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1 Introduction

The importance of asymptotic symmetries of gravitational and gauge theories has been
appreciated to an ever increasing extent, starting with the discovery by Bondi, van der
Burg, Metzner and Sachs (BMS) of an infinite-dimensional symmetry group governing the
phase space of General Relativity with asymptotically flat boundary conditions [1, 2]. In
particular, conservation laws associated to BMS symmetries — also called supertranslations
— have been shown to yield Ward identities that are equivalent to Weinberg’s soft graviton
theorems and the displacement memory effect [3–5]; see the reviews [6, 7].

In its original form, the BMS group contains supertranslations and Lorentz transfor-
mations where the latter act as Conf(S2) global conformal transformations on the celestial
sphere. More recently, the extended BMS group [8] and the generalized BMS group [9, 10]
have been considered two possible alternative extensions to the BMS group. Their new
elements essentially act through Virasoro local conformal transformations and Diff(S2)
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diffeomorphisms on the celestial sphere, respectively. The associated symmetry transfor-
mations go under the name of superrotations in both cases. Similarly to supertranslations,
superrotations have been related to subleading soft graviton theorems [9, 11, 12] and have
been instrumental in the discovery of new memory effects [13, 14].

Supertranslations and superrotations are spontaneously broken, leading to an infinite
degeneracy of gravitational vacua in asymptotically flat spacetimes [3, 15]; an explicit
construction of these vacua was presented in [14, 16, 17]. In the present work, we derive
an effective action for superrotation modes on the celestial sphere which describes the
explicit breaking of general superrotations down to the Virasoro subgroup, together with
the spontaneous breaking of the latter. This is similar to the way the Schwarzian action
describes the explicit breaking of Diff(S1) down to SL(2,R) in the context of gravity in
two-dimensional anti-de Sitter (AdS) space [18].

The approach employed in this work is reminiscent of other recent works on gravity
in two and three dimensions. These lower-dimensional models exhibit no gravitational
radiation so that all non-trivial states reside on the boundary. Consequently, it is possible
to derive from the bulk theory an action that captures the dynamics of the boundary modes;
see [19–22] for constructions on AdS3, dS3, and three-dimensional flat space, respectively.
In the case of pure three-dimensional flat space, one finds that the boundary action at null
infinity further reduces to an action on its (one-dimensional) boundary. More precisely,
the analysis of [23] shows that the action obtained in this way is a Schwarzian action for
superrotation modes. As will be seen, the action we obtain in the present work is the
natural generalization of this result to four-dimensional asymptotically flat gravity.

In the remainder of this introduction we present an outline of our work and highlight
some of the main steps along the way.

In section 2 we provide a description of four-dimensional asymptotically flat gravity in
a first order formulation where the independent variables are frame fields and associated
spin connection coefficients. Imposing the standard Newman-Unti boundary conditions at
future null infinity I + [24], we show that the set of residual large gauge symmetries gen-
erates the extended/generalized bms4 algebra together with boundary Weyl rescalings, in
agreement with an earlier analysis performed by Barnich and Lambert [25]. The formalism
which we use closely follows that of Korovin [26] and differs only in the use of the more
restrictive Newman-Unti boundary conditions.

We proceed in section 3 with an asymptotic analysis of the field equations, restricting
our attention to field configurations without gravitational radiation going through I +.
These radiative vacua differ asymptotically from Minkowski space by large gauge trans-
formations [14, 16]. Hence, radiative vacua spontaneously break the asymptotic symmetry
group. This spontaneous breaking is characterized by supertranslation and superrotation
modes whose description is the subject of the present work. As a first step in that direction,
we organize the field equations into successive layers that may be solved iteratively near
I +. Interestingly, the first layer precisely coincides with the equations of motion of an
so(3, 1) = conf(2) Chern-Simons theory defined at null infinity,

S = k

4π

∫
I +
〈A ∧ dA+ 2

3A ∧A ∧A〉 , (1.1)
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where the algebra-valued gauge connection A may be decomposed as

A = hH + eaPa + baBa + ωJ . (1.2)

With hindsight, the appearance of the Lorentz group SO(3,1) is barely surprising as it is
the symmetry group of the light-cone of which null infinity is a close cousin.

Except for its component ba, the gauge field of the above Chern-Simons theory admits
a natural interpretation in terms of the intrinsic conformal geometry1 at null infinity [28].
In order to describe the asymptotic structure of a four-dimensional spacetimeM equipped
with metric gαβ , it is convenient to introduce its conformal compactification [29, 30]. To
this end, one introduces the rescaled unphysical metric

g̃αβ = Ω2gαβ , (1.3)

where the conformal factor Ω is chosen in such a way that g̃αβ is everywhere finite. Null in-
finity I is then defined as the locus where this conformal factor vanishes, and is understood
as the spacetime conformal boundary. When pulled back to this boundary surface Ω = 0,
the unphysical metric g̃ induces a degenerate boundary metric q whose kernel is spanned
by the vector n normal to I . This defines a Carrollian structure on I . The components
ea of the Chern-Simons connection play the role of frame fields for this degenerate metric,

qµν = δabe
a
µe

b
ν , ea · n = 0 . (1.4)

The choice of conformal factor Ω in (1.3) is not unique, however. Any change Ω 7→ eηΩ still
yields a regular unphysical metric, and induces a Weyl rescaling q 7→ e2ηq at I . Obviously,
this freedom should be considered unphysical or pure gauge, while any sensible physical
quantity computed at I ought to be Weyl-invariant. One might therefore find convenient
to work with a torsion-free Weyl covariant derivative D̂ at I which, in contrast to more
conventional metric compatible derivative operators, is constructed such as to be invariant
under Weyl rescalings [31]. We review this construction in appendix A. A Weyl covariant
derivative satisfies

D̂ρqµν = hρqµν , (1.5)

where the Weyl vector h is a priori arbitrary and transforms like a gauge field for Weyl
rescalings, h 7→ h + dη. As it turns out, the component h of the Chern-Simons gauge
field (1.2) precisely behaves as a Weyl vector. The spin connection ω̂ associated to the
Weyl derivative D̂ satisfies

ω̂ab = ωab − hδab , (1.6)

where ωab is a metric compatible spin connection with torsion, and the quantity ω appearing
in (1.2) is its Hodge dual,

ωab = −ωεab . (1.7)
1We also refer the reader to the recent work [27] for a mathematical description of null infinity from an

intrinsic conformal geometric perspective.
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The main surprise comes from the field ba which does not admit an intrinsic geometric
interpretation at null infinity. Instead we identify it with the pull-back to I of the Schouten
tensor S̃αβ associated to the unphysical bulk metric g̃αβ ,

Sµν ≡ S̃µν
∣∣
I

= −2ba
µe

a
ν , S̃αβ = R̃αβ −

1
6R̃ g̃αβ . (1.8)

This quantity encodes information about gravitational radiation passing through I , but is
not invariant under boundary Weyl rescalings. The News tensor Nµν contains the physical
Weyl-invariant information,

Nµν ≡ Sµν − ρµν , (1.9)

where the Geroch tensor ρµν is a geometric tensor intrinsically defined on I whose trans-
formation under Weyl rescalings precisely cancels that of Sµν [30]. As already mentioned,
solutions of the Chern-Simons theory (1.1) correspond to radiative vacua of asymptotically
flat gravity. Insisting on having vanishing News associated to such radiative vacua,2 the
Chern-Simons theory therefore describes the corresponding set of tensors ρµν that charac-
terize the respective vacua.

Radiative vacua and their associated field configurations have been described in [14, 16].
In particular, it has been shown that they are all related by superrotation symmetries,
i.e. by mappings of the celestial sphere onto itself [17]. Using complex stereographic coor-
dinates (z, z̄), superrotations are thus generated by arbitrary reparametrizations

z′ = Π(z, z̄), z̄′ = Π̄(z, z̄) . (1.10)

In section 4 we proceed with the Hamiltonian reduction of the Chern-Simons theory and
derive an action for this reparametrization mode,

S [Π] = t

16π

∫
S2
d2z

∂z∂z̄Π ∂2
zΠ

(∂zΠ)2 + t̄

16π

∫
S2
d2z

∂z̄∂zΠ̄ ∂2
z̄ Π̄

(∂z̄Π̄)2 . (1.11)

It is recognized as a complex version of the geometric action on a coadjoint orbit of the
Virasoro group put forward by Alekseev and Shatashvili [32]. The derivation of this con-
formal field theory for the superrotation reparametrization mode is the main result of this
work. The above effective action offers a unified treatment of Virasoro and Diff(S2) super-
rotations and at the same time highlights the difference between them. Indeed, Diff(S2)
superrotations Π(z, z̄) have non-zero action and are therefore explicitly broken. On the
other hand, holomorphic Virasoro transformations Π(z) have zero action and may be un-
derstood as labeling spontaneously broken superrotation vacua.

Conventions. Indices α, β, γ, . . . denote four-dimensional, µ, ν, . . . denote three-
dimensional, and i, j, k, . . . denote two-dimensional coordinate indices. Similarly, sans
serif letters A,B,C, . . . denote four-dimensional frame indices, while a, b, c, . . . denote two-
dimensional frame indices. For the latter, which are raised and lowered with δab, we will
not distinguish between covariant and contravariant indices.

2Sometimes a different convention has been adopted where ρµν is fixed once and for all, such that
the various vacuum configurations ρµν = Svac

µν translate into various vacuum News configurations Nvac
µν

instead [14, 16].
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2 Asymptotically flat spacetimes

In this section we start by describing the Newman-Unti gauge and associated boundary
conditions, both in metric and first order formulation. We then discuss residual asymptotic
symmetries, recovering the extended/generalized BMS4 symmetries together with bound-
ary Weyl rescalings [25].

2.1 Newman-Unti gauge

For definiteness, we restrict the asymptotic analysis to the neighborhood of future null
infinity I +, but a similar analysis may be performed near past null infinity I −. Our
starting point is the metric in Newman-Unti (NU) gauge [24], characterized by

gur = −1, grr = gri = 0 , (2.1)

such that the most general metric in this gauge is of the form

ds2 = guu du
2 − 2 dr du+ gui du dx

i + gij dx
i dxj , (2.2)

with falloff conditions

guu = O(r), (2.3a)
gui = O(r0), (2.3b)
gij = r2γij + rCij +O(r0). (2.3c)

This choice of gauge is reached by demanding that slices of constant u be lightlike and
that their normal vector, lying in the lightlike hypersurface, generate geodesics with affine
parameter r. The remaining coordinates xi label geodesics in a constant u-hypersurface.
The freedom in scaling r is used to set gur = −1, while its origin is fixed such as to enforce
the additional condition of having no term of order r−2 in

ρ ≡ −1
4g

ij∂rgij = −r−1 +O(r−3). (2.4)

In particular, tracelessness of the shear tensor follows from this condition,

γijCij = 0 . (2.5)

As an aside, let us mention that the more widely used Bondi gauge, defined by the gauge
fixing conditions

gr̄r̄ = gr̄i = 0, ∂r̄ det
(
gij
r̄4

)
= 0 , (2.6)

differs from the NU gauge only by the choice of radial coordinate r̄. The relation between
these two coordinate systems is simply given by [25, 33]

r̄ =
(

det gij
det γij

) 1
4

= r +O(r−1) . (2.7)
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The difference between these two gauges appears only at subleading order and, being a
choice of gauge, should not affect the computation of physical quantities such as surface
charges [25]. We find that the subsequent analysis is most transparent and natural in
NU gauge.

We turn to a description of the above metric in terms of frame fields which, together
with the spin connection, are the independent fields in a first order formulation of gravity.
The frame fields EA

α , which form a vector basis in the spacetime tangent bundle, satisfy

gαβ = ηABE
A
αE

B
β . (2.8)

We will label the four covectors by û, r̂, a where a = 1, 2. The Lorentzian tangent space
metric is taken to be

ηûr̂ = −1 , ηab = δab . (2.9)

In particular, there is no difference between a lower or upper frame index a. The spin
connection Ω A

α B contains the Ricci rotation coefficients in this frame basis,

∇αEA
β = −Ω A

α BE
B
β . (2.10)

Metric compatibility of the covariant derivative ∇ requires antisymmetry of the spin con-
nection with respect to frame indices, Ω[AB] = 0, which we assume for consistency with
the metric formulation of General Relativity. In a first order formulation thereof, the spin
connection is considered an independent field. It can be completely solved in terms of the
frame fields through its own equation of motion, the vanishing torsion constraint

TA = 0 , TA ≡ dEA + ΩA
B ∧ EB . (2.11)

The covariant derivative ∇ then reduces to the standard metric compatible and torsion-free
Levi-Civitá one.

