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The preference for a COVID-19 vaccine, among many available, may be diffi-

cult for common people and normally relies on efficacy values reported from

clinical trials. Vaccine efficacy depends on statistical data from primary and

secondary endpoints of a trial. This study provides a time-varying mathe-

matical framework that compares two vaccines of contrasting efficacy (Pfizer-

BioNTech and AstraZeneca-Oxford) using hypothetical trials with real-world

data. Modeling shows that efficacies can fluctuate depending on the prevail-

ing infection rate and demographics. The efficacy of AstraZeneca-Oxford can

become comparable and even better than Pfizer-BioNTech, depending on the

region and time of the clinical trials. We also introduce an idea of compos-

ite efficacy considering multi-variants and show that the efficacy of various

vaccines shows differential sensitivity to the delta variant rampant in India.
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Introduction

COVID-19 (Corona Virus Disease-19) caused by SARS-CoV-2 (Severe acute respiratory syn-

drome coronavirus 2) virus (1) was declared as pandemic on 11th March 2020 by the WHO. The

virus caused 188,622,572 positive cases and 4,065,898 deaths worldwide (2, 3). The mortality

due to COVID-19 occurred mostly in older adults with chronic co-morbid medical conditions.

However, a significant share was also present in other age groups. The virus shattered world-

wide economies (4,5) and health care systems (6). Various organizations have undertaken global

collaboration and preparedness beyond borders to develop multiple vaccines (7) to curtail the

disease. These COVID-19 vaccines have undergone various clinical trials to determine their

efficacy and safety (8–10). Regional and international regulatory authorities decided to approve

emergency use of these COVID -19 vaccines for the general public based on the safety and

efficacy results. The vaccines (11) are primarily characterized and established by determining

their safety and efficacy (12). The efficacy of a vaccine is defined based on the results obtained

from different types of clinical trials (13–15). The primary and secondary endpoints (16) in the

study plan are observed in various kinds of clinical trials. COVID-19 clinical trials involve the

inclusion of specific groups of COVID-19 negative human subjects meeting particular inclu-

sion criteria. The subjects have different age ranges, genders, origins, ethnicity with a specific

number size K (17). The clinical study may have two groups or two arms or more, consisting

of human subjects. In a standard clinical trial, the size of each study group is half (K/2) of the

total number of subjects recruited. Standard clinical trial ensures test and control groups have

at least equal or an adequate number of subjects. The test vaccine is administered in one of

the groups. At the same time, the other subgroup is given a placebo (vehicle or formulations

without test vaccine). Such studies are generally randomized double blind placebo controlled

studies (18); i.e., subjects and people who administer vaccines are unaware of the vaccinated
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and the placebo groups. Then the subjects of both groups are monitored carefully by clinicians

for specific clinical study periods ranging from 2-3 months or more. The study period termi-

nates with the estimation of infection rates in the vaccinated (Iv) and un-vaccinated groups (Iu).

The infection rates are calculated from the number of people (percentage) who tested positive

for COVID-19 during the study. Further, it is evident from the current COVID-19 pandemic;

vaccines are compared based on efficacy data obtained from the various clinical studies of dif-

ferent vaccines. Various government, regulatory authorities, and healthcare organizations have

undertaken vaccine-related decisions based on the efficacy values of different vaccines based

on the clinical studies (5). Robust statistical analysis of clinical trial data would suggest how

efficacious the vaccine is for human use. However, there is a critical concern regarding the

efficacy of various COVID-19 vaccines reported in the media. The parameters involved in the

calculation of efficacy are obtained from clinical trials. A concern exists in the community (19)

regarding the applicability of clinical trial data for decision-making by ordinary people about

the choice of a particular vaccine. Preference for one vaccine over other may also lead to de-

lay in the vaccination of the critical mass if that particular vaccine is not available in sufficient

quantity at that time. Emergence of many COVID-19 vaccines in the market implies that the

bias against each vaccine needs to be removed so that vaccination by any available vaccine can

finally lead to curbing this pandemic promptly. The vaccines, if tested outside standard con-

trolled clinical trials, may lead to variable vaccine efficacy. The efficacy may differ depending

