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ABSTRACT
We present some astrophysical consequences of the metric for a point mass in an expanding
universe derived in Nandra, Lasenby & Hobson, and of the associated invariant expression for
the force required to keep a test particle at rest relative to the central mass. We focus on the
effect of an expanding universe on massive objects on the scale of galaxies and clusters. Using
Newtonian and general relativistic approaches, we identify two important time-dependent
physical radii for such objects when the cosmological expansion is accelerating; these radii
are found to be insensitive to relativistic effects. The first radius, rF, is that at which the
total radial force on a test particle is zero, which is also the radius of the largest possible
circular orbit about the central mass m and where the gas pressure and its gradient vanish. The
second radius, rS, is that of the largest possible stable circular orbit, which we interpret as the
theoretical maximum size for an object of mass m. The radius rS is typically smaller than rF

by a factor of ∼1.6. In contrast, for a decelerating cosmological expansion, no such finite radii
exist. Assuming a cosmological expansion consistent with a � cold dark matter concordance
model, at the present epoch we find that these radii put a sensible constraint on the typical
sizes of both galaxies and clusters at low redshift. For galaxies, we also find that these radii
agree closely with zeros in the radial velocity field in the neighbourhood of nearby galaxies,
as inferred by Peirani & de Freitas Pacheco from recent observations of stellar velocities. We
then consider the future effect on massive objects of an accelerating cosmological expansion
driven by phantom energy, for which the universe is predicted to end in a ‘Big Rip’ at a finite
time in the future at which the scale factor and the Hubble parameter become singular. In
particular, we present a novel way of calculating the time prior to the Big Rip that an object
of a given mass and size will become gravitationally unbound.

Key words: gravitation – galaxies: clusters: general – galaxies: evolution – galaxies: general
– galaxies: kinematics and dynamics – cosmology: theory.

1 IN T RO D U C T I O N

In Nandra, Lasenby & Hobson (2012, hereafter NLH1), we con-
sidered the effect of a massive object on an expanding universe by
deriving the metrics that describe a point mass in spatially flat and
spatially curved cosmologies. In particular, we derived a general
invariant expression for the force required to keep a test particle at
rest relative to the point mass. Conversely, one would expect cos-
mological expansion to have a significant effect on the dynamics of
massive objects. In this paper, we investigate this effect for objects
on the scale of galaxies and clusters.

Considering the radial motion of a test particle in a spatially flat
expanding universe, we showed in NLH1 that, in the Newtonian

�E-mail: rn288@mrao.cam.ac.uk (RN); a.n.lasenby@mrao.cam.ac.uk
(ANL); mph@mrao.cam.ac.uk (MPH)

limit, the radial force F per unit mass at a distance r from a point
mass m is given by

F = − m

r2
− q(t)H 2(t)r, (1)

where H(t) ≡ R′(t)/R(t) is the Hubble parameter, q(t) =
−H′(t)/H2(t) − 1 is the deceleration parameter, R(t) is the universal
scale factor and primes denote derivatives with respect to the cosmic
time t.1 Thus, the force consists of the usual time-independent 1/r2

component due to the central mass and a time-dependent cosmolog-
ical component proportional to r that is directed outwards (inwards)
when the cosmological expansion is accelerating (decelerating); see
also Davis, Lineweaver & Webb (2003). For the currently favoured
spatially flat � cold dark matter (�CDM) cosmology, the cosmo-
logical force reverses direction at redshift z ≈ 0.67.

1 We will work in natural units throughout, so that c = G = 1.
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2946 R. Nandra, A. N. Lasenby and M. P. Hobson

We will consider this general case (and its general relativistic ex-
tension) in due course, but the main physical effects of the present-
day accelerating cosmological expansion on the dynamics of mas-
sive objects can be illustrated by considering the special case of a
de Sitter universe, which contains no cosmological matter fluid (or
radiation), but only dark energy in the form of a non-zero cosmo-
logical constant �. In this case, the Hubble parameter and, hence,
the deceleration parameter become time independent and are given
by H = √

�/3 and q = −1. Thus, the force (1) also becomes time
independent and reads

F = − m

r2
+ 1

3
�r. (2)

The time independence of this expression is related to the well-
known (but curious) fact that the presence of a pure non-zero cos-
mological constant can be treated mathematically in a completely
static manner. As we will discuss in Section 4, even in the full
general relativistic case, the metric for a point mass embedded in
an expanding de Sitter cosmological background is connected by a
simple coordinate transformation to the standard Schwarzschild–de
Sitter metric, which is static. Thus, in this special case, this cor-
respondence unburdens us from the need to include directly the
expanding cosmological background and allows us to consider sim-
ply the static case of a point mass in the presence of a non-zero
cosmological constant. Indeed, equation (2) is easily obtained by
considering directly the Newtonian limit of the Einstein field equa-
tions with � �= 0 in this case (McCauley 1997). Moreover, this cor-
respondence enables us to generalize straightforwardly to spatially
finite (i.e. non-point like) spherically symmetric massive objects. In
the Newtonian limit, for example, equation (2) is replaced simply
by

F = −M(r)

r2
+ 1

3
�r, (3)

where M(r) is the total mass of the object contained within the
radius r. If the object has the radial density profile ρ(r), then M(r) =∫ r

0 4πr̄2ρ(r̄) dr̄ .
Although the de Sitter background is not an accurate representa-

tion of our Universe, the standard cosmological model is dominated
by dark energy in a form consistent with a simple cosmological con-
stant, which is driving the current observed acceleration of the uni-
versal expansion (Hubble 1929; Garnavich et al. 1998; Straumann
2002; Kratochvil et al. 2004; Riess et al. 2004). It is therefore of
interest to consider the astrophysical (as opposed to cosmological)
consequences of a non-zero �, which has previously been consid-
ered only in the context of growth of structure analyses (Lahav et al.
1991).

Even in the simple Newtonian case, embodied by the force ex-
pression (3), we see immediately that there is an obvious, but pro-
found, difference between the cases � = 0 and � �= 0. In the
former, the force on a constituent particle of a galaxy or cluster
(say) is attractive for all values of r and tends gradually to zero as
r → ∞ (for any sensible radial density profile). In the latter case,
however, the force on a constituent particle (or equivalently its ra-
dial acceleration) vanishes at the finite radius rF which satisfies rF =
[3M(rF)/�]1/3, beyond which the net force becomes repulsive. This
suggests that a non-zero � should set a maximum size, dependent
on mass, for galaxies and clusters.

Some observational evidence for this suggestion has been re-
ported by Peirani & de Freitas Pacheco (2005, 2008), who anal-
ysed the radial velocities of stars in the neighbourhood of a
number of nearby galaxies, including M83, M81, IC 342 and
NGC 253, by collating a number of unrelated observational studies

Figure 1. Radial velocity versus distance of stars in the M81 group, which
has a mass of 9.2 × 1011 M�, and the best-fitting line (4) (reproduced from
Peirani & de Freitas Pacheco 2008).

(Karachentsev 2005). Note that all these galaxies lie at very low
redshift (z ∼ 10−4–10−3). The data for M81 are shown in Fig. 1.
To obtain the best-fitting line for each galaxy, it was modelled as
a system consisting of low-mass satellites sitting within expanding
shells around a dominant core of mass m. Such an approach had
already been proposed by Lynden-Bell (1981) and Sandage (1986)
and is based on the Lemaı̂tre–Tolman (LT) model (Lemaı̂tre 1933;
Tolman 1934). One essentially begins with the simple Newtonian
expression (3) for the radial acceleration from which an expression
for the radial velocity can be calculated, containing initially un-
known constants. Obtaining an analytical expression in the case of
a non-zero cosmological constant is problematic, so Peirani & de
Freitas Pacheco instead found a numerical solution to the relativistic
LT model, valid for z ≈ 0:

vradial(r) = −0.976

rn

(
m

H 2
0

)(n+1)/3

+ 1.377H0r, (4)

where n = 0.627 and H0 is the present-day Hubble constant. This
relation appears to fit the data extremely well, and highlights the
existence of a well-defined ‘cut-off’ radius, depending on the galaxy
mass, at which the radial velocity is zero, separating bound and
unbound material. We see that this radius is ∼0.8 Mpc for M81.
This is around three times the typical extent of ∼0.26 Mpc quoted
in Klypin, Zhao & Somerville (2002) for the Milky Way, which has
a similar mass to M81.

The numerical analysis of Peirani & de Freitas Pacheco (2005,
2008) is based on radial velocities, and it relies on observational
data to fit values to the initially unknown constants. To avoid this
reliance, in this paper we consider instead test particles in circular
orbits about the central mass, which is also simpler and potentially
more representative of the trajectories of constituent particles of
galaxies and clusters. From equation (3), in the Newtonian limit,
the speed of a particle in a circular orbit of radius r is given simply
by

v(r) =
√

M(r)

r
− 1

3
�r2, (5)

from which it is clear that no circular orbit can exist beyond the ra-
dius rF. A second physically significant radius rS is that of the largest
stable circular orbit, which lies somewhat within rF, as we will dis-
cuss in Section 4. Indeed, the latter provides a more physically
meaningful limit on the maximum sizes of galaxies and clusters.

The existence and stability of circular orbits around a central
mass in an expanding universe have been considered previously by
Sussman & Hernandez (2003), Nowakowski, Sanabria & Garcia
(2002), Balaguera-Antolı́nez, Böhmer & Nowakowski (2005) and
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Nowakowski & Balaguera-Antolı́nez (2006). Some details of their
work are given in Section 4.4. In particular, they assumed a de Sitter
cosmological background and treated the central mass as point like.
In this paper, we will relax both these assumptions, although not
simultaneously.