In the first order formulation one has the freedom to perform general coordinate trans-
formations, as well as local Lorentz transformations (LLT) that leave the tangent space
metric ηAB invariant. We use this freedom to impose the gauge conditions

Eû
u = E r̂

r = 1, Eû
r = Eû

i = Ea
r = 0, Ω ab

r = Ω r̂a
r = 0 . (2.12)

Vanishing of the torsion components T û
ru and T û

ri directly yields

Ω AB
r = 0, for all A,B , (2.13)

such that we may consider these ‘extended’ conditions for simplicity. In section 2.2, we
will show that the above gauge conditions leave some residual gauge symmetries, to be
interpreted as asymptotic symmetries. Thus, the frame fields take the form

Eû = du , (2.14a)
E r̂ = dr + E r̂

u du+ E r̂
i dx

i , (2.14b)
Ea = Ea

u du+ Ea
j dx

j . (2.14c)
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The corresponding dual vector fields are given by

Eû = ∂u +
(
E r̂
iE

i
aE

a
u − E r̂

u

)
∂r − Ea

uE
i
a∂i , (2.15a)

Er̂ = ∂r , (2.15b)
Ea = Eia∂i − EiaE r̂

i∂r , (2.15c)

where Eia is defined to be the inverse of Ea
i and therefore satisfies

EiaE
a
j = δij , EiaE

b
i = δb

a . (2.16)

Taken together, the gauge-fixing conditions (2.12) and (2.13) define the NU gauge in terms
of frame fields and spin connection [24]. Since the NU gauge is usually discussed in terms
of Newman-Penrose (NP) quantities, we provide an explicit translation of our gauge-fixing
conditions to the NP formulation in appendix B.

In order to satisfy the NU fall-off conditions (2.3), we require

E r̂
µ = rhµ + h(0)

µ +O(r−1), (2.17a)
Ea
µ = rea

µ + e(0)a
µ +O(r−1), (2.17b)

where all asymptotic fields depend on u, xi, and with

ea
u = 0, e(0)a

u = eiahi ≡ ha. (2.18)

The field ea
µ plays the role of frame field for the three-dimensional degenerate metric qµν on

I +, whose pull-back onto two-dimensional spatial sections thereof is γij . We will refer to
any such spatial section as the celestial sphere. It is therefore natural to apply ea

i to fields
‘living’ at I + — fields appearing in the asymptotic expansion (2.17) and which have no
dependence on the radial coordinate — in order to switch between coordinate indices i and
frame indices a. We may similarly decompose spatial vectors onto this frame field basis.
In particular, we write

e
(0)a
i = 1

2Cabe
b
i . (2.19)

Upon imposing the vanishing torsion constraint (2.11), it may be shown that the gauge
condition Ω ab

r = 0 yields
C[ab] = 0. (2.20)

As mentioned in the introduction and explained in more details in section 3 and ap-
pendix A, the frame field hµ appearing in (2.17) is interpreted as Weyl vector for the
connection induced at the boundary. Since it is pure gauge hµ, it must be fixed on all of
I + in order to solve the field equations.

We further restrict the phase space to field configurations satisfying the boundary
condition

ea
i (u, x) = Θ(u, x)ēa

i (x), hu = ∂u ln Θ . (2.21)

In order to make contact with recent works [9, 10, 14], we assume that the field ēai is
completely arbitrary and only its determinant is fixed to yield the volume form of the unit

– 7 –



J
H
E
P
0
2
(
2
0
2
1
)
1
0
8

round metric on the celestial sphere. As we will see explicitly in the next section, these
boundary conditions imply that the asymptotic symmetry algebra contains superrotations.
The field Θ in (2.21) on the other hand can be regarded as the ambiguity in the conformal
factor used to define the unphysical metric (1.3). It is pure gauge and can thus be fixed to
any desired value.

The freedom in choosing the conformal factor is often used to go to a Bondi conformal
frame in which

∇̃α∇̃βΩ|I + = 0 (2.22)

holds where ∇̃ is the Levi-Civitá connection associated to g̃. In the present context this
corresponds to setting hu = 0. While the use of a Bondi conformal frame is convenient for
discussing quantities defined strictly on I , it is less so if one is interested in the behavior
of fields in a neighborhood of spatial infinity. In fact, using the Ashtekar-Hansen definition
of asymptotic flatness near null and spatial infinity, one finds that a conformal factor
obeying (2.22) is incompatible with asymptotic flatness at spatial infinity [34, 35]. Since
we are ultimately interested in fields defined at I +

− , we will refrain from setting hu = 0 in
general. Nevertheless, in order to compare with results in the literature we will sometimes
go to a Bondi conformal frame by which we mean in a slight abuse of terminology the
stronger condition

hµ = 0 (2.23)

We are not aware of any pre-existing treatment of the less restrictive gauge hi 6= 0.
In terms of frame field components, the asymptotic expansion of the metric (2.2) is

guu = −2rhu + (−2h(0)
u + haha) +O(r−1) , (2.24a)

gui = (hae
(0)a
i − h(0)

i + ea
i e

(1)a
u ) +O(r−1) , (2.24b)

gij = r2γij + rCij +O(r0) , (2.24c)

with
γij = δabe

a
i e

b
j , Cij = ea

i e
b
jCab . (2.25)

As in the metric formulation, we require tracelessness of the shear tensor Cij as an addi-
tional gauge-fixing condition,

γijCij = δabCab = 0 . (2.26)

In the first order formulation of gravity, we also need to provide fall-off conditions for
the spin connection. As stated above, the latter will be uniquely determined through the
vanishing torsion constraint (2.11). Fall-off conditions that are compatible with this unique
solution take the form

Ω ûr̂
µ = ω ûr̂

µ +O(r−2) , (2.27a)
Ω ûa
µ = ω ûa

µ +O(r−2), (2.27b)
Ω r̂a
µ = ba

µ + r−1ω(1)̂ra
µ +O(r−2), (2.27c)

Ω ab
µ = ω ab

µ +O(r−2) . (2.27d)
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The boundary conditions defined above agree with those originally defined in [24] and
more recently discussed in [25, 36, 37]. The field hi is usually eliminated by a null rotation
around Eû. Refraining from doing this will allow us to identify a gauged so(3, 1) = conf(2)
symmetry algebra governing the asymptotic fields.

2.2 Residual asymptotic symmetries

We now discuss residual gauge symmetries that preserve the NU gauge-fixing condi-
tions (2.12). In the first order formulation of gravity, gauge symmetries include covariant
general coordinate transformations3 (cgct) as well as local Lorentz transformations (LLT).
The infinitesimal transformation of the frame fields and the spin connection is given by

δEA
α = ξβ∂βE

A
α + EA

β ∂αξ
β − Λ̄A

BE
B
α , (2.28a)

δΩ AB
α = ξβ∂βΩ AB

α + Ω AB
β ∂αξ

β + ∂αΛ̄AB + Ω CA
α Λ̄B

C − Ω CB
α Λ̄A

C , (2.28b)

where
Λ̄A

B ≡ ΛA
B − ξαΩ A

α B . (2.29)

The vector field ξ generates cgct while the antisymmetric matrix ΛAB generates LLT. These
infinitesimal transformations may be written alternatively as [26, 38]

δEA
α = ∂αξ

A − ΛA
BE

B
α + ξBΩ A

α B + ξβTA
βα , (2.30a)

δΩ AB
α = ∂αΛAB + Ω CA

α ΛB
C − Ω CB

α ΛA
C + ξβRAB

βα , (2.30b)

where ξA = ξαEA
α and the curvature tensor has been introduced,

RAB = dΩAB + ΩA
C ∧ ΩCB . (2.31)

Preservation of the gauge-fixing conditions (2.12) impose restrictions on the symmetry
generators ξ and ΛAB. Looking first at transformations of the frame fields, we obtain the
constraints

0 = ∂rξ
u , (2.32a)

0 = ∂uξ
u + Λ̄ûr̂ − Λ̄ûaEa

u , (2.32b)
0 = ∂iξ

u − Λ̄ûaEa
i , (2.32c)

0 = E r̂
α∂rξ

α − Λ̄ûr̂ , (2.32d)
0 = Ea

α∂rξ
α − Λ̄ûa , (2.32e)

which are solved by

∂rξ
u = 0 , ∂rξ

i = gij∂jξ
u , ∂rξ

r = −∂uξu +
(
Ea
iE

a
u − E r̂

i

)
∂rξ

i , (2.33)

3Covariant general coordinate transformations preserve the tensorial nature of fields with respect to
internal gauge symmetries, such as LLT in this case. They may be thought of as standard diffeomorphisms
corrected by simultaneous internal gauge transformations. See chapter 11 of [38].
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together with

Λ̄ûa = Ea
i ∂rξ

i , (2.34a)
Λ̄ûr̂ = ∂rξ

r + E r̂
i∂rξ

i . (2.34b)

The first set of equations implies

ξr = −r∂uξu + α(u, x) +O(r−1) , (2.35a)
ξi = Y i(u, x)− r−1γij∂jξ

u +O(r−2) , (2.35b)

and we deduce from (2.34) that Λ̄ûa and Λ̄ûr̂ scale like O(r−1) and O(r0) asymptotically,
respectively. Looking at the transformation of the spin connection yields the additional
restrictions

0 = δΩ r̂a
r = ∂rΛr̂a − ξµ∂rΩ r̂a

µ , (2.36a)
0 = δΩ ab

r = ∂rΛab − ξµ∂rΩ ab
µ . (2.36b)

These are solved by LLT generators of the form

Λr̂a = λa(u, x) + r−1
(
ξuω(1)̂ra

u + Y iω
(1)̂ra
i

)
+O(r−2) , (2.37a)

Λab = λab(u, x) + r−1
(
Y iω

(1)ab
i

)
+O(r−2) , (2.37b)

where the leading expansion coefficients λa and λab are left unconstrained, while the sub-
leading terms are fully determined by (2.36). Having deduced the asymptotic scaling of all
residual gauge parameters, one can check that preservation of the Ea

u fall-off further requires

∂uY
i = 0 , (2.38)

while all other fall-off conditions are trivially satisfied.
Variations of the boundary metric and shear tensor are given by

δγij = 2 (−∂uξu + ξuhu) γij + LY γij , (2.39a)
δCij = ξu∂uCij − ∂uξuCij + 2αγij + LY Cij − 2D(iDj)ξ

u , (2.39b)

where LY is the intrinsic Lie derivative on the celestial sphere and D is any metric compat-
ible connection associated to γij . Preservation of the shear tracelessness fully determines
the function α,

α = 1
2D

2ξu . (2.40)

The requirement that the determinant of ēa
i be fixed implies

δ(√γ) = 2Θ−1 δΘ √γ , (2.41)

which, using (2.39a), yields

ω ≡ Θ−1δΘ = −∂uξu + ξuhu + 1
2DiY

i . (2.42)
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This equation can be interpreted in two different ways depending on the choice of inde-
pendent gauge parameters, as emphasized in [25]. One possibility would be to consider
ξu(u, x) an independent parameter, yielding the Newman-Unti group as asymptotic sym-
metry group. Here, we choose instead to regard ω as one of the independent gauge param-
eters in order to single out boundary Weyl rescalings, which should be regarded as pure
gauge. This alternative viewpoint yields the extended/generalized BMS group as asymp-
totic symmetry group. Equation (2.42) then determines the u-dependence of ξu in terms
of ω,

ξu = Θ
(
T (x) + 1

2

∫ u

du′ Θ−1(DiY
i − 2ω)

)
. (2.43)

In summary, the residual asymptotic symmetries are fully characterized by the arbi-
trary functions

{ω(u, x), T (x), Y i(x), λa(u, x), λab(u, x)}. (2.44)

Following earlier works [8, 25], it is straightforward to compute the algebra of asymptotic
Killing vectors ξ[T, ω, Y i]. Because of their explicit dependence on the metric field, one
has to use the modified Lie bracket

[ξ1, ξ2]M ≡ [ξ1, ξ2]− δgξ1
ξ2 + δgξ2

ξ1 , (2.45)

where δgξ1
ξ2 is the metric variation of ξ1 induced from δgαβ = Lξ1gαβ . The resulting Lie

algebra is [
ξ[T1, ω1, Y1], ξ[T2, ω2, Y2]

]
M

= ξ[T12, ω12, Y12] , (2.46)

with

T12 = Y i
1∂iT2 + 1

2T1DiY
i

2 − (1↔ 2) , (2.47a)

Y i
12 = Y j

1 ∂jY
i

2 − (1↔ 2) , (2.47b)
ω12 = 0 . (2.47c)

By inspection of (2.46), one may recognize ω, T and Y i as the generators of boundary
Weyl rescalings, supertranslations and superrotations — diffeomorphisms of the celestial
sphere —, respectively. Well-known algebras arise by considering additional phase space
restrictions. For any fixed choice of Θ, i.e. for ω = 0, the above algebra reduces to the
generalized BMS algebra [9]. Requiring furthermore the metric γij to be conformal to the
unit sphere metric in stereographic coordinates yields the extended BMS algebra [39].4

In the first order formulation of gravity which we are considering, we see the appearance
of additional residual gauge parameters λa and λab. As will be discussed in the next section,
including these will allow us to identify a representation of the gauged so(3, 1) = conf(2)
algebra at null infinity.