on the location, time, prevalent infection rates and the sample size/population (20) of the region

where the vaccines are administered. Further, the vaccine efficacy may be different against var-

ious disease outcomes and also against newly emerging variants of COVID-19 (21–24). The

vaccine efficacy may also depend on single-dose/complete dose (25), double or booster dose,

variation on dose intervals, and social distancing measures (26). Here, we have explored for the

first time the manifestation of the definition of efficacy using a mathematical framework. Liter-
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ature focusing on the availability of the kind of mathematical analysis presented in this work is

relatively sparse (12). Hence, this mathematical framework-based knowledge will be essential

to elucidate the need for timely vaccination by any available vaccine against COVID-19. This

work provides a complete time-varying mathematical framework to understand how vaccine

efficacy depends on various statistical quantities obtained from clinical trials. Further, we have

provided a framework to calculate the combined vaccine efficacy of COVID-19 vaccines by

incorporating the efficacy of the vaccines against the individual variants, especially the delta

variant found in India (27). Mainly, the study is performed on mRNA BNT162b2 (19, 28) and

ChAdOx1 nCoV-19 (AZD1222) (8, 19, 25) vaccines which are named as Pfizer-BioNTech and

AstraZeneca-Oxford respectively. The hypothetical clinical trials for this study are based on

real data (2,3) from the United States, India, and United Kingdom. Note, however, this analysis

is not based on the chemical and biological interactions of the vaccine and virus.

Our study conclusively proves the dependence of vaccine efficacy on geographical location,

time of the trial, and the population where the vaccine is being administered. All the vaccines

perform equally well in combating viral infection by native or variant strains. Our analysis

provides strong evidence for the first time to suggest that no COVID-19 vaccine is superior to

others. Every vaccine performs the same based on efficacy values when it comes to protection

against infection. Hence, all the vaccines must be given equal preference and timely adminis-

tration. The emergency use of the vaccine will help the community tackle the disease severity

of COVID-19.

1 Results (Mathematical framework)

We have carried out the analysis in two parts (1.1 and 1.2). In part 1.1, the distinction between

the variants is not present. The distinct variants are lumped into a single variant for which the

analysis is presented. Part 2.2 deals with the idea of combined efficacy, where the distinction
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among different COVID-19 variants is present.

1.1 Single variant

The efficacy of any vaccine is defined (12) as

E =
Iu − Iv

Iu
= 1−

Iv
Iu

(1)

where Iu and Iv are the infection rates of the un-vaccinated and vaccinated people respectively

during a clinical trial. The clinical trials are conducted for a specific period at a given region of

a population size K. From equation (1), it can be observed that the efficacy E is a function of

two variables Iv and Iu. If Iv and Iu are independent quantities then (this assumption is relaxed

at a later stage), the changes in efficacy can be calculated using the differential of E. Taking the

differential of both sides of equation (1) we have

dE =
1

Iu

[

Iv
Iu
dIu − dIv

]

(2)

The efficacy sensitivity on Iu and Iv can be calculated using the partial derivatives with respect

to the individual variable. The sensitivity of efficacy on Iu is given by

∂E

∂Iu
=

Iv
I2u

(3)

and the sensitivity of efficacy on Iv is given by

∂E

∂Iv
= −

1

Iu
(4)

The sensitivity of efficacy E on Iu is positive as can be observed from equation (3) and depends

on both Iv and Iu. However, equation (4) depicts that the sensitivity of E on Iv is independent

of Iv itself and is a constant negative value (−1/Iu). For constant Iv, the change in efficacy ∆E

for a given change in ∆Iu can be calculated as

∆E

E0

=
∂E

∂Iu
∆Iu =

(

1

E0

− 1

)

∆Iu
Iu

(5)
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where E0 is the original efficacy prescribed by the vaccine manufacturers. For constant Iu, the

change in efficacy ∆E for a given change in ∆Iv can be calculated as

∆E

E0

=
∂E

∂Iv
∆Iv = −

(

1

E0

− 1

)

∆Iv
Iv

(6)

