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Abstract The sensitivity of the principal stress difference
(PSD) profiles to material viscoelasticity is demonstrated
for two flow geometries using three different polyethylenes.
Studies were performed using both experimental optical
techniques and computational simulations, in the latter case
to evaluate the ability to model these complex flows. The
materials were characterised using linear and extensional
rheology which was fitted to a multimode POM-POM
model implemented in the Lagrangian–Eulerian code
flowSolve. A contraction–expansion (CE) slit geometry
was used to create a mixed, but primarily simple shear flow,
whilst a cross-slot geometry provided a region of high
extensional shear and high strain. In both flows, the PSD
developed from an initial Newtonian profile to increasing
levels of asymmetry between the inlet and the outlet flow.
More specific phenomena, such as downstream stress fangs
in the CE slit and the formation of centreline cusps and
“W”-shaped cusps in the cross-slot, were also observed.
The simulations of PSD development within the CE slit
geometry quantitatively captured the experimental results.
In the case of the cross-slot geometry, the qualitative
features of the PSD development were well captured,
although the results were quantitatively less accurate.

Keywords Viscoelastic fluid . Flowmodeling .

Polyethylene . Birefringence

Introduction

Recent developments in rheology characterisation, molecular-
based rheological models, numerical simulation and precise
polymer processing now make it possible to rank numerical
prediction of a polymer process with experimental observa-
tions. Published work has compared a number of operating
parameters, including pressure drop (Collis and Mackley
2005; Valette et al. 2006), flow-induced birefringence (Lee
et al. 2001; Agassant et al. 2002; Clemeur et al. 2004a;
Soulages 2007) and velocity fields (Peters et al. 1999;
Mitsoulis et al. 2003; Sirakov et al. 2005) for flow fields
exhibiting both regions of simple shear and extensional flow.
In each case, different polymers, geometries, models and
codes have been used, and, in general, reasonable success
has been reported in the matching of simulation with
experiment.

In this paper, experimental results for both a contraction–
expansion (CE) slit and a cross-slot geometry are reported.
These experiments were carried out using a Cambridge
multi-pass rheometer (MPR; see for instance Mackley et al.
1995), and this enabled small quantities of polymer to be
tested with precision. This CE slit creates regions of high
simple shear near to the slit walls and extensional flow in
the region of the symmetry line in the inlet and outlet areas
of the flow. Conventional simple shear flow is commonly
produced using either parallel plate, sliding plate or cone
and plate geometries (see for instance Wagner et al. 2005).
For complex flows that mimic more closely industrial
applications, such as polymer extrusion, the use of a
straight channel or contraction expansion slit geometry
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provides regions of high simple shear near the wall. These
types of flow have been used for many years to identify the
flow behaviour of polymer melts (see for instance Han and
Drexler 1973; Han 1976; Checker et al. 1983) and to
investigate the differences in material behaviour (see for
instance Beraudo et al. 1998).

The cross-slot is a more recent geometry used for
polymer melt and solution studies and creates a region of
high extensional deformation along the inlet–outlet sym-
metry plane. Simple strain extensional flow deformations
are performed by stretching samples (Sridhar et al. 1991;
Meissner and Hostettler 1994), whilst extension in complex
flows is commonly generated around a stagnation point.
Stagnation point flow was initially pioneered by G.I. Taylor
in a four-roll mill (Taylor 1934). This technique was then
extended to encompass both the two- (Frank and Mackley
1976) and four-roll mill (Crowley et al. 1976) for polymer
solutions. A similar flow pattern is also generated using a
cross-slot device (Scrivener et al. 1979), and the symmetry
of this design provides very well-defined boundary con-
ditions. Whilst the roll mill technique has been used for
dilute polymer solutions, the cross-slot geometry has been
applied for both solutions (Schoonen et al. 1998) and more
recently to polymer melts using either large (Verbeeten
2001; Soulages et al. 2007) or small (Coventry and
Mackley 2008) quantities of material.

Both the CE slit and cross-slot offer potential to explore
the general processing behaviour of a viscoelastic melt
within a complex flow. In this paper, three different
polymers were chosen, exhibiting increasing levels of
viscoelasticity, to characterise the effect of this increase on
the stress present within polymer flow. The principal stress
difference (PSD) was captured using flow birefringence and
compared to simulation predictions. To match the experi-
mental observation with simulations, it was necessary to
characterise the flow behaviour of each polymer employing
both linear oscillatory and transient rheological measure-
ments. The rheological model chosen for fitting the
experimental rheology and predicting the processing be-

haviour was the multimode POM-POM model (McLeish
and Larson 1998; Blackwell et al. 2000). Numerical
simulation of the complex flow was carried out using the
Lagrangian–Eulerian finite element software flowSolve
(Harlen et al. 1995). This provides a robust test of the
models predictive performance for a range of flow rates
within the two flow geometries, which exhibit different
levels of simple shear and extensional flow.

