The Eshelby Tensors in a Finite
Spherical Domain—~Part II:
Applications to Homogenization

In this part of the work, the Eshelby tensors of a finite spherical domain are applied to
various homogenization procedures estimating the effective material properties of multi-
phase composites. The Eshelby tensors of a finite domain can capture the boundary effect
of a representative volume element as well as the size effect of the different phases.
Therefore their application to homogenization does not only improve the accuracy of
classical homogenization methods, but also leads to some novel homogenization theories.
This paper highlights a few of them: a refined dilute suspension method and a modified
Mori-Tanaka method, the exterior eigenstrain method, the dual-eigenstrain method,
which is a generalized self-consistency method, a shell model, and new variational
bounds depending on the different boundary conditions. To the best of the authors’
knowledge, this is the first time that a multishell model is used to evaluate the Hashin—
Shtrikman bounds for a multiple phase composite (n=3), which can distinguish some of
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the subtleties of different microstructures. [DOI: 10.1115/1.2711228]

1 Introduction

In the first part of this work [1], which is referred to as Part I
hereafter, the exact solutions of the elastic fields of a spherical
inclusion embedded in a finite spherical representative volume
(RVE) are obtained under both the prescribed displacement (Di-
richlet) boundary condition and the prescribed traction (Neumann)
boundary condition.

For simplicity, we refer to the Dirichlet- and Neumann—
Eshelby tensors of a finite domain as the finite Eshelby tensors. A
salient feature of the finite Eshelby tensors is their ability to cap-
ture both the boundary effect, or image force effect, of an RVE
and the size effect, i.e., the dependency on the volume fraction of
the different phases of a composite. This offers great advantages
and flexibilities in homogenization procedures, which is the focus
of this second part of our work. Using the new finite Eshelby
tensors we can modify the classical homogenization schemes and
obtain some remarkable results. Furthermore several new homog-
enization schemes can be constructed by the application of the
finite Eshelby tensors.

In recent years, nanocomposites have emerged as promising
materials for future technologies e.g., Refs. [2,3], because of their
high strength, excellent conductivity in both heat transfer and
electricity. Considerable attention has been devoted to study the
interfacial strength, size effects, and agglomeration effects of
nanocomposites (e.g. Fisher et al. [4], Odegard et al. [5], Shi et al.
[6], and Sharma and Ganti [7]). The classical homogenization
techniques have shown limitations to deal with the above issues.
There is a call for a refined micromechanics theory for nanocom-
posites, e.g, Ref. [8]. One of the objectives of this research is
towards establishing a refined micromechanics homogenization
theory for nanocomposites.

We proceed, in the following section, by deriving expressions
for the average finite Eshelby tensors in a RVE. These are needed
to characterize the average disturbance fields, which have some
important properties. In Sec. 3 we re-examine two conventional
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homogenization methods by using the average finite Eshelby ten-
sor. Further, in Sec. 4, we discuss the so-called dual eigenstrain
method, which is a combination of an exterior and interior eigen-
strain homogenization method. This scheme is a generalized self-
consistency method, which leads to a new class of predictor—
corrector schemes. In Sec. 5, a shell model is proposed to capture
microstructure effects on the homogenization of a multiphase
composite. Finally, in Sec. 6, the Hashin-Shtrikman (HS) varia-
tional bounds are rederived using the finite Eshelby tensors to
incorporate the boundary conditions. A multishell model is used to
evaluate the exact HS bounds for a multiphase composite with n
=3 using a multivariable optimization procedure. Conclusions are
drawn in Sec. 7.

2 Average Eshelby Tensors and Average Disturbance
Fields

In Part I we derived the finite Eshelby tensors, S*” and SV,
which are valid for a spherical inclusion {); embedded at the cen-
ter of a finite, spherical RVE () (see Fig. 1 of Part I). In accor-
dance with Part I we adopt the following nomenclature to describe
the problem: The radii of inclusion and RVE are denoted by a and
A, their ratio by pp=a/A. Any point x inside the RVE can be
written as x=fAX, where t=|x|/A and X=x/|x| denote the normal-
ized radial distance and direction of x. The elasticity tensors of the
two domains ), and () are denoted by C! and CE=C.

For clarity, we first derive the expression of the average finite
Eshelby tensors and discuss their relation with the average distur-
bance strain field.

2.1 Average Eshelby Tensors. The spatial averaging operator
is defined as

1
D= TT ...dQ 1
< >!2 |()|‘j;2 ()

where Q| denotes the volume of the spatial domain . Due to the
radial isotropic structure of the finite Eshelby tensors, S;7 (%)
=®iijn(i)S'**(t) (+=I, E; x=D, N), their average over the RVE
domain () can be written as
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2
where S, denotes the surface of a sphere with unit radius, and
where

1
<eijmn>52 = ET eijmn ds, (3)
Sz
1 b
BPS ™ up = 5 f 3787 di (4)
-a

The above decomposition is possible since S is independent of the
orientation X and @, is independent of the radial distance t.
Performing the averaging of @, over the unit sphere yields

3E{, 30
2B, +2E5) 2 2
E{i, 1 0
1 i) 1 0
<eijmn>s =" eiimn dSz = Jh’jm" =
’ 2 4T : 4 4 4 4
5 2p L Ype =2
3 ijmn 3 ijmn 3 3
Lo 20 | |12
3 ijmn 15 ijmn 3 15
B, ' '
x £ (5)
ijmn
where ]Efj:m and ]Ei ) are the following isotropic basis tensors
B =300 B =588+ 6,8,) = 58,8, (6)

For each boundary condition (Dirichlet or Neumann), we have
two Eshelby tensors, interior S*(x) for x € €}, or exterior S&*(x)
for x € O/Q;:=Qp. Their average over the respective domains

follows as
<sljmn>ﬂl = <3tzsl>[0,p0] ° <eijmn>52’
<btjmn>QE = <3t2sE>[p0,1] ° <eijmn>S2 (7)
Since the averaging of @, over S, is an isotropic tensor, we
obtain
* 1 2
<%tjmn> _sl ]Ef/rlm_{_ 25 ]Ef]rzm (8)
<Stjmn>ﬂ —S ﬂf“fjlrz'm-" 57 ﬂi‘szlln (9)

The coefficients s7*, s5* and s7*,

fraction f:= p(3) and are given as

I,D_(1+V)(1 _f) I,D_2(4_5V)(1_f)

s5* depend on the volume

2/3
T e T A
(10)
po__UA0f oy 24-50F _f2/3
T a S E T
(11)
for the Dirichlet boundary condition (BC) and
IN_ IL+v+2(1-2v)f
ST (1—_V) ,
A2 T2 oy ia- )

