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X. The Electric and Magnetic State of the Interior of the Earth. as inferred
Srom Tervestrial Magnetie Variations.

By 8. Cuapvman, F.R.S.. and A. 1. Price, M.Se.
(Received July 30, 1930—Read November 6, 1950.)

1. INTRODUCTION.

1.1. By spherical harmonic analysis it is possible. as was shown by Gauvss! to
distinguish between the parts of the earth’s magnetic field, at any time. which originate
respectively within and above the earth’s surface. In this way Gauss confirmed and
extended GiusrrT’'s conclusion that the field is almost entirely of internal origin.

1.2, Sir ARTHUR ScHUSTER? applied the method to the field of the daily magnetic varia-
tion at the earth’s surface, and found that the major part is of external origin. but that
there is also a part produced within the earth. He attributed the latter to electric
currents induced in the earth by the outer varying field. which he regarded as primary.
In co-operation with Prof. H. Lams he showed that the relation between the two parts
of the field is consistent with this hypothesis ; the caleulations referred to currents
induced in a uniformly conducting sphere. They showed that the conducting sphere
must be distinetly smaller than the earth, that is, it is an inner core. and not the whole
carth, which is effective.

1.3. Definite estimates both of the size and the conductivity (x) of the core were made
by 8. CHapMan.? The estimates of (@) the thickness of the non-condueting shell
surrounding the core, and (b) of «. were () about 250 km., and () 3-6.107 (LGS,
units. This conductivity is similar to that of moist earth, and distinetly less than that
of sea water (4.10°1),

1.4. In these caleulations the magnetic permeability p was assumed to be unity.
and the influence of the oceans, and of the water-hearing strata near the carth’s surface,
was ignored. S, Cuapmax and T. T. Warreneap! showed that the periodic magnetic
variations suffice only to indicate the value of the ratio «/p, and cannot determine
« and p separately. They found that the induced currents are scarcely affected by any
probable depth of moist earth, but that a comparatively shallow oceanic shell (e.q.,
half a mile deep) over the whole earth would induce a field of intensity comparable with

! Gauss, * Allgemeine Theorie der Erdmagnetismus.” p. 13,
¢ BepustERr, © Phil. Trans.,” A, vol. 180, p. 467 (1889) ; with appendix by Lass,
* Omapman, © Phil. Trans,,” A, vol. 218, p. 1 (1919).
¢ CuapMaN and WarTEgEAD, © Trans. Camb. Phil. Soc..” vol. 22, p. 463 (1922).
VOL. COXXIX.—A 679 3 K [Published December 31, 1930,
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that due to the supposed core: the actual oceans are likely to have an appreciable
effect on the induced field, though their irregular and ill-connected form reduces their
influence.

1.5. Cnapman® analyzed the average field of magnetic storms, and showed that it
originates mainly above the earth, but has also a minor part of internal origin®: as in
the case of the daily magnetic variations, this is naturally interpreted as induced by
the primary outer part of the field. Cmapman and Warreneap (loc. eit.) considered
the relation between the outer and inner parts of the main axially-symmetrical component
of the field, adopting the hypothesis of induction, in a core of which the conductivity
was of the same order (between 1072 and 4.107*%) as that inferred from the daily magnetic
variations. This part of their calculations was somewhat rough and provisional, and,
as will appear later, the effective conductivity which we now infer is considerably higher.

1.6. Terrestrial magnetic phenomena can thus afford indications as to the properties
of the earth’s interior, which can hardly be obtained in any other way. Probably the
most interesting and important geophysical information derived from the magnetic
data will be gained from the main field and its secular variation, when at last it becomes
possible to interpret them satisfactorily. Meanwhile it seems desirable to proceed
further with the study of the induction effects associated with the daily magnetic varia-
tions and magnetic disturbance: they present several important problems which
require solution.

1.7. In view of the very large part of the globe which is covered by water, it is
desirable to examine further the extent to which the oceans shield the core from the
rarying outer field. This can be done by considering one or more limited oceans of
simple form, bounded, say, by meridians across which current cannot flow.?

1.8. It is desirable also to make a detailed examination of the induced part of the
field of magnetic storms, to determine whether it is really consistent with the properties
of the conducting core as deduced from the daily magnetic variations. It is hardly to
be expected that this will be the case, because the supposed uniformly conducting core
can only be regarded as a convenient mathematical model consistent with certain
observed facts ; it may suffice, with certain values of « and the radius, for one type
of magnetic variation, while for another type different values may be necessary. If so,
the difference between the two sets of values may indicate how the actual core differs
from the simple model.

1.9. This question forms the main subject of the present paper, which is a further
development of that by Caapmax and WuiTenEAD, already referred to. Mathematically
all such discussions are based upon Lamp’s work on electromagnetic induction in
spheres® ; the theory for a uniform conducting sphere is complete as regards induction

® CHAPMAN, © Proc. Roy. Soc.,” A, vol. 95, p. 61 (1918).
S Crarmax, “ MAN.R.AS.” vol. 79, p. 70 (1918).

© Charman, © J, Lond, Math. Soc.. vol. 2, p. 131 (1927).
* Lams, * Phil. Trans.,” vol. 174, p. 526 (1883),
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by periodic magnetic fields, but in the course of our work a further development of
the theory for aperiodic fields has proved necessary; the extensions are given else-
where in two papers by A. T. Price.® The distinction between the cases of periodic
and aperiodic fields is somewhat analogous to that between (@) the forced vibrations of
an elastic dissipative system, due to external forces of assigned period, and (b) the
motion of the system from rest, due to external aperiodic forces: in the latter case.
the modes of free vibration have to be found. and their amplitude determined to
satisfy the initial conditions.

1.10. Seismological evidence!® indicates a fairly sharp change in the constitution of
the earth at a depth of about 15 km., but there is no independent indication of a change
of properties near the level, 250 km. deep, where the condueting core begins (according
to CHAPMAN's estimate based on the daily magnetic variations). There may, in fact,
be no sudden increase of « at this level, but only a gradual increase, and this inerease
may continue to much higher values of « than 3:6.1073. To throw light on this
point we here examine the actual distribution of the induced eurrents in the core (on
the supposition that it is uniformly conducting and that « = 3-65.107'%), both for
the daily variations and for magnetic storms. It is found that the currents penetrate
further in the latter case, but that below about 2000 km. they are small and have
only a slight influence on the surface magnetic field. Thus the region about which
these magnetic variations can afford information is unlikely to extend below this depth
and may fall far short of it if the conductivity increases downwards. The comparison
of the induction-effects for the daily variations and for magnetic storms does, in fact,
indicate that the conductivity is not uniform below 250 km., but continues to increase,
and at a quite rapid rate. By considering the magnetic variations over a wider range
of period (or, in the case of aperiodic variations, of time scale), it may prove feasible
to determine the radial distribution of conductivity for some distance below 200 k.,
though the data now available scarcely suffice for this purpose. The investigation will
require a difficult extension of the mathematical theory if the conductivity is supposed
to vary continuously : but it may prove sufficient to treat the earth as a series of
concentric shells each of uniform conductivity ; the formule required in this case have
been given by Cnarman and WHitgHEAD (loe. ¢it.). In the present paper the detailed
analysis is concerned solely with a uniformly conducting core.

The slower the magnetic variations, the deeper do their induced currents penetrate :
hence the variations of longest period must be looked to for information about the deepest
levels. The slowest known variation of external origin is the annual variation : this is
very small and difficult to determine aceurately, but in the future it may become
possible to apply it to the present purpose.

¥ Pricg, © Proe. Lond, Math, Soe.” ; ser. 2, vol. 31, p. 217 (1930), and a second paper in preparation.
10 Jerereys, © The Earth,” 2nd ed, (1929), p. 159.
't CrapMAx, © Nature,” vol. 124, p. 24 (1929).

K2
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In conclusion. some errors and misconceptions in two papers'® 13 bearing on
electromagnetic induetion within the earth by varying external magnetic fields are
discussed (§§ 9. 10).

Tae MacyeTic Dara, ANp THEIR HARMONIC ANALYSIS.
The potential V of the magnetic field at and near the surface of the earth may

at any instant be expressed as a series of spherical harmonic terms

(1) V=32V2

nop
where V,” depends on 0 the north polar distance (or colatitude), and on » the east
longitude, solely through the surface-harmonie factor

(2) P.” (cos 0) (A cos pi + Bsin pa):

)...' il v g = dai *

P.” (cos 0) denotes the associated Legendre function of degree n and order p; »n and
P are positive integers or zero, and p =< n; A and B are functions of r, of the type
indicated in the following general expression for V, :—

.H 2 r i n+zZ

[
| " " o ) - {4 ¥ ‘ [
(d) \ l( l‘ Ifn [ Sy [_' I!;r_ it }'“_I' } COs _P A _[_- k-}ﬂﬂn. b ““_] _;_ lpn. b " }

)»-m ph P,” (cos 0).