4Vector fields generating Virasoro transformations have singularities on the celestial sphere, such that
strictly speaking, they do not form a subset of Diff(S2) generators.
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3 Radiative vacua

In this section, we show that the subset of asymptotic fields ea, h, ωab, ba introduced in (2.17)
and (2.27) naturally falls into a representation of the gauged so(3, 1) algebra and may be
consequently described in terms of a Chern-Simons theory. To show this, we first impose
additional conditions on the phase space of section 2.1 that eliminate all radiative degrees
of freedom. We organize the gravitational field equations into successive layers which may
be solved iteratively near I +. The fields ea, h, ωab, ba are those appearing in the first layer
of equations. In section 3.3 we exhibit their SO(3,1) symmetry transformations before
presenting a Chern-Simons theory which reproduces both symmetry transformations and
field equations of the radiative vacuum sector in section 3.4. Finally, we complete the bulk
analysis by solving the second layer of gravitational field equations in section 3.5.

3.1 Vacuum conditions

In order to exhibit a gauged so(3, 1) algebra, we impose the following three additional
conditions on the phase space:

• Vanishing of the leading order term in each component of T r̂ and T a,

• Vanishing of the leading order term of the scalar curvature R,

• Absence of gravitational radiation at future null infinity.

The first two conditions are very mild as they are automatically satisfied by any gravi-
tational solution satisfying the vanishing torsion constraint (2.11) together with Einstein
equations, provided that no matter source lies in a neighborhood of I +. The last con-
dition is much stronger and severely reduces the number of physical situations that can
be described. As far as an observer sitting at null infinity is concerned, this condition
essentially restricts the states under consideration to gravitational vacua. This does not
completely trivialize the discussion however, since gravitational vacua are known to be
infinitely degenerate [6, 7, 14, 16].

The torsion components of interest are given asymptotically by

T r̂
rµ =

(
hµ − ω ûr̂

µ

)
+O(r−2) , (3.1a)

T r̂
µν = r

(
∂µhν + ba

µe
a
ν − µ↔ ν

)
(3.1b)

+
(
∂µh

(0)
ν + hµh

(0)
ν + ba

µe
(0)a
ν + ω(1)̂ra

µ ea
ν − µ↔ ν

)
+O(r−1) , (3.1c)

T a
rµ =

(
ea
µ − ω ûa

µ

)
+O(r−2) , (3.1d)

T a
µν = r

(
∂µe

a
ν + ω ab

µ eb
ν + ea

µhν − µ↔ ν
)

(3.1e)

+
(
∂µe

a(0)
ν + ba

µδ
u
ν + ea

µh
(0)
ν + ω ab

µ e(0)b
ν − µ↔ ν

)
+O(r−1) . (3.1f)

Setting the leading order terms to zero yields

ω ûr̂
µ = hµ, ω ûa

µ = ea
µ , (3.2)
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and

0 = dh− ea ∧ ba, (3.3)
0 = dea + ωa

b ∧ eb + ea ∧ h. (3.4)

Here and in the following, the form notation is reserved for three-dimensional tensors living
at null infinity. As mentioned in the introduction, it is natural to interpret the fields ea

as frame fields for the degenerate metric (1.4) induced at I +. The field ωab appears as
the spatial part of the associated spin connection. Equation (3.4) then shows that it has
non-vanishing torsion,

T a (ω) ≡ dea + ωa
b ∧ eb = h ∧ ea, (3.5)

determined by h. However, defining a new connection ω̂ as in (1.6) shows that h plays
the role of the Weyl vector for the torsion-free Weyl connection ω̂. For more details on
Weyl connections for Carrollian manifolds, see appendix A. The spatial components of
equation (3.4) is uniquely solved by

ωab
i = −ωiεab, ωi = ε b

a e
j
b

(
∂ie

a
j − ∂jea

i

)
+ ε b

a e
a
ihb , (3.6)

while its ui component holds identically thanks to the boundary condition (2.21).
In order to investigate the second and third conditions, we first compute the Riemann

tensor to the appropriate order,

Rab
ij = ∂iω

ab
j + ba

i e
b
j + ea

i b
b
j − (i↔ j) +O(r−1), (3.7a)

Rr̂a
µν = ∂µb

a
ν + hµb

a
ν + ω ab

µ bb
ν − (µ↔ ν) +O(r−1), (3.7b)

Rab
ui , R

ûr̂
µν ∼ O(r−1) , (3.7c)

Rab
rµ, R

r̂a
rµ, R

ûa
µν ∼ O(r−2) , (3.7d)

Rûr̂
rµ, R

ûa
rµ ∼ O(r−3) . (3.7e)

It follows that the scalar curvature is given at leading order by

R = RAB
αβE

α
AE

β
B = 4r−2eiae

j
b

[
∂iω

ab
j + ba

i e
b
j + ea

i b
b
j − (i↔ j)

]
+O(r−3). (3.8)

Requiring that the leading term vanishes to order r−2, we find

dω − εab e
a ∧ bb = 0 . (3.9)

Note that the ui component of this equation does not encode any additional information,
since it follows directly from (3.3) and (3.6). Assuming Einstein’s equations, the scalar
curvature of a geometry sourced by a stress-energy tensor with asymptotic falloff r−s

vanishes like r−(s+2) [30]. Since finite energy configurations should have at least s = 2, the
above restriction on our phase space is very mild and compatible with physical solutions
to Einstein’s equations in asymptotically flat spacetimes.

The last requirement on our phase space is the absence of radiation. We will imple-
ment this condition by requiring that the pull-back to I + of the magnetic part of the
(conformally rescaled) Weyl tensor K? µν vanishes [15, 40]. It may be written

K? µν = − lim
r→∞

2rΘ2εµκλCrνκλ , (3.10)
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where we have defined the projected epsilon tensor at null infinity,

εµνρ ≡ lim
r→∞

r2Θ3εrµνρ . (3.11)

Although not apparent from these expressions, both quantities are finite. In particular,
the limit in (3.10) is well-defined since the Weyl tensor Cαβγδ vanishes to order r−1 due to
our boundary conditions. To leading order in r we have

ErAC
Aa
µν = −1

4Θ−2 K? νκελµνe
a
κ . (3.12)

The leading order contribution on the left-hand side of this equation comes from the term
C r̂a

µν . Using Ricci decomposition for the left hand side of (3.7b) and checking that terms
proportional to the Ricci tensor vanish to order O(r−1), we can write

− 1
4Θ−2εµνρ K

? ρjγjk = 2ea
k

(
∂[µb

a
ν] + h[µb

a
ν + ω ab

[µ bb
ν]

)
. (3.13)

Setting K? ui = K? ij = 0 therefore yields

dba + h ∧ ba + ωab ∧ bb = 0 . (3.14)

In the Newman-Penrose formulation, the information contained in the magnetic part of
the Weyl tensor is captured by the complex quantities Imψ0

2 , ψ
0
3 , ψ

0
4 [15, 41]. The above

condition corresponds to ψ0
3 = ψ0

4 = 0 while leaving Imψ0
2 arbitrary.

3.2 The Geroch tensor

In this section we expand on the role played by the field ba. First, we observe that its
u-component is completely determined by equation (3.3),

ba
u = eia (∂uhi − ∂ihu) . (3.15)

Considering its frame components
βab ≡ ba

i e
i
b , (3.16)

we find its antisymmetric and trace parts from (3.3) and (3.9),

β[ab] = 1
2e

i
ae
i
b (∂ihj − ∂jhi) , β ≡ βabδ

ab = εij∂iωj = −1
2R(ω) , (3.17)

while its traceless symmetric part remains so far undetermined.
Let us turn now to equation (3.14). In order to understand this equation better,

we collect some results of the Geroch-Ashtekar covariant approach to asymptotically flat
spacetimes [15, 30]; see [42] for a review. Note that these works employ the Bondi conformal
frame and assume the standard metric compatible connection induced at the boundary.
Using Einstein’s equations for the conformally compactified metric (1.3) together with the
Bianchi identities, one finds that the following equation holds at I +,

D[µSν]λ = 1
4εµνκ K

? κρqρλ . (3.18)
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The pull-back Sµν of the bulk Schouten tensor, defined in (1.8), is a purely spatial tensor,

nµSµν = 0 . (3.19)

Similarly, the operator Dµ is the Levi-Civitá derivative associated to g̃αβ pulled back to
the boundary. The tensor Sµν plays a central role since it determines the presence of
gravitational radiation as manifest in (3.18). However, it is not conformally invariant and
thus depends on the choice of conformal factor Ω used to define the unphysical metric (1.3).
The physical, conformally invariant content of Sµν is contained in the News tensor

Nµν ≡ Sµν − ρµν , (3.20)

where the symmetric tensor ρµν obeys the three defining criteria

nµρµν = 0 , D[µρν]λ = 0 , qµνρµν = R (q) . (3.21)

Here, R (q) is the scalar curvature associated to the connection induced at the boundary.
The Weyl transformation of the Geroch tensor ρµν precisely cancels that of Sµν . As shown
in [30], equations (3.21) define ρµν uniquely when the topology of I + is R × S2 and the
vector fields generating asymptotic symmetries are regular everywhere; see also [43]. Vira-
soro superrotation generators generically violate the latter requirement, and it is assumed
that the phase space of asymptotically flat gravity should allow for more general topolo-
gies of I + in order to accommodate for solutions related by finite superrotations [17, 44].
Note that from this point of view, the notion of News in this larger phase space is a priori
ambiguous if no prescription for ρµν is given. We consider that the News should vanish in
the absence of gravitational radiation and that all remaining freedom is encoded in ρµν .
Thus, the Geroch tensor can be identified with the vacuum Schouten tensor. In the liter-
ature [14, 16], this freedom has sometimes been absorbed into the News itself such that
ρµν |here = ρµν −Nvac

µν |there.
Returning to our set-up, equation (3.18) is clearly reminiscent of (3.13), which can be

rewritten as
2D̂[µβi]k = − 1

4Θ2 εµiρ K
? ρjγjk , (3.22)

where D̂ is the Weyl covariant derivative associated to ω̂. In the Bondi conformal frame
h = 0, an explicit computation yields

βµν = −1
2Sµν . (3.23)

This clarifies the role played by ba. When restricting to radiative vacua satisfying K? µν = 0,
it obeys the natural generalization to h 6= 0 of the relations (3.21) defining the Geroch
tensor ρµν (up to normalization). The undetermined purely spatial symmetric part of the
field ba thus characterizes the various inequivalent radiative vacua. We will come back to
the general determination of ba in section 3.5 by solving Einstein’s equations at subleading
asymptotic order. In section 4.2, we will show that the solution space of radiative vacua is
encoded in an effective action for superrotation reparametrization modes.
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3.3 Vacuum symmetry transformations

We described radiative vacua in section 3.1 through equations (3.3), (3.4), (3.9) and (3.14)
that hold near I + and which involve the asymptotic fields ea, ωab, h, ba only. When the
vacuum conditions are satisfied, their residual symmetry transformation may be written in
a nicer form. Defining the gauge parameters

η ≡ ω + Y ihi −
1
2DiY

i , πa ≡ Y iea
i , (3.24)

we straightforwardly obtain from (2.30) their residual gauge transformations in terms of
the independent gauge parameters η, πa, λa, λab,

δea = dπa − πah− λa
be

b + ηea + πbω
ab, (3.25a)

δωab = dλab + λb
cω

ca
i + πbba

i + λbea
i − (a↔ b) , (3.25b)

δh = dη − λae
a + πab

a, (3.25c)
δba = dλa + λah− λa

bb
b + λbω

ab − ηba . (3.25d)

The set of asymptotic fields ea, ω, h, ba seems to enjoy a particular status under these large
gauge transformations, as they completely decouple from other subleading components
in the asymptotic expansion of the bulk fields. Together with the above mentioned field
equations, these symmetry transformations show that a gauged so(3, 1) = conf(2) algebra
governs the asymptotics of the vacuum phase space. As we will discuss in the next section,
one can interpret this as a Chern-Simons theory based on the gauging of the symmetry
algebra of the light cone at null infinity.

3.4 Chern-Simons theory at null infinity

In the seminal works [45, 46] it was shown that three-dimensional Einstein gravity in the
first order formulation with zero, positive, or negative cosmological constant is classically
equivalent to a Chern-Simons theory with gauge group ISO(2, 1), SO(3, 1), or SO(2, 2),
respectively. In general, a Chern-Simons theory is defined by a gauge group G, a non-
degenerate invariant bilinear form 〈 , 〉 on the Lie algebra g of G, and the action

S = k

4π

∫
〈A ∧ dA+ 2

3A ∧A ∧A〉 , (3.26)

where A is a g-valued connection one-form. However, in order to relate the gauge field A
to the geometric fields of first-order gravity, namely a dreibein eM and a spin connection
ωMN, an additional piece of data is needed. In particular, one has to choose a subalgebra
h of g. The components of A associated to generators in this subalgebra are subsequently
identified with the spin connection. For the cases mentioned above, one sets h = so(2, 1),
i.e., the Lorentz group in three dimensions. The underlying structure providing the map
between the Chern-Simons theory and its geometric interpretation in terms of vielbein
and spin-connection is therefore the Klein pair (g, h) [47], which defines a homogeneous
space G/H.