Experimental

Materials characterisation

The materials used were three polyethylenes, the properties
of which are outlined in Table 1. CM1 is a linear
metallocene-catalysed polyethylene. HDB2 is a high-density
branched polyethylene with long chain branches (Wood-
Adams and Costeux 2001) which has been the subject of
successful ab initio theoretical modelling successfully cap-
turing the linear rheological response (Das et al. 2006).
DOW150R is a low-density polyethylene which has been the
subject of previous processing investigations (Martyn et al.
2000). All three materials were characterised in both simple
shear and uniaxial extension at the same temperature as the
subsequent processing experiments. Shear flow experiments
were conducted with an ARES rheometer (Advanced
Rheometric Expansion System, Rheometric Scientific) to
obtain the linear rheological and non-linear shear flow
behaviour as well the corresponding spectra. The non-linear
elongational flow behaviour was characterised using the
uniaxial stretching device SER (Sentmanat Elongational
Rheometer, Xpansion Instruments) attached to the ARES
rheometer. Specimen dimensions at test temperature were
corrected to consider thermal expansion by using the room-
temperature density and standard values of the thermal
expansion coefficient for polyethylene. All of the rheological
experiments were carried out under nitrogen atmosphere, and
further rheological tests to assess the thermal stability of the

Table 1 Material properties of the three polyethylenes

Description Mw (kg/mol) Mn (kg/mol) Mw/Mn Mw (kg/mol) η0 (kPa s) ρ (g/cm3)

Room temp Test temp

Linear CM1 104 50.2 2.07 104 7.9 (175 °C) 0.92 0.777 (175 °C)
HDPE HDB2 84 46 1.98 84 26.5 (155 °C) 0.958 0.78 (155 °C)
LDPE DOW150R 105 18.4 11 242 368 (160 °C) 0.921 0.782 (160 °C)

The values for HDB2 and DOW LD150R have been taken from previous work (Das et al. 2006 and den Doelder et al. 2005, respectively). It
should be noted that the data in Table 1 for DOW150R (den Doelder et al. 2005) was acquired using both gel permeation chromatography (GPC)
and light scattering techniques. This gives a more accurate result for branched materials than conventional GPC and leads to the different values
used here than (Mw~107,000, Mw/Mn~5.8) quoted elsewhere (Martyn et al. 2000).
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samples were conducted to ensure that the molar mass
distribution and the molecular structure did not change
during the experiments.

The materials exhibited increasing levels of viscoelasticity
as a result of a combination of increased branching,
molecular weight and temperature. The results were used to
fit a set of multimode POM-POM parameters to each
material, which are given in Table 2. Figure 1 shows the
good visual agreement between the transient shear and
uniaxial elongational viscosities and those predicted by
these parameters. The contribution of each mode to the
zero shear viscosity for all three materials is given in
Fig. 2. This illustrates the increasing contribution of the
longer relaxation modes to the zero shear viscosity, and
hence viscoelasticity, from CM1 to HDB2 and finally
DOW150R. A viscosity average relaxation time of the
polymer, 1, was defined as

1 ¼
PN

i¼1
gi1

2
i

PN

i¼1
gi1i

ð1Þ

where gi is the modulus and 1i is the relaxation time of the
ith mode. The values for the three materials are given in
Table 3 and further illustrate the increasing viscoelasticity
for this set of polyethylenes.

The thermal stability of the materials was analysed to
ensure that no significant changes of the material parame-
ters and properties occurred during the subsequent process-
ing experiments. Dynamic-mechanical time sweeps in the
linear viscoelastic region (at sufficiently low angular
frequencies near the Newtonian flow regime) were used
as a sensitive indicator for this purpose. Results for the
three materials at the test temperatures are shown in Fig. 3
where the elastic modulus of each sample is plotted versus

time. The upper and lower limit at which the modulus has
changed by 5% is indicated by the solid line and is used as
the stability criterion, and the angular frequencies were
chosen individually to account for the longest relaxations
time of the different materials. From the plot, it can be seen
that a sufficient thermal stability is granted for the materials
and temperatures used in the subsequent processing experi-
ments for at least 104 s.

The stress optical coefficient (SOC) at the processing
temperature for each material was calculated using a
technique similar to that reported previously (Lodge 1955)
which relates the pressure drop across a long slit to the slit
wall fringe order, and further details can be found elsewhere
(Coventry 2006). The values and their corresponding values
of PSD per fringe for this work are given in Table 4. To
verify this technique, comparisons were made to another
technique (Clemeur et al. 2004a), which evaluates the SOC
by interpolating the central fringe order progression within a
long slit to the wall. Values obtained with these two
techniques were found to be in quantitative agreement with
one another and gave values within the literature range for
polyethylene of 1.2–2.4×10−9 Pa−1 (Macosko 1994). It
should be noted that the possible error of these results, due
to the fringe counting technique employed at low fringe
order regions, can be of the order of 25%. This is an
important consideration when comparing experimental
results to computational simulations. It was noted that the
SOC calculated in this work for the low-density polyethylene
(LDPE) is substantially different from the value of 3.53×
10−9 Pa−1 reported previously (Martyn et al. 2000). No
obvious explanation can be made for this discrepancy, as the
techniques used were similar. As 3.53×10−9 Pa−1 is outside
the literature range for polyethylenes, the value obtained in
this work is used in subsequent comparisons of experimental
and computational work.