The terms in the potential which are of positive degree in 7 relate to the part of the
field that has its origin above the earth’s surface, while the other terms are associated
with the part that originates within the earth: the factors E,”. I, associated with
these terms are chosen so as to suggest this external and internal character. The
factors IS, I are, in general, functions of the time.

Kach of them can be analyzed into a constant mean part, corresponding to the
carth’s permanent main field, together with a variable part. which contains some
periodic terms, and some which are irregular. The former include the solar and lunar
diurnal terms. and the latter the terms corresponding to magnetic storms : these alone
are discussed in this paper. There are, in addition. the slowly varying terms corre-
sponding to the annual and secular variations. and some terms due to small and rapid
pulsations of the field.

2.3. Any periodic component of V,”, associated with time factors cosaf or sin «f,
can conveniently be represented by the real part of the sum of a number of eXpressions
of the type

' s ?Jr ) “u N : : !
(4) { B, == + L7« F) ¢' P PP (cos 0),

where B and L"* are complex numbers. called amplitude factors. The modulus

 Ciaryax and Warrengap, © Proe. Toronto Int. Math, Congress,” 1928, p. 313,
" Mants and HuLpuoge, © Phys. Rev..” vol. 33, p, 412 (1929).
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of the complex ratio E,”*/I,”* is called the amplitude ratio of the external to the
internal part of this component of the potential term V,”, while the argument of this
ratio is called the phase difference between them.

2.4. The harmonics V,” are determined at any instant by the geographical distribution
of the three magnetic elements at that instant. By making the analysis for a series of
times, the factors B .. 17 ., B~ ,. 17, , (for any desired values of » and p), could
be found as functions of the time. In practice, however, it proves more convenient
to make the time-analysis first, for the elements at the separate observatories.  The
periodic components are expressed as Fourter’s series, and the geographical distribution
of the coefficients in these series determines the corresponding periodic components of
the various harmonic terms V,”.  This has been done for both the solar®* and lunar?®
diurnal variations : the principal harmonies are those for which p =1, 2, 3, or 4, and
w=porn=p+ 1. Moreover, they are found to depend mainly on local time :
that is to say. when £ is reckoned at the rate 2 = per (respectively solar or lunar) day.

(5) o =
while if 7 is measured in seconds.
(5a) % = 2mp /86400

in the case of the solar day.

2.5. The additional variations present during magnetic storms have been discussed
by N. A. F. Moos", 8. Cuapman® and (. ANGENHEISTER' ; they may be analyzed into
the storm-time variation, the disturbance diurnal variations, and an irregular part.
The first of these, which is alone considered in this paper, represents the part of the
variation that is symmetrical about the earth’s axis ; it depends only on latitude and
storm-time (that is, time measured from the commencement of the storm).  Since
this part is independent of the longitude, its potential will contain only zonal harmonics
(p=0). The observations clearly indicate that the most important harmonic term
is the first (proportional to P, (cos 0)), and that higher harmonies are relatively small® ;
an actual determination of them, as functions of the time, is made here for the first time,
on the basis of the graphs?® of the storm-time changes of the north and vertical magnetic
foree (X and Z).2¢ reproduced in fig. 5 : these graphs refer to the average (north) magnetic
latitudes 22°, 40°, 53°. It may be safely assumed that the storm-time field is nearly

" Moos, © Colaba Magnetic Observations 1846-1905," vol. 2, ¢h. 10 (1910).
15 ANGENHEISTER, * Gottingen Nach.,” Math. Phys.. 1924, p. 1.
16 A zonal harmonic in the potential V can give rise only to north (or south) and vertical components

of magnetic force, 1.e., there can be no corresponding east or west component. The analysis® showed that
the only large storm-time changes are those in H (horizontal force, north or nearly north at the stations
considered), though those in V, while small, are definite. The storm-time changes in declination, or east
force, were small and irregular ; they are probably accidental, due to the limited number and individual
differences of the storms analvsed.
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symmetrical with respect to the equator, so that only harmonics of odd degree need
consideration. The data suffice to determine three of these, P,. Py, P,: the others
are supposed to be negligible in comparison with them.

Thus, let

Vi '.H . “'u 2 -
(6) Q=3(e,—+ 9 ——=)P.(cos 0), n=1,3,5,
““_- ?,n -1 .r".

where Q denotes the storm-time part of V, while e, and 7, are functions of the time.
Sinee

(f) ‘\ - k)' 0 ]rr: H" A N (', F'.*' Il.r'-—r:.-

simultaneous values of X and Z in three latitudes suffice to determine e, and 4, for
n=1, 3, 5. The values found for various epochs after the commencement of the
storm are shown in Table I. At the earth’s surface (r = a), Q =32 (e, -+ 7,) P, (cos 0) ;
the coeflicients e, -4, of the three surface harmonics are also agiven in Table T,
and are illustrated, as functions of the time, in fig. 1. Fig. 2 shows the time-variations
of ¢, and 7, separately.

TasLe I—Values of the coefficients in the expression
Q = feyr + i (@®/r2)} Py - {eg (13)a®) + 1y (a8 1)} Py + {eg (5 )a*) + 45 (a7 [r)} P,
representing the observed H.F. and V.F. “ storm-time ~ changes.

Unit = 1y. Time measured from half-hour before commencement of storm.

f i | |
0 1 Sl Bl al2 18 | 24 30 | 36 42 | 48 |
hour. | hour, | hours.| hours.| hours. hours. huur'.a:.| hours.| hours,| hours, hours.

2i A e b e @ = 16 — 8] T4 | 38 38 37 33 31 | 28 | 27

T el i i St it Lot 0 Ol T, e 0T sl (T L T Ml e B

RN L S € S (S N O RO R N R BT A O

$ 0 e ged e O = B = 2 3 10 | 10 11 | 9 | 8 el

&y |0 1 0| 1 g win Sk O e slnlf

ey 0 |[—o5 1] 2 | 1 0| =2 91 =3 0" =3

iy 0 - 05— 1| =1 | 1 0 | —1 | 1 1 1 it

es - s 0 =il g i - 1 1 = 0:5 —2 =1 i = |
— - - - - S ————— e —— b - - = —— it (r—— P S — — _—_I

. o e ovowea o] O 0 |= 1<5] =1 O | 0 |=0-5 =1 —1 '

;P Sl i [ — 1 |— 2:5 —3 — 1] -1 0 —1 | 0 I =1

2.6. It is clear that, except during the first ten hours of the storm, the field is
adequately represented by the single harmonic Py, The values of Py and P, while
scarcely likely to be accurate (because of the limited data on which they are based),
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probably indicate the order of magnitude of the remainder of the storm-time field.

At the equator (0 = 907),
(8) X =—{g + iy)

,; (€5 + 13) — l:'s':‘ (€5 + %) 5

(equator) :

hence, and from fig. 1, it appears that, from 0 h. to 4 h. (during which time ¢, -- 7, and

e; -+ iy are both negative), Py opposes Py, and reduces the initial increase of X : but

from about 5 h. to 10 h., owing to the reversal of ¢, - ¢;, Pg reinforces P,.

2.7. Table I and fig. 2 show that in the initial rapid change of X and Z, during the
first half-hour of the storm, the internal part of P, is almost exactly half the external
part : and that in the subsequent slower changes (from 1 h. to 12 h.) the ratio is rather

less, that is, about 0-42,
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3. BLECTROMAGNETIC AND Maeneric IxpuerioNn wiTHIN A UnNirorM (CONDUCTING
PERMEABLE SPHERE : (GENERAL ForMULZE.

3.1. In problems of clectromagnetic and magnetic induction within a uniform
conducting sphere, each spherical harmonic term V,” can be considered independently
of all the others. Likewise. each periodic component of a particular harmonie, and
ecach aperiodic component involving a real time factor e, can be separately treated.

3.2. Suppose that the earth has a uniform core, of radius ¢ a, electrie conductivity «,
and magnetic permeability . The part of the earth above this core is treated as
non-conducting, and of permeability unity. though. in fact, the conductivity of the
oceans is higher than that found for the core (§ 1).