52 15(1 - )
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2(1-2 7-5 i
sit= ;(1—V;f 5= (15(1 o ’[ﬂf

for the Neumann BC. Here we have denoted

S =)
10(1 — v)(7 - 10v)’

3
(13)

471 - f")
10(1 = v)(7 +5v)
(14)

In fact, Egs. (10)—(13) are the precise formulas of the size-effect
characterization of of the inclusion problem. One can find that this
effect is linear for the bulk modulus, whereas it is nonlinear in the
shear modulus. In contrast to the average finite Eshelby tensors
we recall the average Eshelby tensor for a spherical inclusion in
an unbounded medium

Yulf1:= ylfl=

<51}C;:m>ﬂ = Sl ﬂ:“‘z(jl);n thjzr)rm’ c=lorE (15)
1+v 2(4-5v
s = , sé’xz—( ) (16)
3(1-v) 15(1 =)
s77=0, s57=0 (17)
Figure 1 displays the behaviors of all the coefficients s7* in de-

pendence of f. The Poisson’s ratio is chosen as v=0.2. We observe
that for the Dirichlet case the coefficients decrease, while for the
Neumann case they increase with growing f. The classical Es-
helby tensors do not depend on f.

Note that when f— 0 in Egs. (10)—(13) we recover the expres-
sions for the average of the classical Eshelby tensors. The fact that
E "*=0 implies the well-known Tanaka—Mori Lemma (see below).

Let us define the difference As?=s""~s5*; we have

JULY 2007, Vol. 74 | 785



- 1+v
As?zAsf’zAslz?,(l_V) (18
-5 2(4-5v)
AsP = AsT - 21 , Asi=——"—= 19
S2 SZ yu[.f] 1 —f S‘2 15(1 _ V) ( )
1— 28
AsY = Asy + 21y,[f] ! (20)

1-f

2.2 The Average Disturbance Fields. The finite Eshelby ten-
sors can be conveniently used to represent the average disturbance
fields. Recall the classical Tanaka—Mori Lemma [9]: the exterior
average disturbance strain in the exterior domain is zero (see Eq.

(17))
(€)q,=(5"")a, € = (s “EW 4 $£7E?):€ =0

A similar result holds for the disturbance stress field for a linear
elastic medium. Using the new finite Eshelby tensors S” and SV
the original Tanaka—Mori Lemma result is modified. The exterior
average disturbance strain field is neither zero for the Dirichlet
problem

21

(€, = (5P, € = (sTPEN + SPED):€ £ 0 (22)
nor is it zero for the Neumann problem
(eNa,=(8"Mq, € = (sTVED + SVEP): e £0 (23)

(unless f=0). However, in view of Egs. (11) and (13), we find that
for both problems

<€d>nE= o(f) (24)

which can be viewed as a modified Tanaka—Mori Lemma. One
then recovers the original result as f— 0.

Moreover, consider the Dirichlet problem. We can exactly sat-
isfy a key assumption, the average strain theorem

(€g=("+e)g=€e"+(e)g=¢€
since the average disturbance strain field in € is zero

(€)= e)g,+ (1 -){e)a, =[5 )q,+ (1= )(8"P)q € =0

(25)

(26)
Likewise, for the Neumann problem, the average stress theorem
(o)g= a’ (27)

is exactly satisfied since (od)9=f<0"’)91+(1—f)(0'd>QE=0 due to

ATy + (1= UTEN =0 (28)

TIN TEN

where and are the conjugate Neumann Eshelby tensors
related to the Neumann Eshelby tensors by the expressions

<51’N>Q, + <T1’N>Q, =r
and

SEN ENy

(85 Nq, + (T, =0
where [* is the fourth-order symmetric unit tensor and O is the
fourth-order null tensor.

(29)

3 Improvement of the Classical Homogenization
Methods

We now use the finite Eshelby tensors in two classical homog-
enization procedures to estimate effective material properties,
namely, the homogenization for composites with dilute suspension
and the Mori—Tanaka model.

3.1 Dilute Suspension Model. The dilute suspension method
predicts two different effective elastic tensors depending on the
different boundary conditions e.g., Ref. [10]. We first consider the
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prescribed macrostrain BC, i.e., the Dirichlet boundary value
problem (BVP) (u?=0 on d(), as discussed in Part I. The average
stress consistency condition for the considered homogenization
scheme (for prescribed eigenstrain within €); as motivated in Part
1) is

Ch(€ + () = C:(€+ (€, - €,

Ve, (30)

Note that C, C, €, and €” are considered constant. From Eq. (30)
we obtain
60+(e”)91=A:6* (31)

where A:=(C—C/)~':C. Consider the interior average of the dis-
turbance strain field

<€d>n,= <SLD>S2,:€* (32)
and substitute Eq. (32) into Eq. (31). This yields
€=[A- <S[’D>nl]_13€0 (33)
and consequently,
(@n,= €+ (g = ATA- (SD)p Tl (34)

Following the standard procedure, e.g., Ref. [10], we find the
estimate of the effective elasticity tensor for the prescribed mac-
rostrain BC

C=C—fC:(A=(8")g)! (35)
The only difference between Eq. (35) and the classical solution for
dilute suspension is that a different Eshelby tensor is used. Con-
sidering isotropic materials, the effective bulk and shear moduli
become

3 1 -1 3 1 -1
K=K fK_(] ; sl],l)) , _ f [<ﬁ S%D)
(36)

For the prescribed macrostress boundary condition, the new
dilute suspension estimate is

D=D+fD:(A=(5")g)™" (37)

where (SI'N)QI is the interior average Neumann—Eshelby tensor.

For isotropic composites, the corresponding effective bulk and
shear moduli are

= +fM“( (38)

1—ullu
Figure 2 shows the curves of the normalized bulk modulus, k/«,
and shear modulus, &/ u, in dependence of the volume fraction f
of the inclusion. The material properties of the inclusion are cho-
sen as k// k=10, u!/ u=4, with v=0.1. We have plotted the result
Eq. (35) using the Dirichlet-Eshelby tensor S** (dark) and (37)
using the Neumann—Eshelby tensor SV (light). We compare the
new results with the conventional dilute suspension results using
the infinite Eshelby tensor S in Eq. (35) (dashed line 2) and in
Eq. (37) (dashed line 1).

