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Abstract. Global-in-time classical solutions near Maxwellians are constructed for the
generalized Landau equation in a periodic box for v > —2. The exponential decay of
such a solution is also obtained.

1. Introduction. In this paper, we consider the following generalized Landau equa-
tion
[0 +v-V,]F =Q[F,F|, F(0,z,v)= Fy(x,v) (1.1)
where F'(t,2,v) is the spatially periodic distribution function for the particles at time
t > 0, with spatial coordinates * = (z1,72,73) € [—m, 7> = T3 and velocity v =
(vi,v2,v3) € R3. The collision between particles is given by the following generalized
Landau operator,

QIF, Gl =V, -{ o ¢(v =) [F(")VoG(v) = G(0) Vo F(v)]dv'}

_ o, / 69 (v — o) [F(W)0;G(v) — G(0)0; F ()]
R3

where ¢ = {§;; — v;v;/|v|?}|v|"2, and v > —3. The original Landau collision operator
for the Coulombic interaction corresponds to the case v = —3.
The conservation of the mass, momentum as well as energy, can be formulated as
(i=1,2,3)
4 F(t) = 4 v F(t) = i/ [v2F(t) = 0.
dt T3 X RS dt T3 % RS dt T3 % RS

We study classical solutions for (1.1) near a global Maxwellian p = e~I"". We define
the standard perturbation f(t,z,v) to p as F = p + p'/2f. Tt is well known that
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30 HONGJUN YU

Q[u, 1] = 0. By expanding Q[u + p*/2g1, u + p/?go], we define

Qlu+ 1291, p+ p?go] = Qlu, 1] + 1" /*{ K g1 + Aga +Tlg1, 921}
The system (1.1) for f(t,z,v) becomes

O +v-Valf + Lf =T, fl, f(0,2,0) = fo(z,v), (1.2)
where L = —A — K. Notice that A, K and T are defined in the same way as in [5],
namely, o = ¢¥ * [v;u], 0 = ¢ * p,
Ag = p V2o 20,9 +vjgly, Kg=—p~ 20 {ulo" « {1 *[0;9 + vigl}]},
Llgr. g2] = 0il{¢" = (12 911}0;92] — {6 * [vin' > 1]} 0192
—0il{¢" * [ 20501 g2] + {6 % [vir 20911} 9o

In the case when initially Fy(z,v) has the same mass, momentum, and energy as
Maxwellian u, we can rewrite the conservation laws as (i = 1,2, 3),

/ ful? = / vifutl? = / w2 ful’? = 0. (1.3)
T3 x R3 T3xR3 T3xR3

We shall use (-,-) to denote the standard L? inner product in T3, T2 x R3 and
| - || to denote the corresponding L? norms. Let the multi-indices o and 8 be a =
o0, a1, @2, ] and B = [, B2, Bs] with |a] = Yoy and |8] = Y, Br. We define

0y = 0700219220301 029%5. 1f each component of 3 is not greater than that of s,
we denote it by 8 < 3. We define 3 < 3 if 3 < 3, and |3| < |3]. We also denote (%) by
B
CE'
We introduce a weight function of v as w = w(v) = [1 + |[v]]7*2. We denote the
weighted L? norm as \g|%,9 = fR3 w? g2 dv, ||g||§ = ngxT3 w? g?dxdv, where ||-|lo = |||
We define the weighted norm and the high order energy norm as

lg 3,9 = /3 w%[Uijaigajg + Jijijgz]dv,
R

llgl (27,9 = / W%[Uijaz'gajg + Uijving2]dxdv,
R3xT3

B = 3lIAIRO + [ A1),
B() = BGO) = Y 1055

le+[BI<N
where |- [50 = |- |os || - [lo,0 = || - lo and
AN = > logr®l, Al = > 195D
lee|+1B1<SN lee|+1B1<SN

Throughout this article, N > 8. The main result is as follows:

THEOREM 1.1. Let v > —2. Assume that fo(z,v) satisfies (1.3), and Fy(z,v) = p+
p'/? fo(z,v) > 0. There is an Cy > 0 and M > 0 such that if E(fy) < M, then there
exists a unique global solution f(t,z,v) to (1.2) with F(t,z,v) = u+ p'/2f(t,z,v) > 0
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THE EXPONENTIAL DECAY OF GLOBAL SOLUTIONS 31

and supg< <. E(f(s)) < CoE(fo). Moreover, there are constants C1 > 0 and 6* > 0
such that *
A1) < CLEY?(fo)e™.

There have been some investigations about the dynamical problems of the Landau
system [1], [2], [B], [B], [@], [I0], [11], [12], [13], [I4]. It is shown in [5] that the global
classical solution of the Landau equation near Maxwellians with v > —3 can be obtained
by the energy method. Guo proves in [8] that under the hard sphere condition, the global
in time solution of the Vlasov-Maxwell-Boltzmann system can be obtained. Desvillettes
and Villani [2], [3] construct a global classical solution to the spatially homogeneous
Landau equation with 0 < v < 1, which converges towards equilibrium exponentially.
It is shown in [I0, I4] that the smooth solution of the spatially homogeneous Landau
equation with —3 < v < 0 converges to a global Maxwellian super-algebraically.

