curves, and positive elsewhere, Theo-
rem 3 uses the techniques of I-convergence to show that a limit of minimizers of
(P.) must satisfy the minimal interface criterion which arose in the scalar case.
Theorem 3 also characterizes the cost—per unit area along the interface—of the
transition made by the minimizers u, : £ — R?; we show that it tends asymptotically
to the distance between the two zero curves of W, measured with respect to a
degenerate Riemannian metric in the plane derived from W.

1. Scalar Dependent Energy
A. Functions of Bounded Variation

We describe first some of the basic definitions and properties of functions of
bounded variation; we will need these to arrive at the partitioning problem (P,).
For a more complete description, see ([11]).

Throughout the paper £2 will be an open, bounded subset of R” with Lipschitz-
continuous boundary. For u¢€ L1(2), define:

[iVul:= sup [u(x)(V-g(x))dx. (1.1)
2 geCl(a,Rm)
lel=1

The space of functions of bounded variation, BV(£2), consists in those u¢€ L'(£2)
for which [ [Vu|<<oo; BV(Q) is a Banach space under the norm:
Q

”u”BV(Q):é[Iu|dx+ f'|Vu|.

Notice that |Vu| is not an L' function, but rather the total variation of the vector-
valued measure Vu. (See [9], p. 349.) If u< BV(£2), the integral of any positive,
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continuous function A with respect to the measure |Vu| can be expressed as

[hx) |Vu|= sup  [u(x) (V- gx) dx. (1.2)

geCH(2,RM 2
1@(x)| Shlx)

An important example is the case when u = y4, the characteristic function
of a subset 4 of R". Then

[IVul= sup [(V-g(x))dx.
a geClarm 4
lgl=1

If this supremum is finite, 4 is called a set of finite perimeter in Q. If 84 is smooth,
then by the Divergence Theorem

f |Vu| = H* 1 (AN Q),

Q2
where H" ! is (n — 1)-dimensional Hausdorff measure (surface area measure).
Tt is therefore natural to define the perimeter of any subset of £ by:

Perg A = perimeter of 4 in 2 = [[Vy,].
Q2
The following two properties, easily proved, will be useful later.

Proposition 1. (Lower Semicontinuity) ([L1]) If u,— u in L(£), then
lim inf [ |[Vu|= [|Vul.
£ Q 5]

Proposition 2. (Compactness of BV in L) ([11]) Bounded sets in the BV norm are
compact in the L' norm.

We now present two technical lemmas; the first is an approximation theorem
for sets of finite perimeter by sets with smooth boundary.

Lemma 1. Let Q2 be an open, bounded subset of R” with Lipschitz-continuous bound-
ary. Let A C 82 be a set of finite perimeter in Q with 0 << |A|< |2|. Then
there exists a sequence of open sets {A} satisfying the following five conditions:

@) o4, N\ Qe C?,

@) (AN DA4| -0 as k— oo,
(iii) Perg Ay — Perg A as k— oo,

(iv) H" 104, N 8Q) = 0,

() |4 N 2| = |A| for all k sufficiently large.

Here |-| refers to n-dimensional Lebesgue measure.
Proof. First extend y, to a function #¢€ BV(R") such that
u(x) = y,(x) for xc @2, (1.3)
[ |Vu| =0. (1.4)
e
(See [11], 2.8, 2.16.)
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Summarizing the argument of GiusTi ([11], 1.24, 1.26), we see that a standard
mollification of # provides a sequence of C* functions {f;} satisfying

fo—u in LY,

lim [|Vf|= [ |Vl.
0 2

Then define sets C,, = {f,(x) > t}. By use of the co-area formula ([11])
and SARD’S Theorem it can be shown that there exist a value of 1€ (0,1) and a
sequence ¢, — 0 such that

8C, € C*,

XCq i XA in L1(Q),

Per, C,, ,—> Perg A,

kot
and

H"'(9C, , N 22) = 0.

Such a sequence, which we denote simply by {C,}, will not, in general, satisfy
the condition (v). It therefore remains to be shown that the sequence of sets {C;}
satisfying (i)-(iv) can be altered so as to satisfy (v) as well; that is, one must re-
move some measure from either C, N\ 2 or 2\ C, (whichever is too big) and
give it to the other without disrupting the smoothness of the boundary or dis-
torting too drastically the perimeter of the boundary in Q.

To this end, we let E, := C, /\ 2, and assume without loss of generality
that |E.| — [4]|> 0.

Define
A = |Eg| — |4]
which, by (ii), goes to 0 as &k — oo,
Also define
2jQ] \'"
L, = ('\7}“ 1/() , (1:5)

and impose on 2 a grid G, of hypercubes {Qf}"k of side length L, with Q¥ C 2
for all i. Since 942 is Lipschitz-continuous, there exists a sequence of grids {G,}
such that:

lim [2\ G| = 0. (1.6)

It follows from (1.5) that the measure of any cube in the lattice exceeds the amount
of volume which we need to transfer from E, to Q\ E,. In fact, L}>24,.

Selecting the cube Q% which maximizes
{IQFNE|: 0f € Gy,

we split the argument into two cases, depending on whether or not Qk C E;.
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Case 1. Qk C E,.

Since 4, << % |Q" |, one can remove a smooth subset of Q" say Sk, havmg
volume 4, and perimeter which goes to zero as k —oco. Placing this set S; in
the complement of E; yields the desired set A4, := C.\ S,.

Case 2. Qk \ E, == 0.

Then |Q* N E| < |Q" | If N, represents the number of cubes in G, it follows
that

12 g
Ny~ I %))
and
|.Q
Nk Tk (1.8)
Furthermore,
Ne|Q*NE | = Z QF N i = [Ee| = |2\ G-
ofeGy
Inequality (1.8) implies
~ 2\ G|
“n | = Lkl "I _12AGd
lQ k‘ |Q| Nk
Since
B AL
2| 12 *
by (1.5), it follows that
- NG
Q¥ N Ep| > Ay + (Zk - |——\_k‘l‘)
Ny

1
Now 7v—~lk by (1.5) and (1.7), while |2\ G,|— 0 by (1.6), so that
k

|Q“N E | > 4 for sufﬁcnently largc k.

This last inequality asserts that Q* contains enough of E, to achleve (v). We
now collapse the cube continuously towards its center through a family R, of sets
which have smooth boundary and which satisfy a uniform bound:

supPero T << M, for some M, =:0(Lz“).'

TeR, 4
At some point in this process one must obtain a set T;€ R; with
|Te N Ey| = 2.

If we remove this set from E,, the boundary of the resulting set E,\T7; will
fail to be smooth only on an (r — 1)-dimensional set in &E; N 8T;. Near this
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set, one smooths the boundary of E,\ T} insuch away astoleave |T;NE; | =4,
Actually, it is conceivable that smoothness could be lacking on a larger set if 9, has
high oscillation while approaching o7} tangentially, but this can be averted through
a slight modification of R,; e.g. through a small rotation.

Now we define A, := C,\ T;. Recall that E, = C,/N\ £ and note that:

limksup Perp, 4, < li,fn (Pery, C, +Pergp Ty)

= lim (Perg Gy -+ M),

so that
limksup Perp A, < Perp A,

since {C;} satisfies condition (iii) and M, = O(L; ') — 0. On the other hand,
%4, —> X4 in L'(£2) so that, by Proposition 1,

limkianerQ A, = Perg A;

hence we conclude that

kll;{lgoperg Ak = Perg A.

E, Il

Ex ' ﬁ k ﬁ k
a b
Fig. 3a. T} C Q" satisfying |Tg NE, | = 4; b. E.\T} in Q" with boundary smoothed

Combining Cases 1 and 2, we obtain a sequence {4,} satisfying conditions (i)-

v).

Note. We could actually find sets with boundary C¥, k > 2, by this process, but
C? will suffice for our purposes.

The next lemma does not concern functions of bounded variation, but rather
asserts the existence of a smooth function measuring the distance from a smooth
hypersurface to a nearby point not on the surface.

Lemma 2. Let 2 be an open bounded subset of R" with Lipschitz-continuous
boundary. Let A be an open subset of R" with C*, compact, non-empty boundary such
that H" Y (0A N 22) = 0.
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Define the distance function to 64, d: Q2 — R, by

l dist(x,4) xeQ\4

dx) =)
I—dlst (x,4) xcANQ.
Then for some s> 0, dis a C?* function in {|d(x)| < s} with
|V d| = 1. (1.9)
Furthermore,
lim H"~({d(x) = s}) = H"~'(24). (1.10)

Proof. When restricted to {0 < d(x) < s} or {—s<d(x) <0}, d will be C*
provided 84 € C* ([10], App. A, and [19]). The triangle inequality yields |d(x)
— d(»)| = |x — y|; (1.9) then follows from noting that, for x'and y on the same
normal to 84, |d(x) — d(y)| = |x — y|. Finally, (1.10) is classical; see e.g.
Mobica ([20]) for a proof. :

Note. We will later apply Lemma 2 to {4,} constructed in Lemma 1. In the
proof of (1.10) by MoDICA, it suffices to have a C? distance function, which is
why the same degree of smoothness is desired for 84,. We also remark that while
d(x) is only locally smooth, it is globally Lipschitz-continuous. (Lemma 11 proves
this fact in a more general setting.)

B. The Result for W: R— R
We consider first a non convex energy density W: R — R having the follow-
ing properties:

(a) We C2. (b) W= 0. (c) W has exactly two roots, which we label @ and b,
with a<<b. (d) W(a)= W'®d)=0, W'a) >0, W'b)> 0. (See Fig. 4).

W(s)

A
lnv

a b
Fig. 4. Graph of W

Restating the unperturbed problem (P) for this W, we begin with the variational
problem:

03] 8, [ W dx
J‘ udx=c
2
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where ¢ is any number satisfying
al|<c<b||.