3.3. The daily magnetic variations—For the periodic component of frequency p.
of the harmonic V,”, the complex ratio I,”/E,’. at the earth’s surface » = a, on the
assumption that the internal part of the field is due to electromagnetic and magnetic
induction within the earth by the outer field, is given hy*

1, ng™ H [ o [Ba—y (e =1)] ':| .
®) B il "IR T werl f

where I, and E, denote the surface values of 1,” and B,”, while R,_,/R, may be derived
] n 3 " .

from the formula

R, B [ " n(n 1) 0 |
10 Lol = 14+ = 4+———+—=+ ...p
1) R, :zu+1|_l {_(5 " +4@3+ J
; nin-+1) nn-+1) I‘l
Gl = N
+if 1p? 4B 1t
when B, defined by
(11) gy = 4 p i pgra”

24 . 60 . 60

is large : (10) is, in fact, an asymptotic expansion.

The values of I,/E, derived from observation (§ 2.4) indicate® that, if p. =1, f must
be about 84/p. while* if g > 1. « and £ must be increased nearly in the ratio p: 1.
Computations were made for the two harmonics Py' and Pg?, and values of p. from 1
to 100 were considered.* It was concluded that « and p cannot be separately inferred
from the periodic magnetic variations, but only their ratio « /. This. however, did not
completely dispose of the possibility that some particular value of p might prove
somewhat more suitable than other values, if all the harmonics discussed in (3) were
considered, with more aceurate determinations of I, and E,. The conclusion can be
confirmed, however. without extensive computations. as follows: by (9) and (10),

(12) L _ ng"* [(A — u) +iB]
i E. a1l A4:B J°

* (ff. equations (5.7), (7.8), (7.10) and (7.12) of the memoir by Cuarmax and Wrarreneap, * Trans. Camb.
Phil. Soe.,” vol. 22 (1922). A slight correction is needed in (7.12), which corresponds to (10) above,
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where
A (e —1) B . n(n+ 1)
8) A= on -+ 1 +‘7n+lL tg + To4pr +4{33+"'}
_mp+8  nnr+1)1
~ 2nF1 + on 1 43-{-...
_ B [j_nMr+1) nm+1)
(4} B‘“zn+1iz_l 4p2 433 }'

Hence the amplitude ratio R and the phase difference ¢ between the internal and external
parts of the field are given by

_| L] _ngt (A — ep B
L == Es-*n+1[ Aﬂ-}-Bz JL
(16) ¢ = tan~' {B/(A — p)} — tan" (B/A).

Since it has been found that 8 is about 8 4/ p when p = 1, and that «, and consequently
8 (which is proportional to 4/ (w«)) must be increased if p > 1, (13) and (14) reduce
approximately to

(17) _hp 4B Bt

2n4+1° T 2n+1

even when p =1 and n = 5, while when w>1 and n < 5 the approximation is
closer. Substituting from (17) into (15), (16), we have

ng™ [0 @n41)(Ble—DL 4
(18) B= w1 {1 1+ nf/w + 1}”’2} ’
(19) tan ¢ = -1 B/p-

85w — Bl —n(m 1)’

these involve « and p only in the form @/u, which is proportional to («/w)

The degree of accuracy of (18) and (19) can be illustrated by calculating ¢ from (19)
and from (16) in the case® when w =1, « = 3:65.1073, for the principal harmonic
terms in the daily magnetic variation : the results are as follows :—

P, P2 Pg Py P, P2

¢ from (16) . 18-9  18-7 19:3 20-5 11-6 135
é from (19) .. 19-3 18-8 195 20-8 11-5 13-4

Since (19) is least accurate when w = 1, it follows that for w > 1 the formule (16)
and (19) are practically equivalent, and that therefore it is not possible, from the daily
magnetic variation, to do more than infer the ratio «/p, and not « or u separately.

3.4. The storm-time variations—In this case the external inducing field is aperiodic,

VOL. COXXIX.—A 3L
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and initially and finally zero: its potential can be expressed as the sum of zonal
harmonic terms V, = E, (#"/a"~") P, (cos 6), where E, is a function of the time.
The induced field can be caleulated by expressing E, as the sum of a series of exponentials
with respect to the time, or rather in the form
(20) E, = ‘T. E, . {1 —exp(— Al
"

in which each term is initially zero: the constants K, ,, 2, , must be chosen (and
a sufficient number of terms must be taken) to fit the function E, with the desired
aceuracy.

Tt has been shown? that the induced field corresponding to the K, , term in the
harmonic V, is given by

(21) L.« (@* *3[r* *1) B, (cos 8),

where

e o T | © 9 (9 A2 . {OX ( - o “” @-X]J ( j,’n'nc)}
22 1 | =y { __—-L | 5 ( n 1) 2%, n P A == =3 :
( } A= ﬁm.n ( ) (2 15 =1 {3'231_3 L n (P‘ = 1) ('?'!,EJ. + n -+ 1)} (-LG. i {3zm. n)

(n41)(p—1) TN :
8 ¥ + > + 1 {] — EXp ( ", n"’)}] >

-

&, , 1s the sth root* of the equation
(23) 270 @y (@) + (s -+ 3) Tay (@) = O,

J, 1+ () being the Bessel function of the first kind and of order » - §: [, and B, ,
are defined by

(24) lu. 3= mzu. ,/471.'-‘( [J‘gzazf
{25 ) < Bzm. n— 4’“’" I )“m. nqaa’a L

The function ¢, , (£) can be shown? to have the following propertiesf :—
(@) ¢"(0) = ng™ "'n/(n + 1), which is essentially positive : hence I, , has initially
the same sign as E,, ,.
(b) ¢ (t) > — ng™*" (. — 1)/(ne +n 4 1) ast - o.
(¢) ¢ (¢) has only one maximum value, which lies on the graph of ® (¢), defined by

28y & (1) = 4 [o (oy L < exp (— l,.{) (- 1)(p—1) |
i (0 w11 @n+1) e s @ s+ n(p—1)(mp4+n+1) npt+nt+l |°

The function @ (¢) is the limit to which ‘the function ¢ () tends as ¢ (or 2) - =,

* The roots are all real, and it is assumed that they are arranged in ascending order of magnitude.
T The suffixes m, n, are omitted in what follows, where no confusion is likely to result from the omission.
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i.e.. when the change in the external field becomes instantaneous: @ (f) decreases
continuously from ng**' /(n - 1) to — ng (e — 1)/(ng +n + 1) as 1 inereases from
zero to infinity. Tt follows that the graphs of @ () and ¢ (1) are as shown in fig. 3.
Tt will be observed that the maximum value of ¢ (¢) will be smaller, the slower the rate

of change of the external field.

Fig. 3.

3.5. In the special case of unit permeability (u = 1). the equations (22), (23). (26)

reduce to

on (2n + 1) ¢! 5 & exp (— Muat) —exp(— 1. )

27 [ b -":-Eru w— Pmm = yn =

RS Sk e b e
(28) &~ 4, (z) =0,

(29) D) =22n+1) T z7%,,exp(— R 4

1

&

Thus the roots z, , are, in this case, the real zeros of the Bessel function J,_, ; also
now ¢ (t) ~0ast - *.

3.6. Some general conclusions regarding the nature of the induced field, whatever the
values of « and p, can be formed without detailed computation.

Every term in the infinite series in (22) is positive, for all values of f, because
@ o/ B2 = ln," [2ons Dy (24), (25), and therefore the numerator and denominator of
each term have the same sign. Moreover, every term tends to zero as ¢ ~ .  Hence
the corresponding part of I, , has the same sign as B,.;: as t - % it tends to zero,
implying the eventual decay of the corresponding currents.

3 L2
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The remaining term in (22) is not due to induced currents, but to induced magnetism
in the permeable core ; it vanishes if @ = 1. This term is always negative, and bears
a constant ratio to the time factor, 1 — exp (— #,, ), of the inducing field ; it does
not tend to zero as ¢~ . Hence (if u 3 1) it is ultimately more important than the
field of the induced currents.

The general form of the function ¢ () has been indicated in fig. 3. At first it is
positive, showing that the field of the induced currents outweighs that of the induced
magnetism ; but as the currents decay ¢ (¢) ceases to increase ; it attains a maximum
which is always less than ng***/(n 4- 1) ; then it decreases, changes sign, and tends
to the constant negative value — ng™*'(n — 1)/(ng +n -+ 1), which is always
(numerically) less than ¢**".

Hence, using (7), it follows that at first the internal field increases H and decreases
V, at the surface, but that ultimately H is decreased and V increased, if u > 1.

If pis fairly large (and ¢ nearly equal to 1) the final influence of the induced magnetism
1s considerable, because I, ,/E,, tends approximately to — ¢*"' as ¢~ % ; the
internal field then nearly cancels H, while its contribution to V is similar in magnitude
to the external one (the ratio is approximately (n -+ 1) ¢***'/n, which may exceed
unity).