Combining equation (5) and (6), the total change in E (∆E) for a given change in Iv (∆Iv)

and Iu (∆Iu) is given by

∆E

E0

=
∂E

∂Iu
∆Iu +

∂E

∂Iv
∆Iv (7)

∆E

E0

=

(

1

E0

− 1

)[

∆Iu
Iu

−

∆Iv
Iv

]

(8)

Equation (8) represents the fractional change in efficacy for known fractional changes of

Iu and Iv, and the original efficacy E0 provided by the vaccine manufacturers. The analysis

described above was based on the assumption that Iv and Iu are independent variables. In the

real world, however, a relationship between Iv and Iu exists. Iu is the infection rate in the

unvaccinated population. Iu varies similarly to the variation of total active cases in the region

where the clinical trials are conducted. A monotonic relationship exists between Iv and Iu, i.e.,

an increase or decrease in Iu causes an increase or decrease in Iv respectively. The positive

value of efficacy requires Iv < Iu. A wide variation of dependence can be used, however, the

most simple dependence is of the form of a power law, given by

Iv=Iru (9)

where r is a constant evaluated from the initial clinical trial data (conducted by the manufac-

turers) for individual vaccines. In order to maintain E > 0 constraint, r > 1 since Iu itself is a

proper fraction smaller than unity.
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1.2 Efficacy in case of multi-variants

The previous section introduced the efficacy of a vaccine in the context of a single virus variant.

However, as can be observed during the current COVID-19 pandemic, different variants of

SARS-COV-2 have emerged. Clinical trials under such conditions will have an overall efficacy

with contributions from individual variants.

Let us develop the combined efficacy during a clinical trial having four variants of COVID-

19, say α, β, γ, and δ. The efficacies with respect to individual variants are given by

Eα
= 1−

Iαv
Iαu

(10)

Eβ
= 1−

Iβv
Iβu

(11)

Eγ
= 1−

Iγv
Iγu

(12)

Eδ
= 1−

Iδv
Iδu

(13)

The combined efficacy Ec can be defined using a weighted sum and can be written down in

a compact form using the summation notation

Ec =
∑4

i=1

fi
∑

4

i=1
fi
Ei (14)

Here fi represents the efficacy density function for the ith variant and acts as a weighting term

for Ei. For a region having N variants, equation (14) can be written as

Ec =
∑N

i=1

fi
∑N

i=1
fi
Ei (15)

The density function fi can be thought of as the percentage share of the individual variant. The

function fi depends on time and the region where the clinical trials are performed. Using the
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percentage share of individual COVID-19 variants as fi and noting that the sum of percentage

shares over all variants will be equal to unity, the denominator of equation (15) will simplify,

and the combined efficacy Ec becomes

Ec =
∑N

i=1
fiE

i (16)

The consequences of the mathematical framework in the context of COVID-19 vaccines is

presented in the discussion section.

2 Discussion

The efficacy of vaccines is calculated in different clinical trials. It hence depends on the in-

fection rates of the location where the trials are conducted. Further, at a given location, the

infection rate itself is evolutionary quantity that change over time. As discussed in the intro-

duction and mathematical framework, more than one variant can affect the efficacy. We will

discuss the single variant and multi-variant differently.

Table 1: Table of ∆Iv for different vaccines and different ∆Iu values for hypothetical clinical

trials based on Fig. 1(D). A, B, C, D represents the period of the clinical trials.

Pfizer-BioNTech Moderna Sputnik AstraZeneca-Oxford

E0 0.95 0.94 0.92 0.67

∆Iu
0.10 0.005 0.006 0.008 0.033

0.30 0.015 0.018 0.024 0.099

0.40 0.02 0.024 0.032 0.132

0.50 0.025 0.03 0.04 0.165

2.1 Single variant

Fig. 1(A) shows the relative change of efficacy E plotted as a function of the relative change

of Iu for different initial efficacies E0 (0.3, 0.5, 0.7, and 0.9) provided by the manufacturers
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Table 2: Table of ∆E/E0 for different vaccines and different values of ∆Iu/Iu for hypothetical

clinical trials based on Fig. 1(D).