Table 2 POM-POM parameters used in the equations outlined in “Numerical simulations” fitted to linear and uniaxial extensional data using
techniques similar to those presented in Inkson et al. (1999)

Linear (CM1) at 175 °C HDPE (HDB2) at 155 °C LDPE (150R) at 160 °C

1i gi qi ri 1i gi qi ri 1i gi qi ri

0.001 239,915 1 1 0.002757 440,450 1 1 0.0316 49,451.13 1 1
0.00316 124,746.3 1 1 0.014399 84,470 1 1 0.1 21,039.7 1 1
0.01001 130,951.9 1 1 0.075211 30,174 1 1 0.3163 13,849.04 2 1
0.03166 78,308 1 1 0.39286 9,450.4 1 1 1 9,626.96 18 4
0.10016 18,257.67 1 1 2.0521 3,802.1 1 1 3.1623 6,070.23 20 4
0.31685 2,119.34 1 1 10.719 729.26 2 1 10 3,519.47 20 4
1.00236 325.27 1 1 55.999 64.8 4 2 31.6228 1,783.64 20 3
3.17099 50.95 1 1 292.46 3.58 5 3 100 797.38 25 4
10.03148 10.423 1 1 – – – – 316.228 288.16 40 2
31.73478 0.06715 2 1 – – – – 1,000 74.004 55 3
– – – – – – – – 3,162.28 13.69 20 3

The software used was Reptate, developed as part of the microscale polymer processing 2 project by Jorge Ramirez and Alexei Likhtman.
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Processing experiments

A Cambridge MPR (Mackley et al. 1995) was used for the
processing experiments and its application with an optical
configuration has been previously described by a number of
authors (see for instance Collis and Mackley 2005). The
MPR is a dual piston capillary-type rheometer designed for
small quantities of material (~10g of polymer) and consists
of three sections. The top and bottom sections contain
reservoirs for the polymer material, servo hydraulically
driven pistons and pressure/temperature transducers. The
midsection enables simultaneous pressure and optical
measurements to be made and resembles a cube with holes
in all six faces. The vertical faces accept a pair of stainless
steel die inserts in one direction and a pair of 15-mm depth
stress-free quartz windows in the other, whilst polymer
flows through the top and bottom holes. All three sections
are surrounded by heating channels and insulation. Whilst
the heating jackets ensure a constant temperature around
the three sections, heat losses are likely to occur through the
quartz windows, although these are expected to be small.

Two different geometries were investigated. The first
was a CE slit geometry similar to those used in previous
work (see for instance Collis and Mackley 2005). This
geometry creates regions of high simple shear near to the
slit walls and extensional flow in the region of the
symmetry line in the inlet and outlet areas of the flow.
The second is a cross-slot geometry. This flow configura-
tion creates a pure shear flow deformation in the central
region about the stagnation point of the flow, together with
essentially simple shear near the outer curved walls (see for
instance Coventry and Mackley 2008).

The two insert geometries used during this study are
shown in Fig. 4. For the CE slit inserts, the material can be
repeatedly passed through the midsection, from one
reservoir to the other and back again at different flow rates,
allowing multiple experiments to be performed on one
sample. Optical observation of the CE slit section enabled
interrogation of the entry and exit flow together with flow
within the slit. The inserts used for the cross-slot geometry
utilised slave pistons which used a pressurised nitrogen
system to facilitate multi-pass operation. The system was
developed by Coventry (2006) and is reported by Coventry
and Mackley (2008). During operation, the two MPR
pistons are moved towards one another at a controlled rate,
pushing material through the top and bottom of the insert
and out through two horizontal side channels. Slave pistons
in these horizontal channels maintain the material within
the MPR, and the subsequent retraction of the pistons to
their original position allows the pressurised nitrogen to
force the material back through the cross-slot and into the
top and bottom reservoirs.

Fig. 2 Plot of zero shear viscosity of each relaxation mode, ηi=Gi×1i,
as a function of relaxation time, 1, using the multi-mode POM-POM
model parameters of CM1, HDB2 and DOW150R as indicated in
Table 2
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Fig. 1 Transient shear and tran-
sient uniaxial elongational vis-
cosity of CM1, HDB2 and
DOW150R at different strain–
rates between 30 and 0.01 s−1.
The lines are model calculations
using the POM-POM model
parameters (cf. Table 2)

Table 3 Mean relaxation time (as defined by 1) for the three materials

Material Linear (CM1)
at 175 °C

HDPE (HDB2)
at 155 °C

LDPE (DOW150R)
at 160 °C

l 0.325 21.28 1,127
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Both geometries have been used in previous work
(Coventry and Mackley 2008; Hassell and Mackley 2008)
and are 10-mm-deep. Whilst the cross-slot and contraction–
expansion slit have aspect ratios of around 7, equating
approximately to two-dimensional flow (Wales 1976), the
inlet and outlet to the contraction expansion have an aspect
ratio of order 1, and thus, three-dimensional flow is
expected in this region. Previous work has concluded that
this three-dimensional effect may not have a great impact
on the observed birefringence (Clemeur et al. 2004b).
However, more recent studies of linear LDPE and LDPE in
a contraction geometry (Hertel et al. 2007) have shown that
the flow field into the slit is increasingly three-dimensional
with increasing branching. Three-dimensional flow effects
are expected within the entrance region of the slit for the
more branched materials. In all cases, the assumption of
two-dimensional flow is only approximate, and the results
reported here are expected to deviate quantitatively slightly
from the ideal two-dimensional case.

Stress-induced birefringence was used to observe the
PSD during flow. Monochromatic polarised light with a
wavelength of 514 nm was passed through the midsection
and orthogonal analyser before being captured using a
digital video camera. Quarter wave plates were used to
eliminate the isoclinic extinction bands and leave only the
stress-related isochromatic fringes.

The flow through the two geometries was characterised
in the following way. The apparent wall shear rate used to
characterise flow through the CE slit was based on the
solution for Newtonian flow through infinite parallel plates
and is given by,

γ
�
app ¼

6Q

w2l
¼ 6r2pπ Vp

w2l
ð2Þ

where Q is the volumetric flow rate (mm3 s−1), w is the
width of the slit (1.4 mm), l is the depth of the slit (10 mm),
rp is the piston radius, and Vp is the speed of the pistons
(mm s−1).

