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The Effect of Four-Wave Mixing in Fibers on Optical
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Abstract—The optical nonlinearity in a single-mode fiber imposes a
fundamental limitation on the capacity of optical frequency-division
multiplexed (OFDM) systems. In particular, four-wave mixing (FWM)
crosstalk may severely degrade the system performance when the fiber
input powers are large and/or the channel spacing is too small. Theo-
retical and experimental resuits of the effects of FWM in OFDM sys-
tems are presented. The theoretical resuits demonstrate the depen-
dence of FWM on various systems parameters. Also included is an
analysis of FWM in both unidirectional and bidirectional transmission
systems. The receiver sensitivity degradation from FWM crosstalk was
measured in a 16-channel coherent system. A sensitivity penalty of 0.4
dB resulted when a signal power of —3 dBm /channel was transmitted
through 12 km of dispersion-shifted fiber.

I. INTRODUCTION

THE large transmission bandwidth available in optical
fibers may be efficiently utilized with optical fre-
quency-division multiplexing (OFDM) using, for exam-
ple, coherent communication techniques. With compact
channel spacing and high optical powers, high-capacity
distribution may be realized. With OFDM systems, how-
ever, nonlinear interactions in the fiber may pose funda-
mental limitations on the allowable signal powers and on
the spacing of the signal channels [1]-[3]. An exampie of
a nonlinear process is nondegenerate four-wave mixing
(FWM). In FWM interactions, three input signals gener-
ate a fourth signal which may degrade the system’s per-
formance via crosstalk.

In this paper, we describe the limiting effects of four-
wave mixing on OFDM systems. In the theoretical sec-
tion, we describe the FWM dependence on various sys-
tem parameters such as signal powers, optical channel
spacing, and fiber chromatic dispersion. A compariscn of
FWM in unidirectional and bidirectional transmission
systems is also made. In the experimental section, system
degradationis due to FWM crosstalk in a 16-channel co-
herent system are described. Based on the experimental
results and theoretical calculations, the allowable fiber in-
put powers for different systems configurations are iden-
tified.
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II. THEORY

When an intense field is applied to a dielectric medium,
the bound electrons respond with anharmonic motion [4].
As a result, the induced polarization in the medium is not
a simple linear function of the applied field, but becomes
a function of higher order products of the field. FWM
interaction is an example of such a process which occurs
due to third-order nonlinear susceptibility. Although the
third-order susceptibility in glass is quite weak, FWM in
fibers may be very strong due to large field intensities in
the core and the long intera :ion lengths. In this section,
we describe the basic theor.rical background for FWM
and show how FWM attects various OFDM system con-
figurations.

A. Theoretical Background

Let three signals at frequencies f;, f;, and f; copropagate
through a single-mode fiber. Through the nonlinear inter-
action, a four-wave mixing signal will be generated at a
frequency fix = f; + f; — fi (i, j # k). In our first-order
calculation, the FWM power is proportional to the inter-
acting signal powers, and can be expressed as [5], {61

P(f + f = f) = n(fo £ f)1024x°x 11, d*/(n*N'c?)
: (Leff/Aeff)ZPinPke ek, (1)

Here, \ is the wavelength, c is the vacuum light speed, n
is the core index of refraction, L is the fiber length, a is
the linear loss coefficient, P;;, are launched signal pow-
ers, Lg = {1 — exp (—al)}/a is the effective length,
A.q is the effective area of the guided mode [4], d is the
degeneracy factor (d = 3 fori =j,d =6 fori# j), and
X111 is the third-order nonlinear susceptibility. n(fo S
fe) is the mixing efficiency given by

n(fr £ f) = (o2/(2 + ABD)[1 + 4o
. sin? (ABL/2)/(1 - e™4)'] (2)

where A represents the phase mismatch and may be €x-
pressed in terms of signal frequency differences