From this figure, we can observe the well-known result that the

classical solution is not self-consistent, i.e D# C~'. When we use
the new finite Eshelby tensors this situation is significantly im-
proved. For the effective bulk modulus, the new scheme is self
consistent, i.e., the two k in Egs. (36) and (38) are equal. The
estimated effective shear modulus is not self consistent, but it is
quite close as shown in Fig. 2.
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Fig. 2 Effective moduli k, i (or k; and ;) obtained by using
the dilute suspension method

3.2 A Refined Mori-Tanaka Model. The original Mori and
Tanaka model [11] is derived for an infinite RVE. In the follow-
ing, we rederive the Mori—-Tanaka estimate for a two-phase com-
posite in a finite RVE.

In reality, the boundary condition of an RVE is neither a pre-
scribed displacement boundary condition nor is it a prescribed
traction boundary condition. One can thus define a “general finite
Eshelby tensor” as the linear combination of the Dirichlet—
Eshelby tensor and the Neumann—Eshelby tensor corresponding to
general boundary conditions

SF=aSP+(1-a)sN, -=I orE (39)

For detailed justification, derivation, and discussion of this con-
cept, readers are referred to Ref. [12].

The essence of the Mori-Tanaka procedure is the following
incremental homogenization procedure. Let us denote the current
background strain of the RVE as (€”)q, which may or may not be
the average strain of the RVE. Adding an inclusion (or a cluster of
inclusions represented by a single inclusion) into the RVE, the
new average strain (€) in each phase will be the sum of the back-
ground strain and the disturbance strain

(€)q,= (€)q+ <€d>ﬂ,

(€)q,=(€)a+(q, (41)

The classical Tanaka—Mori Lemma states that (ed>QE=0, This is
only true when the RVE is infinite, since (SE~°°)QE=O. For a finite

RVE, we have to take into account the change of the effective
material properties in the matrix

(40)
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(€0, = () + (5" :€ 42)

(€)a,= (€)q+ <SE’F>QEI €

Consider the average stress consistency condition (for x € €);)

(43)

(€, = C:(€)a, — €) (44)
Solving Egs. (44) for <G>Ql yields
<E>QI= A€ (45)

where A=(C-C/)~!:C. Considering Eq. (42), we can express the
eigenstrain in terms of the background strain as

€ =[A- (8" (e (46)
Considering the basic average equation of the strain
(0=, +(1- N, 47)

and substituting Eqgs. (42), (43), and (46) into Eq. (47), we can
express the average strain (€)q in terms of the background strain
as

(€)= AF1<5b>n
Here A is the concentration tensor defined as
AP =[A = (1= S0, = (5550 ) T:(A = (5 )0 )™ (49)

By virtue of Egs. (45) and (46), the average stress field inside the
inclusion can now be written as

(48)

(0)q,=C:(A - 149):(A - (8")q) 7" (€ (50)
Applying the basic equation for mixture to the stress field,
(@) =), +(1- o), (51)

and substituting Eqgs. (42), (43), and (46) into Eq. (51), we can
express the average stress ()q in terms of the background strain
as

(0)q=B"()q (52)
with
B = C[A = f1%) = (1= (S Y, = (), 1A = ()™
(53)

Finally from {o)=C:(€), we obtain the effective elastic tensor

= C—fCA - (1= HUE Yo~ (o )T, D=
(54)

We note in passing that this model is self consistent.

The homogenization procedure with finite Eshelby tensors, S'F
and SEF, furnishes a refined Mori-Tanaka model. For isotropic
two-phase composites, the corresponding formulas are

1 -1
E:K—fk[ | —KI/K_(I —f)Asf] ,

1 3 -1
ﬁ=u—fu[—1 -1 —f)ASS] (55)
1 —w'/p
Note that the differences Ast=sM"—s% and Ash=s5"—s5F are
given by Egs. (18)—(20).

Figure 3 displays the profiles of the normalized effective
moduli k/k and u/u over the volume fraction of the second
phase. The same material data is used for the results shown in
Fig. 2.

In the case of the bulk modulus the dark, dashed and the light
curves match exactly, i.e., they are the same analytically. Indeed,
K in Eq. (55) is mathematically identical when applying S**, S*P,
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or S*¥, since As}=AsY=As) as noted in Eq. (18). For the shear
modulus & Eq. (55) gives three distinct lines when applying 5",
SP, or SV,

Remarkably, when comparing Figs. 2 and 3, we find that the
dark and light lines match exactly. In other words, it can be shown
that by using the finite Eshelby tensors, the dilute suspension
method Eqgs. (35) and (37) is equivalent to the Mori-Tanaka
method Eq. (54), when using the corresponding 5> and S*V. The
finite Eshelby tensors S°P and S*V unify the previously distinct
homogenization methods.

4 Exterior/Interior Eigenstrain Method

In the classical eigenstrain homogenization method, since the
ambient space (i.e., matrix phase) is assumed to be unbounded,
the eigenstrain can only be prescribed inside the inclusion. There-
fore the stress or strain consistency condition, i.e., the equivalent
eigenstrain principle, is only applicable to the interior. Consider-
ing the eigenstrain to be prescribed in the interior domain is the
case we have considered so far.

For a finite RVE, the equivalent eigenstrain principle can be
equally applied to its interior (inclusion phase) or exterior region
(matrix phase). By treating the interior and exterior homogeniza-
tion scheme with equal footing, one may be able to characterize
certain patterns of the phase distribution in an RVE in addition to
merely considering the volume fraction of the phases. Such pat-
terns may be the concentration of inhomogeneities towards the
center or boundary of the RVE. The exterior eigenstrain method
has been studied before by Castles and Mura [13], however, with-
out the knowledge of the finite Eshelby tensor. In this section, we
first discuss the exterior eigenstrain method, which relies on the
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Interior Eigenstrain
Homogenization

>

Exterior Eigenstrain
Homogenization

Fig. 4

lllustration of interior and exterior eigenstrain method

interior eigenstrain results previously obtained. Second we intro-
duce a method which considers the simultaneous prescription of
interior and exterior eigenstrains.

4.1 Exterior Eigenstrain Method. Analogously to the inte-
rior eigenstrain method, the idea of the exterior eigenstrain
method is as follows. We choose the interior phase, characterized
by elasticity C/, as the comparison solid of the RVE. To account
for the difference of elastic properties, a uniform eigenstrain is
prescribed in the exterior region of the RVE, i.e.