The overall structure of this paper is as follows. In Section 2, we
perform a circular velocity analysis based on the simple Newtonian
expression (5) applied to two assumed radial density profiles ρ(r)
for the central object: a decaying exponential and a Navarro, Frenk
and White (NFW) profile (Navarro, Frenk & White 1996; Matos,
Nuñéz & Sussman 2004). We compare our results with the radial
velocity analysis of Peirani & de Freitas Pacheco (2005, 2008)
and also derive an analytical expression for the pressure profile. In
Section 3, we extend our analysis to the general relativistic case for
which we obtain an analytical circular velocity expression in the
linearized case and employ a numerical approach when considering
the full Einstein equations. In the latter case, we again consider the
pressure profile in the central object. In Section 4, we remove our
assumption of a de Sitter background cosmology and consider the
currently favoured �CDM model with �m,0 = 0.3 and ��,0 = 0.7,
albeit at the cost of having to model the central object as a point
mass. By comparing with the de Sitter background model in this
case we thus obtain ‘correction’ factors that may be applied to our
earlier results for the radius rF. We also obtain an expression for
the radius rS of the largest stable circular orbit. In Section 5, we
investigate the more speculative scenario that the expansion of the
universe is driven by phantom energy, leading to the prediction that
the universe will end in a ‘Big Rip’ (Caldwell, Kamionkowski &
Weinberg 2009). In particular, we use our force expression to find
the times prior to the Big Rip at which objects of a given mass and
size would be expected to become unbound. Our conclusions are
presented in Section 6.

Finally, we note that in this paper we model galaxies/clusters
as being composed of a single ‘phenomenological’ fluid, with a
single overall density profile and a single associated (effective)
pressure required for stability; this is explained in more detail in the
next section. This avoids the complexity of an explicit non-linear
multifluid treatment, whereby one would separate the fluid into its
baryonic and dark matter components. The analyses we perform in
this work are therefore designed to highlight general features, and
only indicate the existence and approximate locations of the radii
rF and rS.

2 N EWTO NIAN DE SITTER ANALYSIS

We first adopt the simple Newtonian expression (5) for the circu-
lar velocity. To plot the circular velocity function we must choose
a form for the density distribution. The central massive object is
modelled as a total ‘effective’ fluid, made up of two components:
baryonic gas and dark matter. It is assumed that both components
follow a common density distribution (up to an overall normal-
ization), such that the total density ρ(r) = ρg(r) + ρdm(r), where
ρg(r) = f gρdm(r)/(1 − f g) and f g = ρg(r)/ρ(r) is the uniform
gas fraction throughout the object. Specifically, assuming spheri-
cal symmetry, we consider two model radial profiles. The first is a
decaying exponential

ρ(r) = ρ0 e−r/r0 , (6)

where r0 is a characteristic physical scale of the object and ρ0 is its
central density. The second is a NFW profile (Navarro et al. 1996;

Table 1. Summary of the values as-
sumed in our modelling of galaxies
and clusters. Note that the values for
galaxies correspond to the virial ra-
dius/mass of the Milky Way, as given
in table 2 of Klypin et al. (2002).

Quantity Galaxies Clusters

r0 (kpc) 3 500
rT (Mpc) 0.26 5

M(rT) (M�) 1012 1015

Matos et al. 2004):

ρ(r) = ρ0r0

r (1 + r/r0)2 , (7)

where r0 is again a characteristic physical scale, but ρ0 is a charac-
teristic density in this case, since the central density of equation (7)
is infinite. In each case, we fix the constant r0 directly and then
determine ρ0 by assuming the mass M(rT) inside a ‘typical’ size rT

for low-redshift galaxies and clusters as listed in Table 1. We also
assume the value of the cosmological constant to be � = 10−35 s−2,
which is consistent with observations (Weinberg 1989; Carmeli &
Kuzmenko 2001; Carroll 2001; Krauss 2003).

The resulting Newtonian circular velocity (5) is plotted in Fig. 2.
As expected, in each case the circular velocity, and hence the radial
force, falls to zero at a finite radial distance from the centre of
the object. This is in sharp contrast to the situation when � = 0
(also plotted in Fig. 2), in which case there is no definite cut-off
radius. Although, for � �= 0, the radial force vanishes at rF, this
marks the position of an unstable equilibrium, since any radial
displacement of a test particle would move it to a region where
either the gravitational or cosmological force dominates (Faraoni
& Jacques 2007). We note that for the galaxy and the cluster, the
cut-off radius rF is smaller for the exponential radial density profile
than for the NFW profile. Table 2 gives the cut-off radii rF for the
modelled objects.

One may also use the plots in Fig. 2 to read off the maximum
circular velocities vmax, which clearly lie close to the centres of
the modelled objects. Using a decaying exponential profile (6) for
a typical galaxy vmax ∼ 530 km s−1, and for a typical cluster vmax

∼ 1280 km s−1. Since the total effective fluid is largely dominated
by dark matter, an NFW profile (7) is likely to be more realistic.
This leads to vmax ∼ 300 km s−1 for a typical galaxy and vmax ∼
1120 km s−1 for a typical cluster. Indeed in this case the maximum
circular velocity for a galaxy is only about 1.3 times higher than
that found by Klypin et al. (2002).

Having laid down two possible density profiles, we may find
the associated pressure p(r) required to keep the overall fluid stable.
This too is made up of two components: an ordinary pressure associ-
ated with the gas pg(r) and an effective pressure associated with the
dark matter peff

dm(r). The latter arises when the motions of dark matter
particles have suffered phase mixing and relaxation, such that their
velocities are randomized and the object is virialized, as explained
by Lynden-Bell (1967) and more recently by Binney & Tremaine
(2008). The total pressure is then given by p(r) = pg(r) + peff

dm(r).
The controlling equation for gas in hydrostatic equilibrium is

d

dr
(pg(r)) = −ρg(r)

d�(r)

dr
, (8)

where �(r) is the gravitational potential. The corresponding equa-
tion for the dark matter, modelled as composed of collisionless
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2948 R. Nandra, A. N. Lasenby and M. P. Hobson

Figure 2. Circular velocity v(r), in km s−1, obtained from the Newtonian expression (5) assuming � = 10−35 s−2 (solid line) and � = 0 (dotted line).

Table 2. The distance rF (in Mpc) at
which the total radial force and circular
velocities vanish for ‘galaxies’ and ‘clus-
ters’, using a Newtonian de Sitter analysis
and the values for parameters given in Ta-
ble 1. Note that the rF values are read from
the plots in Fig. 2.

Galaxies Clusters

Exponential ρ(r) 1.06 10.5
NFW ρ(r) 1.20 12.0

particles which have achieved dynamical equilibrium, is the Jeans
equation:

d

dr
(ρdm(r)σ 2

r (r)) = −ρdm(r)
d�(r)

dr
, (9)

where σ 2
r (r) is the radial velocity dispersion (Tormen, Bouchet

& White 1997). Note that we have ignored a possible ‘softening’
correction by assuming an isotropic velocity distribution, which
follows naturally from our assumption of full spherical symmetry.
Comparing equation (9) with equation (8), one can see that the
two equations are in identical form, and therefore that the effective
pressure of the dark matter is given by

peff
dm(r) = ρdm(r)σ 2

r (r). (10)

We assume that the only interaction between the gas and the dark
matter is gravitational, so �(r) corresponds to the total gravitational
potential. In the presence of a non-zero cosmological constant, for
a fixed total mass M(r) within a radius r, the gravitational potential
is �(r) = − ∫ ∞

r

(
M(r ′)/r ′2) dr ′ − (1/6)�r2. Thus, adding the two

equations (8) and (9) together leads to the standard Newtonian
equation for hydrostatic equilibrium, namely

dp(r)

dr
= −ρ(r)[M(r) − (1/3)�r3]

r2
. (11)

For � = 0, we see immediately that dp(r)/dr is always negative,
tending to zero as r → ∞. For � �= 0, however, the behaviour is
radically different and using equation (5) we see that the pressure
profile has a minimum precisely at r = rF.

For brevity, we will consider only the (possibly more realistic)
NFW profile. With an appropriate choice of boundary condition,
one may in fact obtain an analytical form for p(r) (albeit rather
unwieldy) for general �, which we believe has not been reported
previously. The boundary condition in both the � = 0 and � �= 0
cases is that the pressure itself vanishes at the point where dp(r)/dr =
0. Thus, for � = 0, one has p(r) → 0 as r → ∞, whereas for � �=
0 one requires p(rF) = 0. In the latter case, one thus has yet another
physically important interpretation of the radius r = rF. One finds
that the pressure profile is given by

p(r) = −4πρ2
0r

2
0 ln (1 + r/r0)

1 + r/r0
− 12πρ2

0r
2
0

1 + r/r0

+ 12πρ2
0r

2
0 dilog

(
1 + r

r0

)
+ 6πρ2

0r
2
0

[
ln

(
1 + r

r0

)]2

− 2πρ2
0r

2
0 ln

(
r

r0

)
− 2πρ2

0r
3
0

r
+ 2πρ2

0r
4
0 ln (1 + r/r0)

r2

− 8πρ2
0r

3
0 ln (1 + r/r0)

r
+ 2πρ2

0r
2
0 ln

(
1 + r

r0

)

− 2πρ2
0r

2
0

(1 + r/r0)2 − �ρ0r
2
0

3 (1 + r/r0)
+ C, (12)
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Figure 3. Temperature profiles p(r)/ρ(r) for a galaxy and a cluster with NFW density profiles obtained using Newtonian theory assuming � = 10−35 s−2