ag = 2xN/o) | f = fll § - &l
D + dD/an/2e) (1 - £l + 15 —ﬂl()}'
3)
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Here, D is the fiber chromatic dispersion. The efficiency
decreases with increasing signal frequency difference,
chromatic dispersion, or transmission length due to in-
creased phase mismatch between the signals [6], [7]. Fig.
1 shows a plot of the mixing efficiency as a function of
input signal frequency differences for two values of fiber
chromatic dispersion. The assumed length of the fiber is
12 km. With large chromatic dispersion, for example, ex-
perienced by a 1.5-um signal propagating through a con-
ventional single-mode fiber, the mixing efficiency drops
for signals whose frequencies are different by more than
a few tens of gigahertz. On the other hand, when the chro-
matic dispersion is small (e.g., 0.3 ps/nm-km), the ef-
ficiency remains strong up to nearly 100 GHz. Therefore,
the effect of FWM may be significantly stronger when
conventional fibers are used with 1.3-um sources or when
dispersion-shifted fibers are used with 1.5-um sources.

B. FWM in OFDM Systems

In many OFDM systems, spacing between the signal
~hannels may be uniform in the range of a few gigahertz
w0 about 10 GHz. In such systems, at any particular chan-
nel frequency, there will be a number of FWM waves
generated from various combinations of interacting sig-
nals. Assuming that the signals experience negligible
nonlinear loss in fiber, the total FWM power generated at
frequency f,, may be expressed as a summation:

Pa(fa)= X  ZZP(fi+f-f).

f=fitfi~fm fi f;

(4)

The different FWM contributions in this summation may
be simplified and identified by the use of a table. Table I
shows an example for a uniformly spaced 16-channel sys-
tem, and identifies frequencies which mix to produce
FWM waves at the position of the eighth frequency. The
columns and rows correspond to index *“i** s and Y57s
in (4), respectively. The entries in the table correspond to
the index “‘k.’” For example, laser 4 (i = 4) and laser 15
(j = 15) interact with laser 11 (k = 11) to produce an
FWM signal at the position of laser 8 (m = 8). The con-
trib::tions where i = k or j = k are neglected; they cor-
respond to cases of self- and cross-phase modulation, not
o FWM signal generation. Because the degeneracy factor
is already accounted for in (1), the indexes i and j are
interchangeable, and one needs only to consider half-space
in the table. The degeneracy factors are d = 3 and 6 for

the diagonal and off-diagonal elements, respectively.
. The number of waves generated grows rapidly with the
Increasing number of channels. For example, in a four-
nnel system, there are five FWM waves generated at
Sccond- and third-channel frequencies. At the center
nel frequencies of a 16-channel system, there are 84
¥ave contributions. However, the strength of each wave
Bweighted according to the mixing efficiency 5 ( f, S fo)s
, the total FWM power depends critically on the ex-

of phase mismatch between the signals.
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Fig. 1. FWM efficiency (linear scale) versus effective signal frequency dif-
ference. The effective signal frequency difference is defined as Jf -
felLf; = fe])'/2. Fiber length: L = 12 km; linear loss: & = 0.2 dB/km;
dD/d\ = 0.09 ps/km + nm".

200 GHz

TABLE 1
FWM CONTRIBUTIONS AT THE FREQUENCY OF CHANNEL 8 IN A 16-CHANNEL
OFDM SySTEM
(The input signals at frequencies f;, f» and f, interact such that fy = f, +
f; = f- In a unidirectional OFDM system, no FWM waves are generated
flrom combinations of frequencies where i = k or Jj=k.)
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The fiber length dependence of the FWM interference
is shown in Fig. 2. The plot assumes a 16-channel,
10-GHz-spaced system. The vertical axis shows the rel-
ative FWM power, which is a ratio of the FWM power at
fs to the fiber output signal power [1]. Since the two pow-
ers experience the same linear loss, the exponéntial atten-
uation is factored out in this plot. The initial rise in cross-
talk is due to the increase in nonlinear interaction length.
With longer lengths, the crosstalk becomes constant due
to large phase mismatch. When the fiber chromatic dis-
persion is large, phase mismatch occurs quickly with
shorter fiber lengths; hence, the relative FWM power re-
mains constant throughout the span.