*()_ 0, Vxel)y
€w= €, VxeQ

The concept is illustrated in Fig. 4.
It follows that the constitutive relation between the disturbance
stress and strain fields has the form

(56)

o(x)=Cl[e(x)- €' (x)], VxeQ (57)
Accordingly, Somigliana’s identity reads
”‘fin(x) == j {jtl'jka?:n,j(X - y)d‘QyS;é’ + f C{jkf”‘z(y)G;n,j(X
Q )
=~ Y)n (y)ds, + f Ciet (), (¥) G (x = y)dS, - (58)
a0

By considering either the Dirichlet or Neumann boundary condi-
tion prescribed on the RVE boundary, the above equation can be
solved to relate the disturbance strain field to the prescribed exte-
rior eigenstrain through the so called exterior Eshelby tensors

denoted by 5°*. They are defined from

SE*(x):€", VxeQ
€)= S**(x):€ X E (59)

gl’*(x):e*, Vx e

where the superscripts *=/ or E denote the tensors evaluated at the
interior or exterior regions, and where *=D or N stands for either
the Dirichlet (prescribed displacement) or Neumann boundary
(prescribed traction) condition.

The disturbance fields in Eq. (58) can be solved exactly by
means of superposition. Since Qp=€/(); the resulting exterior
eigenstrain Eshelby tensors can be written as a combination of the
interior eigenstrain Eshelby tensors, which have been solved in
Part I, as

gE‘* = SI’*(CI’fz 1) - SE’*(CI’fI)s

x e Qg (60)

St =8 f=1)=8"(Cf), xety (61)

We emphasize that for this case (the exterior eigenstrain method)
the Eshelby tensor S™* in the above equations takes the material
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property C of the inclusion (the comparison solid), and the vol-
ume fraction f; of the inclusion phase. Given the boundary con-
dition *x=D or N, the first term of the equations above can be
easily evaluated (see Part I for the expressions of S'*)

SR f=1)=0
and

SN =1 =1 (62)
where O and 1* are the fourth-order zero tensor and identity tensor,
respectively. Therefore the exterior eigenstrain Eshelby tensors
can be related explicitly to the interior eigenstrain Eshelby tensors
by

SP=_5P(CLf), xe (63)

SN=F-5NCLf), xe (64)

To proceed further, the average of the exterior eigenstrain Eshelby

Q-
S

tensors S"* is needed. Following Sec. 2, we find

alx L x(1 I *7(2
<Sijmn>91 =5 Egjrﬁm + 53 ]Egjr)nn (65)

QEx _ (1 (2
<‘%ijmn>QE =8 Egjr:m +5; Ez(jrim (66)

with

—.D _ (1+V)(1 _f) _lyD__2(4_5V)(l _f) _ 23

Sy=- 3(1—1/) s Sy = 15(1—1/) +21‘Yu(1 f )
D _ (1+wf —E,D_2(4_5V)f -5
TS0y P T sa-n MWy @

for the Dirichlet BVP and

av_20=200 =) gy _(T=50-f)

21y, (1= %)

S 3(1-v) > 2 = 15(1 - »)

v 20=2v)f .y o (T=5v)f -

s =1= 31-9) S2 _1_15(1—V)+21%f1—f
(68)

for the Neumann BVP. Here v, and v, are as given in Eq. (14).
Note that we have omitted all superscripts on the right hand sides,
with the understanding that all material properties in the above
expressions (and in y, and v,) are in terms of the inclusion phase
(i.e., v=v;). Further, the volume fraction above is that of the in-
clusion (i.e., f=f;). Substituting f;=1-f5 above and comparing
Eqgs. (67) and (68) with Egs. (10)—(13), the following connections
can be established between the exterior and interior eigenstrain
Eshelby tensors

E‘i’*(v’fE) = SlE’*(V’fl), E‘%*(V’fE) = Sg’*(v,fl)

EIE’*(V’fE) = S{W*(V’fl)v EEV*(V,JCE) = S;*(Vhfl) (70)

where *=D,N. Note that the equality holds between the bulk
coefficients s;, whereas the deviatoric coefficients s, are only ap-
proximately equal. Likewise we can substitute f;=1—f% into Egs.
(10)—(13) and compare these equations to Egs. (67) and (68).
Then we obtain

EI]’*(VJP/) = S1E’*(V,f5)v Eli*(V,.fl) ~ Sg’*(V’fE)

(69)

(71)

S f) =T fe), 5 (0 f) = 55 (v fe) (72)

Next we consider the Mori—Tanaka model as an example to illus-
trate the exterior eigenstrain method and its relation to the interior
eigenstrain method. Recall the Mori—Tanaka formula for the inte-
rior eigenstrain homogenization Eq. (54)
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€= CF = fiE{(CF = C)CF — £8P (CE fi)ba,
—(85*(CF ), I

Let us consider a two-phase composite with elasticities C; and C,.
Geometrically, the two phases can be arranged in two ways. We
either let phase 1 be the matrix and phase 2 the inclusion (CF
=y, CI=C,) or vice versa (C'=C,, CE=(C,). The equation above
then takes the two forms

C=Cy = FL{(C) = C)™HC = Al (Crf2))q,

(73)

(85 (Cr o, ! (74)
C=0Cy - f1C:{(Cy - C)7RC, —f2[<SI’*(‘Cz,f1)>n,
(S (G o, I (75)

Reexamining the Mori-Tanaka method via exterior eigenstrain
homogenization, we obtain

C=C = fCH{(C = COTRC = FIESE (L)),

- <§[’*(Cl,fl)>szl]}_l

which we call the exterior eigenstrain Mori-Tanaka formula. For
a two-phase composite with elastic stiffnesses C; and C,, we then
have

(76)

C=Cy = f1CH{(Cy = C) 7120y = ALEH* (Cauf2))a,

GG (77)
C=0C) = AC(C; = C) 710y = ALGH(Cr ),
AW (78)

Equations (74), (75), (77), and (78) constitute the four flavors of
the Mori—Tanaka method. In view of relations (69)—(72) we can
see that Eq. (77) is approximately equal to Eq. (75) and that Eq.
(78) is approximately equal to Eq. (74). In fact, for the effective
bulk modulus & this approximation becomes an equality. For the
effective shear modulus i, however, there are slight differences.
These differences can be seen in Fig. 5, which shows the effective
shear modulus & for the four cases.

The material properties used in the calculation are k,=4k,
Mr=10u;, and v,=0.3. The traction boundary condition (x=N) is
used in the calculation. One can see how close the pairs 1, 4 and
2, 3 are. In the case of the effective bulk modulus these pairs are
equal. We can therefore conclude that exchanging the material
phases is approximately equal to exchanging the regions where
the eigenstrain is prescribed.

This, however, does not mean that the exterior eigenstrain
method has no technical merits. In the following sections we shall
discuss two new models that are built upon the idea of the exterior
eigenstrain method. The first, the dual eigenstrain method, fur-
nishes a method that allows the smooth transition between curves
1 and 3 or between 2 and 4. Second, in Sec. 5, the shell model, a
novel multiphase model, is a further generalization of this idea.