The minimizers of (P) are precisely the set of L! functions taking only the values
a or b in such a way as to satisfy the integral constraint. Equivalently, minimizers
correspond to partitions of {2 into measurable sets 4 and B such that a|A4]| +
b|B|=c.
Through the introduction of the singular perturbation &2 |Vu|?, one obtains
the associated perturbed problem (P,):
uelynnfa)gf W(u) + €2 |Vul|? dx.
J‘ udx=c
Q2
Let u, denote a minimizer of (P,). Existence of such a minimizer can be shown
using the direct method of the calculus of variations. (In general, minimizers will
not be unique.) The goal is to characterize u, = limej_,o Ue; foranyL!-convergent
subsequence of {u}. A compactness argument asserting the existence of a conver-
gent subsequence will be given later using Proposition 2.
Theorem 1 gives a purely geometric criterion to select the possible limit points
u, from thelarge set of minimizers to (P): a “preferred” solution to (P) is one that
minimizes interfacial area between the states ¥ =a and u = b.

Theorem 1. Suppose u;,— uo in L'(£2) for some sequence of numbers & — 0,
where ug is a solution of (Pej).
Then uq is a solution of (Py):

(Py) uelBI},t(‘ » Perg {u = a}.
Wu(x))=0a.e.
J’ udx=c
2

The proof relies on correctly identifying the first non-trivial term in an asymp-
totic expansion for the energy of (P,). It is easy to construct a function in H'(Q)
having energy O(¢). Such a function will take on only the values a and b except
in a transition layer of widthe between the two states. Thus, anticipating the order
of the first term, we rescale the problem and consider the functionals F,:L(£2)
— R given by

1
Fu(u) — Jgf? W) + ¢ |Vu|>dx  uec H\(Q), qudx .

+ oo otherwise.

At the same time, define F,:L'(Q)— R by

b
Fy( (2 f YV Ww(s) ds) Perg{u=a} ucBV(D),Wu(x))=0 ae., f udx=c
o) = a Q

4 o0 otherwise.
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The penalties of + oo in the two previous definitions allow us to define F,
and F, on L'(), a space whose topology has desirable compactness properties
with respect to H' and BV.

The theorem follows easily from the two properties listed below, which com-
prise a working definition of the I-convergence of a sequence of functionals
{F.} to a I'-limit, F,, with respect to the L' topology ([7]):

(i) For each v¢ L'(Q), and for each sequence {vg} in L*(£2),

v,—>v in LY2) implies limsinf F(v,) = Fo(v). (1.11)
(ii) For each ve L1(£2), there exists a sequence {er} in L1(9) satisfying
Qe ¥ in L1(2) (1.12)
and
J,Lilg F, (o) = Fo(v). (1.13)

Notation. If {F}, F, satisfy (1.11)=(1.13), we write
DL} lim FAe) = Fo(®).

o>

Remark 1.14, The real advantage of proving I'-convergence, rather than simply
the convergence of minimizers, is that the results adapt immediately to continuous
perturbations of F,. This is clear from (1.11)-(1.13). Thus one can characterize
the asymptotic behavior of minimizers of a whole family of problems obtained
from F, by the addition of a functional continuous with respect to L!(£2) (e.g.

f% W(u) + ug(x) + ¢ |Vu|* dx for g& L%(£2)).

Proof of Theorem 1. For the moment we delay the proof of inequality (1.11) and
the construction of a sequence yielding (1.12) and (1.13) and show how Theo-
rem 1 follows from these claims.

Let wo € BV(2) be a minimizer of F,. Existence of such a function follows
from the direct method using the compactness and lower semicontinuity of BV(£2)
with respect to L1(£2) (i.e. Propositions 1 and 2). In fact, minimizers will have an
interface which is analytic and of constant mean curvature for dimension n <C 8.
For a more complete description of minimizers of F, see the work of GONZALEZ,
MassARl & TAMANINI ([12]).

Let {wsj} be the sequence satisfying (1.12), (1.13) for w,. Assuming that the

minimizers {uej} converge in L'(2) to a limit u,, it follows from (1.11) that
lim inf st(usj.) = Fo(up).
Using that st(uej) < st(wej), one has

Foluto) < lim inf F(u,) < lim F, (w,) = F(wo).

Thus 4, must be a minimizer of F, and Theorem 1 follows.
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We now return to the task of proving I-convergence: (1.11)-(1.13). Before
proving (1.11), we should make some preliminary observations about the kinds
of L-convergent sequences {v.} and limits v that needs be considered.

If W(v(x)) =0 on a set of positive measure, then Fo(r) = + co. But

1
lim inf F(v,) = lim inf— [ W(vdx)) dx = + oo
Q

as well, so that (1.11) is immediate. Equally simple is the case in which
f vdx =+ c,
Q
for here
f v, dx + ¢
Q2
for all small ¢, again yielding
lim inf F(v,) = + oo.
Therefore, consider only those v¢€ L'(£2) satisfying
Wo(x)) =0 ae, [udx=c.
. 2

Proof of Inequality (1.11). First we assume that the sequence {v.} satisfies
a<v.,<bh. (1.15)

Applying the Cauchy-Schwarz inequality to F,(v,), we obtain

Fv) =2 [ VW) |Vo )| dx.
s
Let ¢: R—> R be defined by

t

(1) =2 [VW(s)ds, (1.16)

so that
F(v) = [ V(0 (x))] dx.
Q

Then, from (1.15) and the L! convergence of v, to v, it follows that

#(v)) > $(v) in L'(2).
By the lower semicontinuity shown in Propositon 1, we conclude that

lim inf F(p) = lim inf [ |Vé(v)| dx = [ |V()].
Q @
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Now
0 {v=a}
=N frvmas o=n,

since W(v(x)) = 0 a.e., and therefore

b
af [Vé(v) | = (2 f VY w(s) ds) Per, {v = a} = Fy(v),

which establishes (1.11).

To justify assumption (1.15), we compare {v,} to the truncated sequence {vy}
defined by:

a {vdx) < a}
=l a=u =8
b {vx) > b}.
First note that v,— v in L!(£2) implies that ¥ — v in L'(£2). Also,

1
Fv) = f-;— W) + ¢ |Vo|* dx
8

. 1
= F(0) + j — W) + ¢ | Vo |* dx

{v,<aPJH{v.>b}
= F(o)).
Since the proof of (1.11) made no use of the constraint

fvsdx: c,
2

this last inequality shows that it suffices to consider only sequences bounded as in
(1.15).

The proof of (1.12), (1.13) involves the construction of a sequence of functions
such as to traverse efficiently a boundary layer while bridging the values ¢ and b.
Before presenting the proof, we discuss some properties of the solution z(s) of
the following ordinary differential equation, which will be used in the construction:

dz
) Cam

z2(0) =3 (a + b).

Local existence is clear since VW(z) will be Lipschitz-continuous in a neigh-
borhood of % (a + b). However, by writing

z(s) d’r]

— (1.18)
watn VWO
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and noting that W(n) > 0 for a < n < b, one sees that local solutions may be
extended to all of R. Furthermore,

a<z(s)<<b for all s, (1.19)
and
Iinolo z(s) = b, s_lélzlw z(s) = a. (1.20)

In fact, since W”’(a)> 0 and W”(b) > 0, it follows from Taylor’s Theorem
that

! < “ for |n — a| small,
Vw) ~ In - al
1 Cy
< for |# — b| small,
Vwae) = |n — bl | |

where ¢, and ¢, are positive constants depending on W.
This implies the decay estimates:

|b —2()| < cze™  as s—>o0, |a— z(s)| = ¢ as s—> —o0, (1.21)
where c¢; and ¢, are again positive constants depending on W.

Construction of {g,j} satisfying (1.12), (1.13). Let v € L*(2). We may immediately
assume that
v€BV(Q), W(x)=0 ae, [ovdx=c
Q2
(otherwise Fy(v) = oo and the choice g, = v for each ¢ achieves (1.12), (1.13)).
Therefore we may write
a x€A

x —
") b x€B,

where 4 and B are sets of finite perimeter in 2 and
al|A|+b|B|=c.

Let I":= 04N 8B and assume ['c C2. At the conclusion of the proof we
will show that this represents no loss of generality.
Recalling Lemma 2, consider the function d:Q — R, given by

dist(x, I') x¢B

d —
) {_'dist x, ) xcAd,

which represents the signed distance to I
Now define a sequence of functions g,: R — R which effect the transition
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between the zeroes of W:

b s>2Va—
(b-z(y%) e
—Vg—— (s=2Ve)+ b Ve<s<2ye
8(s) = z(%) s|=Ve (122)
(z(—'/%)—a B B _
T—-»(S_*_zl/g)—}“a —2Ve <5< — Ve
la s<—2l/£—.

Replacing s by d(x), we obtain a sequence {g;} given by

és(x) = gs(d(x)) (123)

Notice that for ¢ small, d(x) is Lipschitz-continuous in {|d(x)| < 2 Ve—}, so that
0.€ H'(Q).
As will be shown, this sequence would serve to verify (1.12), (1.13) if

Jo.dx=c.
2

This, however, is not generally the case; and the sequence must be altered by an
additive constant so as to meet the integral constraint.
We split the argument into three steps, the first of which is to prove that the
additive constant is O(e).
Step 1. Claim
g.—>v in L'Y(Q) (1.29)
with

fo.dx =c+ 3, where §,= O(s). (1.25)
Q

From (1.23)

o.dx = [vdx+ 0. — V) dx = ¢ + (g. — v) dx,
gf ¢ nf nf o {1d(x)|f<2\/s'}

so the claim is that

_ (g — v)dx = O(¢).
{ldedi<2Ye}
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First consider

@, — v) dx = f <Z(‘—i£{2)—b)dx

{0<a(y<2Ve} fo<d(x<Ve} €
1
b—zl—
&

+ ———=— | [dx) ~ 2Ve) dx.
{Ve <d(x)<2Ve} VE

(1.26)

In light of (1.21), the last integral is O(e““‘”/;). From the co-area formula ([9])
[f(h(x)) |Vh|dx = [fls) H* Y{x: h(x) = s} ds, (1.27)
2 R

which holds for any Lebesgue measurable f and Lipschitz-continuous 4, we find
for the first integral on the right hand side of (1.26),

) )
{0<d(i{<V:) (Z( € ) b)dx
d(x)

:{0<d(xf)<\/?} (z (T) - b) |Vd|dx (since |Vd|=1 by (1.9)

_ Of(z (i) _ b) A {d(x) = s} ds

4

= ( max_ H" {d(x) = s}) fs ds

v
z (i) —b
o<ssVe €

0

1Ve
< (| max_H"d0) = ) e [ 120 = b dr.
0 0

<ssVe
Then (1.10) and (1.21) imply that
f (z (i(_x_)) — b) dx < const. .
{0<d(<Ve} €

Hence

(- — v) dx = O(e).
{0<d(x)<2Ve}

A similar argument works for

(ée - U) dx
{—2Ye <d(x) <0}
and (1.24), (1.25) follow.