C. Bidirectional Transmission Systems

In the preceding discussions, we have assumed that all
the signals are copropagating in the fiber. Counterpropa-
gating signals may also interact to generate FWM waves
as long as the phase-matching condition is roughly satis-
fied. Fig. 3 shows an example of FWM in a counterpro-
pagating geometry. Two counterpropagating signals at f;
and a forward propagating signal at f, generate backward
propagating waves at f; and f, and forward propagating
waves at f; and f3. The expression for FWM power given
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Fig. 2. Relative FWM power defined as Prwm.ior (f3)/(P,e” ) versus
fiber transmission length where P, is the launched signal power per chan-
nel, assumed to be equal for all channels. A 16-channel system with 10-
GHz channel spacing is assumed. (@) D = 0.3 ps/nm - km, (b)) D = |
ps/nm - km, (¢) D = 15 ps/nm *+ km.
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Fig. 3. Copropagating and counterpropagating FWM. The frequencies of

launched signals and FWM waves are indicated. F: forward propagating.
B: backward propagating.

by (1) is correct for a particular set of mixing signals;
however, the summation and the degeneracy factor must
be reconsidered to calculate the total FWM power in bi-
directional OFDM systems. As in the case for unidirec-
tional systems, we assume that the generated FWM waves
are incoherent with respect to one another and take the
summation of FWM powers.

Let us assume that the channel spacing is uniform, and
that identical channel frequencies are used for signals
propagating in both directions. In any one direction, when
the input signal frequencies are nondegenerate (i.e., f; #
f; # f), twice as many waves are generated at a particular
frequency due to interactions between counterpropagating
signals compared to copropagating signals. Hence, the to-
tal contribution from mixing between nondegenerate fre-
quencies is three times greater in a bidirectional system.
When two of the frequencies are the same, i.e., f; = f; #
fo i = fi # fjor f; # fy = f;, there are additional contri-
butions with a new degeneracy factor of d = 6 compared
to d = 3 in the unidirectional case since the signals at the
same frequency are now spatially nondegenerate. In par-
ticular, when the signal frequencies f; or f; and f; are equal
and are counterpropagating, FWM signals can result with
automatic phase matching, even when the frequency dif-
ference is very large. It must be remembered that when
these signals are copropagating (with f; = f; # fior f; #
fi = f;), the result is cross-phase modulation and not FWM
signal generation. Fig. 4 shows the FWM power gener-
ated at a center channel for unidirectional and bidirec-
tional systems. Due to the counterpropagating FWM con-
tributions with automatic phase matching, the total FWM
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Fig. 4. Total FWM power at center channel frequency versus toal number
of channels for unidirectional and bidirectional OFDM systems. Channel
spacing = 10 GHz; L = 12km; « = 0.2dB/km; dD/d\ = 0.09 ps /km
- nm°. (a) Bidirectional, D = 0.3 ps/nm - km. (b) Unidirectional,
D = 0.3 ps/nm + km. (c) Bidirectional, D = 15 ps/am * km. (d) Uni-
directional, D = 15 ps/nm * km.

power increases, even when channel numbers are large
with only a very small ‘‘saturation’’ effect. Hence, in bi-
directional systems, the input powers and/or the channel
spacings must be relaxed. especially when the total num-
ber of channels is large.

ITII. EXPERIMENT

In our initial set of experiments, we generated FWM
signals by copropagating two laser outputs through a fi-
ber, as shown in Fig. 5. We used 1.5-um lasers and a
12-km span of dispersion-shifted fiber with chromatic dis-
persion of —0.3 ps/nm-km at the signal wavelength.
FWM signals were detected via the heterodyne technique
using a third laser which acted as an LO. Input signal
polarizations were adjusted to maximize the FWM signal.
Fig. 6 shows the frequencies and the powers of input and
FWM signals. With input powers of 0 dBm, FWM signals
with —46-dBm power were generated with nearly unity
mixing efficiency.

Coherent receiver sensitivity degradation has recently
been measured using an FWM signal generated in the
manner described above [2]. However, the crosstalk ef-
fects due to a single coherent FWM wave are quite dif-
ferent from the effects of muitiple waves generated by
many combinations of signal channels. It is also impor-
tant to use modulated signal lasers so that the FWM waves
have realistic spectra. We have conducted an experiment
using a 16-channel coherent system and studied the cross-
talk from multiple FWM waves (8], [9].