4.2 Dual Eigenstrain Method. We have seen in Fig. 5 that,
for fixed phase distribution, the interior and exterior eigenstrain
methods give very different homogenization results (i.e., the dif-
ference between 1 and 3 or between 2 and 4). We therefore want
to consider a model that prescribes an eigenstrain field in both the
interior and exterior regions of the inclusion simultaneously

. _{e,*, Vx e
€(x)= (79)

.
€, Vxe g

The model, termed the dual eigenstrain method is discussed in
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Fig. 5 Mori-Tanaka homogenization for the interior and exte-
rior eigenstrain methods

detail in Ref. [12] and we only illustrate the main concept of the
method here. The central idea of the dual eigenstrain method is to
treat the homogenization of both the inclusion and matrix phase
equally. Such a model has no preference between the two material
phases, because neither phase is chosen as the reference state. The

comparison solid for the RVE is rather characterized by C, which
can be considered as an estimate of the effective modulus C. Con-

crete choices for C are considered later.
Denoting the average background strain as €, the dual stress

consistency conditions then become
L[+ el(x)]=C:[ + €(x) - €)),

VxeQ, (80)

CE[€ + é(x)) = C:(€ + ed(x)—e::), VxeQy (81)

The disturbance strain field €? is the superposition of the distur-
bance strain field due to the interior eigenstrain and the distur-
bance strain field due to the exterior eigenstrain field, i.e.

P *
S*€ +5M*€,, Vxel,

€l(x) = (82)

St +55*:€,, Vxe Qg

Here S™* is the interior eigenstrain finite Eshelby tensor as derived
in Part I and S"* is the exterior eigenstrain Eshelby tensor as given
in the preceding section; (both accepting *=1 or E and x=D or N).
Both S™* and S** take C as the comparison solid. We note that the
dual eigenstrain method contains the two special cases €;=0, with
C=CE and ej:O, with ‘C:CI, which are the interior and exterior
eigenstrain methods, respectively.

From here on the derivation proceeds in a similar manner as the

interior eigenstrain case (see Sec. 3). The effective elasticity
modulus is obtained as
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C=[fCAp+ (1 =NHCEALfA+ A =PATT  (83)
with the concentration tensors
Ap=T - C1(C - CE):AS*
A= = C(C=Ch):A8* (84)
and the difference
AS* = (Sl'*(‘if=fl)>nE - <SE’*(‘C,f=fl)>uI (85)

Here we have indicated that S** depends on the comparison solid
C and the volume fraction f=f;. We note that the coefficients of
AS* follow from Egs. (18)—(20) given in Sec. 2, with setting v
=7 and f=f;. Choosing either C=CE or C=C/, the method degen-
erates to the interior homogenization Eq. (73) or the exterior ho-

mogenization Eq. (76), respectively. If we let C assume a value
between C! and CE, the effective modulus C given by the dual
eigenstrain method can be expected to lie in between these two
special cases. As an example consider the convex combination

(86)

Figure 6(a) shows the effective shear modulus & obtained from
Eq. (83) using Eq. (86) for a={0,0.2,0.4,0.6,0.8,1}.

The material properties have been chosen as before (k;=4kg,
ur=10ug, and vg=0.3). The boundary condition in Fig. 6(a) is
chosen as the Dirichlet BC (x=D). We observe that &, computed

O0sas<1

C=aC+(1-a)CE,
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Fig. 7 A three-layer shell model

by the dual eigenstrain method, lies in between the two special
cases, the interior and exterior eigenstrain MT method obtained
for a=0 and a=1, respectively. We remark that there are other

interesting choices for C to consider (see Ref. [12]). For instance,

we can use C as a predictor of the effective modulus C. One such
predictor is the Voigt bound. Equation (83) then becomes a cor-

rected value for C. This predictor—corrector scheme can be viewed
as a generalization of the classical self-consistent method. An im-

plicit self-consistent method arises when considering C=Cin Eq.
(83). The effective shear modulus for this case is shown in Fig.
6(b) for both *=D and N. For comparison the original self-
consistent method is also shown. The material data are the same
as before.

As a final remark, let us consider the dual eigenstrain method in
view of the two possible ways of arranging the material phases.
As we have discussed in the preceding section we can either have
CE=C" and C'=C2 or the flipped case C/=C" and CF=C2. Thus the
dual eigenstrain method Eq. (83) results in two distinct formulas.

5 A Shell Model

To utilize the finite Eshelby tensors to represent different mi-
crostructures, a so-called spherical shell model is developed, that
is a n-phase composite RVE modeled by n concentric spherical
shells. To illustrate the model, we present the detailed study of a
three-layer shell model (see Fig. 7).

For the three-layer shell model, the RVE consists of three con-
centric spherical shells, which are labeled as

Qx) ={x|[x| <r}, Q) ={x|r, <|x|<ry},

Q3(x) = {x[r, <|[x| <r3}
Here the radius of the RVE is r3, and the volume fraction of the
three shells are
3 3.3

3
I } n-n B—n
fl_ > f2 3
r3 r

f3=773 (87)

3 r3
with
fithtf3=1

To derive the Eshelby tensors for each shell, we consider three
partially overlapped concentric spheres

Ox) ={x|lx| <r}, Qux) ={x[}x| <r}, Qux)={x[[x| <rs}

The interior and exterior Eshelby tensors for each sphere () are
denoted as

SM(x), VxeQ, J=LILII
S (%) = { (88)
S*7(x), Vx e Q/Q,, J=LILII
where the superscript F represents the general boundary condi-
tions, see Eq. (39). Subsequently the average of the Eshelby ten-
sor is required for each shell. We first denote the average of the
Eshelby tensor of the overlapping spheres

Journal of Applied Mechanics

/= (8")q, J=LILII and j=1.2,3 (89)

where the first superscript J (Roman numbers) denotes the sphere,
), in which the eigenstrain is prescribed, and where the second
superscript j (Arabic numbers) denotes the shell, Q j» over which
the average is taken. Similarly we denote the average Eshelby
tensor of the shell domains as

S = <Si'F)Qj, i=1,2,3 and j=1,2,3 (90)

Again, the first subscript index, i, refers to the shell region, £};, in
which the eigenstrains are prescribed, and the second index, j,
denotes the shell region, {);, over which the average is taken. As
we have shown in Sec. 2 the average Eshelby tensors can be
written as

S = sPFEW + sUTED,ij=1,2,3 (91)

The idea is to use the Eshelby tensors of three overlapping
spheres to represent the Eshelby tensors of the shells via superpo-
sition. For the first spherical shell (the inner most shell) we write