Step 2. Here we show that, as ¢ 0, the energy of {g,} approaches Fy(v),

1 )
Claim:  lim f — W@) + ¢ |Va|? dx < Fuo), (1.28)
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To confirm (1.28), first note that

1 - -
_— W) + ¢ |Ve.]?dx =0,
{ldCI>2Ve} €

so that, by (1.9),

1 - .
‘= f — W(o,) + ¢ |Vg,|? dx
2 {ld(<2Ve}

1 - -
= fv— (-;- W(e.) + ¢ IVQE]Z) |V d!dx.
{ld(x)|<<2Ve}

Applying (1.22) and the co-area formula (1.27), one finds that

1
[ W + o9 ax 129

- [ o)) oo

1
+ f (—8— W (gs)) + sg;(s)z) H" Y{d(x) = s} ds.

Next, by use of a Taylor expansion about b to approximate W(g(s)),

2Ve

[ (% W (2s) + eg;(s)z) H () = 5} ds <
Ve
(mex 7 )
: ., 1 2 ( )
Fleze @\ o[t @) ]

Ve Ve | Ve
for some & = &(s) near b, and it follows from (1.10) and the decay estimate (1.21)

that this integral approaches zero with ¢. A similar approach leads to the same
conclusion concerning the last integral in (1.29).
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Turning to the first integral in (1.29), we observe that (1.17) implies
13

FErb )b e

=y B
_2 VEWzS H {d(x) = s} d
2 [l oo
Ve
2 e s )
=< | — f W(z (—))ds ( sup H" Y{d(x) = s})
¢ € slsVe
Then, since z is monotone, letting = z (i) , we find £ dt = ds and
arrive at & V()

’(v%) — b o
2 f VW(I) dt | sup H" Yd(x) = s} =2 (f VW) dt) sup {{d(x) = s}.
z<~}l/e—) Is|=Ve a Isi<Ve

From (1.10) in Lemma 2, one can pass to the limit as ¢ — 0 to conclude (1.28).

Step 3. It remains to show that the addition of a constant to each g, so as to satisfy
the integral constraint will not disturb inequality (1.28). Define

__68
7]5—|Q1 .

It was shown in Step 1 that 5, = O(¢). We now define a candidate for a sequence
satisfying (1.12), (1.13) through

@ = ée + Ne-
Clearly

[ odx) dx = ¢,

Q

but it remains to verify that
. . 1 - -
lim F,(¢) < lim Qf — W@ + & |Va.|* dx. (1.30)

One finds
1 —_
Fle) =— W@ + ) [{dx) < ~2Ve}]|

1 a
+ = W@t )+ | Ve dx (1.31)
{ldii<2ys}

W+ ) |69 > 2 Ve Y.
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The first term in (1.31) can be estimated by Taylor’s Theorem:

12]

1 —
— Wa+n) [{d0) < —2Ve}| =S WwE)nt

for some &.€(a — |n.|, a+ lns|), Hence this term approaches zero with ¢
since 7, = O(¢). The last term.in (1.31) is treated similarly.
To establish (1 30) thus reduces to showing that

1
lim — Wi(o. ) — W(e,)) dx = 0.
B Ty e+ ) — W) dx
From the Mean Value Theorem we find
1
1 . e = ,
lim = J = (W@ +n) = W@ ds= | max | W(s)| L = |{lde)| < 2Ve}|

for some o > 0 small. Since this approaches zero with ¢, (1.30) follows. Equa-
tions (1.24), (1.28), and (1.30) together with (1.11) imply (1.12), (1.13).
Our final task is to show that to assume A smooth does not lessen generality.

We therefore relax this assumption and consider v& BV(£) where
a x€A
fvdx= ¢, v(x)={
a b xeQ\A4,

and A is a set of finite perimeter in 0.

Now let {4,} be the sequence of approximating sets described in Lemma 1,
and define {v;} by
a xeANLQ2

b x€Q \ A P
Property (iii) of the lemma implies that
Jim Fo(v) = Fofo),

o) = {

and from property (i), v;— v in L'(Q).

A sequence satisfying (1.12), (1.13) with v replaced by v, exists since 04, is
smooth. A diagonalization argument then yields a sequence {g,3 } in H'(Q) satis-
fying (1.12), (1.13) for a general v¢€ BV(Q).

This completes the proof of Theorem 1.

We turn now to the question of compactness for the minimizers of (P,). Some
additional hypothesis on W seems to be required; it is sufficient to assume that W
has polynomial growth:

Proposition 3. Let {u.} be a sequence of minimizers of (P,). Suppose that there exist
positive numbers ¢y, ¢,, So and a number p = 2 such that
G sPEWE) = o |s? for  |s| = so. (1.32)

Then there exists a subsequence {u.} which converges to a limit uo in L'(£).
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Proof. Recall the definition of ¢ from (1.16). Notice that ¢ is a monotone.increasing
function, and that from (1.32) we have

$'(s) = VW)= Ve, |siP2 for Is| = so.

We conclude that ¢! exists and is uniformly continuous on compdct sets in R.

Letting {v,} denote the sequence {¢(v,)}, we seek a uniform BV(£2) bound
on this sequence so as to exploit the compactness of BV in L'. By comparing the
energy of {u.} to the emergy of the constructed sequence {o.;} used in Theorem I,
we infer that

[1Véu)| = Fu) = Fle) < C (1.33)

for some positive C.
Also, from (1.32):

ug(x) B

O [lew) = [ [ VWedsdxS ey e [ul dx
. _‘9 . 2 a . ’ Q

for some positive constants c;, ¢,. But (1.32) implies that
1
fufdx§|!2|s5—|—-c—fW(uE)dxél.Q\sg—!—C. (1.34)
Q 1 82

Since p =2, itfollowsthat p=%p+1, and so || )lsna is uniformly
bounded in e. Thus, by Proposition 2, we may pass to an L!-convergent sub-
sequence

ve, = $(u) > vo  in LY(Q).

Using the uniform continuity of ¢ it is then easy to show that {u,} = {¢'(v;)}

converges in measure. Since the u,, are uniformly bounded in L?, their convergence
in L'(£2) follows.

Remark (1.35). One can replace the growth assumption on W in Proposition 2
with the assumption that the minimizers be uniformly bounded in L*; a similar
argument then yields compactness. In dimension » = 1 such an assumption is
easily justified from the monotonicity of minimizers (see [5]). For n = 2, this
bound was proved by GURTIN & MaTaNO ([15]).

Remark (1.36). Mobica ([20]) proves a result very similar to Theorem 1. His
argument is more general in that it makes no regularity hypothesis on W beyond
continuity. However, instead of establishing the I-convergence of F, to F, as
is done here, he makes use of results by GONZALEZ, MASSARI & TAMANINI ([12])
about the nature of minimizers of (P,) to achieve the conclusion of Theorem 1
without the full I™-convergence. The full I'-convergence is needed in proving
existence of local minimizers (see [18]). MODICA’s construction of the transition
layer satisfying (1.12), (1.13) is also somewhat different, suggesting that there is
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considerable flexibility in the argument just presented. MobICA has also recently
proved a generalization of Theorem 1 which includes a term for. contact energy
along 842 ([21)). ,

C. Generalization to an Integrand with Spatial Dependence

In this section we adapt the techniques of the previous section to the case
where the nonconvex integrand contains some spatial dependence. Choosing a
simple model which preserves the essential two phase nature of the problem, we
consider

By [ ) = 217 () — g9 d, (1.37)
d
where g,,g,: 02— R satisfy g,(x) < g,(x¥) and are both bounded in the C*

topology, while ¢ is any number satisfying

fgl dx < c¢< fgz dx.
2 2

As before, any solution of (1.37) corresponds to a partition of 2 into two sets
A and B, where now u(x) = g,(x) in 4 and u(x) = g,(x) in B, so as to satisfy
the constraint. ‘
Introducing the singular perturbation e? |Vu|?, we let u, denote a solutlon
of the perturbed problem: . ,
Bl f () - £2(9)? () — g(9))? + ¢ |Vul2dx.  (1.38)
J" udx=
2
Here again we expect a geometric characterization of u, = lim.,q %, involving
interfacial .area. The dependence of the integrand upon x, however, chang-
es the limiting problem to one which might be called a weighted perimeter prob-

lem. Define
£22(x)

h(x) =2 f (s — 81() (g2(x) — 5) ds.

£1(x)

We now turn to

Theorem 2. Suppose that Us, = Uo in Ll(.Q) for some sequence of numbers & —> 0

Then uqy is a solution of
ue};ll}f!) f (XY |V 2z g (1.39)
u(x)e(g,(x),g:(x)}ae.
f udx=c
Q

Remark. If &{u = g,} is smooth for u in (1.39), we can apply the Divergence
Theorem to definition (1.2) and so obtain

[0 \Vigumenl = [ hx) dH" ().
2

=g 3N 2



230 P. STERNBERG

The proof of Theorem 2 follows the same outline as that of Theorem 1. There-
fore, rather than detailing the whole proof, we present only those parts of the
argument that involve notable alterations.

Proof of Theorem 2. We define the functionals G, G: L'(22) > R by
Gs(v) =

1
| [ 00 = 0100 (o) —g2(0)* ¢ [Vo? dx, o€ HYD), [odr=0,
&

Q2
o0 otherwise,

J 1) Vil vE B, f vdx = ¢, v(x)€{g,(x), g:(x)} ae.
Go(v) = o “
+ oo otherwise.

Since A(x) is a uniformly bounded, positive function with uniformly bounded
gradient, it is clear from (1.2) that Gy(v) is finite for v ¢ BV(£2), provided

frdx=c and o(x)€ {g:(x), g2(%)} a.e.

while Go(v) = co for any v such that {r = g,} is not a set of finite perimeter
in Q.