A. Multichannel FWM: Experimental Arrangement

The setup used in our 16-optical-channel experiment is
shown in Fig. 7. The signal sources were DFB laser mod-
ules at wavelengths around 1.54 um, with a total wave-
length span of less than 2 nm. One of the lasers, laser 7,
was optically FSK-modulated with a 155-Mb /s pseudo-
random data stream in the FSK-alternate-mark-inversion
(AMI) signal format. A frequency deviation of +1.8 GHz
was used. The other 15 lasers were moduiated with in-
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Fig. 5. Experimental configuration for FWM signal generation using two
input signals. Pol: polarization controller.
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Fig. 6. FWM signal frequencies and power levels.

Fig. 7. Experimental arrangement for a multichannel coherent system.

dependent FSK-AMI data streams derived from digital
video coders. The channel spacing was set at 10 GHz, and
the relative frequencies between all the lasers were stable
to within +50 MHz, as observed on the RF spectrum ana-
lyzer. The lasers were not actively frequency-stabilized
during the experiment, and the observed stability was due
to the thermal stability of packaged LD’s.

The 16 outputs were combined using a 16 X 16 star
coupler. The output of the star coupler was amplified with
an alumino-silicate erbium-doped fiber amplifier [10].
The 16 laser wavelengths fell within the flat gain region
of the amplifier and experienced 11-dB gain. The ampli-
fied signals at —3 dBm /channel were launched into the
12-km span of the dispersion-shifted fiber. The output of
the fiber was transmitted to a polarization diversity het-
erodyne receiver where the bit-error ratio (BER) of laser
7 was studied. Although the center channels for a 16-
channel system correspond to channels 8 and 9, the dif-
ference in FWM noise contributions at the center channels
and channel 7 is negligible. The receiver consisted of a
single 1.5-GHz bandpass filter centered about an IF of
2.25 GHz, and detected the **0’’ ’s of the AMI signal [11].

B. Results

Fig. 8 shows the BER as a function of the detected
power of laser 7 with (triangles and circles) and without
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Fig. 8. Bit-error ratio (BER) measurement on laser 7. Attenuator 1 was
varied to make this measurement. (Squares: no fiber: triangles: all lasers
modulated; circles: 15 lasers CW.)

(squares) the fiber. When the transmission fiber was re-
moved, the system was limited by the receiver thermal
noise. The BER was measured by varying attenuator 1,
which changed the power of laser 7 without affecting the
other 15 lasers. A sensitivity degradation of 3.0 dB was
measured when only laser 7 was modulated and the other
lasers were operated in the CW mode. When all 16 lasers
were modulated, the sensitivity penalty was smallerat 1.8
dB. The reason for the smailzr :enalty is that the FWM
spectrum spreads when the interacting signals are modu-
lated. As a result, the receiver IF filter captures less in-
terfering noise and the crosstalk is reduced.

At the detected power of —42 dBm, the power of laser
7 was 8 dB below the average power of the other lasers.
In our experiment, the received power for laser 7 could
not be directly measured due to the presence of the other
15 lasers. Instead, the received signal power was calcu-
lated from our measurements of laser 7 power and the
total combined power after the star coupler. Our calcula-
tion was based on the assumption that the ratio of laser 7
power to the total power stayed constant in the amplifier
and the fiber. We believe that this assumption was valid
since the gain in the fiber amplifier remained independent
of changes in laser 7 power.

The spectral characteristic of the FWM noise was stud-
jed by frequency-tuning laser 7 relative to its allocated
channel frequency. The LO was also tuned to maintain a
constant IF frequency. Fig. 9(a) depicts negative detuning
of laser 7. Due to the large frequency deviation used to
modulate the lasers, the spectral width of each signal laser
was over 5 GHz (not shown in the figure). With negative
detuning of laser 7, laser 6 image interference is expected
(12]. Fig. 9(b) depicts positive detuning of laser 7. With
both laser 7 and LO frequencies tuned higher than the
channel 7 frequency, the FWM image band is expected to
cause crosstalk. With greater positive detuning, direct
crosstalk from laser 8 is expected to dominate the FWM
noise.