Homogeneous spaces that obey certain physically motivated criteria, e.g., spatial
isotropy, are called kinematic spacetimes. These were classified in four dimensions in the
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seminal paper [48] and more recently in any dimension in [49]. The resulting spacetimes can
be roughly divided in terms of their natural causal structure, i.e., Lorentzian, Galilean, or
Carrollian. Chern-Simons theories based on the Klein pairs associated to three-dimensional
Galilean and Carrollian spacetimes have been discussed in [50–52].

Among the Carrollian spacetimes appearing in the classification of three-dimensional
kinematical spacetimes of [49] is the punctured future light-cone LC3 seen as the homoge-
neous space

LC3 = SO(3, 1)/ISO(2) (3.27)
with topology R×S2. Note that the light-cone and three-dimensional de-Sitter are two very
different homogeneous spacetimes for the same symmetry group, SO(3, 1), which shows the
importance of the specification of the stabilizer algebra h.

Let {Pa, H, Ba, J} be a basis for the algebra so(3, 1) with {Ba, J} the generators for
the subalgebra iso(2, 1). Using the conventions of [47], the commutation relations for the
light-cone algebra are then given by

[J, Ba] = εa
bBb , [J, Pa] = ε b

a Pb , (3.28a)
[Ba, Pb] = Hδab − Jεab , [H, Pa] = −Pa , [H, Ba] = Ba . (3.28b)

We refer to [53–55] for a thorough discussion of this algebra and the geometry of the
light-cone regarded as a homogeneous space of the Lorentz group.

The commutation relations (3.28) may be interpreted in a different way as well. We
can choose to take the quotient of SO(3, 1) by the subalgebra generated by {Ba, J, H} instead
of that generated by {Ba, J}. The homogeneous space obtained in this way is the conformal
two-sphere CS2

CS2 = SO(3, 1)/(ISO(2) nR) . (3.29)
In this context, Pa, H, J, and Ba can be thought of as generators of translations, dilation,
rotation, and special conformation transformations, respectively. A Chern-Simons theory
with this homogeneous space in mind was discussed in [28]. Although the Chern-Simons
theory and its equations are rather agnostic about the difference between (3.27) and (3.29),
we will see in the following that the latter choice appears to be more appropriate for
interpreting the equations and symmetry transformations derived in the last two sections.

In addition to the gauge algebra, one needs an invariant bilinear form on the Lie
algebra in order to define the theory. The most general invariant bilinear form for the
algebra (3.28) is given by

〈J, J〉 = −〈H, H〉 = χ , 〈J, H〉 = µ , 〈Pa, Bb〉 = µ εab + χδab . (3.30)

While the choice of invariant bilinear form does not affect the classical theory, quantum
theories based on different choices will be inequivalent in general. Since we do not have,
at the level of our analysis, a preferred choice of invariant metric we will consider the most
general one. The Chern-Simons action is explicitly given by

S = kµ

2π

∫ (
ω ∧ dh− εabb

a ∧ deb − εabe
a ∧ bb ∧ h− ea ∧ ba ∧ ω

)
(3.31)

+ kχ

4π

∫ (
ω ∧ dω − h ∧ dh− 2ba ∧ dea + 2h ∧ ea ∧ ba − 2εabω ∧ ea ∧ bb

)
,
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where the gauge field has been decomposed as

A = hH + eaPa + baBa + ωJ . (3.32)

Using the isomorphism SO(3, 1) ' PSL(2,C) = SL(2,C)/Z2, the Chern-Simons action can
be equivalently written as a sum of two complex conjugated actions [56]

S = t

8π

∫
〈A ∧ dA+ 2

3A ∧A ∧A〉C + t̄

8π

∫
〈Ā ∧ dĀ+ 2

3Ā ∧ Ā ∧ Ā〉C (3.33)

with t = k(χ+ iµ), and where we take A to be the sl(2,C) connection

A =
(
e1 + ie2

)
P1 + (h− iω) H +

(
b1 − ib2

)
B1 , (3.34)

with the usual invariant bilinear form on SL(2,C)

〈B1, P1〉C = 〈H, H〉C = 1 . (3.35)

Variation of the action yields the equations of motion

F (H) = F (J) = F (P) = F (B) = 0 , (3.36)

where components of the field strength F = dA+A ∧A are given by

F (H) = dh− ea ∧ ba , (3.37a)
F (J) = dω − εabe

a ∧ bb , (3.37b)
F (P)a = dea + ea ∧ h− εabω ∧ eb , (3.37c)
F (B)a = dba − ba ∧ h− εabω ∧ bb . (3.37d)

As anticipated, these field equations precisely agree with equations (3.3), (3.4), (3.9)
and (3.14) that describe the phase space of four-dimensional asymptotically-flat radiative
vacua. Similarly, gauge transformations of the Chern-Simons theory

δΛA = dΛ + [A,Λ], Λ = ηH + πaPa + λaBa + λJ , (3.38)

precisely reproduce the symmetry transformations (3.25) obtained in the last section. In
order to find perfect agreement with the bulk gravitational theory, we must also assume
that a u-coordinate labels the degenerate direction of the two Chern-Simons connection
components ea, and further impose (2.21) as boundary condition. As a final comment
let us mention that, taking the point of view that the theory is based on the gauging of
the homogeneous space (3.27), the failure of the field equations (3.37) to determine ba, ω

completely is well-known for Carrollian and Galilean theories [52, 57].

3.5 Field equations at subleading order

In previous subsections we were mainly concerned with the first layer of equations found
in an asymptotic expansion near I +, that describe radiative vacua of asymptotically flat
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gravity. We now complete our bulk analysis by looking at the second layer of asymp-
totic equations. This allows us to discuss quantities that are commonly encountered in
the literature.

Vanishing of the torsion to subleading order yields

de(0)a + ωab ∧ e(0)b − du ∧ ba − h(0) ∧ ea = 0 , (3.39)

which may be used to write the expression of ba in terms of frame field components,

ba
u = eia (∂ihu − ∂uhi) , (3.40a)

ba
i = 1

2
(
∂uCab + huCab − 2h(0)

u δab − 2Dbha
)
eb
i . (3.40b)

Here, we introduced the two-dimensional covariant derivative D associated to the boundary
spin connection ωab,

Dahb = eiaDihb = eia (∂ihb + ω c
ib hc) . (3.41)

One can check that the solution (3.40) is compatible with (3.3). Equation (3.39) is also
used to find the spatial component of h(0),

h
(0)
i = −e

b
i

2 (DaCab + haCab) = −1
2
(
DkCki + hkCki

)
, (3.42)

while its time component follows from (3.9),

h(0)
u = −1

2
(
Dah

a + εij∂iωj
)

= 1
4 (R(ω)− 2Dah

a) , εij = ea
i e

b
j εab . (3.43)

No other independent constraint on the second layer of fields e(0)a, h(0) is derived from the
bulk field equations evaluated near I +. The fact that βµν defined in (3.16) is the Schouten
tensor, is explicit from (3.40). In the Bondi conformal frame h = 0, we find

βij = 1
2

(
∂uCij −

1
2R(ω)qij

)
, (3.44)

where we recognize the contributions from the News tensor and the Geroch tensor ρµν .
As an interesting aside, we point out in appendix C that the field equations governing

the first and second layers of fields ea, h, ω, ba and e(0)a, h(0) may be recast as the vanishing
of the field strength of a iso(3, 1)-valued gauge connection. Similarly to what has been done
in section 3.3, we show that residual gauge transformations coincide with ISO(3,1) gauge
transformations. However, it is well-known that these equations cannot follow from a three-
dimensional Chern-Simons action due to a lack of nondegenerate ISO(3,1) bilinear form.
Nevertheless, an action for the second layer of fields with the first layer considered a fixed
background structure is found. This may prove useful if one is interested in constructing a
boundary theory describing the shear tensor Cij .
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4 Celestial Alekseev-Shatashvili theory

We have seen in the previous sections that the space of superrotation vacua can be described
in terms of solutions of a Chern-Simons theory for the conf(2) = so(3, 1) algebra. Given the
topological nature of Chern-Simons theories, it is natural to expect that it can be further
reduced to a two-dimensional theory on the boundary of I +, which we identify with the
celestial sphere. The goal of this section is to do precisely this and derive an effective
two-dimensional conformal field theory for superrotation vacua. We perform the reduction
in section 4.1 and discuss the resulting theory and associated solution space in 4.2.

4.1 Hamiltonian reduction

The Hamiltonian reduction of Chern-Simons theory to a Wess-Zumino-Witten model on
the boundary was pioneered in [58] and applied to the case of gravity on AdS3 in [19]. More
recently, the works [20–22] revisited the reduction in the context of three-dimensional grav-
ity on AdS3, dS3 and 3d flat space, respectively, from the point of view of the gravitational
path integral. While we will not attempt to mirror the careful treatment of the path
integral given in [20, 21], our approach closely follows these works to which we refer for
further details.

In order to perform the reduction, it will prove most convenient to work with the
form (3.33) of the Chern-Simons action. In what follows we will suppress the complex
conjugated contribution and reinstate it only at the very end. The Hamiltonian form of
this Chern-Simons action is given by

S[A] = t

8π

∫
I +

du dz dz̄ 〈Au∂z̄Az −Az∂z̄Au + 2Az̄Fzu〉C , (4.1)

In the above we have introduced a coordinate system (u, z, z̄), where z, z̄ are complex
stereographic coordinates on the celestial sphere. As we will see below, our choice of
boundary conditions is such that no additional boundary term is needed in order to ensure
a well-defined variational principle.

The field Az̄ appears as Lagrange multiplier for the constraint Fzu = 0. Integrating
out Az̄, the remaining fields must be flat connections that can be parametrized as

Au = G−1∂uG , Az = G−1∂zG , (4.2)

with G an arbitrary SL(2,C) group element. Inserting these solutions of the constraint
back into the action (4.1), one finds after some integration by parts,

S = t

8π

∫
∂I +

dz dz̄ 〈G−1∂zGG
−1∂z̄G〉C (4.3)

+ t

24π

∫
I +

d3x εµνλ〈G−1∂µGG
−1∂νGG

−1∂λG〉C .

We have thus reproduced the well-known result that the Hamiltonian reduction of Chern-
Simons theory yields a WZW theory on the boundary.

Before we continue, let us address two points regarding the reduction procedure and the
topology of I +. As already mentioned, when spacetimes related by finite superrotations
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are taken to be part of the phase space of asymptotically flat spacetimes, the celestial
sphere acquires punctures. Consequently, one should allow for the possibility of holonomies
in (4.2). We will disregard them in the present treatment and comment on their possible
inclusion in the discussion. Second, we note that the Chern-Simons theory could in principle
be defined over any segment of I +. Although any such segment has both a future and a
past boundary, we restrict our attention to the past boundary only which we take to be
I +
− for simplicity. As will be shown in a moment, the Hamiltonian reduction yields time-

independent field configurations such that the actual choice of boundary is immaterial.
Finally, one should in principle treat both future and past boundaries on the same footing
in performing the reduction. The presence of holonomies presumably leads to couplings
between both boundaries along the lines of [20, 59]. We will leave this interesting question
for future investigation.

In order to proceed, we choose a parametrization for the group element G. Using the
Gauss decomposition

G = eΠP1eΛHeBB1 , (4.4)

with Π,Λ, B being complex functions of the coordinates (u, z, z̄), we find

G−1 dG =
(
eΛ dΠ

)
P1 +

(
dΛ− eΛB dΠ

)
H +

(
dB +B dΛ− 1

2e
ΛB2 dΠ

)
B1 , (4.5)

and
〈(G−1 dG)3〉C = d

(
eΛ dΠ ∧ dB

)
. (4.6)

Other parametrizations than (4.4) could a priori be considered, and should in principle
correctly account for the presence or absence of holonomies; see for example [20, 21, 59] in
the context of (A)dS3 gravity. As mentioned above, we leave a precise study of holonomies
to future work, and simply check below that the parametrization (4.4) is such that the
group element corresponding to Minkowski space is single-valued on the celestial sphere.

At the moment, it appears that we obtain a SL(2,C) WZW model on the boundary.
We push the reduction further by restricting to the conformal gauge

eaea = Θ2γzz̄ dz dz̄ , γzz̄ = 4
(1 + zz̄)2 . (4.7)

This condition explicitly breaks Diff(S2) superrotation symmetry. In order to simplify
formulas, in the following we define γ ≡ √γzz̄. The above gauge condition is then imple-
mented by

e1 + ie2 = Θγ dz, ωz = −i∂z ln γ . (4.8)

In addition, we require the Weyl vector to be pure gauge,

hµ = ∂µ ln Θ. (4.9)

The u component of this equation is the boundary condition (2.21), while the z, z̄ com-
ponents are gauge conditions which we impose. Note that we are not allowed to assume
a u-independent Θ in accordance with the comment regarding Bondi conformal frames
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below (2.22). With these restrictions, it is now straightforward to check that no surface
term is needed in (4.1).