Pfizer-BioNTech Moderna Sputnik AstraZeneca-Oxford

E0 0.95 0.94 0.92 0.67

∆Iu/Iu
0.10 0.0053 0.0064 0.0087 0.0492

0.30 0.0158 0.0191 0.0261 0.1478

0.40 0.0210 0.0255 0.0348 0.1970

0.50 0.0263 0.0319 0.0435 0.2463

for constant Iv. The dependence is linear according to equation (5). The slope of the straight

lines is given by the coefficient of the fractional change of Iu in equation (5). An increase

in the infection rate Iu increases the efficacy of vaccines provided that Iv remains constant.

The invariance of Iv is not apparent in real-world scenarios as an increase of infection rate can

increase Iv itself. However, this case can be realized for low infection rates. The assumption

of constant Iv is relaxed and discussed at a later stage. The variable nature of infection rates

implies that clinical trials performed during different periods of the COVID-19 pandemic will

result in different values of efficacies of the same inherent vaccine. For constant Iu, the variation

of efficacies is shown in Fig. 1(B). An increase in Iv reduces the original efficacy as inferred

from the negative values in Fig. 1(B). The trends can be observed from equations (4) and (6).

This condition is, however, practically not feasible in the real world. Fig. 1(C) shows the

general trend of Iv with respect to Iu for a vaccine to maintain a constant efficacy E0 (E0 is a

parameter). Fig. 1(D) shows the total number of active COVID-19 cases (in millions) in India

at five discrete points in June 2020, September 2020, December 2020, March 2021, and May

2021. If hypothetical clinical trials were performed during periods A, B, C, and D (labeled in

Fig. 1(D)) for different vaccines, the efficacy would be different as the infection rate during

the four phases is different. The most commonly advocated vaccines of COVID-19 and their

corresponding efficacies as prescribed by the manufacturers are shown in Fig. 1(E). Pfizer-
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BioNTech, Moderna, Sputnik all have efficacies above ninety percent E0 > 0.9, whereas the

vaccine provided by AstraZeneca-Oxford has an efficacy of E0 = 0.67. Fig. 1(F) shows the

changes in Iv for a change of Iu during the pandemic for maintaining a constant efficacy. It can

be observed that the corresponding swings in Iv are more significant for vaccines having lower

efficacies (like AstraZeneca-Oxford) when compared to vaccines having higher efficacies (like

Pfizer-BioNTech, Moderna, and Sputnik) for a given change in Iu. Table 1 shows the exact

values of ∆Iv for different values of ∆Iu for four different vaccines in order to maintain a

constant efficacy as prescribed by the manufacturers. In contrast to constant efficacy, constant

Iv can model many actual clinical trials and is essential in real-world scenarios. In general,

the efficacy of a vaccine will change as the pandemic progresses in time. Table 2 tabulates the

relative change of efficacies of four different vaccines as a function of the relative change in

Iu. In general, Iu cannot be controlled and is a function of the local infection rate where the

clinical trials are being conducted (i.e., Iu is dependent on the different phases of the pandemic),

whereas Iv is a quantity that measures how good a vaccine is in a given region and time. The

two different extreme vaccines Pfizer-BioNTech and AstraZeneca-Oxford, have been chosen

based on their E0 values for the remaining analysis and the data (2, 3) for hypothetical clinical

trials in the United States, India, and United Kingdom. Fig. 2(A) shows the number of active

COVID-19 cases as a function of time for different geographical locations (the United States,

India, and the United Kingdom). The curves have many distinct peaks showing different waves

that different regions experienced during the progress of the pandemic. The blue, red, and green

curves represent the United States of America, India, and the United Kingdom. The maximum

active cases for these regions are different, and the peaks occur at different time instants. The

active cases are approximately a good measure for calculating Iu for the population of a given

region. Iv and Iu were initially considered as independent variables; however, in real-world

conditions, a dependence exists between Iv and Iu. Fig. 2(B) shows the relationship between
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Iv and Iu in various clinical trials for Pfizer-BioNTech. A similar relationship for AstraZeneca-

Oxford is shown in Fig. 2(C). Fig. 2(D) represents Iu for United States of America, India, and