QULF _ gllF _ Sil,FJE(I) + S%l,FJE(z)

SQUF = gliF = s%j’FE(l) + séj’F]E(z) (92)
Here, SLI’F are the coefficients of the interior Eshelby tensor,
whereas slf‘F , j=2,3 are the coefficients of the exterior Eshelby
tensors. Using superposition, the Eshelby tensors for the second
and third spherical shells can be obtained by using the combina-
tion of the average Eshelby tensors of the three overlapping
spheres

SZi,F — Slli,F _ Sli’F’ i= 172’3 (93)
S3i,F — SIII[,F _ SII[,F’ i= 1,2,3 (94)
Therefore, for a=1,2
sii,Fz Sgi,F_ SZ‘,F
and
A= g N i=1,2,3 (95)

To this end, all the coefficients of the Eshelby tensors for each
shell layer are expressed in terms the of the Eshelby coefficients
for solid spheres, €, Oy, and Q,;;, which are documented in the
Appendix for a three-sphere RVE.

To illustrate the application of the shell model, we consider a
simple homogenization example of a two-phase composite mate-
rial, with elastic modulus C,=C, in ), and C;=C3=C in Q; and
();. We prescribe the eigenstrain in (},,

. e, Vxe(,
€(x)= .
0, otherwise

We assume the RVE is subjected to the macrostrain boundary
condition, i.e., u=€’, Vx e dQ and impose the following stress
consistency condition

Ca+e)=C:i("+e-€), Vxel, 97)

One can then derive the effective elastic stiffness similar to the
formula of dilute suspension homogenization Eq. (35)

(96)

C=C-fC:(A, -520)71, (98)

where A,=(C-C,)"":C. We note that here S*>” is a function of
both volume fraction of the second phase Q, (i.e., f=f>), and the
geometric allocation or separation of the first phase, which can be
characterized by a nondimensional parameter B:=f/(f;+/3)
=f,/(1—-f). The coefficients of S**P are found to be

2.0 _ (1 + V)(l _f)

T 3(1-w) ©9)
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np_ 8- 10v _ Y _ .
52 ——15(1_11)(1 B —f) =21y [B(1-f)+f] {1
[BU-H+NH"-[BA-HTP?| 28(1-1)
- 7 }+1ﬁ1_w+2hﬂﬁﬂ
— a1 —f) — _ 513 TS0
—f)]f B -1 =B =)+ +[B(1 -] (100)

f=B1-1)
For the general boundary condition of Eq. (39), the following
stress consistency is imposed
Coe+e)=C(+e-€), VxeQ, (101)

This leads to the usual relationships between the average strain
and eigenstrain, as well as between the eigenstrain and the back-
ground strain, i.e.

(), = A€ (102)

and
€ =(A, -5, with A,=(C-C,):C
Then the average strain in the RVE will be
(€a=r{€q, +[{€)q,+f{€)q,
=+, € + [,9 0 € + £;5P €
=[A +iS = (fy + )87 + 387 T[A, - 52T e
(103)

Further, the average stress in the RVE becomes
(@)a=f{0)q, + o), +f(a)a, ={(/iC+ [0+ f30):(A,
= 82 + [C(f,87F + £557F) + [,L 87 Th (A,
-8t (104)

Substituting Eq. (103) into Eq. (104) leads to the effective elastic
tensor

C=C—flfA, = (1-AIS2F = 5217 = (1 - PSP,
(105)
where f=f, and

O

fHitfs 1=f
It is interesting to point out that the above formalism resembles
the classical Mori-Tanaka model Eq. (54). For the shell model
with the eigenstrain prescribed in {),, the contribution from the
exterior Eshelby tensor is represented by a linear combination of
S?LF and S?3F through parameter 8 [0, 1], which can be used to
characterize the evolution of the microstructure. Figure 8 shows
that the microstructure evolution can have some influence on the
effective shear modulus. In Fig. 8(a), the range of the effective
shear modulus for 8=0,0.1,...,0.9,1.0 is plotted for the Dirich-
let, Neumann, and averaged (a=0.5 in Eq. (39)) boundary condi-
tions, respectively. The differences can be seen more clearly if, for
a given volume fraction, the effective modulus is plotted over .
This is shown in Fig. 8(b) for the volume fraction f=0.5, which
demonstrates the dependency of the shell model on the micro-
structure. Note that this dependency has little influence for the
average case but is considerably stronger for both the Dirichlet

and Neumann case.

6 New Variational Bounds

One of the useful homogenization methods for composite ma-
terials are the Hashin—Shtrikman variational principles, which
have been extensively used in deriving bounds for effective ma-
terial properties. In the procedure of deriving the variational
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bounds, the Eshelby tensor is needed in order to estimate the
disturbance strain field due to stress polarization or to estimate the
disturbance stress field due to the eigenstrain.

Since the classical Eshelby tensor is obtained for an inclusion
solution in an unbounded region, in principle, it can not be di-
rectly used in the derivation of the variational bounds of a com-
posite with finite volume. In the past, additional probability argu-
ments and approximations based on assumptions of the statistical
nature of the inclusion distribution, have been employed to justify
the use of the classical Eshelby tensor, e.g., Ref. [14].

In this section, we show that the finite Eshelby tensors are a
perfect fit for the Hashin—Shtrikman variational principles [15,16].
They can be directly used in combination with the Hashin—
Shtrikman principles to derive variational bounds without resort-
ing to additional statistical arguments. By using the shell model
proposed in the previous section, a systematic, multivariable op-
timization procedure is developed for multiphase composites.

We consider the case that the finite spherical RVE is subjected
to a displacement boundary condition, i.e.

ux)=€%x, Vxed (106)

The standard statement of the Hashin—Shtrikman principles may
be expressed in the following form
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L(p.€’) < inf W(e") <I,(p.€) (107)
eleE
where
1
W(e):mf“ o:€d() (108)

is the strain energy density, and

|
1(p. €)= Wy(€) - mj {p:(C—Co)":p — p:&’ — 2p:€’}d )
Q

(109)

Here C is the elastic tensor of the composite and C is the elastic
tensor of a comparison solid such that

if AC=C-Cy<0

=40
L, ifAC=C—Cy>0

» (110)
Here W;(€) is the strain energy density of the comparison solid;
p is the stress polarization; and € is the disturbance strain field
due to the stress polarization. They are related by the following
subsidiary boundary value problem

V- [Co:Vui(x) +p(x)]=0, Vxel, YV x e d)

(111)