As before, it suffices to establish the I'-convergence of G.to G,, i.e. the ana-
logues of (1.11), and (1.12), (1.13). To obtain the analogue of (1.11) we consider
{v}, ve LY(Q) such that v, — v in L'(2) with

vEBV(D), [vdx=c, vx)€{g(x),g.(x)} ae.
02

Again, in case any of these conditions on v fails to hold, the inequality is trivial.
We may also assume that g, =< v, =< g,(x) since the truncated sequence

g1(x) (v < g6}
v, (x) = {ox)  {g:(x) = v(x) = g2(%)}
ig 2%)  {v(x) > g(x)}
satisfies F,(v,) = F.(v,) and v,— v in L'(2). Now define f: 2xR— R by
Sfx, 5) = 2(s — £1(%)) (g2(x) — 9)

and ,: 2> R by
(%)

Po(x) = f f(x, s)ds.

g1(x)

An application of the Cauchy-Schwarz inequality leads to
Gdvd = [f(x,v)|Vo,|dx= _sup f S(x, v) Vo, 0 dx.
o] C0 (2, R
e
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For fixed o€ C2, R, |o]| <1, it follows that

ve(x)

Gv) = gf Vydx), o(x)> — < (f ) V. fx, 5) ds, 0(X)> dx,

£1(x,
and an integration by parts yields

vg(x)

Gv) = — gf [ (fx, 9 (V - 6(x))) + V. f(x, 8), a(x)> ds dx.

£:1(x)

Using the L* bounds on g,, v,, f, V..f, 0 and V - ¢, we pass to the limitas ¢é— 0
Thus,

v(x)
liminf Go) = — [ [ fix, $) (V- 0(x)) + <V A(x, 5), o(x)> ds dx
)

Q2 gi(x

g2(x)

Y=gy | Ve (fx, ) 0(x)) ds dx

£1(x)

- Qf
= — f Ko—gacay ¥V * ((x) 0(x)) dx.

Finally, taking the supremum over all admissible ¢, we obtain an expression equi-
valent to (1.2). Therefore,

lim inf G(v)) = Go(v).

To construct a sequence {gsj} satisfying the analogues of (1.12), (1.13), i.e.

e, v in LY(£), (1.40)
}Ln;lo st(gej) = GO(U)’ . (141)

we again first suppose that v ¢ BV(Q) takes the form

o) = :gx(x) xc A
g0x) x€ B
with
fv dx = ¢
Q9

and 64 N\ 9B smooth.
In constructing the transition layer sequence, the differential equation (1.17) of
Theorem 1 is replaced by

oz
@—s(x’ 5) = (Z — g1(x) (g2(x) — z),

z(x, 0) = % (g1(x) + 82(x)) =: 8(x).

(1.42)
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Since g, g, are C! functions we obtain a solution z:2x R—R withz€ C'(2x R)
([7]). Arguing as before we find that

g:1(x) < z(x, 5) < go(x) for all s, (1.43)
fimz(r, 5) = g2(x),  lim_z(x,5) = &), (1.44)

the limits on the right being approached at an exponential rate.
We also need an L*(2x R) bound on z.(x, s) (here z, denotes the spatial
gradient of z). To this end we note that

z(x,s)

dn

B 1.45
Efl) (n — g1(x)) (g20x) — ) 5. (1.45)

Differentiating both sides with respect to x and solving the resulting equation for
z,, we obtain

z(x, 8) = (z(x, 5) — £:(x)) (g2(x) — z(x, £)) X

z(x,s)

Vg dny
- 2 46
[(g "G -2 % g—(-x[ 0 — g (n — g2)° (146)

2(x,s) d?‘]
—v |
&1 ;(l (n—8)* (g2 — )

Since g,(x) < z(x, s) << g.(x) by (1.43) and g, and g, are bounded in the C'(£)
topology, it follows that z, is bounded for any finite s. Passing to the limit as
§— -4 oo in (1.46) and using L’Hospital’s Rule, we conclude from (1.44) that

}glgo z{x,s) = Vg,(x) and 11'r_nco z(x, s) = —Vg,.

We thus infer that
sup |z,(x, 5)| < oo. (1.47)
2XxR

Reintroducing the distance function d given by

—dist (x,0ANéB) x€ A
d(x) = {
dist (x, 64 N OB) X€ B,
one can define a boundary layer sequence {g.} through
£:(x) {d>2Ye}
@m:rmﬂwaﬂﬂ<WL
() {d< —27¥e},

where g, is linear in d(x) on {Je < |d| < 2 }&} so as to be continuous for all x.

From here on the proof of (1.40), (1.41) follows in the same manner as did
(1.12), (1.13), except that one must use (1.47) to estimate |Vg,|? in proving the
analogue of inequality (1.28).
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2. Vector Dependent Energy

In this section, we consider a generalization of Theorem 1 to a variational
problem in which the nonconvex integrand is vector-dependent. In order to
preserve the “two-phase’ nature of minimizers, we consider a nonnegative inte-
grand W:R?— R which is zero on two disjoint closed curves I and r,,
where I'; lies in the interior of I7,.

As in Section 1, one goal is a characterization of the limit of minimizers of
the perturbed problem. Theorem 3 shows that such a limit will again minimize
interfacial surface area in 2. As before, {2 is an open, bounded subset of R”
with Lipschitz-continuous boundary. However, this characterization is incomplete
since the limit problem does not determine where on I’y \J I', the limit takes
its values. We also characterize the cost per unit area along the interface of the
transition made by the perturbed minimizers from Iy to [,. The latter is measured
(asymptotically) by the length of a geodesic that minimizes distance with respect
to a degenerate Riemannian metric on the plane. This is accomplished in Part A
by identifying the I-limit and by proving I'-convergence in this setting. In Part B
we establish certain properties of the degenerate metric which were needed in
Part A, including the existence of geodesics that minimize distance. ‘

A. Generalization to W: R* -~ R

Consider first a model in which W is only radially dependent. Let «: £ — R?
and W(u) = (Ju| — a)* (ju| — b)> with 0<a<b. Then the unperturbed
problem is

ueL!(.QR2) f(‘ul - a)2 (Iu\ - b)2 dx’ (2.1)

J'Iul c
Q2

where a |Q|<c<b|Q2]
Clearly any function with range on the circles of radii a and b that satisfies
the constraint will minimize (2.1). Now introduce the perturbation

2 |\Vul2 (= &% |Vuy > + &% |Vu, |?)
and let ¥, denote a solution of

uf}%{m [ (ul = @ (lu] — B> + & |Vu|? dx. (2.2)

Q

Proposition 4. Suppose there exists a scalar function Ry € L'(2) such that
\u.| = Ry in L*(£). Then R, solves

Reg}/f; @ Per, {R = a}. - 3)
R(x)e{a bla.e.

J’ dx=c

2
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Proof. If one writes
u(x) = R(x) (cos 6(x), sin (x)) with R=0,
(2.2) becomes

Jnf [ (RG) — @) ((RGx) — b)* + & |VR[* + 2R VO] dx. (2.4
J'Rdx c %

Then from
1{x) = R(x) (cos §(x), sin 0,(x)),

it is evident that a minimizer must satisfy V0, = 0. The value of the constant 0,
is arbitrary without any further boundary conditions or constraint, Since the in-
fimum in (2.4) must be achieved by a function of the form

u(x) = R(x) (cos 8, sin §),

with 6 ¢ R, R€ H'({2), the problem reduces to the scalar case of Section 1.
The proposition follows from Theorem 1.

Thus, the moduli of the minimizers of (2.2) converge in L'(£2) to a solution
of the partition problem, and the phase is such as to effect the transition between
the two zero states of W along a radial path in the plane.

Remark. The existence of a subsequential limit R, follows from Proposition 3.
Note that since the value of the constant 8, is arbitrary, one cannot expect any
determination of the constant phase 0, of the limit of minimizers wu, =
Ry(cos b, sin 8,).

Generalization. Our model problem reduced to the scalar case because W was only
radially dependent and the phase 0, of u, was constant. To generalize the problem
we distort the radial dependence and consider W = T2, where T: R?— R has
the following properties:

TeC?, T=0 onlyonI' VI,

where I'y, I'; are two disjoint simple closed curves on the plane that admit C?
regular parametrizations «: [0, 1]— I'y, B:[0, 1]— I',, respectively. Further-
more, we assume [I'; C interior of I', and

T>0in 2, (2.5)

where 2 denotes the subset of R? lying exterior to I', but interior to I',. Finally,
we suppose

IVIT()| = m, for ycoo (=T, TI,) for some my>0. (2.6)

The unperturbed problem is now

f T2(u) dx. 2.7)

uELl(.Q R2)
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22

Y
Fig.5. T=0on I'; \V T,

Its solutions u are in one-to-one correspondence with the partitions of 2 into
sets A and B such that w#(x)€ I'; on A and u(x)€ I, on B. Choosing the usual
perturbation, we obtain the perturbed problem:

sz(u) + &% |Vul|? dx. (2.8)

ueH 1(.() R?)

As in Section 1, any L'-convergent subsequence of minimizers must converge
to a solution of the /-limit problem, so that the task is to evaluate this 7-limit.
However, in contrast to the scalar case, we are as yet unable to prove the compact-
ness of minimizers (see Remark (2.30)).

We begin by defining the rescaled sequence of functionals H,:L'(£2)— R
through

H) = /'—-—Tz(u)+ [Vu|>dx ue H'(2, R?»
+ oo otherwise.

The proposed limit functional Hj:L!(2)— R is given by

2L(y) Perg {fue I} T(u(x)) =0 a.e., yuer,)€ BV(Q)

-+ oo otherwise,

Ho(w) — {

where

L) = [ "TO) [y0)] dr.

L(y) is defined for y:[#y, t,] — @ Lipschitz-continuous, and 14 is a minimizer
of
inf L(y). 2.9

Y )el'y
¥e2)els

The existence of y is proved below, in Lemma 9.

Theorem 3.
T(EHQY) lim Hy(e) = Ho®)-
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Thus
() for each ve L'(Q), and for each sequence {v;} in L'(£),
ve—>v in L‘(Q) implies lim inf H (v,) = Hy(v); (2.10)
(ii) for each v€ L'(82) there exists a sequence {er} in LY(Q) satisfying
0, —> v In L), (2.11)
lim H(o.) = Ho(®). (2.12)

As a prerequisite for the proof, we remark on the kinds of L!-convergent
sequences {v,} and limits v that need to be considered in demonstrating the in-
equality (2.10).