The central extension rate in the cross-slot was estimated
from the flow geometry, and the relationship between the
maximum extension rate and the piston speed was defined as,

"
�
max ¼ AVp ð3Þ

where A is a constant defined by the geometry. As an
approximation, the centre line velocity accelerates from zero
at the centre to the maximum channel velocity within the
cross-slot over a distance equal to the channel width.
Numerical simulations using a Newtonian and integral
Wagner model were initially performed by Coventry (2006)
and found A to be equal to approximately 8, which is higher
than the value of 7 Vp calculated using the definition outlined
by others (Peters et al. 1999, Soulages et al. 2007).
Subsequent modelling using the multimode POM-POM
constitutive model for various lightly branched polyethylenes
found A equal to 8.6, and this value was used in the
subsequent sections.

Numerical simulations

Numerical simulations were carried out using the Lagrangian–
Eulerian time-dependant solver flowSolve (Harlen et al.
1995) to compute the predicted PSD for the experimental
conditions. The multimode POM-POM model was used,

Fig. 4 The geometries used in the MPR mid-section and associated
flow directions for (left) the slit and (right) the cross-slot

Table 4 Experimentally obtained SOC for the materials and
corresponding PSD value per fringe for the experiments

CM1 at
175 °C

HDB2 at
155 °C

DOW150R at
160 °C

SOC×109

(Pa−1)
1.29 2.34 2.10

Stress per fringe
(Pa)
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Fig. 3 Dynamic-mechanical time sweeps for CM1, HDB2 and
DOW150R at different temperatures under nitrogen atmosphere
showing a thermal stability of at least 104 s
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which is based on tube theory for a branched molecule
having two q-armed stars connected by a backbone segment
(McLeish and Larson 1998;, Inkson et al. 1999). In the
model, the polymer backbone is considered to have two
different characteristic relaxation times, one for the stretch
(Cs) and the other for the orientation (Cb) of the backbone.
The ratio of these is denoted as ri, where ri=Cb/Cs.
Application of this model to a randomly branched polymer
mixture is equivalent to a decoupling approximation for the
different levels of branching in the constituent molecules
(Inkson et al. 1999). The central equation for stress is given
in terms of backbone stretch, 1(t), and the orientation tensor,
S(t). A subsequent refinement to the model was the
consideration of drag–strain coupling between relaxed and
stressed chain segments, which adds an exponential term to
the stretch equation (Blackwell et al. 2000). Once the stress
is calculated, it is coupled with the force and mass
conservation equations to model the flow at each time step.
The multimode POM-POM model used for the numerical
simulations carried out in this paper are given by:

A tð Þ ¼
X

i

Ai ¼ 3
X

i

gi1
2
i tð ÞSi tð Þ ð4Þ

Si tð Þ ¼ Ai tð Þ
trAi tð Þ ;

DAi tð Þ
Dt

¼ κ � Ai þ Ai � κT � 1

Cbi

Ai � Ið Þ;
ð5Þ

D1i tð Þ
Dt

¼ 1i tð Þκ : Si � 1

Csi
1i tð Þ � 1ð Þ

exp ν�i 1i tð Þ � 1ð Þ� �
; 1i � q

ð6Þ

The Lagrangian implementation of this model uses a
triangular mesh, which is transported with the flow for each
time step of the simulation. At time zero, only the boundaries
are specified, and the program fills the area with a regular
distribution of vertices at a specified density. The stresses
across this grid are then calculated from the constitutive
parameters and boundary conditions, and a solution is found
for the velocities and pressures at each vertex. The triangular
elements deform according to these velocities, and the
constitutive parameters, which are associated with the
elements rather than vertices, update to reflect the deforma-
tions. The grid is checked to split triangular elements that
have become too large, reconnect those which have been
highly deformed to control their maximum aspect ratio,
delete those which have become too small and add new
elements at inflow boundaries before moving to the next
step. For both geometries, a symmetry plane was used to
reduce computational time, no-slip boundary conditions
were used at the walls, and the inlet was modelled based on

a steady state one-dimensional solution to shear flow (Lee
et al. 2001). Simulations were performed on a 1.7-GHz Intel
laptop and took between 12 and 48 h to run depending on
mesh refinement and geometry.