We consider the composite to be made of n distinct phases and
assume that each phase may be represented by a hollow spherical
shell inside the RVE. The homogenization or statistical model of
the composite is that any macropoint of the composite is modeled
as a RVE consisting of n distinct concentric spherical shells with
domain (); so that U?Q,;=0 and N_,Q;=@. The stress polariza-
tion is chosen as a piecewise constant tensorial field

ué(x) =0,

p(x) = >, pix(Q)

i=1

with
1, Vxe ),
X(Qi)={0’ Vx &, (112)
Let us consider
p;=pil®+ 7] (113)

where 1 is the second-order unit tensor and J@ is its counter-
part, the so-called deviatoric unit tensor, both defined as

1, i=j
1=t 0 e, (Sij:{o i+j

0, i=j
D=pe e, L=\ 114
Jl :8111 J? Bl_] 1, 17&‘1 ( )

Based on the finite spherical inclusion model, the average distur-
bance strain will be the summation of the average disturbance
strain in each phase

(eha=- 2 2 G5 (s7P):p, (115)

i=1 j=1

As shown in Sec. 2, the average Eshelby tensor can be written as

(8U°Py = §PEW 4 (J-PE?) (116)
We choose the prescribed boundary field as
=e? 4+ 5@ (117)

so that we obtain
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1
I,=Wy(é) - mf“ {p:(C=Cy)~:p — p:e? - 2p:€}d)

37 ]

9 L < fvt
- 2K0€2+6M0y2_2 [ 2(u; = po)

i=1 2(Ki - KO)

P e diDy iDL "
_22<f131 P:p1+ flsz Tl7-1>+2(3f[pig+6fi7[7)

i=1 j=1 2k 2o i=1
(118)
We first let 91,/ Jp;=0. One can thus find
‘ S0 Dy
L AP S Psen0, Vi=12,n
K= Ko Ko i )
(119)

Hence the stationary value of each p; can be obtained through the
following system of equations

-.. 7| P 1
(L2, 1) L
Ko K;i— Ky 2K0 .I _.
. :|=3¢ 1
Pj :
- '_pn _1_
(120)

We further let dl,/d7;=0, which leads to

3fi; 3w s 3fshP

T
- L+ 6f7=0 (121)
i = Mo Ho i 2w
or in matrix form
-. 7 7| 1
ii.D ji.D :
sy 1 sh .
(‘2_+ ) 22_ p :
Mo Mi— Mo ',U«o . =25 1
L 4| 7, 1
(122)

Remark 6.1. In the past, when deriving variational bounds for
multiphase composites, the same infinite Eshelby tensor was used
for all the phases (except the comparison phase) without discrimi-
nation. This procedure excludes the interactions among different
phases at the outset. By applying the shell model, proposed in the
last section, with the finite Eshelby tensor this interaction can now
be taken into account.

6.1 Two-Phase Composites. We now consider an isotropic
two-phase composite, with k,> k| and u, > u;. For the effective
bulk modulus, we find the following bound under the prescribed
displacement boundary condition

fa _ fi
< k< Kkt ———
P T

K1 — Ky Ky

Ky + (123)

Ky — K K

where
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2D _ (1 + Vl)fl

1= 3(1-v))
and
11,0 _ (1 + V2)f2
Kh _—3(1—1/2) (124)

A similar result can be derived for the Neumann boundary
condition

~1 f2 —1 -1 fl
K| + =K =K, +
: 1 1— 52N ’ 1 1—sltV
a at -1 O T -1
Ky — K K K — K Ky
(125)
where
2N _ 1+, +2(1=-2v)f,
! 3(1-v))
and
1+v,+2(1 -2v
}1,/\/: »+2( ) (126)

3(1 - Vz)

It can be shown, by algebraic manipulation, that the bounds
(123) and (125) are identical. Furthermore, they are equal to the
original Hashin—Strikman bounds, because the coefficients (124)
and (126) are equal to those of the original infinite Eshelby tensor.

Similarly, the bounds for the shear modulus can be obtained as

S _ f
M1 + = 22.D = M = 12%) + 1 11,D (]27)
1 55 1 Sy
+ +
Mo — My M M= M2 Mo
where
$22D _ 2(4-5v)fy _ 2151 —fg/S)z (128)
2 15(1=v,) 10(1=v))(7 - 10w,
sll,D=2(4_5V2)f2_ 21401 —f%B)z (129)
2 15(1=v)  10(1 = 1,)(7 = 10wy
and
-1 f2 —1 -1 fl
+ =pl=u'+
= 1 1- s%z’N H H 1 1 -5yt
ot 0 Tt 1
My — My M My = Mo Mo
(130)
where
oo 245w+ (T=5w)f,  84H0-£")
2 15(1 = v,) 10(1 = v)(7 + 5v,)
(131)
2 2/3\2
S11,N_2(4_5V2)+(7_5V2)f1 84f1(1 _fl )
2 15(1 = ) 10(1 = 1,)(7 + 51y)

(132)

Now the shear modulus bounds (127) and (130), are distinct, and
they are different from the original Hashin—Shtrikman bounds
based on the classical Eshelby tensor in an unbounded RVE. The
new variational bounds for both bulk and shear modulus are dis-
played in Fig. 9 with respect to f,. The material data is chosen as
K2=4K1, [L2=10,LLI, and V1=0.3 (lmplymg V2=0.083).

Figure 9(a) shows that the boundary conditions have no effect
on the bulk modulus, whose bounds coincide with the original HS
bounds. On the other hand the boundary conditions do affect the
variational bounds of the shear modulus. In Fig. 9(b), the three
sets of the variational bounds (Dirichlet, Neumann, and the origi-
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Fig. 9 Improved Hashin-Shtrikman bounds for the effective
bulk and shear moduli

nal) for the shear modulus are juxtaposed in comparison. We note
that the difference between these three pairs is solely caused by
the second term in coefficients Asg’D and séi‘N . Without the second
term in Eqs. (128), (129), (131), and (132), the three sets of
bounds will coincide.

Remark 6.2. There is a difference between material ordering,
ie., K|SKy<' <k, and geometric ordering, i.e., concentric
spherical shells ry<r,=<---=<r,. Since one does not necessarily
place the phase with the smallest material constants in the inner
most region of the RVE, the combination of mappings between
material ordering and geometric ordering is multiple. There are
differences in the homogenization results due to these different
combinations.