During the early stages, however, the total induced magnetic field will be almost
uninfluenced by the induced magnetism if the core is sufficiently conducting ; for
when wug*a*r is sufficiently large & (f) is at first approximately equal to
ng™*' (1 — e™)/(n + 1), independent of w. The field of the induced magnetism is
just compensated by an increase of the induced currents, beyond what would be
produced if p = 1.

Thus to determine p it is necessary to consider the internal field in the later stages,
when the induced currents have nearly died away.

3.7. The discussion in 3.6 refers only to the induced field corresponding to a particular
harmonic term and time factor, as in (20). The same general conclusion will apply,
however, with little or no change, to the field induced by any simple aperiodic primary
field depending on a single harmonic. When the time factor (¢) of the inducing field
has several stationary values, that (¢) of the induced field will have one more of these,
and the difference between any two consecutive stationary values of ¢, at times #,, 4,
will equal the algebraic sum of (i) a quantity less than ng**'/(n + 1) times the
difference between the corresponding stationary values of ¢, and (ii) a quantity depend-
ing on the decay, during the interval ¢, to f,, of the field of the induced currents which
existed at the time ;. The second quantity will be appreciable only when the change
in the external field is slow, and in this case the first quantity will be small.

3.8. To sum up briefly, we may say that the induced field will contain only those
harmonics which are present in the inducing field ; that, while the external field is
varying, the coefficient (a function of ¢) of the *“ internal ” harmonic of order n will be
approximately ng***'/(n - 1) times that of the corresponding *“ external ’ harmonic
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if « is sufficiently large, and will be rather less than this if « is smaller ; and finally that.
if the external field remains comparatively steady over an interval sufficiently long for
the induced currents to die away, then the final value of the coefficient of the internal
harmonic of order » will be — ng”** (& —1)/(np + n+ 1) times that of the
corresponding external harmonie.

4, Turg MaeNeETICc PERMEABILITY OF THE CORE.

4.1. In 3.8 it has been shown that the induced part of the field of the daily magnetic
variations is unlikely to afford information as to the separate values of « and p, but
depends practically only on their ratio « /.

In 3.6, 3.7, it has been shown that the ratio of the coefficients of the nth harmonic in
the internal (induced) and external (primary) fields approximates to ng™*'/(n -- 1).
while the field is actively varying (i.e., provided that rpg?e®2 is sufficiently large) :
this ratio, therefore, is independent both of « and p. Fig. 2 indicates that these con-
ditions are realized during the first 48 hours of a magnetic storm, since the coefficient
of the first internal harmonic (» = 1) is almost half that of the external harmonic.
Hence it appears that p cannot be determined from observations of the storm-time
field during its active phase.

But since the storm-time field decays rather slowly, over several days, it may in its
later stages indicate whether p > 1. As stated in 3.6, if p exceeds unity, the H.F.
(horizontal force) deviation should decrease more rapidly than the V.F. (vertical force)
deviation ; for example, if p = 10, the ratio I,/E,;, when the induced currents have
died away, is — ¢* (» — 1)/(@ + 2), or nearly — £ if ¢ is nearly unity ; the H.F. devia-
tion would be decreased to } the value due to the external field alone, while the V.F.
deviation would be increased in the ratio 3.

A search for such an effect has been made, by examining the daily means of H.F.
and V.F. at several observatories for nine or ten days following magnetic storms,
but without success. The task is not easy, because the undisturbed state of the
earth’s field is not definite. It may be worth while to make a more detailed and
extensive search for an induced magnetic field during the days following magnetic
storms.

On physical grounds, however, it seems unlikely that p appreciably exceeds unity.
A larger value would presumably imply the existence of ferromagnetic material in the
core ; but at ordinary pressures iron loses its permeability at 800° (., a temperature
attained at about 100 km. depth!®—less than the thickness of the relatively non-
conducting outer shell. Increased pressure appears only to lower the temperature at
which iron loses its permeability.1?

Owing to our ignorance of the conditions deep within the earth, it is not inconceivable
that the core is diamagnetic (p < 1). If so, the induced magnetism (though probably

7 Apams and GreeN, * Report Dep. Terr. Mag., Carnegie Inst.,” 1925-26, p. 225.
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very small) would reinforce the field of the induced eurrents ; it might be possible to
detect it in the last stages of the storm-time field—and also in the field of the
daily magnetic variations, since the approximation (19) of 3.3 becomes increasingly
inaccurate when p decreases below unity ; both possibilities are, however, rather
remote.

In the remainder of this paper we shall assume that o = 1 throughout the conducting
core.

5. ELECTROMAGNETIC INDUCTION BY THE STORM-TiME FigrLp; NuMmERICAL VALUES,

5.1. The following is the first attempt at an accurate caleulation of the induced field
due to the external part of the storm-time field, using probable values of « and ¢. The
first harmonic, which is of outstanding importance, is alone considered ; the coefficient
e, of its external part (¢f. (6)) is indicated, as a function of time, in fig. 2.

5.2. It is necessary at the outset to represent ¢, by a suitable mathematical expression
of the form X a, {I —exp (— 2,0)}: some latitude is possible in the choice of the
numbers a,, and 2, but on physical grounds it is clear that if two formule fit the
observed curve for ¢; equally well over a certain interval (from ¢ = 0), the corresponding
induced fields will be closely similar during the interval. The calculation of the induced
field is much simplified if the A’s can be chosen from among the series of numbers [,,
determined by (23, 24) or (since we assume p = 1) (24, 28) ; (28) reduces to

(30) gin z =0

when n = 1, so that

(31) T =8r [(8=1.,2, ...)
and
(32) l, = s*n*fdr k *a? = A,

say, where

(33) A = /4 k ¢Pal.

The values of « and ¢ found by CHAPMAN are adopted in the first instance, i.e.,
(34) « = 3+656.107% em.n., ¢ = 0-986,

so that, since @ = 6-37.10% cm..

(35) A=1574.10"°;

if we write { = 8:64.10* T, so that T denotes time reckoned in the day as unit, we must
replace A t by A"T, where A’ = 0-497,
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It is found that ¢; can be represented by four terms, taking a, = I, for the values
s =1, 3. 6, 8, and taking ¢, = 40 = — a3, a4y = 96 = —a;. so that, on reduction,

(36) oy = — 96 (e7M4 — =0 | 40 (7 — ¢~*V),

5.3. Pricg (loc. ¢it.) has shown that a primary external field of which the potential is
(37) {1 —exp (— m*At)} 7Py (cos 0)

gives rise to an induced field of which the potential is

(38) b - (@ [1?) Py (cos 0),

where

X 3¢° 21 — 2m*x?| . . 2, exp (— s2Al) :i
=2 (g & — ST ot (— mPAf) —mp B RS20 |

(39) P = l:l 1 o | P (— m*At) — m ey P

the term s = m being omitted from the summation.

Thus for the potential 7, (¢*/r*) Py (cos 0) of the induced field corresponding to (36),
we have
(40) iy = — 96 (¢g — d¢) - 40 (3 — ¢1).

5.4. The values of ¢, for m = 1, 3, 6, 8, computed from (35, 39), for times up to 96
hours, are given in Table II. The corresponding values of ¢, and 4,. calculated from
(36) and (40), are given in Table ITI, and illustrated in fig. 4. The values of ¢, and ¢,
determined from the observations (up to 48h.) are shown by dofted lines : the agreement
between the observed and calculated values of ¢, is moderately good, showing that the
chosen formula (36) is fairly satisfactory. The changes represented by the formula

TasrLe II.—Values of ¢, for m = 1, 3, 6 and 8.

‘ Time in hrs. | 1 2 3 6 9 12 15 18 | 21 24|
| . K | T ) Ak | ¥ ki |
‘ b 0-0303 | 0-0574 | 00822 | 0-1467 | 0-1995 | 0-2434 | 0-2795 | 0-3099 | 0-3346 | 0-3546 |
| tha 102515 | 04377 | 0-5788 ' 0:8213 | 0-9066 | 0-9142 | 0-8839 | 0-8383 | 0-7864 | 0-7344 |
| |
' thy 07718 | 10717 | 1:1733 | 11505 | 1-0218 | 0-9246 }
. |
: - 5 I
| chy 10720 | 1-2684 | 1-:2628 | 1-1165 | 0-9986 | 0-H066
| | | |
———— —— I. = — —_— B I
| Time in hes. | 30 36 12 48 61 9% |
|
! e i | |
| by 0-3832 0-3994 0-4059 0-4053 0-3797 0-2881

b 0-6388 (-5558 0-4850 04244 0-3012 | 01543
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TasLe I1I.—The calculated values of the induced field for magnetic storm-time varia-
tions, on the assumption that « =365 X 107 emu., ¢ =096 and p = 1.
Coefficient of first harmonic in primary field denoted by e,, and that for induced
field by ;.