Results and discussion

Experimental observation

The basic experimental flow birefringence behaviour of the
three chosen polymers in both the CE slit and cross-slot is
shown in Fig. 5. Different processing temperatures were
chosen to highlight more clearly the effects of increasing
viscoelasticity. The apparent wall shear rate for the CE slit
flow was ~12s−1, and for the cross-slot flow, the central
extension rate was ~1.9 s−1 with a wall shear rate of ~4.9s−1.
For CM1, which has the lowest level of viscoelasticity, the
PSD pattern shows the classic behaviour of a near-
Newtonian response for the two geometries (see for instance
Coventry 2006) seen in Fig. 5a and d. The pattern is
symmetric between the inlet and outlet in both cases and
illustrates that the materials’ current level of stress is not
sensitive to its deformation history. As the viscoelasticity of
the material within the flow increases, the material becomes
increasingly sensitive to past deformations, and the PSD
profile becomes increasingly asymmetric. This is shown for
HDB2 in Fig. 5b and e where an increasing asymmetry is
observed for both geometries. In the case of the CE slit, an
increasing asymmetry between the inlet and outlet symmetry
plane is observed, and the “zero stress eye”, shown as an
arrow in Fig. 5a–c, moves away from the centre of the CE
slit. For the cross-slot, the level of asymmetry between the
inlet and outlet increases, and cusping of the fringes along
the outlet centre line is observed, in a similar way to previous
observations (Verbeeten 2001; Coventry and Mackley 2008).
For the most viscoelastic material, DOW150R, shown in
Fig. 5c and f, a number of interesting features are found. For
the CE slit, the formation of stress fangs is observed similar
to that previously reported (Lee et al. 2001), whilst the
upstream vortices near the wall and entrance to the CE slit
have an increased effect upon the stress. For the cross-slot,
highly localised central fringes are observed close to the
stagnation point, and the formation of “W cusps” occurs
along the outlet centre line. The formation of this “W cusp”
has been observed for other highly branched materials using
both the MPR (Hassell and Mackley 2008) and elsewhere
(Soulages et al. 2007), and this will be discussed in more
detail in subsequent work. It is thought to be the result of
extreme strain hardening at the centre line, and the
appearance of this local singularity may be related to
“birefringent pipes” reported for exit flow in certain polymer
solutions (Harlen et al. 1990, 1992).
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Also seen for the cross-slot geometry at higher material
viscoelasticity and flow rates are extensional inlet effects,
which encroach into the cross-slot region from the upstream
entrance. This is seen in the cases of HDB2 and DOW150R
shown in Fig. 5e and f and is represented as a white fringe
at the inflow centre line. It indicates a greater than zero
PSD, and the entrance flow in these instances is not a fully
developed shear flow. This is a result of the geometry of the
inserts (see Coventry and Mackley 2008), with a contrac-
tion located upstream of the cross-slot. This will affect any
comparison between simulations and experimental work
and is discussed in the subsequent section.

An important issue with the high extensional flow within
the cross-slot is the validity of the stress optical rule (SOR).
Recent work for polystyrene melts (Venerus et al. 1999)
found a deviation of the stress optic rule above roughly
1 MPa in uniaxial extension flow, and this value has been

found to increase with decreasing polydispersity and
increasing Weissenberg number (Luap et al. 2006). No
similar work has been found for either planar extension or
polyethylene melts, but the maximum values of the PSD
presented here, based on the stress optical coefficients in
Table 4, were ~0.11 MPa (CM1), ~0.16 MPa (HDB2) and
~0.35 MPa (DOW150R). In all cases, these values are well
below the 1 MPa limit, and thus, from the information
available in the literature at this time, the SOR is assumed
to be valid for all the experiments considered.

For both geometries, and for the flow conditions used, it is
important to ascertain whether a steady-state stress profile is
obtained for each of the three materials. For the 20-s duration
of each experiment, both for the CE slit and cross-slot, it was
clear for CM1 and HDB2 (Fig. 5a,b,d and e) that a steady-
state stress pattern was observed within 2 to 5 s of flow start-
up. For DOW150R in the CE slit, whilst most of the stress
field appeared to equilibrate within 10 s, the downstream
stress fang pattern was still evolving up to the cessation of
flow. In the case of the same polymer in the cross-slot
(Fig. 5f), an apparent steady state was observed to have been
reached before the end of the experimental duration.

In both geometries, material flows along different stream-
lines, and therefore the residence time within the optical
region, is a function of the materials initial position. In the
CE slit, the material which has been previously subject to
high strain rates close to the slit wall, and is therefore highly
stressed, is subsequently convected downstream into a region
of low strain rate and high residence time. Consequently, the
long relaxation times of DOW150R result in the experimen-
tal observation of slow stress relaxation in these regions,
which continues to affect the stress pattern up to the
cessation of flow. For the case of the cross-slot, the residence
time for material is proportional to the proximity of its
streamline to the inlet/outlet centre line and the stagnation
point (see for instance Crowley et al. 1976). Material along
the inlet/outlet symmetry plane (highlighted in Fig. 6b as the
dotted line) experience long residence times within the
region of highest extension. The highest PSD is observed
here, and unlike in the CE slit, this highly stressed material
then travels to a region of low residence time along the outlet
centre line. The subsequent long time stress relaxation in the
cross-slot is therefore not observed within the field of view.

Comparison with simulation

The match between experimental and simulation results for
HDB2 is presented in Fig. 6 for (a) the CE slit and (b)
cross-slot geometries. The apparent wall shear rate for the
CE slit flow was ~12 s−1, and for the cross-slot flow, the
central extension rate was ~1.9 s−1, with a wall shear rate of
~4.9 s−1. For the CE slit, the match between the experiment
and simulation is good, with the simulation accurately

Fig. 5 Flow-induced birefringence images for the three materials
within a–c the CE slit at a flow rate of ~39.3 mm3 s−1, apparent wall
shear rate of ~12 s−1 and d–f the cross-slot at a flow rate of
~34.56 mm3 s−1 per inlet, maximum central extension rate of ~1.9 s−1.
Materials are a and d CM1 at 175 °C, b and e HDB2 at 155 °C and
c and f DOW150R at 160 °C. The red arrows in a–c highlight the
“zero stress eye”. The black line in the left exit channel of f was a
piece of material outside the geometry which separated from an O-ring
during the experiment and could not be removed without affecting the
optical setup. Direction of the flow (illustrated in Fig. 4) is vertically
upwards for the CE slit. Materials flow into the cross-slot through the
vertical channels and out through the horizontal ones. As a
representation of scale, the CE slit length and cross-slot channel
width are both 1.5 mm
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capturing both the stress profile and the number of fringes.
Two slight discrepancies are observed downstream of the
slit exit. The first is the observation of a slight fang
structure observed at the outlet of the simulation which is
not seen in the experiment. Whilst uncertain, it is possible
that this is a two-dimensional effect that is not fully
captured by the experiment due to the three-dimensional
nature of the inlet and outlet regions of the CE slit. The
second is the observation in the experiment (Figs. 5b and
6a) of a fringe at the upstream and downstream corners of
the flow. In the case of this experiment, this is the result of
residual stress within the quartz windows and could lead to
a slight discrepancy (plus 0.25 to 0.5 of a fringe) for the
comparison between experiments and simulation.