Fig. 10 shows the BER as a function of frequency de-
tuning. When 15 lasers ran CW, the FWM interference
was pronounced at A f = 0, at the allocated position of
channel 7 (curve (a)). When all the lasers were modu-
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Fig. 9. Frequency detuning of laser 7 to measure the spectral spread in the
FWM noise. The figure also shows the broad spectra of interfering FWM
waves which are generated when all the lasers are modulated. (a) When
laser 7 is negatively detuned, channel 6 image-band interference occurs.
(b) When laser 7 is positively detuned, the FWM image interference
occurs. With detuning >6 GHz, channel 8 crosstalk occurs.
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Fig. 10. BER as function of laser 7 detuning. The dashed curve shows the
frequency regime where the FWM crosstalk occurs via image-band in-
terference. (a) 15 Lasers CW. (b) All lasers modulated. (c) No fiber.

lated, the BER degradations were less severe at A f = 0,
but crosstalk occurred over a wider frequency range (curve
(b)). The increase in the BER below Af = 2 GHz was due
to laser 6 image interference, corresponding to the case
illustrated in Fig. 9(a). The dashed curve shows an in-
crease in the BER above Af = +2 GHz due to the FWM
image interference illustrated in Fig. 9(b). The expected
increase in the BER above Af = +6 GHz is from laser 8
crosstalk. Curve (¢) shows the measurement taken with-
out the fiber. The BER was constant in the range between
Af = —2 GHz and Af = 2 GHz, as expected.

It has been previously suggested that the use of non-
uniform channel spacing may alleviate the problem of
FWM crosstalk [13]. However, when all the lasers were
modulated, FWM interference was measured at all fre-
quencies between the adjacent channels. This result in-
dicates that the spectral spread of the FWM noise is an
important consideration when allocating nonuniform
channel spacing, especially in heterodyne systems where
the FWM image also causes crosstalk.

C. Discussion

Our theoretical discussion described FWM between
signals in identical polarization states. While mixing also
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occurs between x-polarized and y-polarized signals, th
resulting FWM power is weaker by a factor of 9. In ou
experiment, no attempt was made to control polarizatio:
in the fiber, and the signals were observed to be randomi:
polarized with respect to one another. The resulting FWN
waves were in a similar random state of polarization, anc
the polarization diversity receiver captured both the x- anc
y-polarized components. The experiment represents a re
alistic system without polarization control and did no
represent the worst case situation. A greater sensitivity
penalty will result if the polarization states of the signals
are accidentally or intentionally aligned.

In the experiment described, the dominant noise source
was the receiver thermal noise. The amplified sponta-
neous emission noise from the fiber amplifier was atten-
uated by nearly 30 dB before reaching the receiver, and
we verified that this noise contribution was negligible.
From the measured FWM penaity of 1.8 dB, we conclude
that the electrical noise power due to FWM crosstalk was
approximately half the receiver noise without FWM.

Based on the initial experiment with two input signals
(see Figs. 5 and 6), an estimate of the FWM optical power
in the 16-channel experiment was made. Assuming that
the signal beams were polarized randomly with respect to
one another, the sum of FWM power generated at f, was
calculated to be —36 dBm at the fiber output. This power
was approximately 20 dB below the laser 7 signal power
at the fiber output. Because the exact polarization states
of the signals were unknown, there is an inherent uncer-
tainty associated with our estimate of the total FWM
power. If the signal polarizations were exactly aligned,
the estimate of FWM power would be —31 dBm. The
generated FWM power was attenuated by about 25 dB
between the fiber and the receiver. At the receiver, only
a fraction of the detected FWM power was converted to
electrical noise since the modulated FWM spectrum was
wider than the IF filter bandwidth.

As described earlier, we found it convenient to atten-
uate the power of laser 7 independently during the BER
measurement. However, in practical systems, the signai
powers of all channels are expected to be uniform. Any
attenuation following the fiber is experienced both by the
signal and the FWM noise. If the signal powers for all 16
lasers were kept canstant and the attenuator following the
fiber was adjusted to measure the BER, the penalty at 10~°
error ratio would be 0.4 dB. This penalty was calculated
based on the assumption of fixed signal-to-noise ratio for
fixed BER, and on the assumption that the electrical noise
power due to FWM was proportional to attenuation after
the fiber.