(solid line) and � = 0 (dotted line). Note that the solid lines actually rise again beyond their minima, but since these results are unphysical we have omitted
them in the plots.

where dilog(1 + r) = ∫ 1+r

0
ln(t)
1−t

dt ; it is worth noting that
dilog(1 + r) → −(1/2)[ln r]2 − (1/6)π2 as r → ∞. The con-
stant of integration C is set by the above boundary condition on
p(r). For the � = 0 case, it has the analytical value C = 2π3r2

0 ρ2
0 ,

whereas for � �= 0 its value was found numerically.
Rather than the pressure profile p(r) itself, of more interest,

perhaps, is the ratio p(r)/ρ(r). Assuming a perfect gas law and
mean molecular weight of mp/2, we can relate this numerically to a
temperature, in K, via

T (r) = mp

2kB

[
p(r)

ρ(r)

]
SI

= mpc
2

2kB

[
p(r)

ρ(r)

]
nat

, (13)

where mp is the proton mass, kB is Boltzmann’s constant and the
ratio p(r)/ρ(r) may be expressed in Nm kg−1 (SI units), or in natural
units which we mostly adopt in this paper. This temperature profile
is, in fact, that of the gas, T(r) = Tg(r). This follows immediately
from our assumption that the gas fraction f g is uniform through-
out the galaxy/cluster, in which case, using equations (8) and (9),
respectively, one has

p

ρ
= pg

ρg
= peff

dm

ρdm
. (14)

For � = 0, the temperature profile (13) can be expressed in a
universal scale-free form as

T (x) = πGρ0r
2
0 mp

kBx

{
(x3 − 5x2 − 3x + 1)(1 + x) ln(1 + x)

+ x2(1 + x)2[6 dilog(1 + x) + 3(ln(1 + x))2 − ln x]

+ x[π2x3 + (2π2 − 7)x2 + (π2 − 9)x − 1]
}

, (15)

where x ≡ r/r0. However, for � �= 0, the term in � in equation (12)
breaks scale invariance, and we can no longer write the temperature
profile in this universal way.

The peak in the temperature profile (15) occurs at x = xm ≈
0.76, and in terms of xm one can show analytically that the peak
temperature has the value

Tmax = xT(1 + xT) [(1 + xm) ln(1 + xm) − xm]

2xm(1 + 3xm) [(1 + xT) ln(1 + xT) − xT]

GMTmp

rTkB
, (16)

where, as above, MT is the object’s mass at radius rT, and xT =
rT/r0. Since the total gravitational potential energy of the object
is ∼GM2

T/rT, and the kinetic energy of the constituent particles
is ∼(MT/mp)kBT , it follows that our expression for Tmax (16) in
fact corresponds to an analytic factor times the virial temperature.
For the ‘typical’ values of rT and r0 for a cluster given in Table 1,

xT = 10 and we obtain

Tmax ≈ 0.32
GMTmp

rTkB
≈ 3.3 × 107 K (17)

or Tmax ∼ 2.8 keV. We may compare this calculated value against
the virial temperatures of similar sized clusters as inferred from
X-ray data and simulations; indeed our value for Tmax is in close
agreement with the simulations of Roncarelli et al. (2006) and lies
within the range found in X-ray observations by Vikhlinin et al.
(2006).

Note that for a galaxy with the parameters in Table 1 we can
calculate that Tmax ≈ 2.4 ×106 K. There has been long dispute about
whether a component of hot halo gas exists for galaxies, but recent
X-ray observations, summarized in Crain et al. (2010), do support
such a component. In fact the temperature of the hot gas halo of the
Milky Way itself (the mass and size parameters of which were used
in Table 1) has recently been measured (Henley et al. 2010) and lies
in the range 1.8–2.4 × 106 K, in good agreement with our calculated
figure. Of course the behaviour of the gas in the inner regions of
galactic haloes and clusters is more or less independent of the effects
of � or universe expansion (see Fig. 3, where the effects of � only
become perceptible to the right of the peak in temperature), but we
mention these details, and corroborating observations, to show that
our model does work sensibly in these inner regions, and therefore
plausibly reflects reality in the outer regions as well.

Turning then to the broader features of the temperature profiles,
for � = 0, the ratio p(r)/ρ(r) is plotted in Fig. 3 for a galaxy and
a cluster (dotted lines), and exhibits an initial increase away from
the centre, to the peak just described, and then a gradual tailing
off as r → ∞. This should be compared with the corresponding
temperature profiles shown in Fig. 3 for � �= 0 (solid lines). We
see that the introduction of a non-zero � has a similar effect on
the temperature profile p(r)/ρ(r) as it had on the circular velocity
profile v(r), namely it introduces a definite cut-off radius at which
the temperature (and pressure) vanish. Since both p(r) and dp(r)/dr
vanish at r = rF, the temperature profile p(r)/ρ(r) also vanishes
there.

Finally, rearranging equation (10) and employing the equivalence
of the ratios given by equation (14), it is found that p(r)/ρ(r) is also
related to the velocity dispersion of the dark matter particles through

σ 2
r (r) = c2

[
p(r)

ρ(r)

]
nat

= 2kBT (r)

mp
, (18)

where the rightmost side is obtained using equation (13). Since
this virial relation is independent of the mass of the dark matter
particles, it is expected to be applicable to all constituents of the
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2950 R. Nandra, A. N. Lasenby and M. P. Hobson

overall object which behave like collisionless particles in the gravi-
tational potential. Using it to calculate the peak velocity dispersion
of galaxies within a cluster, using the peak temperature given by
equation (17) we obtain σ max ≈ 740 km s−1, which is of the same
order of magnitude as the averages found by Fleenor et al. (2006).
The overall scale for σ 2

r (r) through a whole galaxy/cluster is shown
on a second vertical axis in Fig. 3.

Even from this simple Newtonian analysis, in which the expand-
ing universe is modelled rather crudely as a de Sitter background,
comparing Tables 1 and 2 we see that rF ∼ 2rT for clusters and
rF ∼ 4rT for galaxies, which is very encouraging. In addition, for
galaxies the values of rF are also in broad agreement with the
‘cut-off’ radius at which the radial velocity field vanishes in the
neighbourhood of M81, as found observationally by Peirani & de
Freitas Pacheco (2005, 2008) (see Fig. 1). Given the success of our
basic Newtonian approach, in the next section we investigate the
effects of general relativistic corrections on our analysis.

3 G ENERAL RELATIVISTIC DE SITTER
A NA LY S I S

We now extend our analysis to include general relativistic effects
to obtain a more accurate estimate of the radius rF for galaxies and
clusters and also to study further the pressure profile in such objects.
We again assume a de Sitter background universe.

Einstein’s field equations with the inclusion of a non-zero cos-
mological constant are

Rμν − 1

2
gμνR = κTμν + �gμν, (19)

where κ = 8π, Tμν is the matter energy–momentum tensor, Rμν ≡
Rρ

μρν and R denote the Ricci tensor and scalar, respectively, and we
adopt the metric signature ( +, −, −, −). We use two approaches to
solve these equations and find an expression for the speed v(r) of a
test particle in a circular orbit of coordinate radius r about a massive
object, as measured by a stationary observer at that radius. First, we
linearize the field equations, which necessitates assuming a pres-
sureless fluid within the massive object, but yields an analytical form
for v(r). Secondly, we consider the full non-linear field equations
and again include the effect of pressure; this requires a numerical
solution to obtain v(r) and the fluid pressure profile p(r) within the
massive object. In both cases, we restrict the central object to be
spherically symmetric and again denote M(r) = ∫ r

0 4πr̄2ρ(r̄) dr̄ .

3.1 Linearized field equations

The linearized field equations, with their attendant Lorenz gauge
constraint, are often written in the form

�2h̄μν = −2(κT μν + �ημν),

∂μh̄μν = 0,
(20)

where gμν = ημν + hμν , ημν is the Minkowski metric of flat space–
time and hμν is a small perturbation (Hobson, Efstathiou & Lasenby
2006). Also the d’Alembertian operator is defined by �2 ≡ ∂σ ∂σ ,
h̄μν ≡ hμν − (1/2)ημνh and h ≡ hσ

σ . One must realize, however,
that this form represents the field equations specifically in Cartesian
coordinates (x, y, z), whereas we wish to work in spherical polar
coordinates (r, θ , φ). In general one may interpret the linearized field
equations as describing a rank-2, symmetric ‘gravitational field’
hμν in Minkowski space–time, so to convert them (and the Lorentz
gauge condition) to curvilinear coordinates in the same space–time
one simply makes the replacements ημν → γ μν and ∂μ → ∇μ

throughout (Misner, Thorne & Wheeler 1973). Here γ μν is the
Minkowski metric in curvilinear coordinates and ∇μ is the covariant
derivative defined in terms of γ μν , namely

∇μh̄μν = ∂μh̄μν + �μ
ρμh̄ρν + �ν

ρμh̄μρ,

�ν
ρμ = 1

2 γ νσ (∂ργσμ + ∂μγρσ − ∂σ γρμ). (21)

Working in spherical polar coordinates we specifically use γ μν =
diag(1, −1, −r2, −r2sin 2θ ).

3.1.1 Tetrad method

We now obtain a solution to the linearized field equations (20) for
a static, spherically symmetric, pressureless mass distribution M(r)
using a tetrad-based approach. This method will also prove useful in
solving the full non-linear field equations and provides consistency
with our approach in NLH1. Note that a full explanation behind
this method is given in NLH1, so we skip straight to the tetrad
definitions here.

