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Introduction. The theory of shallow shells in its original form was worked out
by Donnell [1], Musthari [2], Marguerre [3] and Vlasov [4]. Due to their simple con-
struction, their equations are useful for numerical calculations of definite technical
problems. Their further virtue is that they become the equations of plates when the
curvature of the shell decreases to zero, but the results obtained by means of this theory
are accurate enough only for the case of shallow shells. More exact equations can be
obtained by the introduction of certain small improvements [5]. The difference in the
derivation of the Donnell-Vlasov equations and the new ones is the following, among
others. In deriving the Donnell-Vlasov equations small terms containing principal and
Gaussian curvatures as factors have been neglected. In developing the new equations
we need neglect only some small terms containing the derivatives of the curvatures. The
improved equations are already quite satisfactory for technical purposes. The accuracy
for a shell of positive and slowly varying curvature is of the order of 1 to 2 per cent.
The purpose of the present paper is to introduce into the above equations the effect of
transverse shear deformation and the effect of transverse normal stresses. In this way
we obtain improved simple equations allowing a somewhat more exact analysis of the
behavior of shells under concentrated loads, for example. Papers in which the effects
of both transverse normal stress and shear deformation have been accounted for include
those by Hildebrand, Reissner and Thomas [6], Green and Zerna [7] and Reissner (8], [9].
Equations of the linear theory of shallow shells which include the effect of transverse
shear deformation have been obtained by Naghdi [10]. A second work by Naghdi [11]
is concerned with the formulation of stress-strain relations and appropriate boundary
conditions in the theory of small deformations of thin shells. Wilkinson and Kalnins
considered in [12] and [13] the case of a spherical shell loaded by a normal concentrated
dynamic force while taking into account the effect of transverse shear deformations.
Improved equations for the spherical shell were obtained in [12].

In what follows we develop the equations of the theory of shells of slowly varying
curvature, taking into account the effect of transverse shear deformation and transverse
normal stress.

1. Geometry and deformation of the shell. Lct us consider an isotropic shell of
constant thickness and apply a system of orthogonal curvilinear coordinates (a; , az)
whose directions follow the directions of the principal curvatures of the shell surface.
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Let us assume the third coordinate a; = z to be a straight line perpendicular to the
middle surface. In this system of coordinates Lamé’s coefficients are

Hi = A:(l + as/Ri)r 1= 1) 2 H3 = 1) (1)
where A; = A,(a;) are the coefficients of the first quadratic form of the middle surface:
ds’ = A} doy + Aj doj . 2

Between the parameters A; and the radii of curvature R, the Codazzi-Gauss conditions
hold:

(&)' : Y (1_4,1)° _ A4S (&) i (é3>° - 44,

R, R’ R,/ ~ R’ 4, A, R.R,

L Beale) (k- e ad)
(R, R2>A’ = -4 R,/ R, R, 4z = 4, R,

where ( )’ = 9/0ay, ( )° = 3/0a,.

Let us now consider the deformation of the shell. The displacements of an arbitrary
point M may be defined by three components u, , u, , us . The positive senses of the
displacements u follow the directions of the coordinates. The deformation of the shell
near the point M is characterized by six componentse,; ,7 = 1,2, 3,5 = 1, 2, 3 repre-
senting the strains. Between the displacements u, and the strains e,; exist six equations:

®3)

~u  Hw  LoH, — _H ( u_x> 1, (u_> _ o
en + o TH e =g \n) Tm\n, e =,
4)

Let us assume that u, , u, , u3 may be expressed by the formulae
= (1 + z/R)u + Biz, u, = (1 + z/Ry)v + Bz, U = W, (5)

where u(a,), v(a,) are the displacements of the middle surface and 3, , 8, are the rotation
angles of the lateral sides of the shell element during deformation. The strains e, for 7,
j = 1, 2 may also be written in the following way:

€; = € T+ 2Ky . (6)
Introducing the displacements from Egs. (5) into Eqs. (4), we obtain
W A w _ 4 <_y_) A, (L)
AT a4 TR e \u) ta\a) @
and
_ B A% w 1(1>’ _”_<1_>°
=g T, TR T4 \R) TR

1 [4_1 (L) 4 4 (ﬁz)] +(L L)[é_l () - 4 (_)]
“i2 = 9 | 4, \4, A, \4, 2\R, ~ R,/| 4, \4, A, \4,) 1’

2. Stresses and internal forces. The internal forces and moments are the resultants
of stresses in the sections of the shell element. For an isotropic material, which is assumed
in what follows, we have
E

1 —v

8)

3 [en + vess] + ‘1“—1—; 033 , T2 = Geyp -+ . (9)

o =
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We assume that the distribution of the shear stresses 7,3 and 723 is of the form