One may immediately assume

T(w(x)) =0 ae. in 2,

since otherwise v,-> v implies that lim H(v,) = co. Hence we assume v takes

the form &0
ax) xc4d
o =
b(x) x€B,

where AV B= 02 and a,bc Li(Q) with a: A>Ty, b: B~ I,.
Concerning the sequence {v.}, one may suppose v,€ H(£2) since otherwise
H,(v,) = co. In fact, one may suppose v,€ C* since C=(L2) is dense in H'(£2).
In proving (2.10) we make use of properties established in Part B of this
section concerning the degenerate Riemannian metric dr defined by

ts -
dr(yi, y2) = yLiilslglitz_ f T(()) I'}’(t)| dt  for y,,y,€92 (2.13)
continuous '
We)=y1
Yta)=y2

and the associated ‘““distance to I';”, given by
h(y) = inf dr(yo, ).

In particular, we note that 4 is Lipschitz-continuous in & (and therefore differen-
tiable a.e.), and that

|Vh(y)| = T(y) for ae. yc 2. 2.19)
These facts are confirmed below in Lemma 11.
Now define
h(v(x))y for {v,c 2}
2x) = {
0 elsewhere.

Then the restriction of g, to {v,€ @} is a Lipschitz-continuous function satis-
fying

Vgdx) = V,h(vdx)) - Vo (x) ae., (2.15)
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so that, in view of (2.14);

|Vg.| < T(x) |Vvdx)| for ae. x€{v.c 2}. (2.16)
Since v,— v in L'(£), it follows that g.— h(v(x)) in L'(£2), where
h@@x) =0 in 4, h@(x)=LE) in B. 2.17)

As a final preliminary to the proof observe that, for fixed r€ (0, L(y)) .17
implies

gx) — h(v(x)) >t in {g.> t}\ B,
h(() — g() = Lly) =t in B\{g,>1}.’
Thus

ﬂf lg(x) — h(p(x)) [dx = [ [gdx) — h(v(x)) | dx

{g.>1}4B

= min {t, L(y) — t} |{g(x) > t} 4B| = min {t, L) — t} [ |xgg,>0 — 12| dx.
. - Q2
Consequently, ygp >n—>xp in L'(2) as ¢~ 0 for all z€ (0, L(y)).
Proof of (2.10). To establish (2.10), we note first, using (2.16), that

H@)z [ TT000) +e|Tuf de

{0<g <L)}

v

2 f T((x)) |Vv.| dx

{0<g <L}

v

2 [ |Vao)dx.

{0<g <L}
Next, we apply the co-area formula for BV functions ([11], pg. 20). Since the sup-
port of |Vyg 4| S {g. = t}, we arrive at

L)
Hw)=2[ I |Vag=nldt

0 {0<g,<LO)}
L&)

% 20f_ (Qf IVx{gs>z}l> dr.

Fatou’s Lemma and Proposition 1 (lower semi-continuity) now yield:

L)
lim inf H, vs) =2 f lim inf f |Vig,>a1 dr

= 2L('y) Perg B = 2L(y) Perg A = Ho(v).
This establishes (2.10).
It remains to construct a sequence of functions satxsfymg (2 11) and 2.12).
Toward this end, we insert here a remark about the solution of the following
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differential equation, which will be used in the boundary layer:
dz _ T(y.(2))
s @
Forany 6 > 0, y5: [0, 11— R? isa C', regular curve that minimizes the distance
between I'; and I'; in the metric dr(y;, y,) given by

2(0) = %. (2.18)

1z
dryiys) = inf [ (TG@) + 9) [y dr.
Ae=yz "t
The existence of such a geodesic is demonstrated in Lemma 4. For the purpose
of the construction, é is chosen equal to ¢;, although it would suffice to admit
any & = d(g;) that approaches zero with ¢;.
Since the value of dr, is independent of parametrization, we require Ve, to

have constant speed, take
[;}ej(t)j =5, = Euclidean arclength,

and write ysj(O) = a,€ I',, and yej(l) = bst I',. For t€(0,1), Ve, € 2 and
Ve tends uniformly to ¢ (see Lemma 9). Finally, Lemma 6 asserts that s, < c¢;,
where ¢, is a positive constant independent of .

Denote by zg; the solution of (2.18). From (2.18) follows

ST pe ()
‘y’ Gl dn =s. (2.19)
J T0,m)
For 1€ (0, 1), the integrand is positive and has singularities at the endpoints of
this interval. Furthermore, Taylor’s Theorem yields
T, @) = KIT@y@), 7@ | |1 — |  for some g¢ (, 1).
It then follows from the estimate (2.86) of Lemma 10, proved below, that there
exist positive numbers 5 and m, independent of &, such that:
T(y.(n) = m |1 —n| provided 1 —s5<5n=1.

A similar estimate holds for  near 0. We now conclude from (2.19) that

EE‘; ze(s) =1, (2.20)
lim_z, (s) = 0. (2.21)

In fact, our estimate implies
1~ z()| S G 5 as s—>o0, 2.22)

where ¢ is another constant independent of . An analogous statement applies
to the rate of convergence of the limit (2.21).

Proof of (2.11), (2.12). The proof now proceeds in two steps. In the first, one sup-
poses that v takes on only two values; in the second, the construction is adapted
to cope with a more general v. In either case, we may assume T(v(x)) = 0 a.e.
and ygery € BV(Q2) since otherwise Hy(v) = oo and the construction is trivial.
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Step 1. Assume v takes the form
acl’;, xcA
bo E Fz X E B,

where AV B=Q, y,€ BV(2) and 9(0) = a,, ¥(1) = by. As in the scalar

case, one may also assume without loss of generality that I' := 84 N\ 8B is
smooth (see Lemma 1).
Using Lemma 2, we introduce the distance function d: 2 — R by means of

{dist (x, I x€e B
Cl-dist(x, I)  xe 4,

u(x) = {

and define the construction {g;} by the formula

a, for {d(x) < —2 ¥z}
2 =17, (zsj (‘-’é’i))) for {|d(¥)| < V3 (2.23)
b, for {d(x) > 2 Ve},

J

with g, linear in d(x) for Ve < |dx)| < 2Ve;}, so that e.; is continuous and in
H'(£2). Note that the uniform convergence of Ve 1O Y (Lemma 9) implies that
s, — g and bej—-> by, so that (2.11) is immediate.

To prove (2.12), write

aep= [ o1z (D)) )

{a1<ya} 7 ’
e e ()

_ _ linear piece.
{Vej<idi<2ve;}

k1

+ & = |Vd|* dx (2.24)
7

First consider the integral of the linear piece over {}/g <d<2 V;;}

1
- Tz(@ej) + & [Verlz dx

(Vej<i<avep &
1
b, — ye.(zs. (—-——-))
1 i} "\ % ] —
- [ =-r Vol (e - 2V + b,

{Vo<a<aiey & Ve,

b, ~ rs,-(zg,. ( V_:?' )) 2

}/a,-

+8j |Vd12 dx.
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Since |Vd| =1 for ¢; small by (1.9), the estimate (2.22) implies that the integral
above approaches 0 as ¢;— 0. The same is true of

V5
f linear piece.
—ZVB

Then wé use (2.18) and the co-area formula (1.27) to arrive at

hm sup H,(e.) = lim sup 2 f T? (ye] (z;j (d—gz)) ) dx

€ {1a1<Ve;}

= lim sup—2— ? TZ( ( z, (%)))H""{d(x) =‘s} ds.

I —- s
Making the change of variables # = z; (Si), we obtain with the aid of (1.10),
i

2 (1/Ve)
. . G . - -
lim sup H(0,) = limsup2 " [ _ T(y() [y )| H"~{d(x) = &;z.; ' ()}

Zej('— 1/Vep)

< hm sup 2 ( sup H* Yd(x) = s}) f T(Ve () l%: ()| dn

Is] sv?

= 2H""Y(I") lim sup L(ys) =2 Perp{ve I'\} L(y),
J>r oo -—

since hm L(ye) = L(y) from (2.85). Combining this mequalnty with the reverse
1nequa11ty from (2.10) yields (2.12).

Step 2. To establish (2.11), (2.12) for a general v consider v ¢ L'(2) satisfying

a(x) for xe 4
o) = {b(x) for x¢ B,

where AVB=2Q, y,€¢ BV(Q), a:A—~T,, b:B— I',. Without loss of
generality, again assume I" := 84 \J OB is smooth. Further, we extend a(x) =

a, = y(O) for x4 4 and b(x)= b, = y(l) for x4 B whenever it is necessary
to consider these functions on points beyond their original domains of definition.

Recall the assumption that 1", and I', admit C3 parametrizations «: [0, 1]
— Iy, B:[0, 11— I',, which are 1-1, surjective maps restricted to [0, 1).

In the construction of a sequence {gej} satisfying (2.11), (2.12) in this more
general setting, our strategy is as follows: first smooth a(x) and b(x) away from I
using mollification, the mollification radius being dependent on the distance to I';
then bridge from a; to bej across I” by using the construction (2.23).

In order to keep Hsj(gej) finite, the mollification of a(x) and b(x) must be effected
in such a way as to leave the values of the functions on I'; \U I',. To this end, we
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introduce the L' map ¢.: 2 — [0, 1) defined by
a~Ya(x)) for {d(x) < —&'¥}
44x) = {B-2 (b)) for {d(x) > ¢4} (2.25)
0 elsewhere in R”.
Now let n€ C°(R") satisfy
0=<n=<1, 7()=n(x support nC{lx|< 1}, [n(x)dx=1,
Rn

and let
x
RS L Nl
Ne i=¢& 7N (81/3) s
so that
fnx)=1.
RN
Then define

t, = Ne¥ g = fne(x - .V) qe(y)dy

RR

Claim. t,:Q2~ [0,1) is smooth and has the following properties:

a(t) E L o B2~ b, (2.26)
|d(x)| < 4e'?=> t{x) =0 for & small, 2.27
fim ¢ Qf V1, 12.dx = 0. (2.28)

To prove (2.26), note first that
| Af Iét(te(x)) —a(x)| dx < |o le,;[ |t(x) — a“‘(g(x))] dx.