For a spherically symmetric system in the linearized case, we
may assume a form for the tetrads obtained simply by perturbing
those for the flat Minkowski metric in spherical polar coordinates
by unknown functions a(r), b(r) and c(r):

e 0
0 = 1 + a(r), e0

0 = 1/(1 + a(r)),

e 1
1 = 1 + b(r), e1

1 = 1/(1 + b(r)),

e 2
2 = (1 + c(r))/r, e2

2 = r/(1 + c(r)),

e 3
3 = (1 + c(r))/(r sin θ ), e3

3 = r sin θ/(1 + c(r)). (22)

For a test particle with general four-velocity u, the components in
the coordinate basis uμ = [ṫ , ṙ, θ̇ , φ̇] are related to those in the
tetrad frame (denoted by hats) by uμ = ei

μûi , where dots denote
derivatives with respect to the particle’s proper time τ . Thus, we
see that for a particle (or observer) at rest in the tetrad frame, so
that ûi = [1, 0, 0, 0], then ṫ = 1 + a(r) and ṙ = θ̇ = φ̇ = 0.
Therefore our tetrad frame defines the local laboratory of an ob-
server at fixed spatial coordinates. Moreover, the three space-like
tetrad unit vectors êi (i = 1, 2, 3) lie in the same directions as the
spatial coordinate basis vectors eμ (μ = 1, 2, 3).

The line element corresponding to the tetrads (22) is given by

ds2 =
[

1

1 + a(r)

]2

dt2 −
[

1

1 + b(r)

]2

dr2 −
[

r

1 + c(r)

]2

d�2,

(23)

where d�2 = dθ2 + sin 2θ dφ2. To first-order in the perturbation
functions, we thus have

hμν = diag[−2a(r), 2b(r), 2c(r)/r2, 2c(r)/(r2 sin2 θ )]. (24)

Substituting this form into the field equations and Lorenz gauge con-
straint (20) (appropriately modified to spherical polar coordinates)
and taking the energy–momentum tensor to be that of a perfect
fluid with zero pressure, yields the coupled differential equations
(momentarily dropping the explicit dependencies on r for brevity):

a2 − b2 − 2c2 + 2

r
(a1 − b1 − 2c1) + 16πρ + 2� = 0,

a2 − b2 + 2c2 + 2

r
(a1 − b1 + 2c1) + 8

r2
(b − c) − 2� = 0,

a2 + b2 + 2

r
(a1 + b1) − 4

r2
(b + c) − 2� = 0, (25)
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where a1 ≡ da(r)/dr, a2 ≡ d2a(r)/dr2, and similar for the derivatives
of b(r) and c(r), and the Lorenz gauge condition becomes

−a1 + b1 − 2c1 + 4

r
(b + c) = 0. (26)

Solving these equations for the three unknown functions a(r), b(r)
and c(r) gives

a(r) = −
∫

I1(r) + C1

r2
dr + C2,

b(r) = I3(r) + C4,

c(r) = I2(r)

2r3
+ C3

2r3
− I1(r)

2r
− C1

2r
+ I3(r) − �r2

2
+ C4, (27)

where we have defined the integral functions

I1(r) =
∫

[4πρ(r) − �]r2 dr,

I2(r) =
∫

[2rI1(r) + 2rC1 + 4πρ(r)r4 + 3�r4] dr,

I3(r) =
∫

I2(r) + C3

r4
dr, (28)

and the Ci (i = 1, 2, 3, 4) are constants of integration.

3.1.2 Circular motion in the equatorial plane

We now derive an expression in terms of the tetrads (22) for the
speed v(r) of a test particle in a circular orbit of coordinate radius
r about the central mass, as measured by an observer at rest at that
radius (i.e. the observer defined by our tetrad frame).

In particular, we consider a test particle moving along a circular
path (ṙ = 0) in the equatorial plane (θ = π/2). For such a particle,
the components of the four-velocity in the tetrad frame may be
written as

ûi = [cosh ψ(τ ), 0, 0, sinh ψ(τ )], (29)

where ψ(τ ) is the particle’s rapidity in this frame, which may, in
general, be a function of the particle’s proper time τ . The particle’s
3-speed, or circular velocity, v in this frame is simply v = û3/û0 =
tanh ψ .

One may obtain an expression for v in terms of the tetrads (22)
most simply by using the geodesic equations in the tetrad frame
directly, which read (see NLH1)

˙̂u
i + ωi

jkû
j ûk = 0, (30)

where the spin connection ωi
jk is given by

ωijk = 1
2 (cijk + cjki − ckij ),

ck
ij = e

μ
i e ν

j (∂μek
ν − ∂νe

k
μ). (31)

Using the tetrads (22), the non-zero elements of the spin connection
are ω1

00 = ω0
10 and ω1

22 = ω1
33 = −ω2

12 = −ω3
13, where

ω1
00 = −1 + b(r)

1 + a(r)

da(r)

dr
,

ω1
22 = 1 + b(r)

r(1 + c(r))

(
r

dc(r)

dr
− c(r) − 1

)
. (32)

Substituting these expressions into (30) and using (29), one finds
that the geodesic equation for i = 2 is satisfied identically and the
equations for i = 0, 3 both reduce to ψ̇ = 0, which indicates that,
as expected, the particle has a constant rapidity, and hence constant

Table 3. Values of the constants in the func-
tions a(r), b(r) and c(r) in equation (27) for
each considered density profile.

Exponential ρ(r) NFW ρ(r)

C1 8πρ0r
3
0 −4πρ0r

3
0 (ln r0 + 1)

C2 −4πρ0r
2
0

1
6 �r2

0 − 4πρ0r
2
0

C3 0 0

C4 4πρ0r
2
0

7
30 �r2

0 + 4πρ0r
2
0

3-speed, in the tetrad frame. Finally, the geodesic equation for i =
1 gives tanh2 ψ = −ω1

00/ω
1
33, from which we immediately obtain

v(r) =
[

r(1 + c(r)) da(r)
dr

(1 + a(r))
( dc(r)

dr
− c(r) − 1

)
]1/2

. (33)

3.1.3 Results for example radial density profiles

Since the circular velocity is expected to behave sensibly every-
where, the functions a(r), b(r) and c(r) should not diverge at the
origin. By considering how their Taylor expansions about r = 0 may
satisfy this requirement, it is not difficult to solve for the constants
Ci (i = 1, 2, 3, 4) for a specific radial density profile ρ(r). Ex-
pressions for the constants for the exponential profile (6) and the
NFW profile (7) are given in Table 3. The resulting circular veloc-
ity v(r) profiles are practically identical to those plotted in Fig. 2,
and so are not presented separately. This supports our previous re-
sults and indicates that linear general relativistic corrections to the
(circular) orbits of test particles are unimportant for massive objects
with densities typical of galaxies and clusters, as might be expected.
Nonetheless, the analytical results we have derived may prove useful
when general relativistic effects for astronomical extended density
distributions become measurable.

3.2 Full non-linear field equations

We now consider the full non-linear Einstein equations and model
the massive object as a perfect fluid with some (non-zero) radial
pressure profile p(r), as we did for the Newtonian case. To solve
the field equations, we again use the tetrad-based method described
in NLH1 and employed in the previous section. Fortunately, our
task is somewhat simpler for the full field equations than for the
linearized equations, since we already considered general, time-
dependent, spherically symmetric systems in this case in NLH1
(see also Lasenby, Doran & Gull 1998), which we now summarize.

We have considered a general metric element in terms of three
unknown functions g1(r, t), g2(r, t) and f 1(r, t),

ds2 =
(

g2
1 − g2

2

f 2
1 g2

1

)
dt2 + 2g2

f1g
2
1

dr dt − 1

g2
1

dr2 − r2d�2. (34)

We have then shown that, assuming the matter to be a perfect fluid
with density ρ(r, t) and p(r, t), Einstein’s field equations and the
Bianchi identities yield the following relationships between the
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unknown quantities:

Lrf1 = −Gf1 ⇒ f1 = exp

{
−

∫ r G

g1
dr

}
,

Lrg1 = Fg2 + M

r2
− 1

3
�r − 4πrρ,

Ltg2 = Gg1 − M

r2
+ 1

3
�r − 4πrp,

LtM = −4πg2r
2p,

Ltρ = −
(

2g2

r
+ F

)
(ρ + p),

LrM = 4πg1r
2ρ,

Lrp = −G(ρ + p). (35)

Here we have defined two linear differential operators

Lt ≡ f1∂t + g2∂r ,

Lr ≡ g1∂r , (36)

and the function F(r, t), the radial acceleration, G(r, t), and the
intrinsic mass (or energy) interior to r, M(r, t), by

Ltg1 ≡ Gg2,

Lrg2 ≡ Fg1,

M ≡ 1

2
r

(
g2

2 − g2
1 + 1 − 1

3
�r2

)
, (37)

where � is the cosmological constant.
In this work, rather than considering a point mass as in NLH1,

we are considering a static matter distribution (but with a non-
zero cosmological constant). Thus all functions depend only on the
radial coordinate r, and the operator Lt reduces simply to Lt =
g2(r)∂r . For a given radial density profile ρ(r), one has M(r) =∫ r

0 4πr̄2ρ(r̄) dr̄ , as previously, and our goal is to determine the
unknown functions f 1(r), g1(r), g2(r), F(r), G(r) and p(r).