I

which fulfills the conditions 7,3 = 753 = 0 for z = =4A/2. From analogy to beams the
stress o33 is approximated by the equation

1 2 2\’
033 = §Z|:1 + 35 — 4(5)] (ll)

When z = +h/2, 93 = Z and when z = —h/2, o, = 0.
The stress resultants are obtained by integration of stresses across the thickness.
We have

1 +h/2 1 +h/2
N“ = "If (T“'H,' dz, N.',' = If T.‘,'H,‘ dz
i Y—h/2 i JY-h/2
1 +h/2 1 +h/2
M.‘g = Z" f a,»;H,z dz, 1'1.',' = Z— T.','H,'z dZ (12)
i v—=h/2 i v—h/2

1 +h/2
Qi = _A_, f_h/z T3l ; da.
Substituting ¢,;; from Egs. (9) and using Egs. (4) and (5), we find, on integration,
relations between the internal forces and the moments and the displacements which
have a rather complex form. Neglecting the terms z/R, , z/R; as very small in comparison
with unity, we obtain simplified relations. Let us adopt them in the form proposed by
Novoshilov [17]:

Jh 1 v
Nio =75 (e tve) + 57— Zh
M = Dl + ve3) + —— 1o 2 My =1 —»D
o= Kii UKjj 1—,10% My = v) LK (13)
Eh 1 —v ER®
N;; —2—6“:;56“""—?1)&'“ D_ﬁa_,ﬁ)'

The above relations differ from the relations used in the Donnell-Vlasov theory only
by the terms (1 — ») Dk;;/R; in the expressions for N,; . However, these relations enable
us to satisfy identically the sixth equation of equilibrium (14) which is impossible
assuming N,, = N,, . Moreover, Egs. (13) have a simple form and are analogous to
the corresponding relations in the theory of plates.

Equilibrium of a shell element bounded by the lines a; = const., «; = const. requires
the following equations (see Iig. 1):

(A,N,) — NpAl + (A, N»)° + NAS + AI]EAZ o — 0.
1
Ny _ Nop 1 , . _
— R, R, + A4, [(4.Q.) + (A4,Q:,)°] + Z 0,

. (14)
(AIA'[N)O + M, A + (A2]‘[11)' — My Af — A1A2Q11 = 0; R

le - N21 + Ml2/Rl - A121/R2 = 0.
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Fia. 1.

3. Effect of transverse shear deformation. In order to find the relations for the
determination of the angles 8, and 8, we assume that the displacements u, v, w of the
middle surface are identical to certain average displacements taken over the thickness
of the shell. Reissner made use of Castigliano’s principle of least work to introduce the
conditions of compatibility and to find additional equations enabling the determination
of B, and B, . We define these quantities by equating the work of the resultant couples
on the average rotations and the work of the resultant forces on the average displace-
ments u, v, w to the work of the corresponding stresses on the actual displacements u;,
Uz , U3 in the same section. Le., we put

1 +h/2 u

E -[—h/z oy H, dz = Nyju + MII(BI + E;) )

1 +h/2 u

1_4—2 v2 o H, dz2 = Nyu + Mu( 1+ 1?) ’ (15)
_ 1

1 e
f TisUsHo d2 = Quw, « -+

AZ —h/2

Introducing u, , u. , us and stress resultants into the above equations, we find that all
except the last two are fulfilled identically. Substituting 7,5 and .3 from Egs. (10) in
conditions (15) we obtain the average magnitude of the deflection of the shell:

B 3 +h/2 I: (gf)z:l
w = e us| 1 — h dz. (16)
Introducing Eqgs. (5) in the last two Egs. (4) and observing Eq. (9), we find on differentia-
tion

= Ti3 2 _ 9us |
B = a (1 + R.*> A0 (17)
Now substituting the shear stresses 7,3 , 7.3 from Eqgs. (10) in the above equations,
multiplying both sides of Eqs. (17) by (3/2)[1 — (2z/h)*](dz/h) and integrating between
the limits z = 4h/z, we obtain

_ __ow 6 _ 21 & ) Qi
B =~ o + (5 T 140R.R,) RG’ (18)
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Since A*/R.R; < 1 it may be neglected in (18). Then the above expressions become
identical with those given for plates by Reissner.