Hence it will suffice to show that the quantity on the right tends to zero with e.
From the triangle inequality follows

lte — 074 @ ey = |1ex (@e =~ 67 (@) | + |1 % 67(@) — (@) |ua-

Since the last term clearly approaches zero, we only need to show that the same
is true of the first term on the right hand side of this inequality. Now

[ 56 = » () = a(a(y)) dy|dx

A |gpn
= [ adx = » 1) — a7 a(y)|dy dx
4 (elld<a)<oy

= [ e @O [nlx — y) dxdy = O(E").
{—elft<a(n<0} 4
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The second part of (2.26) follows similarly. To confirm (2.27), suppose
|d(x)| < 4¢*. Then

_ y _ y
1) = [aqlx — peiny (1—,3) dy = [ qlr—ye *"n(—.,—,) dy.  (2.29)
R & {Iy1<el/3} €

Now
ld(x)| < 4¢t  implies |d(x — y)| < det + &
But for & sufficiently small, 4¢'? 4 '3 < £ 50 (2.25) and (2.29) imply (2.27).
Finally, to prove (2.28), note that since
support 7, C {|x| < &'},

one has

|VE(x)| < ce™ 1P
where ¢ depends on #, but not on &. Then
e Ve (x) |2 < 2!

and (2.28) follows.
We now define a sequence {gej}e H'(2) which will serve to verify (2.11),
(2.12).

(1, () for {d(x) < —4 Ve

” (—= () + 4 Vs‘,-») for {—4Ve; < d(x) < ~3 Yz}
.

J

Let éej(x) = gej(x) for {|d(x)| < 3 }/;}

8 (V_"_f_ @Ve — d(x))) for (3Ve < d(x) < 4Vz)

B(t., () for {d(x) > 4 Yz},

where o, (x) is given by (2.23) and »;, %; are defined by
D"(%j) = aej, ,3(21) - bej'

The continuity of é,,.j along |d(x)| =4 VE; is guaranteed by (2.27).
The verification of (2.11) follows from (2.26) since

Qf ]ésj(x) — v(x)| dx =

J120500) — a@ldx + [1(1409) = 6| dx + 0(/e).
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To obtain (2.12) we infer by calculation that

H@)=¢ [ |0 Tt,00P ds

fa<>avey
T4 f |B/ () |? |V £ () |* dx
{a>ave))
A% - 2 .
* » (7;—,<d(x)+4ve,->)lznf \V d? dx

{—4g=d= -3V

_ ,
4 2|V d)? dx

+ g (;,= Ve - =)

{(3Ve;sd<aVs)

1
+ Ty + 5| Ve, dx.
Qa1<3vey
The first two of these integrals approach zero with ¢ because of (2.28). The

next two terms involve bounded integrands taken over sets of measure O(Ve— )
and hence also approach zero. Therefore,

. L -1
lim H,(G,) = }grgo{ J o T*e.) + & | Vo, |* dx = 2L(y) Perg {v € I';},
11 <3Ve;}

as was shown in Step 1. This completes the proof of Theorem 3.

Remark (2.30). The failure of {6} to converge in our model problem (2.4) emerges
here as well. This is reflected in the fact that the I'-limit H, does not characterize
where on I'y \J I', a minimizer takes its values. At present, this indeterminacy
is a hindrance in proving compactness of minimizers of H,, as well as in proving
the existence of local minimizers (see [18]). Presumably, a clearer description of
the limits of minimizers could be obtained by finding one more term in the ex-
pansion of the minimum energy with respect to ¢. Nonetheless, Theorem 3 does
give a partial characterization of the limit points of minimizers of H,.

Remark (2.31). We have presented Theorem 3 without an integral constraint, such
as :

[ luldx = c,
@

in order to simplify the proof and focus on the identification of the I-limit H,.
Such a constraint could be included in a similar manner as in Theorem 1.

B. Properties of the Degenerate Metric dy

This section establishes the existence of distance-minimizing geodesics and
other related properties of the degenerate Riemannian metric dr (see 2.13) given
by dy? = T? dx?, which were used in Part A. The approach adopted is as follows:
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first we prove the existence of geodesics y; that minimize distance in the metric dr,
given by dy? = (T + 6)* dx?; then we obtain a uniform bound on the Euclidean
arc-length of y,; finally, we pass to the limit as d — 0 and obtain a geodesic in
the metric dr. _

Begin by letting 2’ denote an open, bounded subset of R? with 2 2’.
Then, for y€ R*> and 6> 0, we define the map Ts: R>— R by

Ty(y) = TO)+6 yed 23
6);——%6 yERz\g' .

with Ts¢€ C2(R?) and satisfying
10T <o for ye 2'\ 9.

Next define the functional Ls by

L) = | Ty 0) 19(0) | dt 233)

for y:[¢, t,]— R? Lipschitz-continuous. Note that the value of Ls(y) does not
depend on the parametrization of y.

We can now introduce a (nondegenerate) Riemannian metric on the plane dr,,
which is, in fact, conformally equivalent to the standard one:

dry(vis y) = inf | L), (2.34)

y(t2)=y2

The first task is to establish the existence of geodesics that minimize distance
with respect to dr,. This follows from the Hopf-Rinow Theorem once it is shown

that the plane endowed with this metric is geodesically complete. A geodesic is
an extremal for L; and thus must satisfy the Euler-Lagrange equation

: d ;
I VToy) = = (Tes()’) ﬁ) . (2.35)

Lemma 3. (Geodesic completeness) Every locally defined solution of (2.35) can be
extended to a solution defined for all t in R.

Proof, It is useful to write (2.35) as a first-order 4 x 4 system with a view toward
appeal to standard existence and extension theorems. This process is simplified
by seeking a solution for which [y(f)| = ¢ > 0. Such a solution to (2.35) must
satisfy

A VTsy) = (VIs) 9) ¥ + Ts») ¥, (2.36)

which we wish to solve for »(0) = p, (0) = v, p,v€ R? and ¢ chosen equal
to |v]. Writing 5 = (11, %2, 73, 14) = (¥1, Y2, 71, ¥2)» (2.36) has an equivalent
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representation as the first order 4 x4 system

c? 51T5(771, 73) — VTa(ﬂb 72) " (113> Na) 13
Ts(n1> m2)

2 0:Ts(m1,m2) = VTs(11, M2)* 035 Ma) 774)
Ty(n1,12)

with  (7,(0), ,(0)) = p, (13(0), 4(0)) = v as initial conditions. Here &, =
7 0
= e
Now Ts€ C? and from (2.32) it follows that f() = (%3, 74, 0, 0) for (ny,%2)
€ R?\ 9'. Thus we conclude that f is a globally Lipschitz-continuous function.
Hence the local solution of %" = f(n) has a globally defined extension ([6]).
It remains to show that any solution of (2.36) does indeed have constant
speed. Let y be the local solution of (2.36) with ¢ = |v| and consider the inner
product of y with both sides of (2.36):

[02VTs(y) -y = (VTs) ) 9> -+ Ts(») v - ¥

2

7' = flg) = ("73,774,

Thus,

(v =P
Ts(»)

Viewing (2.37) as an equation determining |p|? with initial condition |y|? (0)
= |v|?, one sees that local uniqueness of the solution to this differential equa-
tion implies |y|?> = |v|*>. This completes the proof of Lemma 3.

Using Lemma 3, we can assert:

. d .
VT0) 5 =7 . @37

Lemma 4. (Hopf-Rinow) Given any points y,,y,€ R2, there exists a geodesic
y:[t, )= R? with y(t,) = y1, y(t) = ¥, such that

dTa(y 1 ¥2) = Lo(y).

This is a classical result proved, for example, in HERMANN ([16]) and Do-

CarMO ([8)).
Next consider the variable endpoint problem
yilelfn ds(y1s y2)- (2.33)
y2€T2

One seeks a geodesic that achieves this infimum. Define Hy: I'yx I, — R by

Hy(yy, y2) = inf  Ly(y).
M=y
Ye2)=y2
This map is continuous for all (y,, y,) in the compact set I';x I, and hence
achieves its minimum at some pair (as, bs) with a;€ I'y and bs;€ I',. Lemma 4
then guarantees the existence of a geodesic y;: [0, 1,] = R?, such that y4(0) = a,,
va(ts) = bs and Lg(ys) achieves the infimum in (2.38). It must also be true that
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vs()C D for 0 < t<<t; for otherwise it would not be a minimizer of (2.38).
The following lemma asserts that y, satisfies a transversality condition at its end-
points.

Lemma 5. The geodesic ys minimizing (2.38), at both of its endpoints, satisfies the
condition

7o VT(ys). (2.39)

Proof. Define a family of competing curves by a map

k(s, £): [0, 11X [0, ts] > D

satisfying
k(5s, 1) = po1), (2.40)
k(s, 0) = «(s), (2.41)
k(s, 15) = y4(ts), (2.42)

where, as before, «:[0, 1]— I'; is a parametrization of I'; and «(5;) =
v6(0) = as.

Since s minimizes L;,
?d—Lﬁ(k(sy t))(s=}5 =
Use of (2.40) shows that
Yo O
Integrating by parts yields
s/ d . ys\ 0k _
ol 7169 = 4 (@60 + 9 25) 5 G ) (243

(Tlys(1)) + ) /. \]
_—_—l?’ O] \ valt )’6 (Ja’t)/ = 0.
Since y4 solves (2.35), the integral in (2.43) vanishes. From (2.41) and (2.42)
follows
ok . .
526 0 = &/Ga)
and

ok . o
ﬁ—s—(sa’ t5) = a‘_s(ya(to)) =0.
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Then (2.43) implies

IJ’ (0) l <76(0)’ & (S5)> = 0.

Since

(' (88), VT (o(59)))> = 0,

we have
Vsl VT(ys) at t = 0.

Choosing a family of curves with a variable endpoint along I', yields the
corresponding condition at ¢ = t;, and (2.39) is established.

In order to assert the existence of a distance-minimizing geodesic between
I', and I', for the metric dr defined by (2.13), one must pass to the limit as
64— 0 along {ys}. The following lemma establishes the compactness necessary
to obtain a subsequential limit curve.

Lemma 6. Let s; be the Euclidean arc-length of y;. Then there exists ¢; > 0,
independent of 8, such that ss< ¢y for all 6.