For the cross-slot geometry, the experimental inlet flow
is not a fully developed shear flow as a result of the
upstream extensional effects mentioned previously. This
extension is at 90° to the extension subsequently produced
along the cross-slot centre line and produces a PSD due to
light retardation in the materials principle axes at 90° to that
resultant from the cross-slot. After the inlet, the extensional
flow in the cross-slot re-orientates and stretches the material
such that the PSD moves back through zero due to the
change in the principal axis of the light retardation. This is
similar to the effect which causes the “zero stress eye” at
the outlet of the CE slit and cannot be taken into account in
the computation, as the simulated results prescribe a fully
developed solution on the inlet boundary. If the model is
accurate, this will lead to an over-prediction of the PSD in
the simulation compared to that experimentally observed
due to the initial PSD present within the material entering
the cross-slot. The simulation shown in Fig. 6b accurately
predicts both the general shape of the PSD and the cusping
along the inlet–outlet centre line. However, the quantitative
comparison is less accurate, and the simulation under-
predicts the PSD. This disagreement is worse when these
experimental inlet effects are taken into account and
indicates that the model is failing to capture some of the
effects of this strongly extensional flow and high strain
close to the stagnation point. Although the reason for this is
unclear, one possible explanation is that the behaviour of
the material in moderate extension rates with long residence
times, which is not probed by the CE slit flow, was not
accurately captured in the uniaxial rheology experiments.
This is possible, as the samples can break before Hencky
strains higher than 3 are reached.

A quantitative comparison of the stress along the axis of
symmetry for the CE slit (the dashed line in Fig. 6a) for all
three materials is given in Fig. 7. This gives an indication of
the performance of the computational predictions over a
range of apparent wall shear rates (4.2–24 s−1) for the three
materials and is a technique used successfully in previously
work (see for instance Park et al. 1992; Kiriakidis et al.

1993; Bent et al. 2003). For the most Newtonian-like
behaviour, shown by CM1, the agreement between the
experiment and simulation is excellent. The model accu-
rately captures the development and relaxation of the PSD
as the polymer flows into and out of the CE slit. Of the
three materials used, this is the most accurately rheologi-
cally characterised due to its relatively narrow relaxation
spectrum distribution, including the contribution to the
Maxwell modes by the high molecular weight (HMW)
chains. It is therefore expected that this gives the best
agreement between experiments and simulations. The
similar comparison for HDB2 shows that the simulations
slightly over-predict the PSD at the lowest rate and slightly
under-predicts the PSD at the highest two rates. If the
residual stress observed in this experiment from the
window (equating to a worst case scenario of a discrepancy
of half a fringe) is taken into account, then the simulation
for the two highest rates would match the stress levels at the
inlet to the slit. For all three flow rates, the PSD at the outlet
of the slit is over-predicted, with an increasing discrepancy
with increasing flow rate. This could be the result of the
three-dimensional nature of the flow in the experiment or the
simulation not accurately capturing the velocity field exiting

Fig. 6 Comparison between experimental and computational princi-
pal stress difference results for HDB2 at 155 °C within a the
contraction–expansion slit at flow rate of ~39.3 mm3 s−1, apparent
wall shear rate of ~12 s−1 and b the cross-slot at a flow rate of
~34.56 mm3 s−1 per inlet, maximum central extension rate of ~1.9 s−1.
Direction of the flow (illustrated in Fig. 4) is vertically upwards for the
CE slit. Materials flow into the cross-slot through the vertical channels
and out through the horizontal ones. As a representation of scale, the
CE slit length and cross-slot channel width are both 1.5 mm
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the CE slit and the associated downstream vortices. Although
further work would be required to identify the reason for the
difference, the general agreement is good and easily within
the error both in the prediction of the SOC and that found for
wall effects (Schoonen 1998).

For DOW150R, the most viscoelastic material, the
simulation slightly over-predicts the stress at the lower
two flow rates but accurately captures the stress at the
highest rate. Again, the shape of the stress development
along the centre line and its subsequent relaxation down-
stream of the slit is well captured. It should be noted that
due to computational limitations, the simulations were run
for lower times than the experiments (and hence a higher
De). This results in the downstream peak observed for the
higher two rates, which is the result of the fang having not
fully developed downstream to the wall and its effects
being seen along the symmetry centre line.

The greater entrance effects due to both shear stresses at
the window and quicker PSD relaxation after the entrance
to the slit, both observed for three-dimensional flows
(Clemeur et al. 2004a) were not noticeable in this work.
This increasing three-dimensional effect was found with
increasing flow rate, which could explain the transition
from over- to under-prediction of PSD with increasing flow
rate for CM1 and HDB2 and the opposite effect for
DOW150R. Hence, the effect of branching on the three-
dimensionality of the experiment is another possible reason
for the observed discrepancies, having previously been
found to effect the flow field for LDPE entering a CE slit
(Hertel et al. 2007).