2 hours. ! 3 hours. | 6 hours.

| |
Time. I 1 hour | 9 hours. | 12 hours. | 15 hours. | 18 hours.
| | | | | |
'T | | | | |
ey —14.0| —41 | 463 | 212 25-6 26-9 26-8 | 26-1
iy — b4 | — 140 | -+ 30 6-4 70 6-8 | 6.1 ‘ 59

) | e . |
Time. | 21 hours. | 24 hours. 30 hours. ! 36 hours. | 42 hours. | 48 hows. | 64 hours, i 96 hours,

b2

20, -
s 20,

10 20 30 a0 50 T
TIME IN HOURS

Fig. 4.

are slightly too rapid during the first six or eight hours, and the maximum is attained
somewhat too soon ; the subsequent slow decrease is likewise too rapid, so that e, as
calculated is somewhat too small (it may be noted that Cuapman and WriTEHEAD, in
representing the storm-time variations, took e " as the most slowly varying term,
instead of e=*""" as here).

The calculated curve for ¢, differs from the observed curve in a similar sense ; but
the discrepancy during the second day of the storm is far greater than for ¢;. Moreover,
if the formula (36) were modified to fit e, better, the discrepancy in #; would not be reduced
but increased, because a more slowly varying outer field induces a legs intense inner
field.

This indicates that the values (34) for « and ¢, which accord well with the relation
between the induced and inducing fields in the case of the diurnally periodic variations,
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are not consistent with it in the case of the slower, aperiodic, variation in the later stages
of a magnetic storm. While it was natural and proper, in the first instance, when
considering the daily magnetic variations alone, to try to represent the earth by a
uniformly conducting sphere, surrounded by an outer non-conducting layer, it now
appears that this simple model is inconsistent with the observed facts. when both the
daily and the storm-time variations are considered.

5.5. The discrepancy with the simple model (34) is further illustrated by fig. 5, which
refers to a combined field (primary field plus calculated induced field) chosen so as to
fit the observed H.F. variations (dotted lines) fairly well : the corresponding V.F.
variations are much greater than is observed : this indicates that the calculated ratio
of the induced to the primary field is too small, agreeing with fig. 4.

5.6. The induced field would be increased. as the observations require, if a larger
value were assigned to « ; calculations have shown that, with ¢ =< 0-96, « must be

LATITUDE 22" 20y LATITUDE 40° 200 LATITUDE 53

= i [ T § 1

Fig. 5.

mereased at least to 44.10°9 (ie.. 12-fold) to fit the storm-time observations : the
smaller the value of ¢. the larger must be the value of «, for two reasons, namely, because
of the factor ¢* arising from the variation of the inducing and induced fields across the
non-conducting outer layer. and further. because in the expression for the induced
currents « is associated with a factor ¢2. Table ITIa shows the values of the induced
field, calculated on the assumption that « = 44107, ¢ = 0-94. » =1 the value
¢ = 0-94 has been taken because the diurnal variations clearly indicate that at ¢ = 096
the value of « is only about 4,107, The initial phase has been ignored in these caleula-
tions. The first line shows the values of e,. referring to the external field, calculated
from the expression chosen to represent the observed values of ¢, : it will be seen to
agree fairly well. after twelve hours, with the actual values, shown in line 2. Lines 3
and 4 show the caleulated and actual values of the coefficient 7, of the induced field.
The value x = 44.107% with ¢ = 0-94 appears to be about right ; a decrease of 10 per
YOL, CCXXIX.—A, 3 M
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cent. would probably make the induced field too small. This value is considerably
lavger than the value (5:6.10713) previously estimated by Cmapman and WHITEHEAD
(loe. eit.) when considering in a rougher way the slowest exponential term in ¢,.  The
considerable difference between the value « = 44,1073 and that derived by CHAPMAN
from the diurnal variations (3-65.1071%) appears to indicate a rapid increase in x as we
descend in the earth.

Tasre IT1a—The caleulated values of the induced field for magnetic * storm-time ”
variations, when « = 44.10™3 em.u., ¢ = 0-94, p = 1. compared with the
values obtained from the observations.

Tittein honl® o v o« o n 5 5 5 st & (i 12 18 24 30 Sh 42 48
45 {oxp (— OA'T) —exp (- 64 A'D)} | 0  18:2 | 2544 | 27-9 | 27-8 | 26-2 | 25-8 | 23-4 | 21-1
e, from observations . . . . . . . 0 11 26 28 26 24 25 | 21 20

|
fpealonlated . . . . .. .6 o . e 0 6-9  9-3 | 10-4 -4 8:5 T8 | 67 62
| i, from observations . . . . . . . 0 3 | 10 | 10 11 | 9 8 T i

The further development of the theory will require consideration of a more com-
plicated core, in which « varies continuously, or, if found desirable for mathematical
convenience, discontinuously from one layer to another. Before extending the
caleulations in this way, as it is our intention to do in a further paper, it 18 desirable to
gain some idea of the probable rate of variation of « with depth, in the region where the
induced currents flow. One step towards this is to examine the depth-distribution of
the induced currents in the two cases of the daily and the storm-time variations, using
the original simple model of the earth, given by (34). This will also serve to indicate
the depths for which these magnetic variations are likely to afford information.

6. Ture DistrisurTion oF InpuceEDd CURRENTS WITHIN THE KARTH.

(@) The Dyurnal Variations.
6.1. The current-density i at an internal point P, given by », 0, A, due to induction
by the external field represented by the real part of
(41) E.2qr"a—" e PP (cos 0) cos (pr +- o),

E,”* being a complex number, is given® by the real part of

o el = wa ll,? ¢ R, (kF*r®) Ry ‘ )
W) e DR, (P [ RIS (eos O)cospR el
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where r denotes the position vector of the point relative to the earth’s centre, and A
is the sign used for vector-multiplication of vectors, while

(43) = — dnrwo,

(44) R, (2) = 2T (n + §) 27"y (2)
22

T o@nE3) | 2.4.20 F3)@n 15)

z"

6.2. The current-intensity at ris given by the modulus of (42), and its phase by the
argument of (42) with the factor ¢ removed. Since k& is complex, and therefore
also R, (k%2). the phase as well as the intensity of the currents varies with depth. To
determine this variation it is necessary to separate the real and imaginary parts of

R, (£2r®).
It is convenient to write
(45) 2z = otkr = (dnxa)t r = (dncgPae)’ p,
where
(46) o = r/qa,

so that p denotes r or OP expressed as a fraction of the radius (ga) of the conducting
core. When « is given by (5¢), as in the cases here considered, and when the constants

(34) are adopted for the core,
(47) o= §1-17 pp".

Let the real and imaginary parts of R, (k%?), or R, (— iz®), be denoted by R," and
R, respectively. Then from (44) we obtain

48) R," = (1/2%) {exp (z/1/2) cos (#/1/2 — =/4) + exp (— #/v/2) sin (z/+4/2 — = [4)}.
(49) R, = (1/22) { exp (x/y/2)sin (z//2 — = /[4) + exp (— x[4/2) e08 (z/4/2 — = [4)},
(50) R, = (3/2%) {exp (x/+/2) sin /1/2 — exp (— 7/4/2) sin @/4/2}

- (8/2a) {— exp (/4/2) sin (z/4/2 — = [4) —exp (— @/ V/2) cos (z/4/2 — =/4)},
(51) Ry = (8/2x%) {— exp (z/4/2) cos &//2 — exp (— x/4/2) cos x/+/2}

I (3/2a2) {e.\'p T A\. 2).cos (@/\/2 — = /4) - exp (— .'!.':.'\ ‘-_) si1 (@/4/2 *4-)}

while for greater values of n, the corresponding values of R, and R,’ are given by the

recurrence formule

(52) R M LR — B,
b g
('-)3) l{'ni = 4”- — |}‘ n—=1 " ]{_f“_:_.
=

3 mw 2
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6.3. The values of the modulus and argument of R, (k2r%), for the values p = 1. 2, 3. 4.

and n = p, p +

1, at various depths ¢, are given in Table 1V.