Substituting the above expression for M(r) into the LtM equation
in (35), one finds g2(r)ρ(r) = −g2(r)p(r). Since the density and
pressure must be positive in a realistic object, one immediately
concludes that g2(r) = 0. It is worth noting at this point that only
the ‘diagonal’ tetrads e i

i (no sum on i) defined in NLH1 and their
inverses are non-zero. Thus, the general form of the line-element
has reduced to the simple form

ds2 = 1

f 2
1 (r)

dt2 − 1

g2
1(r)

dr2 − r2d�2. (38)

Moreover, for a particle (or observer) at rest in the tetrad frame,
so that its four-velocity components are [ûi] = [1, 0, 0, 0], we thus
have ṫ = f1(r) and ṙ = θ̇ = φ̇ = 0. Therefore, once again,
our tetrad frame defines the local laboratory of an observer at
fixed spatial coordinates and the three space-like tetrad unit vectors
êi (i = 1, 2, 3) lie in the same directions as the spatial coordinate
basis vectors eμ (μ = 1, 2, 3).

Since g2(r) = 0, the M and Lrg2 equations in (37), and the Ltg2

equation in (35) yield, respectively,

g1(r) =
√

1 − 2M(r)

r
− 1

3
�r2,

F (r) = 0,

G(r) = 1

g1(r)

[
M(r)

r2
− 1

3
�r + 4πrp(r)

]
. (39)

Moreover, once g1(r) and G(r) have been determined, one may
immediately obtain f 1(r) from the Lrf 1 equation in (35). Thus the

solution is fully specified by the three non-zero functions g1(r), G(r)
and p(r).

We already have an explicit expression for g1(r) in terms of
known quantities, and an explicit expression for G(r) that depends
on the unknown function p(r). The pressure profile must satisfy the
Lrp equation in (35), which reads

dp(r)

dr
= − G(r)

g1(r)
[ρ(r) + p(r)]. (40)

Combining this equation with the G(r) equation in (39), one obtains
the Oppenheimer–Volkov equation with a cosmological constant
(Winter 2000),

dp(r)

dr
= − (ρ(r) + p(r))(M(r) + 4πr3p(r) − (1/3)�r3)

r
(
r − 2M(r) − (1/3)�r3

) , (41)

which directly relates the pressure and density profiles of a static,
spherically symmetric perfect fluid distribution. The Oppenheimer–
Volkov equation may be considered as the relativistic generalization
of the Newtonian equation of hydrostatic equilibrium (11), to which
it reduces in the appropriate limits. For a given ρ(r) and suitable
boundary condition on the pressure, we may solve equation (41) to
obtain p(r), and hence G(r).

It is worth noting that in the special case of a point mass, such
that M(r) = m = constant, ρ(r) = δ(r) and p(r) = 0, one quickly
finds

g1(r) =
√

1 − 2m

r
− 1

3
�r2,

G(r) =
m
r2 − 1

3 �r√
1 − 2m

r
− 1

3 �r2
,

f1(r) = 1√
1 − 2m

r
− 1

3 �r2
. (42)

The corresponding line element (38) in this case reads

ds2 =
(

1 − 2m

r
− 1

3
�r2

)
dt2

−
(

1 − 2m

r
− 1

3
�r2

)−1

dr2 − r2d�2, (43)

which is the Schwarzschild–de Sitter metric, as expected.

3.2.1 Boundary condition on the pressure profile

The boundary condition on p(r) required to solve the Oppenheimer–
Volkov equation (41) may be calculated to a high degree of accuracy
by considering a series expansion of p(r) about r = 0. For a given
density profile ρ(r), we can deduce a suitable form for this expansion
by considering the Oppenheimer–Volkov equation in its Newtonian
limit with � set to zero, namely

dp(r)

dr
= −ρ(r)M(r)

r2
, (44)

which is the Newtonian equation of hydrostatic equilibrium (11)
with � = 0.

For the exponential density profile (6), ρ(r) → constant as r →
0, and hence M(r) ∝ r3. From equation (44), we thus see that
p(r) ∝ r2 as r → 0. Thus, one may adopt a simple Taylor expansion
p(r) = ∑∞

n=0 pnr
n about r = 0. For the NFW density profile

(7), however, more care is required in determining the appropriate
expansion, since ρ(r) ∝ 1/r as r → 0. Therefore, in this limit, M(r) ∝
r2 and from equation (44) we have p(r) ∝ ln r. This logarithmic
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divergence at the origin must now be taken into account by instead
using a power series of the form

p(r) =
∞∑

n=0

[
pn + p̃n ln

(
r

r0

)]
rn. (45)

For each density profile ρ(r), the coefficients in the expansion for
p(r) can be found by substituting the corresponding series into the
Oppenheimer–Volkov equation (41). These coefficients are then
used to set the boundary condition on the pressure at r = 10−3r0,
from which point (41) is numerically integrated outwards to obtain
p(r). As in the Newtonian case, we impose the boundary condition
that the pressure itself vanishes where dp(r)/dr = 0.

3.2.2 Circular motion in the equatorial plane

We again consider a test particle moving along a circular path
(ṙ = 0) in the equatorial plane (θ = π/2), for which the com-
ponents of the four-velocity in the tetrad frame may be written as
in equation (29). Once again, one may obtain an expression for
the 3-speed v = tanh ψ of the test particle in the tetrad frame by
using the geodesic equations (30). In this case, the non-zero el-
ements of the spin connection (31) are again ω1

00 = ω0
10 and

ω1
22 = ω1

33 = −ω2
12 = −ω3

13, where

ω1
00 = −g1(r)

f1(r)

df1(r)

dr
= G(r),

ω1
22 = −g1(r)

r
, (46)

where, for ω1
00, in the second equality we have used the Lrf 1 equa-

tion in (35).
We again find that the resulting geodesic equation for i = 2 is

satisfied identically, that the equations for i = 0, 3 both reduce to
ψ̇ = 0, and that the equation for i = 1 gives tanh2 ψ = −ω1

00/ω
1
33.

Thus the speed v(r) of a particle in a circular orbit at coordinate
radius r, as measured by a stationary observer at that radius is

v(r) =
√

rG(r)

g1(r)
. (47)

3.2.3 Results for example density profiles

The resulting circular velocity profiles v(r) and pressure profiles p(r)
are again indistinguishable from those plotted in Figs 2 and 3 using
the Newtonian theory, and are therefore not plotted separately. Thus,
even full general relativistic corrections are unimportant for massive
objects with densities typical of galaxies and clusters (Hwang &
Noh 2006).

Indeed, quite remarkably, one can show that the location of the
radius r = rF at which the circular velocity v(r) and the pressure
p(r) vanish is identical in the Newtonian and full general relativistic
cases, even for large densities and pressures at which general rela-
tivistic effects become important. From equation (47), we see that
the radius r = rF is also the point at which the radial acceleration
G(r) vanishes, changing its direction from inwards for r < rF to out-
wards for r > rF. From (40), this coincides with the radius at which
dp(r)/dr vanishes, which is also where p(r) vanishes according to
our boundary condition. Thus, evaluating the G(r) equation in (39)
at r = rF, one finds that

M(rF)

r2
F

− 1

3
�rF = 0, (48)

which is precisely the Newtonian condition defining rF.

Although rF is a natural physical radius separating bound and
unbound material in the galaxy or cluster, it is unclear whether r =
rF can be interpreted as the maximum size of a massive object, since
this notion depends more on the physical stability of particle orbits,
rather than merely the point where the radial force on the particle
vanishes.

4 G ENERAL RELATI VI STI C ANALYSI S FO R
A C E N T R A L P O I N T MA S S

We now address the question of orbit stability and also consider
a more realistic, time-dependent model for the background cos-
mological expansion, albeit at the price of modelling the central
massive object as a point mass.

In NLH1, we derived the metric for a point mass m embedded in
an expanding cosmological background, for spatially flat and spa-
tially curved models. In the spatially flat case, which is a reasonable
description of our Universe, and using non-comoving (‘physical’)
coordinates, the metric reads

ds2 =
[

1 − 2m

r
− r2H 2(t)

]
dt2 + 2rH (t)

(
1 − 2m

r

)−1/2

dr dt

−
(

1 − 2m

r

)−1

dr2 − r2 d�2. (49)

Note that this metric is only applicable outside r > 2m. Nonetheless
it is appropriate to use it for our region of interest r � m. As
shown in NLH1, it is connected by a coordinate transformation to
the corresponding metric derived by McVittie (1933). It is worth
noting that in the special case of a de Sitter background, for which
H2(t) = �/3, the coordinate transformation (Arakida 2009),

dt = dt̄ − 1(
1 − 2m/r − (1/3)�r2

)
√

(1/3)�r2

1 − 2m/r
dr, (50)

converts the metric (49) into the standard Schwarzschild–de Sitter
metric (43) (with t replaced by t̄), as expected.

4.1 Radial force on a test particle

In NLH1, we also obtained an invariant expression for the force
per unit mass required to keep a test particle at rest relative to the
central mass m. In the spatially flat case, this reads

f =
m
r2 − rH 2(t)(

1 − 2m
r

− r2H 2(t)
)1/2 +

rH 2(t)(q(t) + 1)
√

1 − 2m
r(

1 − 2m
r

− r2H 2(t)
)3/2 .

(51)

In the special case of a de Sitter background, for which H2(t) =
�/3 and q(t) = −1, this reduces to the well-known result

fdS = m/r2−(1/3)�r√
1 − 2m/r − (1/3)�r2

. (52)

As discussed in NLH1, the Newtonian approximation to equa-
tion (51) in our region of interest m � r � 1/H(t), and a change of
sign allows us to identify the radial force on a unit-mass test particle
as simply that given in equation (1), namely

F ≈ − m

r2
− q(t)H 2(t)r. (53)

Thus, the force consists of the usual 1/r2 inwards component due to
the central (point) mass m and a cosmological component propor-
tional to r that is directed outwards (inwards) when the expansion
of the universe is accelerating (decelerating).