4. Compatibility equations. By using Egs. (7) and (8) and eliminating the dis-
placements u, v, w, the following compatibility equations between the strains e;; and
curvatures «,; may be deduced:

AzKQz + Aé(“za - Ku) - Alez - 2/1?"12

1 1
+ 5 Afes + 5 [Alffz + APe; — Ases — Aé(fzz - Gu)]
R, R,
12(1 + ») {( Y ) B (Q_,_l A?Qn)
= 5Eh QZZ + A Qll AZ Al + A A
1[40 o) -3l @) - £(0))
"2[A2 a,) T4\ 4 A a\a) T4, (19)
with a second equation followmg by a change of indexes and a third equation of the form
1 A 1 AP !
Kn + foe + A A2 {[A2 €32 + A, (622 - eu) - '2' €2 — Z e12]
A 1 A} °
+ [ leu + A (fu - e:ez) - 542 - Z‘:fxz] }

- 12(51E—i|; 2 AllAz [( AR, Q“) (A‘jll?q Q”)o:l. (20

5. Reduction. Now twelve unknown quantities, namely My, M, M,z = M,
Qi1,Q22,N11,Nsyy Nizy Noy, w, 81, B, are joined by two equations (18), six equations
of equilibrium (14) and finally by three equations of compatibility. In order to transform
this set into a form convenient for analysis we introduce a stress function &. If the
forces Nyy , N2z, Ny2, N, are expressed by means of the equations

" £>°_ML___ f _l=v ( _L)
- Nu= A2(A2 4,4, " R.E, Rl Qudsdoy = 5= D\ =~ p o

DKlz y N

1

=
|

= 5+1

g 1 (_A_¢_A_¢)
A1A2 A2 Al ’

the first two and the last of Eqs. (14) are identically satisfied. On substitution into the
first two equations of equilibrium (14) we have

A A
(AzNu), - Nngé + (A1N21)° + N12A° + Rl 2 Qu

- —A2q>(§l%2)'—‘42<3}1+1%)' [ Q“Alda,+(1—V)DF<w)¢[(}%:)' , (%)] (22)

We see from the above equation that on substitution of Egs. (21) into the first of Egs.
(14) all the terms containing first-, second- and third-order derivatives of ¢ cancel.
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There remains only the term containing the function ¢ multiplied by the first-order
derivative of the Gauss curvature, and minor terms resulting from the effect of the shear
and tangential forces, also multiplied by the derivatives of the radii of curvature. Taking
into consideration the slow variation of the curvatures, we find that these terms are
insignificant and can be neglected. For constant radii R, , R, these terms vanish and the
stress function determined by Eqgs. (21) exactly satisfies Egs. (14a, b).

Expressing in Eq. (14¢) the forces Ny, , N2a, N2, N,y by means of Eqgs. (21) we obtain

l ’ o —
A_’;i; [(Aan) + (Axsz) } = -7 — A9

_ L (f OuA, day — (1 — V)DK,,) _ [%2 (f Quady dey — (1 — V)Dxn) . (23)

where the differential operator A, has the following form:

_ 1 Azqs')’ (A1¢°>°] 1 (‘?1 L)
Ad = A, [(A,Rz T\r) | TER R TR 24)

Now we shall transform the two equilibrium equations (14d) and (14e), which can be
written in a different form. If the bending moments and torques in (14d) are expressed
by the relations (13) we obtain the following equation for the force @, :

D 1 h? VA
Q= 71— (Kn + Kzz)' '.( 1°Ku) Ak, — (AIKIZ)O - AIOKIZ] + = 101 — . —“' (25)
1

The expressions in (25) contained in square brackets can be simplified by means of the
first two identities (19). Remembering that for u = v = 0, e, = wW/R, , €2 = W/R;,
&2 = 0, and making usc of Eq. (8) and the Codacci-Gauss conditions (3), we obtain the
following equation:

1

A A, [(Asze)/ — Agky, — (41K12) 1'12}
W 6(1 + ») { ~ (4_(.;_) (__) . }
- AlR]Rz + 5]’]2/1 A A2 Qu + A Qu (Azsz)]

We obtain the second equation by a simple change of indexes and derivatives. On the
basis of Egs. (8) and (18),

o= =t — (G4 e+ DL (4,00 + (4,00°)
K11 Ka2 R2 2 SER A A, 211 1¥22

1 Agw’>’ <A1w°>°:|
A=A, [( 4, ) tUa ) 1
where A is the Laplacian operator. The terms in Eqs. (8) containing the derivatives of the

radii of curvatures, such as u/A,(1/R;)’, are here neglected.
Through using the equation of equilibrium (23) we have

1 1 121
K1 F Kea = —Aw — <E? +R—§>w ( +

Jf_ _1_ _1- _ _ K11 Kzz)]
D) [<R3 + R) aw — (1 ”)(Rf TR

27

D17 + Adl
(28)
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As the underlined term of the order A°/R’ is much smaller than the first term on the
right hand-side of Eq. (28) it will be neglected in what follows.