The proof of Lemma 6, which we present later, relies on Lemmas 7 and 8
below. Lemma 7 gives uniform bounds on the arc-length of y; when the curve
is near I'; or I',. We then show in Lemma 8 that once y; departs from the bound-
aries, it never again comes too close. This conclusion supplies a bound on the arc-
length of the middle plece of .

Assume y;: [0, s5] = D is parametrlzed by Euclidean arc-length. To analyze
vsnear I'y, we introduce local coordinates (», v) in a tubular neighborhood of I, :

¥ = (1, 2) = M(u, v) := a(w) + vn(w). (2.44)

Here «:[0,L,;]— I', is taken be to parametrized by Euclidean arc-length and
n(u) is the unit normal to 7", at «(u), pointing into 2. Since 2 is smooth and
compact, a uniform interior disk condition holds along 82: for each y¢ 29,
there is a disk D, of radius r, such that

D,N(R*\2) =y
and such that 16%2 r, = u for some x> 0. In particular, for all y€ 092,
y!

k=, 2.45)
M
where k = k(u) represents the curvature of 2 at y. The coordinate map M
defined by (2.44) is a C2-diffeomorphism for 0 << v<C u. (See [10], Appendix A,
as well as [19]). _
In this neighborhood of I'y, let zs(s) = (ue(s), vs(s)) and define T by

M(z4(s)) = yols) (2.46)
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and
T(u, v) = T(M(u, v)). (2.47)
Consider the function 4;: R-—> R given by
it,;(s)
Ay(8) = —=, 2.48
6(s) Ua(S) ( )

in which the superior dots indicate differentiation with respect to 5. The quantity
A5 measures the tangential speed of y, relative to the normal speed with respect
to I'y. Thus 1, small means that y, is progressing efficiently away from I', towards
I',. The following lemma enables us to bound the arc-length near I';.
Lemma 7. There exists a number c, € (0, ), independent of 8, such that

[26(8)| =4 for 0= s < min{s:0s(s) = c,}. (2.49)

This estimate is needed to prove

Lemma 8. There is a positive number c; independent of & such that
dist (ys(s), I'y) = ¢, (2.50)
provided s = min {s: dist (ys(s), I'}) = c,}, where “dist” refers to Euclidean

distance.

Proof of Lemma 7. The proof of Lemma 7 is split into three steps: first, we derive
a differential equation satisfied by A,; then we use this to obtain a differential
inequality; finally, we integrate this inequality to obtain (2.49).

Step 1. To derive a differential equation for 1, note first that A,(0) = 0 since
(2.44), (2.46) imply

Po(s) = ua(s) o’ (us(s)) + vals) #a(s) 1’ (us(s)) + Dals) n(u(s)). (2.51)
By (2.39), y4(0) is orthogonal to o’(u5(0)), while v40) =0, so that

0 = {yy(0), &’ (us(0))> = us(0) <&’ (us(0)), &’ (us(0))> = u5(0),

the primes denoting differentiation with respect to w.
It then follows from (2.48) that 1, solves the initial value problem

s bails — iy ity B
S R T (2.52)
23(0) - 0.

Now, since v, is an extremal for the functional L;, z; must be an extremal for the
functional

dt.

ty d
2 [ (F@ + )| M)
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Setting the first variation equal to zero, we obtain the Euler-Lagrange equation

lM(Za)l VT(Za == (( T(z5) + 0) M(z,) ) Im(2s),
| ( a)\ '
. d
where M(z;) = :is-M (zs(s)) and J,s is the Jacobian matrix of the coordinate

map M. Since |M(zl,)\ = |y| - 1, the equation reduces to

Vi(ey) = o (Flen) + ) Mz9) oz
or : .
VI() = (VT(za), 2> M(z0) Taelza)+ (T(z0) + 6) M(z5) Jus(zo). (2.53)
Use of (2.46) and (2.51) yields ,
M(zs) = tise + Do -+ (vaity + 2itsps) 0’ + (ts)? & + vits)? 1",
while (2.44) gives
M (z5) = o' (us) + vsn'(us), M (2s) = n(us).
Applying the Frenet equations ([9])

, &' =kn n = ko, (2.59
we can calculate ‘

M(z) Tal(zs) = (KM(zs), Mi2)>, {M(z5), M(25))).
M(z5) Jar(zs) = ({M(25), Mi(25)), <M(25), M(z5))).

In this manner we arrive at ,
M(z) Ta(zs) = (01 — kvs)?, bg), (2.55)
M(zs) Inglze) = (@il — kvy)* — (1 — kvg) Qkitighs + K valits)?), 256

s+ k(us)* (1 ~ kvy)),

where
, d
k  du (k(u))L#ud

Note that o« € C3 assures that the signed curvature k defined by (2.54) is C*.
Substltutmg (2.55), (2.56) into the Euler-Lagrange equation (2. 53) and solving
for it; and v, one finds that

R T
B (i"(za) + &) (1 — kvg)? (1 — kvsy’
. T, =iy bs .

- — k(i)* (1 — kvy), 2.58
T Fag e o kd @.58)

2.57)
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where

(, v)L

’ b
u (,0) = (u 5,08 u,0) =(ug,08)

and
Wy 1= 2ku,;v,5 -+~ k,va(aa)z . (2.59)

Note that the (», v) coordinates are only defined for v <C u, sothat 1 — kv; >0
by (2.45). Thus u; is finite. Substitution from (2.57) and (2.58) yields

. T, — VT, 2 (1 — koy)? iy (fu — (VT, 2 iaa) w5+ Aok(itg)? (1 — kvy)?
P (TG + 8 (U — Kooy \ (T(zs) + 0) b5 (1 —kogyvs

Since A; = us/v;, one arrives at

T, AT, @5 + Ask(is)? (1 = kvy)?
Ay = —= — == - - .
(T(zs) + 8) (1 — kvg)* 05 (T(zs) + 8) Vs (I - kvy) v,

(2.60)

This completes step 1.

Step 2. We now estimate the terms on the right side of (2.60) to obtain differen-

tial inequalities that control 4,.
From here on we shall restrict our attention to {s: v,(s) < u/2}, so that (2.45)

implies
1Sl -k, <3, (2.61)

According to Taylor’s Theorem and (2.61), there are positive constants ¢, and

v, = %—, such that

T~u(u6a Ug)

- T s, 0) + O(vy) e o6
(T(us, v5) + 0) (1 — kvg)? . (2

T(us, 0) + 8 + To(us, 0) 05+ O@3)| ™

<1

=3

for 0=<v,=<v,, since T(us0)= T us,0) =0, while T,(us,0)= |VT(a,)|
= my by (2.6). It also follows from (2.6) that there are positive constants cs
and ¢ satisfying
T (usv) T(us, 0) + O(vy)
T(us, v5) + 0 T(us, 0) + 6 + Ty(us, 0) v, + O@))
_ [VT(as)| + O(vs)
[VT(as)| v5 + 8 +0(v3)
Cs

Cels + o

(2.63)

v
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for 0 =< v5 < vy, in which a; := y4(0). We emphasize the fact that v,, ¢,, cs, cg
are constants depending on T and its derivatives, but independent of 4.

Using (2.51), the Frenet equations, and the fact that y; is parametrized by
arc-length, one obtains

(il‘;)z (1 - kv,,)z + (1}5)2 = 1. (264)

In view of (2.59), this implies the existence of another positive constant, ¢;, in-
dependent of §, such that

|wa] < ¢7, (2.65)

since k, k" are continuous functions on the compact set I";, and hence are bounded.
To establish (2.49), first consider s restricted to

{s:0= (") =< 1 for all 5" €0, s]}.

This may contain only s = 0 if A;(s) <0 for all small s==0.
Using the definition of 4; and (2.64), one is led to

== 14+ 1 — kos)® 23). (2.66)
Thus (2.61) leads to

<A+IB<4 , (2.67)

<
S -

for Ags) restricted as above. Noting that v,(0) = 1 implies v4(s) > 0 for the
values of s under consideration, one draws from (2.66) that

1
— = 0, (2.68)
vs
We now apply the preceding estimates to control s in (2.60). Estimates
(2.61), (2.62), (2.64), (2.65), (2.67) and (2.68) combine to yield an L™ bound
on the first and third terms in (2.60):

~

T, s + Ask(us)® (1 — kvs)? (2.69)
(T(zq) + 8) (1 — kvg)? by (1 — kvs) vs
2 klpeo
gg"-+£1i.|—l-’“—)< 2¢4 + 4¢;+ 4 kLo 1= cg,

Vg Vs
where the last equality defines the positive constant cg.
On applying (2.63) and (2.68) to (2.60), one arrives at the desired differential
inequality

Ao(5) < — ———A4(5) + 5 (2.70)

+6

for A, restricted to {s:0 < A,(s") < 1 for all '€ [0, s}
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It could be the case, however, that A,(s) < 0 as z, departs from I';. Enter-
talnmg this possibility, consider 1, restricted to {s: —1 < A4(s") < 0 for all
s" € [0, s]}. Then inequalities (2.67) and (2.68) still apply, and combine with (2.63)
and (2.69) to imply the differential inequality

Cs”o

. o _ _CPs
}.6: C6Ua+6

As — cs. ; Q.71

Step 3. We now integrate inequalities (2.70) and (2.71) to obtain (2.49).

First suppose 4; remains nonnegative as z; departs from I";. Then (2.70) applies.
Muttiplying (2.70) by (cgvs + 6)°/°, one has

d v
e (Aslcgvs + 0)°°¢) < cg(cgvs + )/

Since A4(0) = 0, we can use (2.67) and integrate this inequality to find
25(s) (cvals) + 8)/ < cq of (ceval(s’) + 8)slee ds’

< 2¢g [ (cava(s’) + 0)sls Dy(s") dis’.
0

Thus one arrives at

2¢q
l,;(s) (cava(s) + 8)° < o F (Csva(S) + g)eslestt 605/““]

<

cs + (C6U6(S) + O)eslest

Consequently,

2
zm<t£%ﬁmm+®. @72)

We conclude that if A4(s) remains positive as z; departs from Iy, then

Ao(s) = 4, (2.73)
provided

C,

et ¢ and 0 < s < min {s: v(s) = ngjc S or vo(s) = vl}.
6C8 , '

6 < 8es

If, instead, A5(s) remains negative as z; departs from Iy, the same analyéis
as before yields

2¢q
h@g—t+ ywm+® 2.74)
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so that in this case,
is) = %, (2.75)
provided '

cs + ¢

<

and 0 < s < min {s: vs(s) = ?58;{_—006 or v4(s) = vl}.
6Cs A

Finally, A; might change sign before v; reaches the value

. fes -+ ¢
min SO0+

86608

Thus, there may be one or more peositive parameter values {7} such that A4(ts;) =0,
while

. fes + ¢
v4(Ts) << min { ;CGCS R ul} .
In this case we repeat the preceding argument using (2.70) or (2.71) on each para-
meter interval between successive zeroes of 14, depending on the sign of A5 in each
interval, and we again reach eventually the conclusion that |A,(s)| < 1.
Combining (2.73) and (2.75) with the preceding remark, we infer (2.49) with

cs'+ ¢
s V1.