The conditions (4.8) and (4.9) impose restrictions on the group element G or, equiva-
lently, current constraints in the WZW model. We find

Λ = ln
( Θγ
∂zΠ

)
, ∂uΠ = 0, B = (Θγ)−1

(
2 ∂z ln γ − ∂2

zΠ
∂zΠ

)
, (4.10)

such that all fields are written in terms of Π = π1+iπ2, a complex form of the superrotation
symmetry generators πa = ea

iY
i.

We need to check that the parametrization (4.4) properly describes Minkowski space,
and in particular that the associated group element is single-valued on the celestial sphere.
This corresponds to Π(z) = z, such that together with the constraints (4.10) and the
stereographic projection map z = tan(θ/2)eiφ, one finds the corresponding group element

G =
(√

1 + cos θ −eiφ sin θ
2

eiφ sin θ
2

1
2
√

1 + cos θ

)
. (4.11)

This coordinate system makes it manifest that the above group element is single-valued
on the sphere as required. As already mentioned above, for generic field configurations
Π(z), which can be interpreted as introducing punctures on the celestial sphere, the issue
of holonomies becomes more subtle and requires a better understanding of the phase space
of superrotation vacua.

Returning to the Hamiltonian reduction, plugging the above constraints (4.10) into
the action (4.3), and after integrating by parts, dropping field-independent terms involving
Θ and γ only, and reinstating the complex conjugate contribution to (4.1), one finds

S [Π] = t

16π

∫
S2
dz dz̄

∂z∂z̄Π ∂2
zΠ

(∂zΠ)2 + t̄

16π

∫
S2
dz dz̄

∂z̄∂zΠ̄ ∂2
z̄ Π̄

(∂z̄Π̄)2 . (4.12)

This effective action for the superrotation mode Π is the main result of the present work.
It is recognized as a complex version of the Alekseev-Shatashvili geometric action on a
coadjoint orbit of the Virasoro group [32].

The action (4.12) is invariant under two different sets of symmetries. Transformations
of the form

δεΠ = ε(z)∂zΠ , (4.13)

are genuine symmetries of the action and yield an infinite number of conserved charges

Q[ε] =
∫
dz ε(z)T (z) , (4.14)

where T is the Schwarzian derivative of the superrotation mode,

T = −1
2{Π; z} , {Π; z} = ∂3

zΠ
∂zΠ

− 3
2

(
∂2
zΠ
∂zΠ

)2

. (4.15)
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The other symmetry transformation is pure gauge and acts as

Π 7→ aΠ + b

cΠ + d
, ad− bc = 1 , a, d, b, c ∈ C , (4.16)

which is recognized as a finite PSL(2,C) transformation. It can be traced back to the in-
variance of (4.2) under transformations G 7→ gG, with g a general (z̄-dependent) PSL(2,C)
element. This redundancy in the reduction reappears as the gauge symmetry (4.16).

The action (4.12) (with t imaginary) has been recently related to the path integral
quantization of gravity on Euclidean AdS3 and Lorentzian dS3 [20, 21]. Given the fact
that these theories are also based on a PSL(2,C) Chern-Simons theory, its reappearance in
this context is quite natural. We will not go into further details regarding the interesting
properties of the Alekseev-Shatashvili action and its relation to coadjoint orbits of the
Virasoro group, and refer the reader to the thorough discussions in [20, 32, 60].

4.2 Phase space of superrotation vacua

We now examine solutions of the Alekseev-Shatashvili action (4.12), which turn out to
describe the Virasoro superrotation vacua described in [16].

The equation of motion of the Alekseev-Shatashvili action simply is

∂z̄T = 0 , (4.17)

and is equivalent to the statement that the charges (4.14) are conserved. It is solved by

∂z̄Π = 0 , (4.18)

i.e., Π (Π̄) is a holomorphic (anti-holomorphic) function. Had we solved the Chern-Simons
theory directly without going through the Hamiltonian reduction, we would have imposed
Az̄ = G−1∂z̄G as solution to the constraints in addition to (4.2). Equation (4.18) would
have followed from the boundary conditions (4.8), thus showing consistency of the reduc-
tion procedure.

Together with the results of the previous section we can now use the solutions of
the Alekseev-Shatashvili theory to characterize the superrotation vacua associated to the
metric (4.7). First notice that reality of the 1-forms ba in stereographic coordinates implies
(ba
z)∗ = ba

z̄. From the definition (3.16), we find

βzz = Θγ
2
(
b1
z − ib2

z

)
, βz̄z̄ = (βzz)∗ , (4.19a)

βzz̄ = Θγ
2
(
b1
z̄ − ib2

z̄

)
, βz̄z = (βzz̄)∗ . (4.19b)

Finally, using (4.2) together with the constraints (4.10) and the solution (4.18), we find

βzz = T + 1
2∂

2
z ln γ − 1

4 (∂z ln γ)2 , (4.20)

and
βz̄z = ∂z∂z̄ ln γ , βzz̄ = βz̄z . (4.21)
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The trace of the Geroch tensor in stereographic coordinates is given by

β = 4 (Θγ)−2 βzz̄ = −1
2R (ω) , (4.22)

consistent with the general solution (3.17). The set of vacuum configurations ρµν =
−2βµν |vac is parametrized by the Schwarzian T of the Virasoro superrotation mode Π(z),
which therefore labels the space of superrotation vacua.

It is instructive to reconstruct the bulk metric corresponding to these superrotation
vacua. For convenience we first perform a Weyl rescaling Θ → 1, and subsequently
use (3.44) to solve for Cij in terms of βij given by (4.20). Plugging this back into (2.2),
we obtain

ds2 = − du2 − 2 du dr + r2γzz̄ dz dz̄ + r(Czz dz2 + Cz̄z̄ dz̄
2) + . . . , (4.23)

with
Czz = 2uT + CTzz, ∂uC

T
zz = 0 . (4.24)

The subleading orders are completely fixed in terms of the functions given above. The
function CTzz parametrizes the space of supertranslation vacua which we cannot access
from the perspective of the Alekseev-Shatashvili theory. We thus reproduce the metric
of Virasoro superrotation vacua as previously constructed in [16]; see also [17]. A similar
result was derived in [36], where it was shown that the transformation of the shear tensor
Czz under Virasoro superrotations involves the Schwarzian derivative of the symmetry
parameter Π(z). In fact, the results of the present work can be employed to reproduce the
finite Weyl and superrotation transformations of [36] using the finite transformations of
CS fields under the gauge group so(3, 1).

5 Discussion

We have derived an effective action for the superrotation reparametrization mode Π(z, z̄)
in the form of a complex Alekseev-Shatashvili action. Classical solutions of this theory are
holomorphic configurations Π(z) and precisely correspond to the Virasoro superrotation
vacua described in [16], which spontaneously break the Virasoro symmetry group down to
its global conformal subgroup. Holomorphic configurations Π(z) are flat directions of the
Alekseev-Shatashvili theory as they have zero action. On the other hand, generic configu-
rations Π(z, z̄) have non-zero action and correspond to generators of Diff(S2) superrotation
symmetries that are explicitly broken by a choice of conformal gauge at I +

− .
As pointed out above, in the derivation of our result we did not include a holonomy

term in (4.2). Nevertheless, consider for instance the configuration Π(z) = zα with α not
an integer. At the level of our analysis, it is a solution of the equation of motion (4.18).
However, it is straightforward to check that the holonomy of the associated group element
is non-trivial and the group element is not single-valued. This is not surprising as these
transformations are known to generate defects in the bulk — interpreted as cosmic strings
in [44] — or at the boundary [17], depending on the point of view taken. It is thus clear

– 24 –



J
H
E
P
0
2
(
2
0
2
1
)
1
0
8

that our assumption, while useful as a first step, should be revisited in order to address
these important issues regarding the topology of null infinity.

In the present approach, we introduced the Chern-Simons theory, which eventually led
to our main result (4.12), as an effective description for the symmetries and equations of
motion of Einstein gravity near I +. In particular, we did not derive the Chern-Simons
theory by reducing the Einstein-Hilbert action, restricted to our phase space of vacuum
solutions, to the boundary. Therefore, we have no information about the coupling constant
t in the final theory that is related to the central charge of the corresponding conformal
field theory (CFT). This should be contrasted with similar work [20–23] in lower dimen-
sions where boundary actions were directly derived from the bulk action, or work in four
dimensions which showed that the action for gravity reduces to a Chern-Simons theory on
the horizon of an isolated black hole [61, 62]. However, the fact that our result is the natu-
ral generalization of [23] to four dimensions suggests that it should be possible to arrive at
our result by reducing the Einstein-Hilbert action. The central charge would then likely be
inversely proportional to Newton’s constant. We leave open this important and interesting
problem. It would also be interesting to see whether the central charge is related to the
field-dependent central terms appearing in [8].

The Alekseev-Shatashvili action (4.12) is closely related to the 2d induced gravity
theory of Polyakov [63] which reduces to the former upon a particular choice of gauge. It is
an intriguing possibility that the Polyakov action would turn out to be the effective action
of superrotations if we were not to impose the gauge-fixing condition (4.7) when performing
the Hamiltonian reduction of the Chern-Simons theory, thereby keeping Diff(S2) symmetry
manifest. A likely related matter is the appearance of a Liouville action (partly) describing
the smooth Diff(S2) superrotation vacua [14]. The Liouville field Φ may be identified with
the celestial conformal factor through Θ = e−Φ/2. Indeed, equation (4.22) may be shown
to coincide with the Liouville equation D2Φ = R.

Finally, it would be of great interest to connect the celestial Alekseev-Shatashvili the-
ory derived here with recent work on the soft sector of celestial CFT amplitudes [64–67].
Another promising research avenue would be to exploit the well-known connection between
SL(2,C) Chern-Simons theories and CFT [68] in order to shed further light on gravity. We
leave this to future endeavors.
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A Weyl connections on Carrollian manifolds

In this appendix we develop the concept of Weyl connections on Carrollian manifolds in
more details. Connections on Carrollian manifolds have been treated in, e.g., [54, 69].
Weyl connections on Carrollian manifolds have been discussed from a different perspective
in [70–72].

Only in this subsection we change our conventions such, that indices µ, ν, . . . stand
for D-dimensional coordinate indices, A,B,C, . . . denote D-dimensional frame indices and
a, b, c, . . . denote frame indices associated to the non-degenerate (D − 1)-dimensional Rie-
mannian submanifold.

A Carrollian geometry is characterized by a degenerate metric qµν whose kernel is
spanned by the vector nµ,

nµqµν = 0. (A.1)

A Weyl covariant derivative D is defined from the requirement that angles between
vectors be preserved under parallel transport along any curve with tangent vector t,

tµDµ

(
v.w

|v||w|

)
= 0 , ∀ v, w s.t. tµDµv

ν = tµDµw
ν = 0 . (A.2)

We find

tρDρ

(
v.w

|v||w|

)
= tρDρqµν

(
vµwν

|v||w|
− 1

2
v.w

|v||w|

(
vµvν

v2 + wµwν

w2

))
, (A.3)

such that condition (A.2) is equivalent to

Dρqµν = 2hρqµν , (A.4)

where the Weyl vector h is a priori arbitrary. In particular, this connection is not metric
compatible. We further impose invariance of the covariant derivative D and covariance of
the condition (A.4) under Weyl rescalings. Hence, the rescaled metric

q̃ = e2ηq , (A.5)

should satisfy
D̃ρq̃µν = 2h̃ρq̃µν , (A.6)

or equivalently,
D̃ρqµν = 2

(
h̃ρ − ∂ρη

)
qµν . (A.7)

Invariance of the covariant derivative yields

0 = Dρqµν − D̃ρqµν = 2
(
hρ − h̃ρ + ∂ρη

)
qµν , (A.8)

which determines the transformation of the Weyl vector under Weyl rescalings,

h̃ρ = hρ + ∂ρη . (A.9)
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The above considerations actually apply to manifolds equipped with both degenerate or
non-degenerate metrics. In the case of a degenerate metric, it is natural to impose that
parallel transport also preserves the metric degeneracy,

0 = tρDρ (nµqµν) = tρ (qµνDρn
µ + nµDρqµν) = tρqµνDρn

µ . (A.10)

The solution to this equation is of the form

Dµn
ν = wµn

ν , (A.11)

where the vector w is also not specified a priori. The behavior of w under Weyl rescaling
may be inferred from the Weyl transformation of the normal vector n. In the covariant
description of null infinity [30, 73], one usually considers the following transformation
properties,

ñµ = e−ηnµ , w̃µ = wµ − ∂µη . (A.12)

Finally, one can check that

Lnqµν = nλDλqµν + qνλDµn
λ + qµλDνn

λ = 2(n.h)qµν . (A.13)

Hence, a non-zero normal component of the Weyl vector is associated to volume changes
along the degenerate direction.