United Kingdom. Iu is calculated from a hypothetical clinical trial on the total population size

of the regions. The existence of a monotonic relationship between Iv and Iu can be inferred

from the clinical data in Fig. 2(B) and 2(C). The clinical trial data is represented according to

equation (9) using a least-square analysis (29). The exponent of Iu in equation (9) has been

extracted for Pfizer-BioNTech and AstraZeneca-Oxford from the least-square fit. The exponent

r for Pfizer-BioNTech and AstraZeneca-Oxford are 1.6 and 1.25, respectively. Fig. 2(E) shows

the temporal variation of Iv for all the countries and the vaccines, calculated using equation

(9). Coupling equation (1) and equation (9), Fig. 2(F) shows the variation of the efficacy as

a function of time for two different vaccines (Pfizer-BioNTech and AstraZeneca-Oxford) for

hypothetical trials conducted in all the countries. As it can be inferred from the plots, the

efficacy values, in general, oscillates with time. However, as it can be observed, the curves of

Pfizer-BioNTech and AstraZeneca-Oxford intersect each other, indicating similar efficacies at

the point of intersection. A similar analysis is carried out on a much more local scale where

the sample size (population) is much smaller. Fig. 3(A) shows the active cases in New York

(US) and Maharashtra (India) as a function of time. Fig. 3(B) and 3(C) show the temporal

variation of Iu and Iv, respectively. From Fig. 3(B), it can be inferred that adequate sample

size is essential; the maximum local infection rate Iu for New York reaches approximately

nine percent. However, on a much larger scale of the entire country of the United States, the

maximum value of Iu was about six percent (refer Fig. 2(D)). Hence the vaccine efficacy values

of Pfizer-BioNTech and AstraZeneca-Oxford can be similar depending on the region, time, and

sample size of the clinical trials.
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2.2 Multi-variants

As deduced in section 1.2, the distinction between different variants can change the combined

efficacy Ec. In the presence of multiple variants, the combined efficacy of a vaccine can be

evaluated using equation (16) in a given clinical trial. As the COVID-19 pandemic was evolv-

ing with time, several variants of COVID-19 were discovered at different places globally like

B1.1.306, B1.617.1, and B1.617.2 (22, 23) to name a few. The B1.617.2, also called the delta

variant, was found in India (27) and is thought to be responsible for the second wave in In-

dia. In real-world scenarios, several variants can coexist and evolve simultaneously, with time

changing the course of the pandemic. Fig. 4(A) shows the percentage share of all the variants

during 300 days in India (24). It can be observed that each of the individual variants has its own

evolutionary transient dynamics. It can be observed how a particular variant becomes domi-

nant (delta variant here) over a certain period (last 60 days in Fig. 4(A)). Pfizer-BioNTech and

AstraZeneca-Oxford have reported (30, 31) different efficacies for some variants of COVID-19

shown in Fig. 4(B) and 4(C). The individual efficacies (Ei) concerning a given variant, along

with the percentage share of the variants (fi), are used to calculate the combined efficacy us-

ing equation (16). The fi in equation (16) is the percentage share of the individual variants

that evolve with time, resulting in transient variation of the combined efficacy. Suppose the

efficacy of a clinical trial is evaluated daily. In that case, the combined efficacy of the vac-

cine will have an evolutionary nature governed by the dynamics of the individual variants. Fig.

4(D) shows the combined efficacy of Pfizer-BioNTech and AstraZeneca-Oxford over 60 days,

where the delta variant rises steeply in India (refer Fig. 4(A)). The combined efficacy of Pfizer-

BioNTech is more sensitive to the delta variant (decreases quite steeply) variant than that of

AstraZeneca-Oxford. The steepness of the Pfizer-BioNTech curve is due to the combined effect

of the sharp increase of the delta variant, decrease of the other variants, and the low efficacy of

Pfizer-BioNTech for the delta variant compared to AstraZeneca-Oxford.
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3 Conclusion