¢, = min
{ 8cecs

Proof of Lemma 8. To show that once y; departs from Iy, it never again comes too
close in the sense of (2.50), we suppose otherwise and seek a contradiction. Thus,
we suppose that for all positive 7 << ¢, there exists a 4 > 0 and a parameter
value
55> min {s: dist (7(s), I'1) = ¢}
such that
dist (ys(5s), I'1) = 1. (2.76)

If y4 is to minimize L, among all curves joining I'; to I',, then in particular it
must yield the lowest value of L; calculated between its initial point a5 and any
intermediate point p on its graph, when compared to any other curve joining Iy
to p. We now construct a competlng curve that gives a lower value to L;under the
hypothesis (2.76).

For each 7 << ¢, there must ex1st a constant u; where

vo(Ss) = M(u,, "7)

Define the competing curve in (u, v)-coordinates by

Co(s) := (us, s). for 0 < s<7.
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Competing
curve {g

Fig. 6

Then, using (2.44) and the Mean Value Theorem, one has

ds

n o d
Lils) = f (T(s) + 9) ’z M(u,, s)
0
= of" (T(@s, s) + 6) ds

7
:Uof o(Us, E(Us, 5)) sds + 0y for 0 < &< 4.

Hence

Li¢s) = max |Ty(u, 9)| - $7* + on.

2.77

On the other hand, the parameter must have values t;, t;, with 0 << 1; << t5 << 5,

such that

dist (ye(ts), I'y) = vs(t3) = %,
and

dist (ys(ts), I'y) = vs(ts) = c,.
Restricting ys to s€ [0, s5], we then infer that

83
Ly(ys) = of T(ys(s)) ds

> f T(ys(s)) ds
ts

T() (t5 = t3).

= min
c2/2<dist(y, M) Sca

Thus, because of (2.78) and (2.79),

Loy = ( min T(y)) 3o,

0—22— sdist(y, ') scz

(2.78)

(2.79)

since the arc-length of y,; between p4(t;) and (¢;) cannot be less than vy(t;) —

va(ts)-
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Comparing (2.77) to this last inequality, one concludes that

. -~ .1 2
(c,/zgd‘i?&r,)gc, T(y)) 1o = max [T, 5)| - 39° + oy
for all 5 < ¢,, if y,is to minimize L,. Finally, choosing # sufficiently small, one
arrives at a contradiction and (2.50) is proved.
We can now establish a uniform bound on the arc-length of {y;}.

Proof of Lemma 6. Lemma 7 permits a reparametrization of zs(s) with vs as the
new parameter. A uniform bound on the arc-length of this initial piece of the
curves {ys for 0 < v; < ¢, is now immediate:

dud

[Vl

dUa f Vl l}.alz dUa

gofc’l/w&)z ds,s

=1 }/5 cs.

The argument leading to Lemma 7 and Lemma 8 can be repeated without
alteration to establish estimates analogous to (2.49) and (2.50), valid in a neighbor-
hood of I',.

This leads to the conclusion that for y,: [0, s;] > &, parametrized by arc-
length, there are values s3 and s3* of the parameter with 0 << s¥ < s}* < s,
such that

5 =5 ¢, (2.81)
55 — 83 gVTcz, (2.82)

min {dist (yo(s), T'y), dist (yo(s), To)} = 5 for s¥ <5< s¥*. (2.83)

We have yet to obtain a uniform bound on s¥* — s¥, which is the arclength
of the middle piece of y4. Let /() be the parametrization of a line segment that
minimizes the Euclidean distance between I', and I',, and let d be its length.
Then,

L) < (mgx () + 6) d= (2 max T(y)) d

YED e

On the other hand, by (2.83),
s¥*

Loz [ o) ds

. oo
= (dist()%gl)gca T(y)) (sd 53 ) .
ye@
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Thus Ls(ys) = LiI) implies the uniform bound

(2 max T(y)) d

YED

(dlst(y 2D =c3 (y)>

Writing 55 = sF -+ (s3* — s¥) + (55 — s¥*) and using the last inequality
together with (2.81), (2.82), we obtain the desired uniform bound on the arc-
length of y,. This completes the proof of Lemma 6.

One can now pass to the limit as d — 0.

% *
S5t — 85 =

Lemma 9. There exists a subsequence {y,;j} converging uniformly to a limit y,
which is a minimizer of (2.9) and satisfies the Euler-Lagrange equation:

: d 4
|Z] VT(Z) = (T(Z)m) in 2.

s .
Proof. Reparametnzmg ys by setting ¢ = s_ we obtain a sequence of curves

y4: [0, 11— 2 which according to Lemma 6, obeys |dy,/dt| = s5 << c,. Apply-
ing the Arzela-Ascoli Theorem, one infers the uniform convergence of a sub-
sequence y,, to a Lipschitz-continuous limit 7

To see that ¥4 does indeed minimize (2.9), let &: [t:, 2] — 2 be any Lipschitz-

continuous curve with &(¢,)€ I'; and &(t,) e I',. Since y; minimizes L, it fol-
lows that

Loys) < Lo€) = L) + & f |E(r)| dt

so that
lim sup Ly(y,) = L($)-

On the other hand, the uniform convergence of {Voj} to y implies that
liminfss, = |p(f)| ae.
Jj—>o0o J -

Thus, appealing to Fatou’s Lemma, one has

1
lim inf Ly (y,) = lim inf of T(ys) [ys(t)] dt
1
= [ liminf T(ys) s dt (2.84)
é j R

1
= [ TO) )| dt = L.

We conclude that L(y) =< L(£), and so y is a minimizer of (2.9).
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The regularity of ¥ now follows easily upon introduction of geodesic polar
coordinates. Invoking the L-minimizing property of ¢ just established, one shows
that between any two points of Y the curve must in fact coincide with the geodesic

joining these points ([8], pg. 292) Thus y must satisfy the Euler-Lagrange equa-
tion for L.

Corollary.
lim L(ys) = L(y)- (2.85)

Proof. Since Y minimizes L among curves joining I', to I',, it is immediate that
lijIE oicnf L(y,,j) = L(Z’)'
But, since 2 minimizes L,,j and Y is Lipschitz-continuous, it follows that
lig sup L(yaj) = lim sup Laj(y,,j) =< lim sup L,;j(_y) = L(;_}).
Hence (2.85) holds.

Having established the existence of a geodesic in the dr metric that joins I
and I',, we turn to two final results which were needed in Part A. The first is a
uniform estimate of the angle y; makes with VT(y,).

Lemma 10. There are positive numbers s and m, independent of 8, such that y:
[0,1]1 > 2 satisfies

KYT@sS), o) =m f0<s<5 or 1-5<s<1. (2.86)

Proof. This assertion follows from (2.39) together with Lemma 7, which supplies
a uniform bound on the amount by which v, can stray from the normal direction.

Now consider the function measuring distance to I'; in the dr metric, %: 9
— R given by

h(y) = inf dr(yo,y) (see (2.13)).

Lemma 11. The function h is a Lipschitz-continuous function on 9 satisfying
|VA() | = T() a.e. 2.87)

Proof. Let y€ 2. With the aid of the Hopf-Rinow Theorem one obtains a
sequence of curves {f;} minimizing

?(l‘lxlgleff L La(}’)
(2

Minor modifications of the argument employed to prove Lemmas 6-8 enable

one to conclude that f | ﬁal dt" is uniformly bounded in &, which ensures the
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compactness necessary to obtain a limiting geodesic §,(¢), as in Lemma 9. Thus,
for all y€ @, there is a geodesic between I"; and y that minimizes distance in the
dr metric.

Now let y, and y, lie in 2 and let §,,(f) and f,,(t) be the corresponding
geodesics. Also, let It)=(1 —t)y, +ty, for 0=t=<1. We suppose y,
and y, are sufficiently close together that ()€ 2 for all #¢ [0,1]. Then,

W) = LB,) < LB,,) + L) = h(y;) + L{).
Similarly, A(y;) < h(y,) + L(I). Thus,
|h(y2) — h(y)| = L)
= ofl T{®) [y2 — y1|dt

= |T @) [¥2 — y1ls

so that & is (Iocally) Lipschitz-continuous and therefore differentiable almost every-
where in Z ([9)). _

Now let y be a point of differentiability of 4 and let £,:[0,1]€ 2 be a geo-
desic that minimizes distance. Let {x,}€ 9 be any sequence converging to y
and set [(t)= (1 — t)y + tx, for t€ {0, 1). Repeating the argument above,
we find that

|h(x,) — )| _ ¢ )
W“éof T((1 — t)y + tx,) dt;

consequently,

i LG = RO)|

lim = — < T(). (2.88)

1
Further, defining the sequence of points y, =g, (l — 7), we see that §,:

1 —
[O, 1 - —n—] — 2 must be a geodesic between I'; and y, that minimizes distance.
Therefore, for some #*¢ (1 - l) using a generalization of the Mean Value
Theorem (see e.g. [3]), one has

1

1 . = .
h(») — h(y,) = 0f T(B,(t)) |B,(1)| dt — of T(B(1)) |B,()| dt

1

= [ T,1)|8,0)| dt

1—

A=

= T(B(t%)) f, 18,0)| dt,

n
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Hence

|H(y) — k()| = TBLEN) |y — vl
so that

i [BO) = H)|
m-—7)T"

rroo |y — |
This inequality, together with (2.88), implies (2.87).

= T1().
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