Affine Weyl connection. Let’s turn to the affine connection Γ associated to a Weyl
covariant derivative. For generality, we work with a generic (non-holonomic) vector basis
eA = (n, ea), where the basis vector n ≡ en is chosen to lie along the degenerate direction.
The affine connection is defined by

DAeB ≡ ΓCAB eC . (A.14)

In case that the basis vectors are associated to a coordinate system (holonomic), eA = δµA∂µ,
the connection coefficients coincide with the usual Christoffel symbols. We will restrict our
attention to torsionless connections, in which case we have

ΓCAB − ΓCBA = [eA, eB] · eC ≡ C C
AB . (A.15)

In this basis, the Weyl metricity condition (A.4) yields

eC (qAB)− ΓDCAqBD − ΓDCBqAD = 2hCqAB , (A.16)

such that

ΓDABqCD = 1
2 (eA(qBC) + eB(qAC)− eC(qAB)) (A.17)

− 1
2
(
C D
AC qBD + C D

BC qAD − C D
AB qCD

)
− (hAqBC + hBqAC − hCqAB) .

The other condition (A.11) yields

ΓCAn = wA δCn , (A.18)
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or equivalently,
ΓnAn = wA, ΓaAn = 0 . (A.19)

Together with (A.17), this last condition implies

hn qab = 1
2 (n(qab) + C c

an qcb + Cbnqac) . (A.20)

In a coordinate basis where n = ∂u, ea = δia∂i, this equation simplifies to

∂uqij = 2huqij . (A.21)

We note here that, in contrast to Levi-Civitá connections for non-degenerate metrics, equa-
tion (A.17) does not determine the connection coefficients completely.

Spin Weyl connection. We specialize to the particular case where the basis vectors are
also frame fields on the degenerate manifold,

qµν = δabe
a
µe
b
ν . (A.22)

In this case, the Weyl spin connection ω̂ is identified with

ω̂ C
A B ≡ ΓCAB . (A.23)

From (A.22), we find

Dρqµν = −δabω̂ b
ρ C

(
eCµ e

a
ν + eaµe

C
ν

)
, (A.24)

such that (A.4) implies
ω̂µ(ab) = −hµδab , ω̂ a

µ n = 0 . (A.25)

Hence, its projection onto the non-degenerate submanifold differs from the Levi-Civitá spin
connection ωab by a trace,

ω̂ab = ωab − hδab . (A.26)

Similarly, (A.19) yields
ω̂ n
µ n = wµ . (A.27)

Again, the remaining component ω̂ n
µa of the Weyl spin connection is not determined from

the specified geometric data.
Finally, the torsion of the Weyl spin connection may be written

T a(ω̂) = dea + ωab ∧ eb − h ∧ ea , (A.28a)
Tn(ω̂) = dn+ w ∧ n+ ω̂na ∧ ea . (A.28b)

Induced Weyl connection at null infinity. We briefly return to the set-up and con-
ventions of the main text to show explicitly that a Weyl connection for the unphysical
metric is induced at null infinity. Recently, the role and appearance of a Weyl connection
at the boundary of asymptotically AdS spacetimes has been similarly discussed [74].
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We take the conformal factor of the conformal compactification (1.3) to be Ω = r−1.
The frame fields ẼA

α of the unphysical manifold are related to the physical frame fields
as follows,

Ea
α = Ω−1Ẽa

α , E r̂
α = Ω−2Ẽ r̂

α , Eû
α = Ẽû

α . (A.29)

From the definition of the spin connection (2.10), we find

Dα(Ω−1Ẽa
β) = −Ω−2DαΩẼa

β+Ω−1DαẼ
a
β = −Ω a

α bΩ−1Ẽb
β+Ω au

α Ẽû
β+Ω ar

α Ẽ r̂
βΩ−2 . (A.30)

Pulling back the above equation to I + and using the leading order of the spin connec-
tion (2.27), one obtains

DiẼ
a
j = −ω a

i bẼ
b
j + Ẽa

i hj , (A.31)

or, using relation (A.26) for the Weyl spin connection ω̂,

DiẼ
a
j = −ω̂ a

i bẼ
b
j . (A.32)

The bulk Levi-Civitá connection thus induces a Weyl connection when pulled back to I +.
It may be useful to briefly relate this to Geroch’s description of null infinity [15, 30].

There, the freedom in performing Weyl rescalings is used to set h = 0 in such a way that
the induced connection at the boundary reduces to the more familiar metric compatible
torsion-free covariant derivative. The undetermined piece in the connection then turns out
to be the shear tensor describing, e.g., the radiative degrees of freedom. This field, however,
is not part of the Chern-Simons connection A as we only describe the vacuum sector.

B Newman-Unti gauge in the Newman-Penrose formalism

Since the Newman-Unti gauge is usually discussed in terms of Newman-Penrose quantities,
we provide a translation of the gauge and fall-off conditions of section 2. We will follow
the conventions of [36] accounting for the different choice of signature in the metric which
boils down to a change of sign in the Newman-Penrose (NP) coefficients.

Using the definition of the connection coefficients with respect to an orthonormal basis

∇AEB = Ω C
A BEC . (B.1)

We decomposing the frame fields as

l ≡ Er̂ = ∂r , n ≡ Eû = ∂u+U∂r+Xi∂i , m ≡ 1√
2

(E1 + iE2) = ω∂r+ξi∂i , (B.2)

with

ω = 1√
2

(Er1 + iEr2) = − 1√
2

(
Ei1E

r̂
i + iEi2E

r̂
i

)
, (B.3a)

ξi = 1√
2

(
Ei1 + iEi2

)
, (B.3b)

Xi = −Ea
uE

i
a . (B.3c)
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Thus, the relation between coordinate and frame components is given by

Ωr̂AB = ΩrAB (B.4a)
ΩûAB = ΩuAB + UΩrAB +XiΩiAB (B.4b)

ΩmAB = ωΩrAB + ξiΩiAB . (B.4c)

The complex NP coefficients which will play a role in the following are

κ ≡ Ωr̂̂rm = −lαmβ∇αlβ = Ωrr̂m = 1√
2

(Ωrr̂1 + iΩrr̂2) , (B.5a)

π ≡ −Ωr̂ûm̄ = lαm̄β∇αnβ = − 1√
2

(Ωrû1 − iΩrû2) , (B.5b)

ε ≡ 1
2 (Ωr̂̂rû − Ωr̂mm̄) = 1

2 l
α
(
m̄β∇αmβ − nβ∇αlβ

)
= 1

2 (−Ωr12 − Ωrûr̂) , (B.5c)

ρ ≡ Ωm̄r̂m = −m̄αmβ∇αlβ = ω̄κ+ 1√
2
ξi (Ωîr1 + iΩîr2) , (B.5d)

τ ≡ Ωûr̂m = −nαmβ∇αlβ = 1√
2

(Ωur̂1 + iΩur̂2) + Uκ+ Xi

√
2

(Ωîr1 + iΩîr2) , (B.5e)

ᾱ+ β ≡ Ωmr̂û = mαnβ∇αlβ = ωΩrr̂û + ξiΩîrû . (B.5f)

The Newman-Unti gauge-fixing conditions are given by [24, 37, 75]

κ = ε = π = 0 , ρ = ρ̄ , τ = ᾱ+ β . (B.6)

Imposing the six real conditions of the first equation yields

Ω AB
r = 0 . (B.7)

From the definition of ξi, we find

ρ = 1
2
(
EiaΩ aû

i + iεa
bE

i
aΩ bû

i

)
, (B.8)

so that the gauge-fixing condition (B.6) forces the second term to vanish,

εa
bE

i
aΩ bû

i = 0 . (B.9)

Finally, the last condition in (B.6) yields

Ωur̂a +XiΩîra − ΩîrûE
i
a = 0 . (B.10)

Together with (B.9), this is equivalent to the constraint T û
ui = 0. In summary, we find that

the gauge described in section 2.1 coincides with the Newman-Unti gauge.
In addition to the above gauge conditions, the Newman-Unti solution space also im-

plements certain fall-off conditions. These are given by

Xi = O(r−1) , ρ = −1
r

+O(r−3) , τ = O(r−2) , Ψ0 = Ψ0
0 r
−5 +O(r−6) . (B.11)

Using the fields asymptotic expansion (2.17) and (2.27), we find that the first condition
is satisfied. The statement that the r−2 term is absent in the expansion of ρ leads to the
requirement that the trace of Cij vanishes. An explicit calculation shows that this last
condition is satisfied as well. However, the fall-off behavior of the spin coefficient τ is
O(r−1), weaker than required by the above condition due to the presence of a non-zero hi.
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In summary, the gauge used in the main text coincides with the Newman-Unti gauge
apart from the slower fall-off in τ when hi 6= 0. The latter quantity is pure gauge however,
and may be set to zero by a null rotation around Eû [24].

C Extension to the gauged Poincaré algebra

We showed in section 3 that the first layer of asymptotic equations, found by expanding the
gravitational field equations near I + and by imposing absence of gravitational radiation,
coincides with the equations of motion of a so(3, 1) = conf(2) Chern-Simons theory. Here,
we extend this analysis and show that this first layer, together with the second layer of
bulk equations described in section 3.5, may be recast as vanishing of the field-strength of
a gauge connection A for the Poincaré or three-dimensional conformal Carrollian algebra
iso(3, 1) = ccar(3),

F [A] ≡ dA+A ∧A = 0. (C.1)

To be more specific, we consider the gauge field

A = nP0 + eaPa + ωJ + hH + baBa + e(0)aCa + h(0)B , (C.2)

where generators satisfy the algebra

[Ba, Cb] = Bδab , [H, B] = B , [Pa, Ca] = δabP0 . (C.3a)
[P0, Ba] = −Ca , [Pa, B] = Ca , [H, P0] = −P0. (C.3b)
[Ba, Pb] = Hδab − Jεab , [H, Pa] = −Pa , [H, Ba] = Ba . (C.3c)
[J, Ba] = εabBb , [J, Pa] = εabPb , [J, Ca] = εabCb . (C.3d)

Here, n is identified with the ‘missing’ boundary frame field giving the time direction,

n = du . (C.4)

Korovin [26] already pointed out the appearance of a gauged ccar(3) algebra governing the
onshell residual symmetry transformations of the asymptotic fields ea, h, ω, ba, τ, e(0)a, h(0).
In his analysis, Korovin used weaker gauge and boundary conditions that allowed him to
keep full covariance with respect to boundary coordinates and boundary frame rotations.
In the present analysis, a choice of time coordinate and further partial gauge fixing have
been made according to the standard Newman-Unti framework [24].

Computing the field-strength components, we recover (3.37) together with

F (P0) = dn− h ∧ n+ ea ∧ e(0)
a , (C.5a)

F (B) = dh(0) + h ∧ h(0) + ba ∧ e(0)
a , (C.5b)

F (C)a = de(0)a − εabω ∧ e(0)b − n ∧ ba − h(0) ∧ ea . (C.5c)

Hence, the subleading bulk equation (3.39) derived in section 3.5 is nothing but the vanish-
ing of F (C)a. The first two equations, although they do not appear as field equations from
our bulk analysis, are shown to hold identically thanks to the choice of boundary conditions
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made in section 2.1. It is very likely, although we have not checked it explicitly, that these
would (re-)appear as bulk field equations if these boundary conditions were relaxed.

As also shown in [26], the onshell residual symmetry transformations of these asymp-
totic fields are given by (3.25) together with

δn = dπ + ηn− πh− πae
(0)a + γae

a , (C.6)
δh(0) = dζ + ζh− ηh(0) − λae

(0)a + γab
a , (C.7)

δe(0)a = dγa + ζea − πah(0) + πba − λan+ εa
b(λe(0)b − γbω) , (C.8)

where new gauge parameters have been introduced,

π ≡ ξu , (C.9a)

ζ ≡ −hi∂iξu + ξuh(0)
u + Y ih

(0)
i + α , (C.9b)

γa ≡ −∂aξ
u + ξuha + Y ie

(0)a
i . (C.9c)

In the present context, n has been gauged-fixed through (C.4) such that δn actually van-
ishes. The onshell transformations (C.9) coincide with (a gauged-fixed version of) the gauge
transformation

δΛA = dΛ + [A,Λ], Λ = πP0 + πaPa + λJ + ηH + λaBa + γaCa + ζB . (C.10)

At the level of equations of motion and onshell symmetry transformations, we thus
exhibit a gauging of the iso(3, 1) = ccar(3) algebra. However, it is well-known that there
is no Chern-Simons action whose equations of motion would yield (C.1), in contrast to
the situation encountered for the gauged so(3, 1) algebra described in section 3.4. This is
due to a lack of nondegenerate bilinear form on the Poincaré algebra. As a curiosity, we
mention that an action reproducing the subset of equations of motion (C.5) may be found,

S =
∫

2n∧h(0)∧h−2n∧dh(0)+2n∧e(0)a∧ba+e(0)a∧de(0)
a −2ea∧e(0)a∧h(0)−ωab∧e(0)a∧e(0)b.