FABLE TV.-—Moduli and Arguments of R, (— #a?), where 2 — 11-17 p P
p= 1:0 0+ 0-8 07 ()6 05
(Mod. R, 120+5
| Arg. R, 475
l
_1J Mod. R, 304 16-7 964 5-65 3-44 2-20
P=19 Arg. R, 63 — 385 83° - 127-5° 172° 215-5°
|
| Mod. R. 12-0 731 k- 60 3:02 2:15 =52
(Arg. R, S L IhE — 118-H —il6 — 203-5° 2447
(Mod. R, (08 i
| Arg. R, 1755 |
B J Mod. R, 118-2 52-2 23-8 114 574 3.10 |
P=%3 Arg. R, 207 — 270 7° — 35-5° — Y7o — 158°
! Mod. R, {5-8 221 112 94 337 2:08 |
Uw R, 244 54° — g = 1;8 5° — 1285 - 186-5°
Mod. R, 812
Arg. R, 64-5
»— 3 Mod. R, 265 099 39-7 16-3 7-40 3-72
P =23 Are. R, 257 179 104° 27-5° —47-4° — 120°
!
Mod. R, 106 14 19-1 8-80 440 2-36 i
LArg. R, 291° 145° 70° — 5+2° ~ J5-5° —pine
((Mod. R, 126 x 108
Arg. R, 16-3°
gl 4J Mod. R, b-48 x 102 -al x 102 H3-6 203 5-38 o+ 85
B A R, 921-4° — 109:7° | — 197-5° | — 284-5° | — 370-4° | — 454.3°
Mod. R, [-87 x 10 69-0 272 11-4 5-2 2-8
[ Arg. R; — BT° — 144-3° | —231-0° 44-0° — 39-4° — 120-4°

By (42) the amplitude of the (periodic) current imtensity at P is a certain constant
(k**) r A grad +"P,” (cos 0) cos (pr -+ o).
The magnitude of the vector product is proportional to ¢*, and its direction is the

multiple of mod R,

same along any radial line OP. Hence the amplitude of the periodic variation of i at
P is proportional to +" mod R, (k*2), and the ratio (f) of its amplitude to that at the
point P, in which OP cuts the surface of the core is therefore

(54) " mod {R, (£*r*)[R, (K*¢*a*)} =F.

The values of f determined from Table TV and (54) are given in Table V.
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6.4. Table V also contains values of ¢, the difference of phase between the south
component (— X,) of the external field, and the easterly current intensity at the level ¢.
The value of — X, is, by (7),

—Epe e dEuP((IT:)_.L 0) cos (pr | o).

Since the vector product in (42) is perpendicular to r, the current i is everywhere confined
to concentric spherical shells. The easterly component of i is

Lo E“P’“ _‘mt < fi d’ nﬂ 0 o s
(58) S t:’t‘“‘Rn.(.J. (k*q*a®) Balr rﬁ_}i’%&) o8 (P2 0)-

Hence, comparing the arguments of the two expressions, and omitting real factors of
the same sign in the two formula, we have

(56)

(]

= —arg {R, (**)/R, -, (BP¢*a?)}
= arg R, _, (k**a?) — arg R, (k*?) — 90°

6.5. In fig. 6, the full lines represent f as a function of depth, for the four harmonies
Py, P2, P3, Pgt: Table V shows that f is almost the same for P,” and P?,,,. The

10

SURFACE
OF EARTH CENTRE
; : . =g SfEAAE
B A r- oeqa o6qa 04qa 02qa 0

Fig. 6,

deeper penetration of the currents induced by the more slowly varying fields is well
shown ; thus the current-intensity falls to one-tenth its surface intensity at a depth
0-3 qa for the 24-hourly harmonies P,* and P!, while for the 6-hourly harmonics P,*
and Pt the depth is only 0-14 ga below the surface of the core.

6.6. Table V shows that the value of = at the surface of the core is about 50° for all
the eight harmonics, and that « increases with depth, at a rate which is nearly independent
of n, but increases considerably with p: for P;* and Pyt it is about 43° per , ga increase
of depth, while for P,* and P;* it is about 85° ; the rate is nearly independent of depth
(down to 4 qa), but decreases very slightly as we go downwards. The change of phase,
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as well as of intensity, of the induced currents with increasing depth is illustrated by
fig. 7, which refers to the harmonic Pg".

SURFACE MAGNETIC FIELD
-
e
G
ol CURRENT INTENSITIES
L 05
p-09
£-08 RS =0
;—l—l"-'?_
07
L o5
L 10
3h fih 9h
1 i c—

Fig. 7.

6.7. The field of the induced currents at the earth’s surface (r = «) is made up of
contributions from the currents at all depths within the core : the contribution of the
deeper layers is small not only because of the downward decrease of the current-
intensity, but also because of their increasing distance from the surface. Consider
a current-shell of infinitesimal thickness d and of radius eqa ; it is readily seen. from
considerations of dimensions® or otherwise, that the intensity of its own magnetic field
at a point just outside its surface is independent of the radius, being determined solely
by the value and distribution of i over the shell. The potentialt of the magnetic field af
external points will vary as »~**", and the intensity will therefore vary as r~"**.
Hence at the earth’s surface the intensity of the field due to the shell will be pro-
portional to (pga/a)"** i, and its ratio to the intensity due to a shell of equal thickness,
situated at the surface of the core, is (pq)"**f. Values of this rafio are given in
Table VI.

# The dimensions of the magnetic field intensity and of the current intensity (integrated over the thickness
of the current sheet) are the same, while the only linear dimension that can enter into the relation between
them is the radius of the sphere, whence the result follows. The result may also be proved directly from
the boundary conditions.

+ Tf the medium surrounding the current sheet is conducting, the total magnetic field at any point in the
medinm does not possess a sealar potential, but we are concerned with the field of the current sheet only-

and this does possess a potential,
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TasLe VI.-The Relative Values of the maximum contributions to the surface magnetic
field from currents in layers of equal (infinitesimal) thickness at various depths.

2 )1 ) 1 ) o 8 > 3 y 4 N >4 P, (cf. §7.5)
¢ P, P, P, Py | P P Ps . (H-[ll‘{il](ﬁ[‘}.
-0 | | | I | | | I 1
-4 0-350 )+ 324 (0+23H 0207 0-162 0145 0-118 0-104 ()-422
0-8 0-125 0-100) 0003 (0-041 0-025 0-019 0-013 0-010 0-198
0-7 0042 ()-034 0-013 (=008 000 00053 (+002 0-001 0:09]
06 0-014 0008 0-002 0-001] 0-043
0:5 0-004 0-002

0-019

6.8. By integrating (pq)"** f over successive layers of the core each of thickness
o qa. and expressing the result as a percentage of the integral over the whole range
(¢ =1 to g = 0), an approximate idea is obtained of the relative intensities of the
fields of these layers at the earth’s surface : the results are given in Table VII. Tt

TasLe VIL.—The relative intensities of surface magnetic fields due to the currents in
shells each of thickness 0-1¢a.

|
Shell. 2 Pt P,* B Pyt P2 P2 P P, (¢f. §7.5)
(aperiodic), |
1:0-0-9 66 70 77 T8 82 34 S6 89 51
0-9-0-8 23 22 = 17-5 16 14 13 11 25:5H
()-8-0-7 o] B0 | 4 2 2 | 115
076 2 1-5 | (-5 15
0605 | 2
Sum 100 100 100 100 100 100 100 100 100

appears that about 90 per cent. of the surface field comes from the currents in the
upper part of the core, down to a depth of L ga or less. The currents at a depth of half
the radius of the core, or below this level, are of no importance in determining the
induced field at the surface.

6.9. The results in Table VII are not quite accurate, because in integrating through
each layer, the continuous variation of phase with depth should be taken into account :
the error is small. however, because the rate of change of ¢, and the proportional rate
of change of f. are nearly independent of depth. But in considering not merely the
relative intensities of the surface fields due to the several layers, but their actual con-
tributions to the whole induced field at the surface, the differences (3) of phase between
the resultant induced field, and the partial fields of the different layers, should be taken
account of, by applying the factor cos 5 appropriate to each layer.

The phases <, of the resultant induced fields, relative to the external primary field.
are given in the first row of Table VI (they are the arguments of 1/E, :¢f. (9)). They
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represent a weighted mean of the phases  of the current-sheets at the different depths.
Since the difference of mean phase increases by about 90 per cent. on descending through
lqa for P! or P,, and through ;qa for Py* or P, it is clear that the contribution of
the third layer from the top in the former case, and the second layer in the latter, when
combined with the contribution of the first layer, will scarcely alter its intensity, but will
merely increase the phase. Still lower layers will actually reduce the intensity. but by
a very small amount because of the rapid downward decrease of (pq)** f.

The relative actual contributions of the various layers to the intensity of the surface
induced field are given in Table VIII. This is obtained by constructing a Table
(analogous to VI) of (pq)"**fcos 8, and then integrating as in calculating Table VII ;
the layers are, however, taken of half the thickness, namely ;5ga. The same table
shows the corresponding values of the “ transverse ” components of the contributions,
expressed as fractions of the resultant intensity ; it is obtained by integrating (eq)"**
fsin & over the successive layers, and dividing by the complete integral of (eq)"** fcos 8 ;
the positive sign indicates a contribution which tends to advance the phase of the
resultant induced field.