C© 2012 The Authors, MNRAS 422, 2945–2959
Monthly Notices of the Royal Astronomical Society C© 2012 RAS

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/422/4/2945/1048646 by guest on 21 August 2022



2954 R. Nandra, A. N. Lasenby and M. P. Hobson

The key difference between the general expression (53) and the
special case of a de Sitter background is that the cosmological force
component in the former is time dependent. Indeed, as shown in
NLH1, for the standard �CDM concordance cosmology, the cos-
mological force term reverses direction at about z ≈ 0.67, changing
from an inwards directed force at high redshift (when the univer-
sal expansion is decelerating) to an outwards directed force at low
redshift (as the universal expansion accelerates owing to the dom-
inance of the dark energy component). For the standard �CDM
concordance cosmology, the dominance of the dark energy compo-
nent will increase as the universe continues to expand and so the
expansion will tend to the de Sitter background model considered
earlier, for which the cosmological force term is time independent.

The time dependence of the cosmological force term in the gen-
eral case means that the radius at which the total radial force be-
comes zero, which marks the cut-off point for the existence of
circular particle orbits, is also time dependent. For a central point
mass, this is given explicitly by

rF(t) ≈
[
− m

q(t)H 2(t)

]1/3

, (54)

provided the universal expansion is accelerating, so that q(t) is neg-
ative. This also marks the cut-off between gravitationally bound and
unbound material, so it may be interpreted as the point separating
the ‘system’ from the rest of the universe. Clearly, if the expansion
is decelerating (i.e. for z > 0.67 in the �CDM concordance model),
then the force due to the central mass m and the cosmological force
are both directed inwards and so there is no radius at which the total
force vanishes, and hence no natural cut-off for the size of mas-
sive objects. Thus, we see that the time-dependent cosmological
force term in a general expansion will have a profoundly different
effect on the formation and structure of massive objects as com-
pared with the simple special case of a time-independent de Sitter
background; in the latter case, the expression (54) reduces simply
to rF = (3m/�)1/3.

Nonetheless, at low redshifts, where the dark energy compo-
nent is dominant, we might expect that the values of rF obtained
using equation (54) will not differ significantly from those ob-
tained assuming a de Sitter background. The dark energy density
��(t) = �/[3H 2(t)] has the value ��,0 ≈ 0.7 at the current epoch
t = t0 and the deceleration parameter is currently measured at
q(t0) ≈ −0.55 (Krauss 2003). Thus, the ‘correction factor’ one
should apply to our earlier results in Table 2, derived assuming a de
Sitter background, is only (−��,0/q(t0))1/3 ≈ 1.08, assuming that
the correction required in the case of an extended central mass is
approximately the same as that for a point mass.

We may compare the present-day values rF(t0), calculated from
equation (54), with the cut-off radii obtained in the numerical anal-
ysis by Peirani & de Freitas Pacheco (2005, 2008) for specific low-
redshift galaxies. This comparison is listed in Table 4, from which
we see good agreement between the two approaches. It should be
noted, however, that the rF(t0) values are typically about a factor
of ∼1.4 larger than the corresponding radial cut-offs derived by
Peirani & de Freitas Pacheco (2005, 2008). We now address this
discrepancy by considering the largest stable circular orbits possible
about the central mass.

4.2 Largest stable orbits

We have mentioned previously that the radius r = rF at which
the total radial force is zero, and the circular velocity v(r) also
vanishes, does not necessarily correspond to the maximum possible

Table 4. Radial distances rF(t0) and rS(t0) in Mpc from the cen-
tre of each galaxy, assuming the galaxy to be a point mass, as
compared to the empirical ‘cut-off’ radius derived by Peirani &
de Freitas Pacheco (‘P&P’) at which the radial velocity field van-
ishes; see text for details.

Galaxy Mass (1011 M�) P&P cut-off rF(t0) rS(t0)

M83 21 1.10 1.47 0.93
M81 9.2 0.75 1.12 0.70
IC 342 2 0.51 0.67 0.42
NGC 253 1.3 0.40 0.58 0.36

size of the galaxy or cluster. Indeed many of the gravitationally
bound particles inside rF may be in unstable circular orbits. A more
physically meaningful ‘outer’ radius, which one may interpret as
the maximum size of the object, is that corresponding to the largest
stable circular orbit, which we denote by rS.

The radius rS may be determined as the minimum of the (time-
dependent) effective potential for a test particle in orbit about the
central mass m (Hobson et al. 2006). For the metric (49), we found in
NLH1 that the corresponding geodesic equations lead to an equation
of motion for a test particle given by

r̈ = L2

r3

(
1 − 3m

r

)
− m

r2
+ rH 2(t) − 2r2H (t)H ′(t)

1 − 2m
r

− r2H 2(t)
ṙ ṫ

+
H ′(t)r

√
1 − 2m

r

1 − 2m
r

− r2H 2(t)

(
1 + L2

r2

)

+ rH ′(t)√
1 − 2m

r

(
1 − 2m

r
− r2H 2(t)

) ṙ2, (55)

where L is the specific angular momentum of the test particle about
the central mass m. We recall that dots denote derivatives with re-
spect to the particle’s proper time τ , whereas primes denote deriva-
tives with respect to the cosmic time t.

Expanding equation (55) in m and assuming a weak gravitational
field and low velocities for the test particle (ṫ ≈ 1, ṙ ≈ 0), one
obtains the approximate Newtonian expression

d2r

dt2
≈ − m

r2
− q(t)H 2(t)r + L2

r3
. (56)

This is simply the Newtonian radial force expression (53) with the
inclusion of a centrifugal term.

4.2.1 Analytic results

The effective potential in which the test particle moves is given
by the first integral of equation (56) with respect to r, and so its
turning points occur at the r values for which d2r/dt2 = 0, namely
the solutions of

q(t)H 2(t)r4 + mr − L2 = 0. (57)

The two real solutions of this quartic both include the factor√
256q(t)H 2(t)L6 + 27m4 ≥ 0, thus placing an upper bound on L

of

L ≤
[
− 27m4

256q(t)H 2(t)

]1/6

. (58)

Using the maximum value of L, the radius of the largest stable
circular orbit is found to be

rS(t) =
[
− m

4q(t)H 2(t)

]1/3

. (59)
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Comparing this expression with that for rF(t) in equation (54),
we see that although both radii are time dependent, they are related
by a constant factor. Thus, at any epoch, the radius rS(t) of the
largest stable circular orbit lies a factor 41/3 ≈ 1.6 inside the radius
rF(t) at which the total radial force on a test particle is zero and the
circular velocity v(r) vanishes. This additional ‘correction factor’
brings our estimates of the maximum possible sizes of individual
galaxies into very close agreement with the cut-off radii derived by
Peirani & de Freitas Pacheco (2005, 2008), as shown in Table 4.
For a galaxy of total mass m ≈ 1012 M�, the radius of the largest
stable circular orbit at the present epoch is rS(t0) ≈ 0.72 Mpc, and
for a cluster of total mass m ≈ 1015 M� we have rS(t0) ≈ 7.2 Mpc.
These values are consistent with the observed sizes of low-redshift
galaxies and clusters, respectively; only ∼2.8 and ∼1.4 times larger
than the typical sizes quoted in Table 1. We note that in the spe-
cial case of a de Sitter background, the expression (59) reduces to
rS = (3m/(4�))1/3.

4.2.2 Numerical results

As a check on our analytical results, and to include more accurately
the effect of the radius rS(t) being a function of cosmic time, we
perform a numerical integration of the Newtonian equation of mo-
tion (56). In particular, we consider a test particle launched at the
present cosmic epoch t = t0, at an initial radius ri from the central
mass m, such that its orbit is initially circular. This corresponds to
the boundary conditions dr/dt = d2r/dt2 = 0 at t = t0, and thus fixes
the specific angular momentum to be

L =
√

mri + q(t0)H 2(t0)r4
i . (60)

We take m = 1015 M�, which corresponds to a typical large clus-
ter, and assume a realistic expansion law R(t), corresponding to
the standard spatially flat concordance model, which is given by
(Hobson et al. 2006)

a(t) =
[

(1 − ��,0)

��,0
sinh2

(
3

2
H0

√
��,0t

)]1/3

, (61)

where a(t) = R(t)/R0 is the normalized scale factor, ��,0 = 0.7 and
H0 = 70 km s−1 Mpc−1.

It is found that there is a critical initial radius, ri,c ≈ 5.575 Mpc,
above which the resulting particle trajectory expands with the uni-
verse. Physically this means that a test particle in an initial orbit
of radius ri > ri,c would ultimately be swept out by the universal
expansion. The resulting trajectory r(t) for an initial radius equal to
the critical value is shown in Fig. 4(a), whereas the trajectories for
larger values of ri are shown in the other panels. One sees that for
the critical value, the radius of the particle orbit oscillates about a
fixed value r̄ ≈ 6.3 Mpc that is slightly larger than ri, which itself
lies at the minimum of the oscillation. For larger values of ri, the
radius of the resulting particle orbit grows significantly with cosmic
time. Nonetheless, in these latter cases, the growth of the particle
orbit lags behind the universal expansion. Although this ‘lag’ be-
comes less pronounced for larger values of ri, the test particle never
becomes completely comoving owing to the presence of the central
mass.