(C.11)
Here n, h(0), e(0)a are the only dynamical fields, while ea, ω, h, ba are considered part of a
fixed background structure. This action is invariant under the full set of iso(3, 1) = ccar(3)
gauge transformations transforming both dynamical and background fields.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References

[1] H. Bondi, M.G.J. van der Burg and A.W.K. Metzner, Gravitational waves in general
relativity. 7. Waves from axisymmetric isolated systems, Proc. Roy. Soc. Lond. A 269
(1962) 21.

[2] R.K. Sachs, Gravitational waves in general relativity. 8. Waves in asymptotically flat
space-times, Proc. Roy. Soc. Lond. A 270 (1962) 103.

– 32 –

https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1098/rspa.1962.0161
https://doi.org/10.1098/rspa.1962.0161
https://doi.org/10.1098/rspa.1962.0206


J
H
E
P
0
2
(
2
0
2
1
)
1
0
8

[3] A. Strominger, On BMS Invariance of Gravitational Scattering, JHEP 07 (2014) 152
[arXiv:1312.2229] [INSPIRE].

[4] A. Strominger and A. Zhiboedov, Gravitational Memory, BMS Supertranslations and Soft
Theorems, JHEP 01 (2016) 086 [arXiv:1411.5745] [INSPIRE].

[5] T. He, V. Lysov, P. Mitra and A. Strominger, BMS supertranslations and Weinberg’s soft
graviton theorem, JHEP 05 (2015) 151 [arXiv:1401.7026] [INSPIRE].

[6] A. Strominger, Lectures on the Infrared Structure of Gravity and Gauge Theory,
arXiv:1703.05448 [INSPIRE].

[7] G. Compère and A. Fiorucci, Advanced Lectures on General Relativity, arXiv:1801.07064
[INSPIRE].

[8] G. Barnich and C. Troessaert, Aspects of the BMS/CFT correspondence, JHEP 05 (2010)
062 [arXiv:1001.1541] [INSPIRE].

[9] M. Campiglia and A. Laddha, Asymptotic symmetries and subleading soft graviton theorem,
Phys. Rev. D 90 (2014) 124028 [arXiv:1408.2228] [INSPIRE].

[10] M. Campiglia and A. Laddha, New symmetries for the Gravitational S-matrix, JHEP 04
(2015) 076 [arXiv:1502.02318] [INSPIRE].

[11] F. Cachazo and A. Strominger, Evidence for a New Soft Graviton Theorem,
arXiv:1404.4091 [INSPIRE].

[12] D. Kapec, V. Lysov, S. Pasterski and A. Strominger, Semiclassical Virasoro symmetry of the
quantum gravity S-matrix, JHEP 08 (2014) 058 [arXiv:1406.3312] [INSPIRE].

[13] S. Pasterski, A. Strominger and A. Zhiboedov, New Gravitational Memories, JHEP 12
(2016) 053 [arXiv:1502.06120] [INSPIRE].

[14] G. Compère, A. Fiorucci and R. Ruzziconi, Superboost transitions, refraction memory and
super-Lorentz charge algebra, JHEP 11 (2018) 200 [Erratum ibid. 04 (2020) 172]
[arXiv:1810.00377] [INSPIRE].

[15] A. Ashtekar, Radiative Degrees of Freedom of the Gravitational Field in Exact General
Relativity, J. Math. Phys. 22 (1981) 2885 [INSPIRE].

[16] G. Compère and J. Long, Vacua of the gravitational field, JHEP 07 (2016) 137
[arXiv:1601.04958] [INSPIRE].

[17] E. Adjei, W. Donnelly, V. Py and A.J. Speranza, Cosmic footballs from superrotations,
Class. Quant. Grav. 37 (2020) 075020 [arXiv:1910.05435] [INSPIRE].

[18] J. Maldacena, D. Stanford and Z. Yang, Conformal symmetry and its breaking in two
dimensional Nearly Anti-de-Sitter space, PTEP 2016 (2016) 12C104 [arXiv:1606.01857]
[INSPIRE].

[19] O. Coussaert, M. Henneaux and P. van Driel, The Asymptotic dynamics of three-dimensional
Einstein gravity with a negative cosmological constant, Class. Quant. Grav. 12 (1995) 2961
[gr-qc/9506019] [INSPIRE].

[20] J. Cotler and K. Jensen, A theory of reparameterizations for AdS3 gravity, JHEP 02 (2019)
079 [arXiv:1808.03263] [INSPIRE].

[21] J. Cotler, K. Jensen and A. Maloney, Low-dimensional de Sitter quantum gravity, JHEP 06
(2020) 048 [arXiv:1905.03780] [INSPIRE].

– 33 –

https://doi.org/10.1007/JHEP07(2014)152
https://arxiv.org/abs/1312.2229
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1312.2229
https://doi.org/10.1007/JHEP01(2016)086
https://arxiv.org/abs/1411.5745
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1411.5745
https://doi.org/10.1007/JHEP05(2015)151
https://arxiv.org/abs/1401.7026
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1401.7026
https://arxiv.org/abs/1703.05448
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1703.05448
https://arxiv.org/abs/1801.07064
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1801.07064
https://doi.org/10.1007/JHEP05(2010)062
https://doi.org/10.1007/JHEP05(2010)062
https://arxiv.org/abs/1001.1541
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1001.1541
https://doi.org/10.1103/PhysRevD.90.124028
https://arxiv.org/abs/1408.2228
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1408.2228
https://doi.org/10.1007/JHEP04(2015)076
https://doi.org/10.1007/JHEP04(2015)076
https://arxiv.org/abs/1502.02318
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1502.02318
https://arxiv.org/abs/1404.4091
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1404.4091
https://doi.org/10.1007/JHEP08(2014)058
https://arxiv.org/abs/1406.3312
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1406.3312
https://doi.org/10.1007/JHEP12(2016)053
https://doi.org/10.1007/JHEP12(2016)053
https://arxiv.org/abs/1502.06120
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1502.06120
https://doi.org/10.1007/JHEP11(2018)200
https://arxiv.org/abs/1810.00377
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1810.00377
https://doi.org/10.1063/1.525169
https://inspirehep.net/search?p=find+J%20%22J.Math.Phys.%2C22%2C2885%22
https://doi.org/10.1007/JHEP07(2016)137
https://arxiv.org/abs/1601.04958
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1601.04958
https://doi.org/10.1088/1361-6382/ab74f6
https://arxiv.org/abs/1910.05435
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1910.05435
https://doi.org/10.1093/ptep/ptw124
https://arxiv.org/abs/1606.01857
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1606.01857
https://doi.org/10.1088/0264-9381/12/12/012
https://arxiv.org/abs/gr-qc/9506019
https://inspirehep.net/search?p=find+EPRINT%2Bgr-qc%2F9506019
https://doi.org/10.1007/JHEP02(2019)079
https://doi.org/10.1007/JHEP02(2019)079
https://arxiv.org/abs/1808.03263
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1808.03263
https://doi.org/10.1007/JHEP06(2020)048
https://doi.org/10.1007/JHEP06(2020)048
https://arxiv.org/abs/1905.03780
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1905.03780


J
H
E
P
0
2
(
2
0
2
1
)
1
0
8

[22] W. Merbis and M. Riegler, Geometric actions and flat space holography, JHEP 02 (2020)
125 [arXiv:1912.08207] [INSPIRE].

[23] S. Carlip, The dynamics of supertranslations and superrotations in 2 + 1 dimensions, Class.
Quant. Grav. 35 (2018) 014001 [arXiv:1608.05088] [INSPIRE].

[24] E.T. Newman and T.W.J. Unti, Behavior of Asymptotically Flat Empty Spaces, J. Math.
Phys. 3 (1962) 891 [INSPIRE].

[25] G. Barnich and P.-H. Lambert, A Note on the Newman-Unti group and the BMS charge
algebra in terms of Newman-Penrose coefficients, J. Phys. Conf. Ser. 410 (2013) 012142
[arXiv:1102.0589] [INSPIRE].

[26] Y. Korovin, Asymptotic symmetries and geometry on the boundary in the first order
formalism, JHEP 03 (2018) 017 [arXiv:1709.07647] [INSPIRE].

[27] Y. Herfray, Asymptotic shear and the intrinsic conformal geometry of null-infinity, J. Math.
Phys. 61 (2020) 072502 [arXiv:2001.01281] [INSPIRE].

[28] S. Gryb and F. Mercati, 2+1 gravity on the conformal sphere, Phys. Rev. D 87 (2013)
064006 [arXiv:1209.4858] [INSPIRE].

[29] R. Penrose, Zero rest mass fields including gravitation: Asymptotic behavior, Proc. Roy. Soc.
Lond. A 284 (1965) 159.

[30] R. Geroch, Asymptotic structure of space-time, in Asymptotic Structure of Space-Time,
F.P. Esposito and L. Witten, eds., (Boston, MA) 1 Springer US (1977), [DOI].

[31] H. Weyl, Gravitation and electricity, Sitzungsber. Preuss. Akad. Wiss. Berlin (Math. Phys.)
1918 (1918) 465.

[32] A. Alekseev and S.L. Shatashvili, Path Integral Quantization of the Coadjoint Orbits of the
Virasoro Group and 2D Gravity, Nucl. Phys. B 323 (1989) 719 [INSPIRE].

[33] J.A.V. Kroon, A Comment on the outgoing radiation condition for the gravitational field and
the peeling theorem, Gen. Rel. Grav. 31 (1999) 1219 [gr-qc/9811034] [INSPIRE].

[34] A. Ashtekar and R.O. Hansen, A unified treatment of null and spatial infinity in general
relativity. I — Universal structure, asymptotic symmetries, and conserved quantities at
spatial infinity, J. Math. Phys. 19 (1978) 1542 [INSPIRE].

[35] R.M. Wald, General relativity, University of Chicago press, U.S.A. (1984).

[36] G. Barnich and C. Troessaert, Finite BMS transformations, JHEP 03 (2016) 167
[arXiv:1601.04090] [INSPIRE].

[37] G. Barnich, P. Mao and R. Ruzziconi, BMS current algebra in the context of the
Newman-Penrose formalism, Class. Quant. Grav. 37 (2020) 095010 [arXiv:1910.14588]
[INSPIRE].

[38] D.Z. Freedman and A. Van Proeyen, Supergravity, Cambridge University Press, Cambridge,
U.K. (2012).

[39] G. Barnich and C. Troessaert, BMS charge algebra, JHEP 12 (2011) 105 [arXiv:1106.0213]
[INSPIRE].

[40] A. Ashtekar, B. Bonga and A. Kesavan, Asymptotics with a positive cosmological constant: I.
Basic framework, Class. Quant. Grav. 32 (2015) 025004 [arXiv:1409.3816] [INSPIRE].

– 34 –

https://doi.org/10.1007/JHEP02(2020)125
https://doi.org/10.1007/JHEP02(2020)125
https://arxiv.org/abs/1912.08207
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1912.08207
https://doi.org/10.1088/1361-6382/aa9809
https://doi.org/10.1088/1361-6382/aa9809
https://arxiv.org/abs/1608.05088
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1608.05088
https://doi.org/10.1063/1.1724303
https://doi.org/10.1063/1.1724303
https://inspirehep.net/search?p=find+J%20%22J.Math.Phys.%2C3%2C891%22
https://doi.org/10.1155/2012/197385
https://arxiv.org/abs/1102.0589
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1102.0589
https://doi.org/10.1007/JHEP03(2018)017
https://arxiv.org/abs/1709.07647
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1709.07647
https://doi.org/10.1063/5.0003616
https://doi.org/10.1063/5.0003616
https://arxiv.org/abs/2001.01281
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2001.01281
https://doi.org/10.1103/PhysRevD.87.064006
https://doi.org/10.1103/PhysRevD.87.064006
https://arxiv.org/abs/1209.4858
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1209.4858
https://doi.org/10.1098/rspa.1965.0058
https://doi.org/10.1098/rspa.1965.0058
https://doi.org/10.1007/978-1-4684-2343-3_1
https://doi.org/10.1016/0550-3213(89)90130-2
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB323%2C719%22
https://doi.org/10.1023/A:1026712421739
https://arxiv.org/abs/gr-qc/9811034
https://inspirehep.net/search?p=find+EPRINT%2Bgr-qc%2F9811034
https://doi.org/10.1063/1.523863
https://inspirehep.net/search?p=find+J%20%22J.Math.Phys.%2C19%2C1542%22
https://doi.org/10.1007/JHEP03(2016)167
https://arxiv.org/abs/1601.04090
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1601.04090
https://doi.org/10.1088/1361-6382/ab7c01
https://arxiv.org/abs/1910.14588
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1910.14588
https://doi.org/10.1007/JHEP12(2011)105
https://arxiv.org/abs/1106.0213
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1106.0213
https://doi.org/10.1088/0264-9381/32/2/025004
https://arxiv.org/abs/1409.3816
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1409.3816


J
H
E
P
0
2
(
2
0
2
1
)
1
0
8

[41] C.N. Kozameh and E.T. Newman, A note on asymptotically flat spaces. II, Gen. Rel. Grav.
15 (1983) 475.