7. Tur DisTRIBUTION OF THE INDUCED CURRENTS WITHIN THE CORE.
(b) The Storm-time Variations.
7.1. An external field having the potential function (¢f. (20))
(57) Epn {1 — exp (— 2, t)} (7 [a*~") P, (cos 6)

induces currents which flow solely in the easterly horizontal direction at each point ;
the current-density is *

[ Ry (B ar/gia’
(88) T

+22n 4+ 1)

expi{— Aunl)

g I{'n (:I:En_ylej."q202) exp {_ "ru. »‘f) ] Khy, NI‘}HF. uru (”_]" (““S 0)
§=1 (xzu.a' = Bzm. u) J{u (‘r':‘-n. .v) J (“’ "*_ 1 ) fj"_ 1”-”_| d']

in the notation of § 3 and § 6.

When 2, , 1s equal to one of the numbers [, ., say [, ., so that also 8, , = x,,,
the term s = m must be omitted from the summation. and the first term in the bracket
maust ]Je TGP]‘&Ged hy

(59) (2”’ ‘1" ]) {2 Rnul (Z) —R ,{Z)} — Rri (Z)t 1 2 {2'”' + ‘) exp (_ l" w !)?

| 422, .. drcpgiat] R, (2%, )

where z = 22, ,r%/¢%a®.
VOL, CCXXIX.—A, 3 N
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Only the first harmonic will be considered, and since (§ 5.2)
T
M = Am?, and (58) takes the special form

(60) [(- - 1)" 2R, (m*=2e%) — R, (mrn%p?) — $AmAUR, (mPn®p?)} {ismm?e exp (— Am*)

o mmip (— 1)°s? B s e ok ]Em‘l sin B, ,sin 0 _
+ X R, (s27202) exp (— As = L
se1 4(s7 — m?) 1 (8%=%%) exp ( §*) @ - ge (m,p)

The functions R, and R, are as follows :—

(61) R, (stw%p?) — Slm0),
smp

3 [sin (swp)
$*x%p% | smp

(62) R, (s?r%?) =

— GOS8 (Sﬂp)}.

7.2. The formula (60) has been used to calculate the eurrent distribution due to the
“ external ”’ first harmonic

(63) 40 (e — e ") r cos 0 = ¢,;r cos 0,

which corresponds to the second part of (36). The first part of (36) is not considered
in this section of our work, in order to reduce the labour of computation ; the first part
represents the initial rapid phase of the storm-time changes, which induces a fleeting,
shallow current system in the core, whereas we are here chiefly interested in the more
enduring and deeper lying current system induced by the main phase of the storm-time
field.

7.3. The graph of 40 (¢~ — ¢~) is represented in the upper part of fig. 8; if ¢
is measured from the fourth hour after the commencement of the storm, this graph
(marked ¢,) agrees fairly well with the observed values of the external first harmonic
(indicated by small circles). During the second day (63) decreases rather too rapidly,
but it agrees well with observation during the first day, which is the period of chief
importance for our immediate purpose.

The coefficient 7, of (a/r?) cos 0 in the potential of the induced field was calculated
as in § 5, and its graph is shown as 7, in fig. 8.

7.4. The induced current-intensity in the core is

. 40 sin 0 _40sin 0 1
(64) K016 =205 (11, 0) 13, )

The values of I () caleulated from (60, 64) for various depths in the core and for times
3 N2
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up to 96 hours are given in Table IX and illustrated in fig. 8 ; Table IX also contains
the corresponding values of e, and 7.

Fig. 8 shows that the induced currents near the surface of the core rapidly attain
their maximum about ten hours before the inducing field reaches its maximum ; by

SURFACE MAGNETIC FIELD

(o]

IF HOURS 2:1 ; 60 ?|2 HOURS
il

- 1-0 —
CURRENT INTENSITIES

Fig. 8.

this time the surface currents have fallen to half their maximum value ; they fall to
zero at about 33h, and attain a small negative maximum at about 64h, afterwards tending
slowly to zero. Similar current-changes occur at points within the core, but more
slowly, and with smaller current intensities, as we go downwards.

Fig. 9 illustrates the changing distribution of current in another way, showing the
current-intensity as a function of depth (from S the surface to O the centre of the core)
at different times. The external field may be said to produce, by its rapid rise, a pulse
of current which is transmitted inwards, with decreasing intensity ; and later, by its
slow decay, a much weaker pulse of the opposite sign.

7.5. The relative values of the (non-simultaneous) maximum contributions of
successive current-layers to the induced field at the earth’s surface have been calculated
as in §6.8. and are given in Table VII; the intermediately caleulated quantities
relating to thin shells are given in Table VI, d.e., the values of (eq)® f. where f is the
ratio of the maximum ordinate of the current-curve at the level p, in fig. 8, to the
maximum ordinate for the surface current (p = 1).

It appears from Table VII that the currents induced by the storm-time field, at
depths as great as one-third the radius of the core, would (if « were uniform) make
measirable contributions to the surface field.

7.6. The current system induced by the storm-time field differs from that of the
daily magnetic variations, particularly in that the relative importance of the deeper
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layers increases notably with time ; ef. the distribution (fig. 9) at 30h, when the induced
field (fig. 8) is still considerable.

The maximum current intensity at each level, relative to the maximum intensity
at the surface of the core, in the case of the storm-time field, is shown in fig. 6 by the
dotted line ; the deeper penetration of the aperiodic current system, compared with
that of the daily periodic variations, is well shown.

Further, figs. 7 and 8 indicate that, at the times when the induced fields at the earth’s
surface, for the aperiodic harmonic P, and the periodiec harmonic Pg?, are at their
maximum, the current intensities are distributed in depth as follows :—

Depth from surface of core .. 0 0-1qa 0-2qa 0-3qa
P, (aperiodic) o X 1 0-77 0-43 0-05
Pg? (periodic) - = 1 0-40 0+0 —0-01

7.7. It 1s of interest to determine the numerical value of the maximum current-
density due to the storm-time variations. This occurs at the surface of the core, in the
equatorial plane, about three hours after the main phase begins, and about ten hours
before the latter attains its maximum.

The maximum value of I (p) is 0-52, at p = 1; substituting this in (64), and also
inserting the values of 0 (= § =) and ga, the current intensity is found to be

3.101 e.m.u.

8. Tne Hrscrrican CONDUCTIVITY OF THE EARTH,

8.1. The calculations of §§ 6, 7, have been made on the basis of a uniformly conducting
core of radius 0-96 @ and conductivity 3-65.107%. These values are in accord with
the field of the diurnal magnetic variation, but the storm-time field has been seen (§5)
to require a higher conductivity (44.107%) for a core of almost exactly the same size.
The discrepancy indicates that the core cannot be uniformly conducting.

The caleulations of §§ 6, 7, indicate that, in the assumed core, the current-system
associated with the storm-time field penetrates deeper than that of the daily magnetic
variations. This is a general result which would be found whatever the assumed
properties of the core, because the storm-time variations are aperiodic and slower than
the daily periodic variations. If the current-system which penetrates more deeply
indicates a higher value for «, assuming a uniform core of definite size, then it may be
inferred that « inereases downwards.

The phase-difference between the primary and induced parts of the field of the daily
magnetic variations determines the order of magnitude of « at the level where the
induced field is mainly produced. The amplitude-ratio then fixes the depth of this
level. In §6 it appeared that the induced field was mainly produced between the
surlace of the core (r = 0-96a) and the level » = 0-80a. The calculated value of ,
3+65.1071%, may be taken to refer to a level of about 0-95a, since the current system,
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particularly for the higher harmonics, is most intense near the surface of the core.
If « is increasing downwards, so that at 0-96a it is slightly less than 3-65.1073, and
decidedly greater than this below 0-95a, the thickness of the effective part of the
current sheet will be less than that illustrated by Table VII.

The induced storm-time field corresponds to a uniform core in which « = 44 . 10713
below 0-94a, but if « does not rise beyond 3-6.107 till about 0-95¢, the excess
conductivity required to explain the relatively large induced field must exceed 44 . 10713
at the level where the main induced currents are situated. This level is not below
0-80a, according to § 7 and fig. 9, in the first day of a storm ; but as the core appears

5t 0

Ih 3h Eh iZh. I1Eh

L

S -
-‘rf:- F
SURFACE CENTRT]
oF CORE
= 05
24h A0h 42 h 60h 9GhH
|
e — |
/ T
/ = |

Fig. 9.

to be much more conducting than there assumed, the level must be above this.  Without
exact calculations of the induction in a sphere of variable conductivity, such as we
propose to make, it is not possible to form satisfactory estimates of « at levels of 0-9a
or below ; but it is clear that the magnetic evidence indicates a rather rapid rate of
increase of « with depth between 0-96a and 0-90a. The slow decrease of the induced
currents in the days succeeding a magnetic storm may be ascribed to the passage of
the current-pulse (fig. 9) into deeper regions of higher and higher conductivity.