We note that Price (2005) has used a very similar geodesic equa-
tion to (56) to analyse the motion of an electron orbiting a central
nucleus, with a slight modification to account for the dominant
electrostatic force in that problem. An extension of this work is
presented in Appendix A.

Figure 4. Trajectories r(t) (in Mpc versus Gyr) of a test particle launched at the present cosmic epoch t = t0, at different initial radii ri from a central mass
m = 1015 M�, such that its orbit is initially circular. The �CDM concordance model universal expansion law (61) is assumed.
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4.3 Minimum density of objects

If we consider rS(t) as the maximum possible size of a massive
object at cosmic time t, and make the simplifying assumption that
objects are spherically symmetric and have constant density, then the
condition (59) shows that there exists a time-dependent minimum
density for objects, given by

ρmin(t) = 3m

4πr3
S(t)

= −3q(t)H 2(t)

πG
, (62)

where in the last equality we have reinserted a factor of G to convert
back to SI units. It should be noted that, since equation (59) is valid
only for q(t) < 0 (accelerating expansion), then this restriction also
applies to (62). For q(t) > 0, ρmin(t) vanishes.

We point out that in the special case of a de Sitter background,
Nowakowski et al. (2002) calculate the minimum density for objects
to remain gravitationally bound to be ρmin = �/(4πG). This is a
factor of 4 smaller than our result for a de Sitter background. It
does, however, correspond to what we would obtain by defining
ρmin(t) = 3m/(4πr3

F), with rF = (3m/�)1/3. Since rF corresponds
only to the theoretical maximum size of an object, and not the true
maximum attainable size given by rS = (3m/(4�))1/3, we believe
our estimate of the minimum density to be more realistic.

Using equation (62) one finds that, at the present cosmic epoch,
ρmin(t0) ∼ 4 × 10−26 kg m−3, which should be compared with the
present-day critical density ρcrit,0 ∼ 9 × 10−27 kg m−3 required for
the universe to be spatially flat. Indeed, since at any cosmic epoch,
ρcrit(t) = 3H 2(t)/(8πG), one has simply

ρmin(t)

ρcrit(t)
= −8q(t), (63)

provided q(t) < 0. Alternatively, since the average matter den-
sity ρm(t) = �m(t)ρcrit(t), the minimum fractional density contrast
δmin(t) ≡ [ρmin(t) − ρm(t)]/ρm(t) of a matter fluctuation at cosmic
time t is

δmin(t) = −
[

1 + 8q(t)

�m(t)

]
. (64)

Inserting the present-day values �m,0 ≈ 0.3 and q0 ≈ −0.55, one
finds δmin(t0) ≈ 14.

The above expressions and values are, of course, rather approx-
imate. In particular, our rS values have been calculated assuming
a central mass point rather than an extended mass and realistic as-
trophysical objects do not have uniform densities. Nonetheless, the
above arguments can be taken as an indication of the existence and
rough order of magnitude of such a minimum density. Calculated
accurately, this minimum density should correspond to that required
for any structure formation at all to occur at a given cosmic time
t during an accelerated expansion phase of the universe. We leave
this as a topic for future research.

4.4 Comparison with previous studies

Balaguera-Antolı́nez et al. (2005) and Nowakowski & Balaguera-
Antolı́nez (2006) have previously used the Schwarzschild de Sitter
metric (43) to find expressions for (what we call) rF and rS in the
special case of a de Sitter background universe.

It is worth noting that they were able to use a more traditional
method to find rF and rS, since the Schwarzschild–de Sitter metric is
static. In such cases, one can combine the resulting geodesic equa-
tions into an ‘energy’ equation of the form (1/2)ṙ2 + Ueff (r) = E,
where E is the total energy of the particle per unit rest mass and one

can read off the effective potential Ueff (r). For the Schwarzschild–de
Sitter metric (43), this is given by

Ueff (r) = −m

r
− 1

6
�r2 + L2

2r2
− mL2

r3
. (65)

The value of rF is then simply the location of the minimum of
Ueff (r) with L = 0, which immediately leads to an expression for
rF which agrees precisely with our result (54) in the special case
of a de Sitter background. The value of rS is the location of the
minimum of Ueff (r) with L = Lmax, where Lmax is maximum value
of L for which Ueff (r) possesses a minimum. In the limits L � m
and � � 1 adopted by these authors, the resulting expression for
rS agrees with our result (59) in the de Sitter case.

This approach should be contrasted with the derivation in NLH1
of the equation of motion (55). The latter is more complicated owing
to the dependence of the metric (49) on the cosmic time t, which
prevents one arriving at an ‘energy’ equation. Nonetheless, we note
that in the special case of a de Sitter background, the equation of
motion (55) reduces to

r̈ = − m

r2
+ 1

3
�r + L2

r3

(
1 − 3m

r

)
. (66)

The first integral of this equation then immediately yields an ‘en-
ergy’ equation with the effective potential (65).

We further note that Sussman & Hernandez (2003) also obtained
the factor rF/rS ≈ 1.6 for a de Sitter background, but individual val-
ues of rF and rS are greater than ours by a factor of ∼10 for galaxies
and ∼3 for clusters. Their approach deviates significantly from our
work and that of Balaguera-Antolı́nez, Böhmer & Nowakowski
(2005) and Nowakowski & Balaguera-Antolı́nez (2006), since they
model galaxies and clusters as dark matter haloes in equilibrium
with a static ‘�-field’, rather than simply as point masses. It is
possible that, by taking the spatial extent of the central object into
account, we may close this small discrepancy between our results,
but we leave this as a topic for future research. We point out that
Sussman & Hernandez obtain the values of rF and rS by numeri-
cally integrating two coupled differential equations, so no analytical
results are given in their work.

5 PH A N TO M E N E R G Y A N D T H E ‘B I G R I P ’

We have thus far considered dark energy only in the form of a
cosmological constant, for which the equation-of-state parameter
w = −1. This is well supported by observations, but more generic
dark energy models allow for w to differ from −1, and even to vary
with cosmic epoch. In any case, w = −1 is usually considered as
the lower limit, since a dark energy ‘fluid’ with w < −1 violates all
the relativistic energy conditions. Nonetheless, this has not deterred
some theorists from considering the cosmological consequences of a
dark energy component with a constant equation-of-state parameter
w < −1, which is often termed ‘phantom energy’ (Caldwell 2002).
We now consider the effect on massive objects of a cosmological
expansion driven by phantom energy.

5.1 The Big Rip

As shown by Caldwell et al. (2009), the most profound consequence
of phantom energy is that it leads to a ‘Big Rip’ in the far future,
at which the universe scale factor and Hubble parameter become
singular.

To explain this, for simplicity let us consider a spatially flat model,
which is a good approximation to our Universe. The Friedmann
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equation governing the time evolution of the normalized scale factor
a(t), assuming negligible radiation energy density, is

H 2(t) = H 2
0

[
�m,0a

−3(t) + (1 − �m,0)a−3(1+w)(t)
]
, (67)

where H(t) = a′(t)/a(t), �m,0 ≈ 0.3 is the present-day matter density
parameter and the current value of the Hubble parameter is taken to
be H0 ≈ 70 km s−1 Mpc−1.

At late times the second term on the right-hand side, relating to
dark energy, dominates over the first, relating to matter. Writing
1 + w as −|1 + w|, the Friedmann equation may be written as
H 2(t) = H 2

0 (1−�m,0)a−3|1+w|(t). Solving for the normalized scale
factor then gives

a(t)

=
[

2

3|1 + w| (H0

√
1 − �m,0(t0 − t) + 2/(3|1 + w|))

]2/(3|1+w|)
.

(68)
One sees immediately that a(t), and hence H(t), diverges at a finite
time t = trip in the future that satisfies

trip − t0 ≈ 2

3|1 + w|H0

√
1 − �m,0

. (69)

If w = −3/2, for example, the time remaining for the universe before
the Big Rip is ∼22 Gyr.

5.2 Times at which objects become unbound

Since H(t) becomes infinite at t = trip, then so does the cosmological
component of the radial force (53) on a test particle in the vicinity
of a central mass. Moreover, since q(t) < 0 for the accelerating
expansion during phantom-energy dominance, this force is directed
outwards, away from the central mass. Thus, by the time of the Big
Rip, all massive objects will have been ripped apart.

We now consider the time before the Big Rip that this occurs for
an object of a mass m and size r. Note that we only perform a rough
calculation due to our simplifying assumptions. For example, we
assume the mass to be concentrated at the centre of the object, as in
a standard Newtonian framework. We then specifically calculate the
time at which a particle at the edge of the object becomes gravita-
tionally unbound from it; that is when the inwards force component
of magnitude m/r2, due to the central mass, is balanced by the
outwards component of magnitude |q(t)H2(t)r| due to the (accel-
erating) cosmological expansion. Note that this is not the same as
calculating the time at which the point mass itself is ripped apart,
which we are unable to evaluate due to the singularity in our model
at r = 2m. Nonetheless, it is the time at which the object ceases to
exist in its current state and begins to be ripped apart, as layers of
it gradually peel off as the cosmological force increasingly domi-
nates over the gravitational force. Since the particle is at a distance
r � m, the physical singularity in our model at r = 2m does not
affect the result.

At late times, substituting a(t) from equation (68) into the
appropriate form of the Friedmann equation H 2(t) = H 2

0 (1 −
�m,0)a−3|1+w|(t), one finds

H 2(t) =
(

2

3|1 + w|t̃
)2

, (70)

where t̃ = trip − t is the time before the Big Rip. It is worth noting
that this result is independent of both H0 and �m,0. Moreover, we
see that at late times the deceleration parameter tends to the constant
value

q(t) → −1

2
|1 + 3w|. (71)

Table 5. The times t̃ before the Big Rip at which objects with a given mass
m and size r are expected to be ripped apart, assuming a phantom energy
equation-of-state parameter w = −3/2. In this case, the time until the Big
Rip is trip − t0 ≈ 22 Gyr.

