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ABSTRACT 
 

The structure of the semigroup of all endomorphisms of an endomapping of a finite set has 
been determined. This has been done by naturally representing the endomapping by a 
directed graph, and determining the structure of the endomorphism semigroup of this graph.  
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1. Introduction 
Let X be a finite non-epmty set and let  be an endomapping of X. The 
set of all endomappings of X is a semigroup under the composition of maps and is 
called the full transformation semigroup on X and is denoted by E(X). If the 
number of elements of X is n, we shall also write  for . A map 

 is called an endomorphism of f if 

XXf →:

nF )(XE
XXg →: gffg =  i.e., if g belongs to the 

centraliser of f in E(X). The centraliser of f, }|)({)( gffgXEgfC =∈= , is a 
transformation semigroup on X and is called the endomorphism semigroup of f. 
We denote this semigroup by End f. In this paper, we shall determine the structure 
of this semigroup End f for a class of endomappings f such that, for each , 
there exists a positive integer r

Xx∈
x with the property that . The 

technique of structure-determination consists of  
)()(1 xfxf xx rr =+

(i) representing f by a directed graph  with vertices the points of X and 
edges ,  and 

)( fG
)(xfx →

(ii) determining the structure of the semigroup End( ) of those transformations 
T of this directed graph  such that  i.e., 

.  

)( fG
)( fG ))(())(( xTfxfT =

)))(()(())(( xfTxTxfxT →=→

Since T maps vertices onto vertices and edges onto corresponding edges, T is 
called an endomorphism of the digraph of f. If g is the endomapping of X 
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induced by T, the map  is an isomorphism of  into the 
endomorphism semigroup of . Then  has an appearance of the type: 

Tg → fEnd
)( fG )( fG

 
Fig.1 

We shall determine the structure of the transformation semigroup End(G(X)) 
for a class of endomappings . The discussion in the above ensures that the 
structure of End f will be known through the isomorphism . 

f
))(( XGEndfEnd ≅

 
2. Necessary Preliminaries 

To determine the structure of the transformation semigroup End(G(X)) we need some 
results of [4] about the direct product and wreath product of transformation 
semigroups. We recall these in the following: 

A semigroup S is called a transformation semigroup on a nonempty set X and is 
written if there is a map ),( XS XXS →×  given by  such that 

. If S is a monoid, then
xxs →),(

))(())(( 2121 xssxss = xx =)(1 , for each . For 
transformation semigroups  and  on disjoint non-empty sets , the direct 
product  is a transformation semigroup on  with action given by 

 and 

Xx∈

1S 2S 21, XX

21 SS × 21 XX ∪
)())(,( 11121 xsxss = )())(,( 22221 xsxss = . 

For two non-empty sets , the wreath product21, XX 21 SS ς is a transformation 
semigroup on  and consists of maps 21 XX × 2121X ,,: XXX →θ  given by 

))(),((),( 221,121 2
xsxsxx x=θ ,  being an element of  determined by . 

2,1 xs 1S 2x

The following results in [4] show that (i) wreath product has a description in terms of 
direct product which makes the sense that wreath product is associative and is 
distributive over direct product. 

Theorem 2.1  

))(,)((),( 2,12,1221 2

22
2

22

XXSSXXSS x
x

x
Xx X

××≅× ∪×
∈∈

ς   

where each  and 1,122 2
, SSXx x ≅∈ 1,1 2

XX x = . 
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Theorem 2.2  ))(),(())(,)(( 321321321321 XXXSSSXXXSSS ××≅×× ςςςς . 

Theorem 2.3 

))()(),()(())(),(( 31213121321321 XXXXSSSSXXXSSS ×∪××≅∪×× ςςς . 

Remarks. 

(i) If , then }1{
22 XS = ),( 2121 XXSS ∪×  may be identified with  

 and 

),( 11 XS
),( 2121 XXSS ×ς  with  where ),(

2
22

2
22

,1,1 x
Xx

x
Xx

XS U
∈∈

Π 1,1 2
XX x = . 

(ii) If , then both }1{
11 XS = ),( 2121 XXSS ∪×  and ),( 2121 XXSS ×ς  

 may be identified with . ),( 22 XS

(iii) If , then XXX == 21 ),( 21 XXSS ×ς  may be identified with 
 ),)( ,12,1 XXSS x

Xx
x

Xx
∪×Π

∈∈
U . As semigroups, 2,121 )( SSSS x

Xx
×Π≅

∈
ς . 

 
3. Structure of the endomorphism semigroup End f 
We now determine the structure of  through representation of f by a directed 
graph. We begin with the following lemma: 

fEnd

Lemma 3.1 Let , the directed graph of f, be given by:  )( fG

Then , 

is a cyclic semigroup generated by

)(mEfEnd ≅ },,,{ 1
2
110

mσσσσ LL=

1σ and 
adjoined with an identity element of 0σ , 

with as the zero element, i.e., 

  

m
1σ

.0,111 mimim ≤≤= σσσ

 

 

 

 

 
Fig.2 

 

 

 

 

Proof. We observe that  if and only if (i)fEndg ∈ 00 )( xxg =  and if (ii) r is the 

positive integer such that  or Xg 1= 0)( xxg r = , then 0)( xxg i = , for each ri ≤ , and 

 for . We write 1)( −= ss xxg msr ≤≤+1 ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
=

m

m

xxx

xxx

LL

LL

10

10
0σ  and 

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
=

−

+

11000

110

m

mii
i xxxxx

xxxxx

LLLL

LLLL
σ , mi ≤≤1 . 
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Then },,,{)( 10 mmEfEnd σσσ LL==  with multiplication given by 

rrr σσσσσ == 00  for mr ≤≤0 , jiijji +== σσσσσ  for  and mji << ,0

mji ≤+ , and mrmmr σσσσσ ==  for mr ≤≤0 . Then it is clear that 

)()( mEmE ≅ and hence statement of the lemma is alright. 