Now, introducing Eq. (26) and Eq. (28) into Eq. (25), we obtain the following equa-
tion for the shearing force @, :

h’ 1 o2 N2
Qu - ﬁ)‘ {AQH - Zgz [(A 1) + (Az) ]Qn
_ 245 o M?,rg_@y_wy}} (
‘41A§ Q22 + fl?Ag Q22 “11‘42 [ ‘42 A, Q22 (‘29)
__of{ TN ,

The second equation for Q,, is similar and may be obtained by an interchange of the
indexes 1 and 2. The three Eqs. (29a, b) and (22) are a set of differential equations
containing four unknown functions w, ¢, @, and Q.. . In order to have a complete set
of equations one more equation is necessary. This additional relation between the same
functions may be obtained from the third condition of compatibility. Without describing
in detail these manipulations, since they are entirely analogous to those involved in the
deduction of Egs. (22), (29), etc., the final result may be given in the form

. Rl £h + (-SR]
i (A+RR>¢+A‘“’ Eh 4,4, {4 [1( o R v e
S S|
4, R, R, K R, R, K22
D 1 [, (1 2=y @;LJ>]
IJh lAZ {A2 [AI<R1 R2 K11 + R] R Koo (30)

™
N
I

1 2= °
L)"u + (R_z - V( R ll)>’<22

G-
1 A, 1 Y £1_1 _1_ °l° _ 2
Tha. A, {[ ¢<R R ) ] + [A2¢<R1R2) ] } = —35 A%

In deriving the above equation certain minor terms of the order h’/R’ resulting from
the effect of transverse shear deformation have been neglected. However, this equation
may be simplified still further. We may neglect the terms including the derivatives of
the Gauss curvature, since for shells for slowly varying curvatures they are of minor
importance. In order to simplify the above equation we may also neglect the terms
proportional to —D/Eh, which are of minor importance. Adding a very small term
¢/EhR;R; we obtain the following equation:

1

Eh
The term —vAZ/2E on the right-hand side of Eq. (31) represents the effect of the stress
o33 produced by the load perpendicular to the shell surface. Usually it is small and only
in the case of concentrated loads may it be larger. The set of four equations (22), (292, b),
(31) includes four unknown functions w, ¢, @, , Q.. and enables one to solve the problem
of an arbitrary shell taking into account the effect of transverse shear and normal

|
SN
[X) |~0
+ — =
=

<

1 2
(A + Rle) ¢+ Aw = ——E AZ. (31)
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stresses. It is possible to eliminate the shear forces from Eq. (22). Then we obtain a
set of only two equations which includes only two unknown functions w and ¢. Substitut-
ing the shear forces Q,, and @,, from Egs. (29a, b) into Eq. (22) we get, after some
manipulation:

D(A + L+ —1->2w - (1 - A)A¢ + - »D[(i - i)("— . 'i'*’—z)
R? R: 5(1 - V) * Rl R2 Rl Rz

1 1 1 2 —y R
* R E, (R? + Te)“’] = [1 - 1= @A]Z' (32)

In order to simplify the above equation we neglect the underlined term which is of minor
importance. Then we have the second simple equation relating the functions w and ¢

1 1\2 h 2 — v A

Neglecting in Eqgs. (31) and (33) the terms which contain the radii R, and R, (except A.)
and introducing the system of Cartesian coordinates, we get the equations for shallow
shells similar to those obtained earlier by Naghdi [10]. The difference between these
equations results only from having here taken into account the effect of the transverse
normal stress ¢;; . This effect is of the same order as the effect of the transverse shear
deformation.

The equations (29), (31), and (33) are together a twelve-order system. However,
this system should be of the tenth order since at every edge we have only five boundary
conditions. In case of Cartesian coordinates and shallow shells the further reduction may
easily be performed. When A, = A, = const., Egs. (29) imply the second-order equation

h2

AlQlcl) - AzQéz = 'l—(') A(AIQIC; - AzQ;z) (34)
or
10
Ay — 72 =0
where

¥ = AIQS - AzQéz .

Now we have a tenth-order system for the three dependent variables w, ¢ and ¢. The
shear forces Q,; and Q,, may be expressed as a combination of derivatives of these three:

Qu = —D b (awy — i (2 - 02 + 28] + B L
u = TP T 00 =04, g ¢ 10 4,
(35
e A — — P o o _ Ky
Qe = =D 7 (A0)° = 5y, [~ W2 + 280 = 357

It is interesting to compare the above Eqgs. (31) and (33) with those obtained by other
authors. Setting B, = R, = R we have the case of the spherical shell. If we neglect the
effect of transverse shear deformation Eqs. (31) and (33) are equivalent to the equations
for spherical shells obtained by Vlasov [4]. In the case of cylindrical shells, for which
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R, = » and R, = R, Eqgs. (31) and (33) may be reduced to Morley’s equation [14]
(see also [15]).
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