For a two-phase composite, there are two ways to place the
phase which is not the comparison phase in an RVE: either in the
interior of the RVE or in the exterior of the RVE. By alternating
the material phase from the interior region of the RVE to the
exterior region of the RVE, the interior homogenization becomes
the exterior homogenization, and they correspond to different fi-
nite Eshelby tensors as seen in Sec. 4. Therefore, in principle, we
can obtain for each boundary condition two distinct pairs of the
variational bounds, namely one corresponding to the interior
eigenstrain and one corresponding to the exterior eigenstrain
method (see Fig. 5 illustrating the different combinations possible
for each boundary condition). For isotropic composites, alternat-
ing the phase position has no effect on the variational bounds for
the bulk modulus, because the bulk part of the interior eigenstrain
Eshelby tensor equals the bulk part of the exterior eigenstrain
Eshelby tensor and thus the two pairs of bounds coincide.
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On the other hand, for the shear modulus, alternating the phase
position yields new variational bounds. (These are not shown in
Fig. 9 since they will only deviate slightly from the bounds shown
in the figure.) Altogether we have two pairs of distinct variational
bounds for the shear modulus under each boundary condition.

For multiphase composites (n=3), the dependence on phase
position may become more pronounced.

6.2 Three-Phase Composites. Consider a three-phase isotro-
pic composite with 3>k, > k; and 3> u, > . To obtain the
lower bound, we choose ky=k; and p;=0. One can then solve the
stationarity condition Eq. (120) for p, and pj

1 s?S’D—O.szz’D 1
+

P2=3€py pr=7— (133)
Ay K] K3 — Ky
_ 1 s%z’D - 0.55%3’0 1
p3=3€p3, p3=— + (134)
- - 01 K Ky — K
where
S%Z,D 1 S?s,n 1 S?Z,D s?’D
Ap=|l—+—"|| —+ - >
Ky Ky — K K K3 — K 4Ky
(135)

Similarly, one can solve Eq. (120) for the stationary values of p;
and p, for the upper bound by setting xy=«3 and p3=0, i.e.

1 s%z’D—O.Ss%l’D 1
+

p1=3€p;, p1=7— (136)
Ay K3 Ky — K3
o 1 sil’D—O.Ssiz’D 1
P2 =3€py, 2=A_ + (137)
ul K3 K| — K3
where
s}l,D 1 S%Z,D 1 S%Z,DS%I,D
S e | _n
K3 K| — K3 K3 Ky — K3 4K3
(138)

Substituting the stationary values Egs. (133), (134), (136), and
(137), into the Hashin—Shtrikman variational principle Eq. (107),
we find the explicit variational bounds of the bulk modulus for
three-phase composites

S/ 2P§ S/ 317%
(ky—Ky) (k3= K9)
L0 st

£y fa [P _
- + -—(fpis? +f1P1P25%1’D
(k1 —K3) (ko= K3) K3

1
B s
1

K| —

)+ 2(fopa+ f3p3) S K< i3

+f2[711725%2’D+f217%S%2’D) +2(f10) + f2D2) (139)

Similarly, for the bounds of the shear modulus we have

5 5 1
Mr = Ln LAke - — (L5 "+ Hrmrssy
(a=p)  (pa=—p) ] m
+ 3101355 + 315353 0) + 2(fama + f373) < B
7 ?2 1
B fiT + f27 — —(F PP 4 £ 7 Ty
(1= p3)  (po—m3) ] 13
+ /27 ?2%2,0 +f27§S§2’D) +2(f17 + f27) (140)
where
1 [s3P-0.5532P 1
7,=—| 2 —+ (141)

T Ap M1 M3 = M
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Fig. 10 Variational bounds for a three-phase composite mate-
rial: (a) bounds for bulk modulus; and (b) bounds for shear
modulus.

1 (3P -0.553P 1
3= (142)
Agp M Mo = M
1 [s3P—0.5520 1
7= —( : (143)
Ap M3 M2 = M3
1 [ siP—0.551%P 1
Ty=— s (144)
Ap M3 M= M3
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Mp M= M\ g3 4py
(145)
S;I,D 1 S%Z,D | séZ,Dsgl,D
Ap=\—"—+— || —+ - 3
M3 M — M3\ M3 Mo M3 4ps
(146)

Figure 10 shows the variational bounds for the effective bulk
and shear modulus of a three-phase composite using the modulus
ratios k3:kpik;=4:2:1, psipo:py=10:5:1 and Poisson’s ratio v
=0.3. The unique features of variational bounds (139) and (140)
are: (1) the boundary conditions are accurately taken into account
without resorting to any approximation and ad hoc arguments; (2)
interaction among different phases, or in other words, the correla-
tion among different phases are precisely taken into account by
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Fig. 11
bounds

Influence of phase position on three-phase variational

the cross-term Eshelby tensor S¥-P, i # j. This feature is absent in
the classical HS bounds; (3) Microstructures of the composite are
distinguished by mapping different combinations of the geometric
ordering to the material ordering. For the bounds shown in Fig.
10, the geometric ordering coincides with the material ordering in
ascending order, ie., (k,u)=>Q;, (k,m)=Q,, and
(K3, pu3)= Qs

To examine the effect of the microstructure on the variational
bounds, we exchange the material ordering within the domains (),
and (3. Figure 11(a) shows a plot of the two lower bound sur-
faces of the shear modulus. The contour of the difference is shown
in Fig. 11(b). One can see that the maximum difference is about
0.2, demonstrating the the material ordering has little impact for
this case.

7 Closure

In this paper, the finite Eshelby tensors obtained in Part I of our
work are applied to develop various homogenization methods. It
is shown that the special features of the finite Eshelby tensors can
improve the accuracy of conventional homogenization methods
and lead to more accurate predictions on effective material prop-
erties of composites.

For instance, we have found that for two-phase composites,
there are at least two sets of Hashin—Shtrikman variational bounds
corresponding to two different boundary conditions. This discov-
ery may be instrumental for numerical homogenization proce-
dures.

796 / Vol. 74, JULY 2007

Furthermore, we have developed some new homogenization
schemes such as the exterior eigenstrain method, dual eigenstrain
method, i.e., a generalized self-consistency method, the shell
model, and multiphase Hashin—Shtrikman bounds, which will en-
rich the engineering homogenization repertoire and provide
sharper estimates on effective material properties of multi-phase
composites.

The applications of the finite Eshelby tensor are multitude, and
they are not limited to applications of homogenization theory. As
indicated by the multilayer shell model, the finite Eshelby tensors
provide the basic module to construct the multi-inclusion model
and interface model, which can be used in modeling quantum
dots, nano-onions, spinodal decomposition, and functionally
graded materials. Some of these studies will be reported in sepa-
rate papers.
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Appendix: Table of the Eshelby Coefficients for the
Three-Layer Shell Model

In this Appendix, a complete list of the coefficients for the
average Eshelby tensors of a three-sphere RVE is documented.

The notation of these coefficients is explained and defined in Sec.
5
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