We next consider the following situation: 

Lemma 3.2 Let  f be given by the directed graph in fig.3: )( fG

 

 

 
 

 

 

 

 

 
Fig.3 

consisting of r directed subgraphs each being a chain of length m and each with 
the loops at . Then 0x rFmEfEnd ς)(≅    --------     (1). 

Here, as mentioned earlier,  is the full transformation semigroup on a set with 
r elements. 

rF

Proof. Since each  must map  onto itself and since each maximal 
chain ending at has the same length m,  may be  identified with the 
semigroup of all endomorphisms of an endomapping 

fEndg ∈ 0x

0x fEnd
f ′  of X  whose directed 

graph is ,  being the directed graph given by the figure 
in Lemma 3.3. It therefore follows from the mentioned lemma and definition of 
wreath product that  

},,2,1{ rCm LL× mC

rFmEfEnd ς)(≅ . 

We now observe that if f is given by the directed graph G(f) in fig.4:  

 

 

 

 

 

Fig.4 

with nm > , then  
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(2)             
⎩
⎨
⎧

∪××
∪×∪×=

,)),,(())(),((
)),(()(

2212121

12121

fEndTTHomTTHomTTHom
TTHomfEndfEndfEndfEnd

where  and  are f restricted to  and 

 respectively and 

1f 2f },,,{ 10 mxxx LL

},,,{ 10
′′

nxxx LL );2,1,(),( jijiTTHom ji ≠=  denotes 
the set of maps the directed graph Ti into the directed graph Tj of fi and fj 
respectively.  

Here 

(3)              
⎪⎩

⎪
⎨
⎧

⊆

⊆

.),(),(

),(),()(

jijji

ijiji

TEndTTHomTTHom

TTHomTTHomTEnd

Also, if  and , 

then it is easy to see that  

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
′′=

+−−

n

nnmnm

xxxxx

xxxxx

LLLL

LLLL

1000

110
φ ⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛ ′′
=

n

n

xxx

xxx

LL

LL

10

10ϕ

(4)              
⎩
⎨
⎧

=
=

.)(),(
)(),(

112

221

ϕ
φ

TEndTTHom
TEndTTHom

It follows from the above facts that  

(5)               

⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪

⎨

⎧

=
=

=
=×

=
=×

.)()()),())(,((
,)()()),())(,((

),()())(,((
,)(),()(

),()())(,((
,)(),()(

212112

121221

21212

2
2212

12121

2
1121

φϕ
ϕφ

ϕ
ϕ

φ
ϕ

fEndfEndTTHomTTHom
fEndfEndTTHomTTHom

fEndfEndfEndTTHom
fEndTTHomfEnd

fEndfEndfEndTTHom
fEndTTHomfEnd

We therefore have proved that. 

Lemma 3.3 The semigroup-structure of  of f given by fig.4 is completely 
given by the expressions from (1) to (5). 

fEnd

We now consider the following situation: 

Let represent chains, each of length and each with a loop at the 

same point . Let T denote the directed graph consisting of all such 

, . Let be given by the directed graph . Then 

 will look like fig.5. 

'
,

'
,1 111

,, krk TT L 1r 1k

0x
'

,
'
,1 ,,

jjj krk TT L nj ≤≤1 f TfG =)(
TfG =)(
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Fig. 3. 

Theorem 3.1 Let f be given by the directed graph  as in fig.5 with  )( fG )(Xf k

a singleton, where . Then  },,{max 1 mkkk L=

(6)         , ))],(([ ,
1 vvu iivv

kvvu
ii TTHomTEndTEndfEnd ′×

′≠

<′<
×××= LLU

the union being taken over all permutations .  ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

kiiii
k

LL

LL

321

321

Here, 

(7)            
⎪⎩

⎪
⎨
⎧

=

∈=

′

′

′ × ≤≤

≤≤
.),(),(

,}),,3,2,1{(
1
1

,

vvvi

vi

vv

r

iir
r

ii

ri
ii

TTHomTTHom

iFTEndTEnd

βα
α

β

α ας LL

The products of  with themselves and with  as well as the 

products of  among themselves are given by (5). Also, the 

’s are isomorphic to one another, since 

α,iTEnd ),( ji TTHom βα

),( ji TTHom βα

α,iTEnd α,iT ’s are chains of the same 
length. 

Proof. The proof is exactly similar to that of lemma 3.3. 

 
Conclusion 

In the most general case of an endomapping, the directed graph representing the 
endomapping consists of a finite number of disjoint directed rooted trees. In this 
case, the method of determining the endomorphism semigroup of this 
endomapping will be almost similar but complicated. It will be taken up in future. 
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