In conclusion, we have studied the mathematical definition of efficacy and its implications on

statistical quantities like Iv and Ii. The efficacy used to characterize a COVID-19 vaccine de-

pends on the infection rate of the region, sample size, and time when the clinical trials are

performed. Further, we have also shown that the definition of vaccine efficacy can be gener-

alized by incorporating multi-variants efficacy into consideration. Therefore, the definition of

efficacy used by vaccine manufacturers globally is a spatio-temporal quantity that can vary from

region to region and evolve with time. Hence the vaccine efficacy defined may not be solely the

property of the vaccine itself, i.e., not an inherent property of the vaccine alone. However, it

may also depend on the parameter characterizing the pandemic. Hence, efficacy data should be

used with utmost care and understanding. The bias towards a better choice of vaccines based

on efficacy values is often misleading and requires a thorough reconsideration.
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Figure 1: Mathematical implication of equation (1-8). Sensitivity dependence of E on Iu
and Iv. (A) The fractional change in E plotted as a fractional change of Iu with original efficacy

E0 as a parameter and constant Iv. (B) The fractional change in E plotted as a fractional change

of Iv with original efficacy E0 as a parameter and constant Iu. (C) Iv plotted as a function

of Iu with (constant efficacy) E0 as a parameter. (D) Confirmed COVID-19 cases in millions

plotted as some discrete points in time (dates) for India. A, B, C, D represents the period of

4 hypothetical clinical trials. (E) Comparison of different COVID-19 vaccines based on their

efficacies. (F) ∆Iv plotted as a function of ∆Iu if E is restricted to change. The curves are

plotted for four different COVID-19 vaccines.
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Figure 2: Vaccine efficacy and its parameters for hypothetical clinical trials based on dif-

ferent countries (large sample size). In the figures Pfizer-BioNTech, AstraZeneca-Oxford,

United States of America, United Kingdom, Clinical Trials are reffered as Pfizer, Astra, US,

UK and CT respectively. (A) Active COVID-19 cases in India, United States and United King-

dom plotted as a function of time. The red boxes denotes the time at which the efficacy of

Pfizer-BioNTech and AstraZeneca-Oxford was declared (2, 3). (B) Dependence of Iv on Iu for

Pfizer-BioNTech in different clinical trials (19) (black cross) and the power law fit (blue curve).

(C) Dependence of Iv on Iu for AstraZeneca-Oxford in different clinical trials (8) (black cross)

and the power law fit (blue curve). (D) Iu as a function of time for United States, India and

United Kingdom. (E) Iv (calculated from the power law dependence) as a function of time for

United States, India and United Kingdom for both AstraZeneca-Oxford and Pfizer-BioNTech.

(F) E as a function of time for United States, India and United Kingdom for both AstraZeneca-

Oxford and Pfizer-BioNTech. The violet dotted circles denotes crossover points during which

the efficacy of Pfizer-BioNTech and AstraZeneca-Oxford are the same.
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Figure 3: Vaccine efficacy and its parameters for hypothetical clinical trials based on dif-

ferent states of countries (relatively small sample size). In the figures Pfizer-BioNTech,

AstraZeneca-Oxford and Maharashtra, are reffered as Pfizer, Astra, Maha respectively. (A) Ac-

tive COVID-19 cases in New York and Maharashtra plotted as a function of time (2, 3). (B) Iu
as a function of time for New York and Maharashtra. (C) Iv (calculated from the power law

dependence) as a function of time for New York and Maharashtra for both AstraZeneca-Oxford

and Pfizer-BioNTech. (D) E as a function of time for New York and Maharashtra for both

AstraZeneca-Oxford and Pfizer-BioNTech. The violet dotted circles denotes crossover points

during which the efficacy of Pfizer-BioNTech and AstraZeneca-Oxford are the same.
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Figure 4: Role of multi-variants on the efficacy of vaccines. In the figures Pfizer-BioNTech,

AstraZeneca-Oxford are reffered as Pfizer, Astra respectively. (A) The percentage share of

different COVID-19 variants in India represented as a function of time in days (24). (B)

Pfizer-BioNTech vaccine efficacies for different individual variants obtained from clinical tri-

als (32). (C) AstraZeneca-Oxford vaccine efficacies for different individual variants obtained

from clinical trials (31). (D) Comparing combined vaccine efficacies of Pfizer-BioNTech and

AstraZeneca-Oxford for different variants.
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