[42] A. Ashtekar, M. Campiglia and A. Laddha, Null infinity, the BMS group and infrared issues,
Gen. Rel. Grav. 50 (2018) 140 [arXiv:1808.07093] [INSPIRE].

[43] M. Campiglia and J. Peraza, Generalized BMS charge algebra, Phys. Rev. D 101 (2020)
104039 [arXiv:2002.06691] [INSPIRE].

[44] A. Strominger and A. Zhiboedov, Superrotations and Black Hole Pair Creation, Class.
Quant. Grav. 34 (2017) 064002 [arXiv:1610.00639] [INSPIRE].

[45] A. Achucarro and P.K. Townsend, A Chern-Simons Action for Three-Dimensional
anti-de Sitter Supergravity Theories, Phys. Lett. B 180 (1986) 89 [INSPIRE].

[46] E. Witten, (2+1)-Dimensional Gravity as an Exactly Soluble System, Nucl. Phys. B 311
(1988) 46 [INSPIRE].

[47] J. Matulich, S. Prohazka and J. Salzer, Limits of three-dimensional gravity and metric
kinematical Lie algebras in any dimension, JHEP 07 (2019) 118 [arXiv:1903.09165]
[INSPIRE].

[48] H. Bacry and J. Levy-Leblond, Possible kinematics, J. Math. Phys. 9 (1968) 1605 [INSPIRE].

[49] J. Figueroa-O’Farrill and S. Prohazka, Spatially isotropic homogeneous spacetimes, JHEP 01
(2019) 229 [arXiv:1809.01224] [INSPIRE].

[50] G. Papageorgiou and B.J. Schroers, A Chern-Simons approach to Galilean quantum gravity
in 2+1 dimensions, JHEP 11 (2009) 009 [arXiv:0907.2880] [INSPIRE].

[51] J. Hartong, Y. Lei and N.A. Obers, Nonrelativistic Chern-Simons theories and
three-dimensional Hořava-Lifshitz gravity, Phys. Rev. D 94 (2016) 065027
[arXiv:1604.08054] [INSPIRE].

[52] E. Bergshoeff, J. Gomis, B. Rollier, J. Rosseel and T. ter Veldhuis, Carroll versus Galilei
Gravity, JHEP 03 (2017) 165 [arXiv:1701.06156] [INSPIRE].

[53] J. Figueroa-O’Farrill, R. Grassie and S. Prohazka, Geometry and BMS Lie algebras of
spatially isotropic homogeneous spacetimes, JHEP 08 (2019) 119 [arXiv:1905.00034]
[INSPIRE].

[54] C. Duval, G.W. Gibbons and P.A. Horvathy, Conformal Carroll groups, J. Phys. A 47
(2014) 335204 [arXiv:1403.4213] [INSPIRE].

[55] C. Duval, G.W. Gibbons and P.A. Horvathy, Conformal Carroll groups and BMS symmetry,
Class. Quant. Grav. 31 (2014) 092001 [arXiv:1402.5894] [INSPIRE].

[56] E. Witten, Quantization of Chern-Simons Gauge Theory With Complex Gauge Group,
Commun. Math. Phys. 137 (1991) 29 [INSPIRE].

[57] J. Hartong, Gauging the Carroll Algebra and Ultra-Relativistic Gravity, JHEP 08 (2015) 069
[arXiv:1505.05011] [INSPIRE].

[58] S. Elitzur, G.W. Moore, A. Schwimmer and N. Seiberg, Remarks on the Canonical
Quantization of the Chern-Simons-Witten Theory, Nucl. Phys. B 326 (1989) 108 [INSPIRE].

[59] M. Henneaux, W. Merbis and A. Ranjbar, Asymptotic dynamics of AdS3 gravity with two
asymptotic regions, JHEP 03 (2020) 064 [arXiv:1912.09465] [INSPIRE].

– 35 –

https://doi.org/10.1007/BF00759941
https://doi.org/10.1007/BF00759941
https://doi.org/10.1007/s10714-018-2464-3
https://arxiv.org/abs/1808.07093
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1808.07093
https://doi.org/10.1103/PhysRevD.101.104039
https://doi.org/10.1103/PhysRevD.101.104039
https://arxiv.org/abs/2002.06691
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2002.06691
https://doi.org/10.1088/1361-6382/aa5b5f
https://doi.org/10.1088/1361-6382/aa5b5f
https://arxiv.org/abs/1610.00639
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1610.00639
https://doi.org/10.1016/0370-2693(86)90140-1
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB180%2C89%22
https://doi.org/10.1016/0550-3213(88)90143-5
https://doi.org/10.1016/0550-3213(88)90143-5
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB311%2C46%22
https://doi.org/10.1007/JHEP07(2019)118
https://arxiv.org/abs/1903.09165
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1903.09165
https://doi.org/10.1063/1.1664490
https://inspirehep.net/search?p=find+J%20%22J.Math.Phys.%2C9%2C1605%22
https://doi.org/10.1007/JHEP01(2019)229
https://doi.org/10.1007/JHEP01(2019)229
https://arxiv.org/abs/1809.01224
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1809.01224
https://doi.org/10.1088/1126-6708/2009/11/009
https://arxiv.org/abs/0907.2880
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0907.2880
https://doi.org/10.1103/PhysRevD.94.065027
https://arxiv.org/abs/1604.08054
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1604.08054
https://doi.org/10.1007/JHEP03(2017)165
https://arxiv.org/abs/1701.06156
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1701.06156
https://doi.org/10.1007/JHEP08(2019)119
https://arxiv.org/abs/1905.00034
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1905.00034
https://doi.org/10.1088/1751-8113/47/33/335204
https://doi.org/10.1088/1751-8113/47/33/335204
https://arxiv.org/abs/1403.4213
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1403.4213
https://doi.org/10.1088/0264-9381/31/9/092001
https://arxiv.org/abs/1402.5894
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1402.5894
https://doi.org/10.1007/BF02099116
https://inspirehep.net/search?p=find+J%20%22Commun.Math.Phys.%2C137%2C29%22
https://doi.org/10.1007/JHEP08(2015)069
https://arxiv.org/abs/1505.05011
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1505.05011
https://doi.org/10.1016/0550-3213(89)90436-7
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB326%2C108%22
https://doi.org/10.1007/JHEP03(2020)064
https://arxiv.org/abs/1912.09465
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1912.09465


J
H
E
P
0
2
(
2
0
2
1
)
1
0
8

[60] G. Barnich, H.A. Gonzalez and P. Salgado-ReboLledó, Geometric actions for
three-dimensional gravity, Class. Quant. Grav. 35 (2018) 014003 [arXiv:1707.08887]
[INSPIRE].

[61] A. Ashtekar, A. Corichi and K. Krasnov, Isolated horizons: The Classical phase space, Adv.
Theor. Math. Phys. 3 (1999) 419 [gr-qc/9905089] [INSPIRE].

[62] R. Basu, A. Chatterjee and A. Ghosh, Local symmetries of non-expanding horizons, Class.
Quant. Grav. 29 (2012) 235010 [arXiv:1004.3200] [INSPIRE].

[63] A.M. Polyakov, Quantum Gravity in Two-Dimensions, Mod. Phys. Lett. A 2 (1987) 893
[INSPIRE].

[64] L. Donnay, A. Puhm and A. Strominger, Conformally Soft Photons and Gravitons, JHEP 01
(2019) 184 [arXiv:1810.05219] [INSPIRE].

[65] L. Donnay, S. Pasterski and A. Puhm, Asymptotic Symmetries and Celestial CFT, JHEP 09
(2020) 176 [arXiv:2005.08990] [INSPIRE].

[66] A. Puhm, Conformally Soft Theorem in Gravity, JHEP 09 (2020) 130 [arXiv:1905.09799]
[INSPIRE].

[67] E. Himwich, S.A. Narayanan, M. Pate, N. Paul and A. Strominger, The Soft S-Matrix in
Gravity, JHEP 09 (2020) 129 [arXiv:2005.13433] [INSPIRE].

[68] H.L. Verlinde, Conformal Field Theory, 2-D Quantum Gravity and Quantization of
Teichmüller Space, Nucl. Phys. B 337 (1990) 652 [INSPIRE].

[69] X. Bekaert and K. Morand, Connections and dynamical trajectories in generalised
Newton-Cartan gravity II. An ambient perspective, J. Math. Phys. 59 (2018) 072503
[arXiv:1505.03739] [INSPIRE].

[70] L. Ciambelli, C. Marteau, A.C. Petkou, P.M. Petropoulos and K. Siampos, Covariant
Galilean versus Carrollian hydrodynamics from relativistic fluids, Class. Quant. Grav. 35
(2018) 165001 [arXiv:1802.05286] [INSPIRE].

[71] L. Ciambelli, C. Marteau, A.C. Petkou, P.M. Petropoulos and K. Siampos, Flat holography
and Carrollian fluids, JHEP 07 (2018) 165 [arXiv:1802.06809] [INSPIRE].

[72] L. Ciambelli and C. Marteau, Carrollian conservation laws and Ricci-flat gravity, Class.
Quant. Grav. 36 (2019) 085004 [arXiv:1810.11037] [INSPIRE].

[73] A. Ashtekar, Geometry and Physics of Null Infinity, arXiv:1409.1800 [INSPIRE].

[74] L. Ciambelli and R.G. Leigh, Weyl Connections and their Role in Holography, Phys. Rev. D
101 (2020) 086020 [arXiv:1905.04339] [INSPIRE].

[75] E. Newman and R. Penrose, An Approach to gravitational radiation by a method of spin
coefficients, J. Math. Phys. 3 (1962) 566 [INSPIRE].

– 36 –

https://doi.org/10.1088/1361-6382/aa9806
https://arxiv.org/abs/1707.08887
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1707.08887
https://doi.org/10.4310/ATMP.1999.v3.n3.a1
https://doi.org/10.4310/ATMP.1999.v3.n3.a1
https://arxiv.org/abs/gr-qc/9905089
https://inspirehep.net/search?p=find+EPRINT%2Bgr-qc%2F9905089
https://doi.org/10.1088/0264-9381/29/23/235010
https://doi.org/10.1088/0264-9381/29/23/235010
https://arxiv.org/abs/1004.3200
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1004.3200
https://doi.org/10.1142/S0217732387001130
https://inspirehep.net/search?p=find+J%20%22Mod.Phys.Lett.%2CA2%2C893%22
https://doi.org/10.1007/JHEP01(2019)184
https://doi.org/10.1007/JHEP01(2019)184
https://arxiv.org/abs/1810.05219
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1810.05219
https://doi.org/10.1007/JHEP09(2020)176
https://doi.org/10.1007/JHEP09(2020)176
https://arxiv.org/abs/2005.08990
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2005.08990
https://doi.org/10.1007/JHEP09(2020)130
https://arxiv.org/abs/1905.09799
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1905.09799
https://doi.org/10.1007/JHEP09(2020)129
https://arxiv.org/abs/2005.13433
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2005.13433
https://doi.org/10.1016/0550-3213(90)90510-K
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB337%2C652%22
https://doi.org/10.1063/1.5030328
https://arxiv.org/abs/1505.03739
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1505.03739
https://doi.org/10.1088/1361-6382/aacf1a
https://doi.org/10.1088/1361-6382/aacf1a
https://arxiv.org/abs/1802.05286
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1802.05286
https://doi.org/10.1007/JHEP07(2018)165
https://arxiv.org/abs/1802.06809
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1802.06809
https://doi.org/10.1088/1361-6382/ab0d37
https://doi.org/10.1088/1361-6382/ab0d37
https://arxiv.org/abs/1810.11037
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1810.11037
https://arxiv.org/abs/1409.1800
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1409.1800
https://doi.org/10.1103/PhysRevD.101.086020
https://doi.org/10.1103/PhysRevD.101.086020
https://arxiv.org/abs/1905.04339
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1905.04339
https://doi.org/10.1063/1.1724257
https://inspirehep.net/search?p=find+J%20%22J.Math.Phys.%2C3%2C566%22

	Introduction
	Asymptotically flat spacetimes
	Newman-Unti gauge
	Residual asymptotic symmetries

	Radiative vacua
	Vacuum conditions
	The Geroch tensor
	Vacuum symmetry transformations
	Chern-Simons theory at null infinity
	Field equations at subleading order

	Celestial Alekseev-Shatashvili theory
	Hamiltonian reduction
	Phase space of superrotation vacua

	Discussion
	Weyl connections on Carrollian manifolds
	Newman-Unti gauge in the Newman-Penrose formalism
	Extension to the gauged Poincaré algebra