It is interesting to speculate on whether the downward increase of « is due to some
fundamental property of matter when subjected to the high temperatures and intense
pressures experienced at these depths.®

9. BLECTROMAGNETIC INDUCTION BY (URRENTS IN THE AURORAL ZONES.

9.1. Cuarmax and WarteaeaD (loc. cit.) have considered the currents and magnetic
field induced during the setting up of electric currents in the auroral zones. Such

* Of. the Guthrie lecture by P. W. Bripeaax on the © Effects of pressure on the properties of matter,”
‘ Proc. Phys. Soc.,” 41, 341, 1929,
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currents, of the order of magnitude 10® amperes, are known to exist in these zones during
magnetically disturbed periods. Though their direct magnetic field is considerable
in auroral latitudes, it rapidly decreases towards low latitudes, and in the tropics is
practically negligible. Their caleulations led to the conclusion that the induced field,
however, may be of importance in low latitudes, being composed mainly of the harmonic
Py, and therefore increasing towards the equator. This conclusion is erroneous, and
was due to an error in the analysis ; the terms representing the complementary function,
or ** free motion,” in the induced currents, were incorrectly chosen, so that the condition
of no initial current in the core, at all depths, was not satisfied in their solution. The
problem, imperfectly treated by them, is very complex, and an accurate solution is
almost impracticable. Tt may be shown, however, that if the inducing field is negligible
in low latitudes, the induced field must also be small.

They showed that westerly currents of amonnt 4 (in e.m.u.), in each of the two auroral
zones, would together produce a magnetic field of which the potential, near the earth’s
surface, is

@
H?:E . (Za"/a"~")P, (cos 6)
where the Z’s are known numerical coefficients (¢f. their Table IT).

If the zonal currents vary, there will be, in addition to the direct magnetic field of

these currents, an induced magnetic field, of which the potential (¢f. (22)) is

5 1 (4@ t2r**+Y) P, (cos 6).

5=

From § 3.6, it appears that, whatever the values of « and ., the time factor ¥, (for the
period during which 7 is varying) can only in very exceptional circumstances exceed
g™ ' [(n 4= 1), and, even then, only by a small quantity, while, in general, it will
be less than this. Further, in their memoir it was found that Z, was so small that the
contribution of the corresponding first harmonic term to the direct field of the zonal
currents was negligible. It follows that the first harmonic term in the induced field
will also be negligible. _

While the zonal currents are varying, the distribution of the *internal  part (H,)
of the horizontal component of the surface field will be roughly similar to that of the
external part (H,), except that the higher harmonics contributing to H; will probably
be increased slightly in relative importance, owing to the factor n/(n + 1) in ¢,. The
external part, H,. 7.e., the horizontal component of the direct field of the zonal currents,
has negligibly small values for latitudes less than 50° (¢f. their Table ITT) ; the same must
therefore be true of H;. Hence we must conclude that. contrary to their original
conclusion, varying electric currents, in circuits approximately coinciding with the
auroral zones, cannot give rise, by electromagnetic induction within the earth, to
appreciable magnetic fields in low latitudes.
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Computations have also been made of the induced magnetic field just inside a
conducting spherical shell, taken to represent a conducting layer in the upper atmosphere.
These computations were originally undertaken to test the conjecture in their §4.
In view, however, of the above conclusions, it is unnecessary to give the detailed results
of these computations : as above, it appeared that the induced magnetic field would
be inappreciable in low latitudes.

It 1s thus clear that the storm-time variations of the magnetic field in low latitudes
cannot be due to currents, induced either in the earth or in a conducting layer of the
atmosphere, by varying primary currents in the auroral zones.

10. Nore ox Magris AND HuLBurT's THEORY OF MAGNETIC STORMS.

In a recent paper Maris and Hunsurt'® have formulated a new theory of terrestrial
magnetic storms, which they aseribe to the action of ultra-vielet solar radiation.
In developing that portion of their theory which relates to the storm-time variations of
the disturbance field, they attribute important effects to electromagnetic induction
within the earth. They regard the first phase of an average storm, during which H is
rapidly increased, as due to an outer-atmospheric drift-current eireulating along parallels
of latitude ; this drift-current would give rise to a surface magnetic field, in which H
is increased. The authors suppose, however, that the observed inerease in H is less than
that which would be caused directly by the drift currents, in the ratio 1:10 (102 v
instead of 10® v ”’) owing to the * opposing current induced in the earth.”

But it has been shown in § 3.6 that an increase in the  external ” part of H will
always involve an initial increase in the “ internal ” (induced) part of H, no matter
what values are assumed for the radius, electrical conductivity or magnetic permea-
bility of the earth-core. Moreover, the induced part of H will always be less than
the part due to the direct field of the drift-currents. For example, if this direct field
is approximately represented by a first zonal harmenie, the part of H due to induction
will be approximately one-half the primary part. Hence, instead of the initial rise in
H being decreased by induction effects in the ratio 1: 10, it would be increased in the
ratio 3 : 2 approximately ; this is in accordance with the spherical harmonic analysis
in § 2, of the actually observed field, into internal and external parts.

With regard to the main phase of an average storm, during which H decreases by
about three times as much as its earlier increase, Maris and HunBurt state : *° When
the atmospheric pulse dies away, which may require several hours, the earth eurrent
finally reverses the storm-field to negative values, which decrease to zero as the earth
current in turn dies away. The exact calculation of the induced effects leads far into
eddy current theory ; rough calculation indicates a reasonable earth resistance and
damping constant.”

The considerations of § 3.6 show that the induced field cannot be of this nature ;
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for after the primary field has decayed, the induced field will in general be small, and will
certainly never exceed in magnitude the maximum value of the primary field.

11. Note added on July 10, 1930.—In an interesting paper* on “ Earth Movements
and Terrestrial-Magnetic Variations,” by Dr. R. GunN (just received, shortly before
the final completion of the present paper), the author refers, among other topics, to the
electric conductivity within the earth.

He expresses the view, already considered by Cmapmant that the conductivity
increases downwards, and points out that the evidence of the daily magnetic variations
cannot indicate what is the conductivity at great depths. He goes further, in suggesting
rough values for the central conductivity : “ the mean temperature of the core is some
thousands of degrees, almost certainly more than 3000° and perhaps as high as 10,000°,”
and at these temperatures the materials must be * highly ionised, and the resistivity
must be several orders of magnitude less than that calculated for the surface layers.”
“ No reliable estimate of the resistivity is yet possible, even though several lines of
evidence point to values lying between 108 and 10* e.m.u.” We are in general accord
with the trend, though not necessarily with the details, of these statements. But the
only definite observational evidence at present, and so far as we know, for a downward
increase of «, is that afforded by the present paper and the earlier ones already alluded
to. As Dr. Gunn states, magnetic variations of period over a thousand years would be
necessary to calculate « exactly, at great depths, so that much further progress along
these lines seems impossible ; we can only hope for an advance by progress in the
general theory of matter under high pressures and at high temperatures.

Two points may be noted in which Dr. GuNx’s paper seems to require correction.
On p. 226, he calculates by a rough method, using only the phase-lag between the
external and induced field of the daily magnetic variations, that the daily induced
currents flow in a layer about 200 km. thick, extending downwards from the surface,
of resistivity about 1-4.10" e.m.u., which he regards as consistent with the earth-
resistivity measures made by Messrs. Gisn and Rooxey. In so doing, however, he
ignores the amplitude-ratio of the two fields, which shows that the major part of the
currents flow below a depth of about 200 km. This is in itself an indication that below
the depths accessible by the means used in the valuable work of Gism and Rooxey,
i.e., below a few km., the resistivity is distinctly higher than their lowest values (about
1019),

Further, on p. 228, he suggests that the lunar daily magnetic variation is capable of
qualitative explanation by body tides in the earth; but spherical harmonic analysis
has shown® quite definitely that this variation is of external origin, and the internal

part is fully explicable as due to currents induced in the earth by the primary outer
field.

* ‘Transactions of the American Geophysical Union,” 1929 and 1930, published by the National
Research Council, June, 1930 ; pp. 225-228. [This paper has since been reprinted in Terr. Mag., vol.
35, p. 151 (1930).]
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