Fig. 11 shows a plot of the maximum allowable input
signal power per channel versus the total number of chan-
nels for various channel spacings and chromatic disper-
sions. We have used a criterion corresponding to our
experimental result of 0.4-dB penalty. The point corre-
sponding to our 16-channel experiment is indicated. We
have fitted the theoretical trends to our experimental data
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Fig. 11. Maximum allowable power per channel versus total number of
channels. L = 12 km, « 0.2 dB/km, dD/d\ = 0.09 ps/nm? - km. (a)
Unidirectional system, D = 15 ps/nm - km, channel spacing = 10 GHz.
(b) Unidirectional system, D = 15 ps/nm - km, channei spacing =
2 GHz. (c) Unidirectional system, D = 0.3 ps/nm - km, channel spac-
ing = 10 GHz. (d) Bidirectional system, D = 0.3 ps/nm - km, channel
spacing = 10 GHz. (e) Bidirectional system, D = 0.3 ps/nm - km,
channel spacing = 2 GHz.

point, having also assumed that the input signals are po-
larized randomly with respect to one another. When the
total number of channels is increased. the allowable input
power decreases. However, because the number of chan-
nels which can interact strongly is limited by the phase
mismatch in the fiber, the allowable input power becomes
constant when the total number of channels becomes very
large. The power tolerance is the greatest for unidirec-
tional systems using relaxed channel spacings and fibers
with large chromatic dispersion. For example, the maxi-
mum allowable power is about 0 dBm/channel in a
10-GHz-spaced, 100-channel system using a conven-
tional fiber and 1.5-um sources. The power restriction is
most severe for bidirectional systems using narrow chan-
nel spacing and low dispersion fiber. In such systems,
FWM crosstalk may become a severe problem, even with
input powers of less than —10 dBm /channel.

Despite the large number of channels used in other re-
cent OFDM system experiments, FWM crosstalk did not
pose a problem because the power per channel was gen-
erally low in the range of ~10 to —20 dBm, and because
the conventional nondispersion-shifted fibers were used
[12], [14]. However, single-mode lasers with output pow-
ers greater than 20 dBm are currently available [15]. Op-
tical amplifiers with saturation powers exceeding 20 dBm
have also been recently reported [16]. With the develop-
ment of such technologies, power levels in the range of
—10 to 0 dBm/channel are possible, even after the star
coupler splitting loss. In designing future OFDM sys-
tems, signal powers and the channel spacing must be care-
fully specified, taking into account the dispersion in the
fiber used. Of equal importance are the relative locations
of the star coupler, the amplifiers, and the transmission
fiber; these components must be located such as to bal-
ance the effects of splitting loss, fiber FWM noise, and
the amplifier noise. With these careful considerations, one
can successfully design a high-capacity OFDM system
with large broadcasting capability.
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IV. ConcLusion

We have carried out experimental and theoretical stud-
ies of four-wave mixing in transmission fiber in OFDM
systems. We have shown that a sensitivity degradation
of 0.4 dB results when a signal power of -3
dBm /channel is launched into a 12-km span of disper-
sion-shifted fiber in a 16-channel coherent system oper-
ated in the 1.5-um wavelength region. The spectral extent
of the FWM noise was also measured by detuning the sig-
nal frequency relative to its allocated channel frequency.
When all the lasers were modulated, crosstalk was ob-
served at all frequencies between the two adjacent chan-
nels.

Our theoretical studies indicate that FWM leads to sig-
nificant system degradations when channels are closely
spaced, signal powers are high, and chromatic dispersion
is low. For example, FWM crosstalk becomes significant
when the signal powers exceed 0 dBm/channel in a
10-GHz-spaced, 100-channel system using 1.5-um
sources and a conventional fiber. For the same system,
the allowable signal power is —8 dBm/channel when a
dispersion-shifted fiber is used. Thus, successful design
of high-capacity OFDM systems must include careful
consideration of possible FW { interactions in the trans-
mission fiber.
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