Object m r t̃

Galaxy cluster 1015 M� 5 Mpc 9.3 Gyr
Milky Way 5.8 × 1011 M� 15 kpc 69.9 Myr
Solar system M� 150 × 109 m 3.6 months
Earth 6 × 1024 kg 6371 × 103 m 25.2 min

Thus the time before the Big Rip at which the total radial force
(53) on a particle at the surface of an object of mass m and radius r
vanishes is given by

t̃ ≈
√

2|1 + 3w|
3|1 + w|

√
r3

m
. (72)

Although this is only an approximate result, based on the Newtonian
force expression (53), it remarkably matches Caldwell’s approxi-
mate expression precisely, despite the latter being derived in a rather
different manner based on energy arguments. This could be merely
a coincidence, but to determine the true extent to which our two ap-
proaches may in fact be parallel requires further thought. We leave
this for future research.

For w = −3/2, the times t̃ before the Big Rip that specific objects
of mass m and size r are expected to rip apart are given in Table 5.
It is assumed (admittedly, rather implausibly) that, as the universe
evolves, the objects do not accrete any additional mass, that their
size remains fixed at the present-day value until they are ripped
apart, and that non-gravitational binding forces are negligible.

6 C O N C L U S I O N S

In NLH1 we derived the metric for a point mass m embedded
in an expanding cosmological background, for both spatially flat
and spatially curved universes. We also derived the corresponding
invariant expression in each case for the force required to keep a
test particle at rest relative to the central mass. In this paper, we
have presented some important astrophysical consequences of this
work, focusing on the effect of an expanding universe on massive
objects on the scale of galaxies and clusters.

For a spatially flat universe in the Newtonian limit, the force on
a test particle at a distance r from a point mass m consists of the
usual time-independent 1/r2 inwards component due to the central
mass and a time-dependent cosmological component proportional
to r that is directed outwards (inwards) when the expansion of
the universe is accelerating (decelerating). It is immediately clear,
therefore, that the effect of an expanding universe on a massive
object is profoundly different if the expansion is accelerating as
opposed to decelerating. In the latter case, the force on a constituent
particle of a galaxy or cluster is attractive for all values of r and tends
gradually to zero as r → ∞ (for any sensible radial density profile),
with no definite cut-off. In the former case, however, the force on a
constituent particle (or equivalently its radial acceleration) vanishes
at a some finite radius rF (say), beyond which the net force becomes
repulsive. This is also the radius of the largest possible circular
orbit about the central mass. This suggests that an accelerating
cosmological expansion should set a maximum size, dependent on
mass, for galaxies and clusters.

Although our force expression accommodates a realistic dynam-
ical expanding background cosmology, it comes at the price of
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modelling the central massive object as a point mass. In reality, it is
more appropriate to model galaxies or clusters as extended objects
having some density profile. We consider this in the special case of
a de Sitter background, which simplifies matters considerably. In
this case, the expansion is always accelerating and the analysis can
be performed in an entirely static manner with the inclusion of a
non-zero cosmological constant. Although the de Sitter background
is not an accurate representation of our Universe, the standard cos-
mological model is dominated by dark energy in a form consistent
with a simple cosmological constant, which is driving the current
observed accelerated phase of expansion.

We calculate the value of rF in this case for spherically symmet-
ric matter distributions with an exponential and NFW radial density
profile, respectively, using Newtonian theory, linearized general
relativity and the full non-linear Einstein field equations. The three
methods give indistinguishable results for objects with masses and
sizes typical of galaxies and clusters, as might be expected. More
surprising, perhaps, is that one can show analytically that the lo-
cation of r = rF is identical in the Newtonian and full general
relativistic cases. For clusters we find rF ∼ 10.5–12.0 Mpc and for
galaxies we find rF ∼ 1.06–1.20 Mpc, which, as maximum sizes,
are compatible with the sizes of 5 and 0.26 Mpc, respectively. In
addition, for galaxies our values for rF agree well with the typi-
cal radius at which the radial velocity field in the neighbourhood
of nearby galaxies vanishes, as inferred by Peirani & de Freitas
Pacheco (2005, 2008) from recent observations of stellar veloci-
ties in such objects. In the Newtonian and fully general relativistic
analyses, we include the effects of pressure and derive the radial
pressure profile p(r) in the central object. We find that dp(r)/dr also
vanishes precisely at r = rF, as does p(r) itself according to our
boundary condition. In the Newtonian case, we obtain analytical
results for pressure and temperature profiles in the case of an NFW
density profile.

The key difference between a general expression and the special
case of a de Sitter background is that, in the former, the cosmological
component of the radial force on a test particle is time dependent.
This means that the radius rF at which the total radial force becomes
zero, which marks the cut-off point for the existence of circular
particle orbits, is also time dependent. In particular, for the standard
�CDM concordance cosmology, there is no finite radius at which
the total force vanishes, and hence no natural cut-off for the size
of massive objects, during the decelerating phase prior to z ≈ 0.67.
Nonetheless, returning to our model of the central massive object
as a point mass, we find that at low redshifts, where the dark energy
component is dominant, the values of rF obtained do not differ
significantly from those obtained assuming a de Sitter background.

For a general cosmological expansion, the radius rS of the largest
stable circular orbit is also time dependent, but we find that at any
cosmic epoch it is simply a factor of 41/3 ≈ 1.6 smaller than rF. It is
also perhaps a more appropriate measure than rF for the maximum
possible size of an object of mass m. Indeed it is encouraging that
we find the factors rS/rT at the present time for both galaxies and
clusters to be close to 1; we obtain ∼2.8 and ∼1.4, respectively. We
also obtain an approximate expression, dependent only on cosmo-
logical parameters, for the minimum density of an object for it to
remain gravitationally bound at a given cosmic epoch.

Finally, we also consider the future effect on massive objects of
cosmological expansion driven by dark energy with an equation-of-
state parameter w < −1, termed phantom energy. In such a model
the Universe is predicted to end in a ‘Big Rip’ at a finite time in the
future at which the scale factor and the Hubble parameter become
singular. Using our radial force equation, we obtain an expression

for the time prior to the Big Rip that an object of a given mass
and size will become gravitationally unbound. Remarkably, this is
found to agree precisely with the approximate expression derived
by Caldwell using a rather different approach based on energy
arguments.
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APPENDIX A : A N ATO M’S
‘A L L - O R - N OTH I N G ’ B E H AV I O U R

Price (2005) has analysed the motion of an electron of mass me or-
biting a central nucleus using the weak field, low-velocity geodesic
equation (56). For this model, he has shown that it is appropri-
ate simply to replace the m/r2 gravitational force in equation (56)
with C/r2 = QQ′/(4πε0mer

2), where QQ′ is the product of the
nuclear and electron charges. Price questions whether or not the
electron eventually takes part in the cosmological expansion; i.e.
does the electron follow a trajectory of constant ‘physical’ coordi-
nate r (no atomic expansion) or of constant comoving coordinate
r̂ (full cosmological expansion of the atom), or does the electron
do something ‘in-between’? Using the model expansion law a(t) =
1 + t2tanh (t), where a(t) = R(t)/R(t0), and launching the test parti-
cle in a momentarily circular orbit with r = 1 (arbitrarily) at t = 0,
(dr/dt)t =0 = (d2r/dt2)t =0 = 0 and thus C = L2, Price finds that there
is a critical value of the electron’s specific orbital angular momen-
tum L ≈ 3.46 that determines an ‘all-or-nothing’ behaviour: that is
a weakly bound atom (L ≤ 3.46) will eventually begin to stretch
in size and participate wholly in cosmological expansion (‘all’ be-
haviour), whereas a tightly bound atom (L > 3.46) will eventually
ignore the cosmological expansion and settle into a circular orbit of
fixed ‘physical’ radius (‘nothing’ behaviour). We have been able to
reproduce Price’s results using his expansion law and initial condi-
tions. Fig. A1 shows the comoving radius of the electron orbit as
a function of cosmic time t for the critical value L = 3.46, which
shows an apparent plateau at late times that Price interpreted as ‘all’
behaviour.

Closer inspection of the ‘all’ behaviour reveals, however, a sub-
tlety that was not addressed previously. The apparent plateau in
Fig. A1 is not actually flat at all; rather r̂ continues to decrease at
late times but at a much slower rate than previously. For this value of

Figure A1. The cosmological radius r̂ = r/a(t) of an electron orbit around
a central nucleus for the critical value L = 3.46 of the electron’s specific
orbital angular momentum.

Figure A2. The ‘physical’ radius r (bold line) of an electron orbit around
a central nucleus for different values of the electron’s specific angular mo-
mentum: L = 3.46 (top); L = 2.5 (middle); L = 0.1 (bottom). The scale
factor a(t) is shown as the dashed line.

L, the atom, in fact, exhibits only a ‘something’ behaviour. Fig. A2
shows instead the ‘physical’ radius r of the electron’s orbit, together
with the universal scale factor a(t). It then becomes clear that the
atom does indeed expand forever, but at a rate that increasingly lags
behind the cosmological expansion for L = 3.46. As we decrease
L, for even less tightly bound atoms, the amount by which the elec-
tron’s expansion lags behind the cosmological expansion decreases.
Eventually, for L ≤ 0.1, the two expand at the same rate and the
behaviour changes from ‘something’ to ‘all’.
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