A comparison of the pressure drops for simulated and
experiment results for all materials and shear rates within
the CE slit is given in Fig. 8, and the relative error in
pressure predictions are shown in Table 5. Although the
PSD is well captured for the three materials, the pressure
drop across the system is consistently below that found in
experiments. The general trend is for an increasing under-
prediction of the pressure drop with increasing viscoelas-
ticity. Whilst for CM1 and DOW150R the percentage under
prediction is similar for all three flow rates, this is not the
case for HDB2, with the reason for this being unclear.

Fig. 7 Principal stress difference profile comparisons between experi-
ments (points) and simulations (lines) along the contraction–expansion
slit centre line (outlined in Fig. 6a) for CM1 (top), HDB2 (middle) and
DOW150R (bottom)

Fig. 8 Pressure difference comparisons between experiments (points)
and simulations (lines) for all three materials
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Previous studies have shown similar differences in entrance
correction factors for LDPE materials in circular (Barakos
and Mitsoulis 1995) and slit dies (Mitsoulis et al. 2003)
using an integral K-BKZ model. Here, the level of strain
hardening in a material and the Hencky strain present at the
inlet was highlighted as a possible reason for the pressure
drop discrepancies. Whilst there is an increasing error in
this work between simulation and experimental pressure
drop results with increasing strain hardening, it does not
explain the good agreement with PSD. This mismatch is an
important observation, as the pressure drop should be
linked to the observed stresses, with any successful
prediction of PSD corresponding to an equivalent match
in pressure drop.

A similar quantitative comparison to that presented in
Fig. 7 for the CE slit is shown for the cross-slot in Fig. 9.
This compares the stress along the inlet–outlet centre line of
the flow (the dashed line in Fig. 6b) for CM1 and HDB2.
As before, the comparison is made over a range of
maximum extension rates (~0.76–3.8 s−1.) and wall shear
rates (~1.84–9.2 s−1). For the least viscoelastic material,
CM1, the match between experiment and simulation at the
lower two extension rates is again good, whilst at the higher
extension rate (3.8 s−1), the simulation over-predicts the
PSD profile. In all three cases, the simulations qualitatively
capture the increase in PSD asymmetry associated with the
higher rates of deformation and the match along the inlet–
outlet centre line is good.

In the case of HDB2, the match at the lowest extension
rate is good, whilst at the higher rates, unlike for CM1, the
simulation under-predicts the PSD. For these higher rates,
the relaxation decay at the outlet is quantitatively captured,
but the high rate of increase in the PSD at the inlet is not.
The experimental inlet effects are observed for these higher
rates and the PSD along the centre line starts positive rather
than at zero. Given this observation, the under prediction by
the simulations of the PSD at these higher rates is even
more pronounced and could be a result of the failure of the
rheology to capture the longer relaxation modes. This can
be visualised in Fig. 2 as a continuation of the HDB2 curve
to higher relaxation times where this additional contribution
would be caused by the HMW chains. In the high

extensional regions close to the stagnation region within
the cross-slot flow, these chains will be subjected to higher
strain (Crowley et al. 1976) and thus affect the PSD pattern
observed in the experiments. It was not possible to run
simulations for DOW150R, as they would not reach
convergence. One possible reason for this could be the
requirement for unfeasibly fine meshes to be employed near
the stagnation region of the cross-slot, given the effect of
mesh refinement found in areas of high stress gradients in
the CE slit flow.

In the case of all three materials, the simulations give
good predictions of the PSD profiles over a range of flow
conditions in the CE slit, accurately capturing the material
behaviour in regions of high shear. However, the model
using the same rheological parameters fails to accurately
capture PSD patterns for similar materials in cross-slot flow
where regions of high strain, residence time and extensional
rates are present. There are three possible explanations for
these observations: (1) The POM-POM model does not
accurately capture the molecular behaviour in these highly
orientating flows; (2) its implementation in flowSolve
results in discrepancies in its ability to model these highly
orientating flows; and (3) the rheological characterisation
has failed to accurately capture the longer relaxation modes
within the material, associated with the HMW chains which
have a greater affect in the high strain flow. If it is a result
of the rheological characterisation, it is unclear why this
would lead to an over-prediction of the PSD for CM1 at the
highest extensional rate. However, it would explain why,
for the lowest rate, the HDB2 PSD profile is accurately
captured, whilst at higher rates where higher molecular
orientation is found, and thus the HMW chains have a
greater influence, the simulations under-predicts the PSD.

Time dependence of stress profile

So far, the PSD development has been characterised for
increasing levels of viscoelasticity in the two flows outlined
by varying the flow rates (analogous to varying the
Weissenberg number, We). A similar pattern can be
observed in these two flows by varying time as a parameter
(analogous to varying the Deborah number, De) for a
constant flow rate (We). Figure 10 shows the PSD
development for DOW150R in the CE slit flow at an
apparent wall shear rate of ~12 s−1, as a function of time,
and illustrates elegantly the development of the PSD
pattern. At low De, the material has a Newtonian profile
similar to that observed in Fig. 5a for CM1 due to the
absence of any past stress–strain history and hence
viscoelastic effects. As time develops and the material is
subjected to further deformation, whereby the materials
memory can influence the stress pattern, the PSD profile
develops an increasing asymmetry. These transient profiles

Table 5 Relative error in pressure prediction (in %) between
experiment and simulations for the contraction–expansion slit geometry

γ
�
app

(s−1) CM1 HDB2 DOW150R

4.8 19.3 8.9 56
12 22.3 33.6 46
24 24.1 17.9 54

Difference is defined as [(Pexp − Psim)/Pexp]×100.
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also capture the development of the stress fangs observed
previously (Lee et al. 2001) from the outlet corners of the
slit and their propagation downstream. As can be seen from
Fig. 10b–f, this development is complex, with very high
PSD gradients, represented by closely packed fringes,
around the area of the fangs and close to the slit wall. This
localisation of the PSD fringes makes accurate comparison
with simulations for this particular material and flow rate
difficult and is illustrated in the corresponding simulation
results given in Fig. 11. Here, the transient development of
the PSD pattern is captured at times corresponding to
Fig. 10a–e and illustrates the predicted development of the
stress fangs. The PSD gradients are highest at the wall and
at positions downstream where these high gradient regions
are advected downstream over time. This is similar to the
previous experimental observations in Fig. 10. The simu-
lation also captures the upstream PSD development from an
initial “C shape” (Figs. 10b–e and 11a–d) similar to those
observed for the other two materials (Fig. 5a and b) to a
“butterfly wing” shape (Figs. 10f and 11e). Whilst in

general the simulation captures well these transient features,
it over-predicts the time required for the development of the
stress fangs and under-predicts the time required for the
development of the “butterfly wings”. It is possible that
both these failings could be accounted for by the three-
dimensional nature of the flow up and downstream of the
slit. Subsequent rounding of the slit corners will reduce
these localised gradients and may allow better comparison
between experiments and simulations.

Figure 12 shows a similar time evolution for HDB2 in
the cross-slot geometry for a central extension rate of
~7.6 s−1 and a wall shear rate of ~19.6 s−1 using both
experimental (Fig. 12a–c) and computational (Fig. 12d–e)
techniques. Again, at low De, the material has a Newtonian
profile similar to that observed in Fig. 5d for CM1. As in
Fig. 10, as the flow evolves, the past deformation of the
material enhances the effect of material memory on the
PSD pattern. This results in increasing levels of asymmetry
between the inlet–outlet centre line and cusping along the
outlet centre line. The cusping is a result of the high
extension rate and residence time experienced by the
material along the centre line. Comparison between the
experimental and simulation results shows that the simula-
tion accurately captures quantitatively the development of

Fig. 10 Transient flow induced birefringence images for DOW150R at a
flow rate of 39.3 mm3 s−1, apparent wall shear rate of ~12 s−1 (a–f). The
development of the stress fangs is highlighted by circles along with
e the formation of small secondary fangs close to the slit wall and more
complex slit PSD profile. Direction of the flow (illustrated in Fig. 4) is
vertically upwards. As a representation of scale, the CE slit length is
1.5 mm.

Fig. 9 Principal stress difference profile comparisons between experi-
ments (points) and simulations (lines) along the cross-slot inlet outlet
centre line (outlined in Fig. 5b) for CM1 (top) and HDB2 (bottom)
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this increasing asymmetry. However, the simulation devel-
opment outlined in Fig. 12d–e under-predicts the PSD
gradients observed close to the stagnation point. The
reasons for this are likely to be similar to those outlined
in the last paragraph of “Comparison with simulation”.
Both Figs. 10 and 12 illustrate the enormous information on
the materials behaviour which can be obtained by varying the
time in a similar manner to varying material viscoelasticity.

Conclusions

The effect on the PSD profile of increasing levels of
viscoelasticity within polyethylene was captured in two
flow geometries using flow-induced birefringence. In both
flows, the PSD developed from an initial Newtonian profile
to increasing levels of asymmetry between the inlet and the
outlet flow. In the CE slit, at high levels of viscoelasticity,
the formation of upstream vortices and downstream stress
fangs were observed, similar to previous work (Lee et al.
2001). In the cross-slot, increasing viscoelasticity results in
cusping along the outlet centre line, whilst further increase
resulted in highly localised fringes on the outlet centre line
and the formation of “W” cusps similar to those observed
elsewhere (Soulages et al. 2007).

Subsequent comparisons between these results and
multimode POM-POM simulations performed using flow-
Solve were then successfully performed for all cases but the
most highly viscoelastic material in the cross-slot flow. For
the CE slit, the simulations accurately captured both
qualitatively and quantitatively the development of the
PSD pattern for the CE slit flow for varying flow rates and
viscoelasticity. The corresponding match between the
pressure drop across the CE slit was less accurate, with
the simulation under-predicting the pressures in all three
materials, similar to previously reported studies. Simula-
tions performed for the cross-slot geometry found good
qualitative agreement with experimental findings, but
quantitative discrepancies were found. Subsequent transient
comparison in two cases highlighted good qualitative
prediction of the PSD development, although discrepancies
in the speed of the development were found. These
discrepancies may be the result of either the software’s
inability to deal with the increased extensional strain in
both flows flow, the three-dimensional nature of the
experiments or the failure to fully capture the rheological
behaviour of longer relaxation modes in uniaxial extension.
Further work will focus on identifying which of these three

Fig. 12 Transient flow induced birefringence images for HDB2 at a
flow rate of ~138 mm3 s−1 per inlet, maximum central extension rate
of ~7.6 s−1, highlighting the principal stress difference profile
development from initially Newtonian to increasing asymmetry. a–c
Experimental results and d–f the corresponding simulation predic-
tions. Direction of the flow (illustrated in Fig. 4) is into the cross-slot
through the vertical channels and out through the horizontal ones. As a
representation of scale, the cross-slot channel width is 1.5 mm

Fig. 11 Simulation results corresponding to the images shown in Fig. 10
for DOW150R in the CE slit (a–e). Direction of the flow (illustrated in
Fig. 4) is vertically upwards. As a representation of scale, the CE slit
length is 1.5 mm
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factors results in these observed differences between
simulations and experimental work for this geometry.
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