Motivated by an idea in [§], we establish a global in time classical solution to the gener-
alized Landau equation near Maxwellians for v > —2. And we also obtain the exponential
decay of such a solution, that is, the global classical solution F of (1.1) converges to a
global Maxwellian g in some Sobolev space exponentially. Compared to the previous
work ([2], [3], [10], [I4]]), it should be pointed out that the Landau equation discussed
in the present paper is dependent on space variables, the global solutions here converge
towards the equilibrium exponentially and the Landau collision operator concerned in-
cludes both hard potentials and soft potentials, i.e., v > —2. To obtain the exponential
decay of the global solution, we are not able to use the argument developed in [5, [6, [7]
to construct the crucial positivity of the linearized Landau operator L. Instead, we have
revised the methods in [§] to obtain it. It seems that global in time classical solutions to
the Landau equation near Maxwellians for —3 < v < —2 can also be established by this
approach. But we could not obtain the exponential decay of the global classical solutions
to the Landau equation near Maxwellians for —3 < 7 < —2. Very recently, there has
been new progress made by Strain and Guo [9] who obtain almost exponential decay of
the global solutions for a large class of kinetic equations near Maxwellians, including the
Landau equation for —3 <y < —2.

2. The proof of Theorem 1.1. In this section we first give some lemmas which can
be found in [3].

LEMMA 2.1. Let |B] > 0, |a| + |B] < N. Then for small 7 > 0, there exists C' > 0 and
Cy > 0 such that

—(95[Ag], 039) = 19sgll2 =1 > 198,912 — Cyllngl®, (2.1)
16:1<16]

(05[K 1], 092)| < {n > 1105, 911l0 + Collngrl} 05920, (2.2)

[811<18]
(05T0g1, 921, 089s) <CH{L Y. 105 el Y. 195 gollo}
o [+1B1 <N o [ +151 | <N

HOY o ogtalle DD 1195 g2l3105 g5l (2.3)

lar[+]B1|SN la1|[+]81|<N
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32 HONGJUN YU

Since L > 0 and (Lg,g) = 0 if and only if g(v) = {a 4+ b- v + c[v|*}u'/? where
a,c € Rand b € R?, we denote the orthogonal basis for {1,v, [v|?}u'/?
as in [4] {e1, ez, e3,¢e4,e5} and we define a projection P in L?(R3) for any fixed z as

Pg(z,v) =3 (g(z, ')aej)ej'

LEMMA 2.2. Let x(v) be a smooth function so that {|x|+ |[Vx| + |[V3x|} < Cu(v/4),

in the same way

then
[ / 9°Tlgr, galxdv]| < L Y 0% g H D 10 gallo}, (2.4)
|| <N a1 |<N
(Lg,g) > §|{I — P}g|2, (2.5)
19126 > c|w’[1 + 0[] F g]3. (2.6)

By a straightforward modification of the argument used in [5], we have the following
local existence result for the Landau equation.

LEMMA 2.3. For any sufficiently small My > 0, there exists T* > 0 such that if E(fy) <
My /2, then there is a unique classical solution f(¢,z,v) to (1.2) in [0,7%) x T3 x R3
such that supg<;<p- E(f(t)) < My and E(f(t)) is continuous over [0,77*). If Fy(z,v) =
w4 pt’2fo > 0, then F(t,2z,v) = pu+ p'/2f(t,z,v) > 0. Furthermore, the conservation
law (1.3) holds for all 0 < ¢ < T if they are valid initially at ¢t = 0.

We shall first establish the positivity of the linearized operator L for every small
amplitude solution f(t,z,v) to (1.2), and then prove the main result, Theorem 1.1. We
know that P is a projection from L?(R?) to the null space of the linearized operator L.
Thus, for any fixed (¢, ), a function g(t, x,v) can be decomposed uniquely as

g(t,z,v) = {Pg}(t,x,v) + {I — P}g(t,z,v).

Split f as f(t,z,v) = {Pf}(t,z,v) + {I — P}f(t,x,v) in the Landau equation (1.2).
Thus, we have

[0 +v- Vo] Pf =I({I = P}f) + h(f), (2.7)

where
I{I=P})= =[O +v-Vo+ LI = P}, h(f) =TIF, f. (2.8)
LEMMA 2.4. Let 9 = 980921922025, It can be shown that 9*Pf = P9 f. Further-

1 “x2 T3

more, there exists C' > 1 such that for any f € C°(R x T3 x R3),
1 (63 (6% (6% (63 (6%
clo Pfl5 < l0%a])* +[|0%0]|* + [|9%c||* < C||o*Pf|*. (2.9)

Proof. A direct computation implies 9*Pf = PO f. We substitute ||-||, with PO*f =
O%a(t, x)p'’? + 0°b(t, ) - vp/? + 0%c(t, x)|v[>u/?. Using 0 < C[1 + |v[]**? and the
exponential decay of e;, we can obtain the first half of (2.9) by a direct computation. The
second half of (2.9) can be obtained by the fact that |0%a|? + [0%b|? + |0%c|? is bounded
by C [|0*Pf|*dv for any (t, ), since a, b and c are the coefficients of a basis to the null
space of L. We then deduce (2.9) by a further integration over x.
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THE EXPONENTIAL DECAY OF GLOBAL SOLUTIONS 33

We now derive the macroscopic equations for P f's coefficients, a, b and c¢. Recalling
equation (2.7) and (2.8), we further use Pf = a(t,z)u'/? + Z?Zl %b;(t, x)vut/? +
d%c(t, x)|v|?>1/? to expand the entries of the left-hand side of (2.7) as

3y [u,»aic|v|2 0% + 0biJo? + 3 [0 + @ biJviw; + (0%, + Dalv; + 8| u2, (2.10)

i §>i
where 9° = 8y, &7 = 9,, and 9" = 9,,. This is an expansion to the left-hand side of (2.7),
for fixed (¢, ), with respect to the basis of p'/2, v;u'/?, v} ul/?, viv;u'/? and |v|?v;u'/?

where 1 <1 # j < 3. We denote an orthogonal basis for this 13-dimensional space by ¢;,
1< j <13 asin [4]. Expand the right-hand side of (2.7) with respect to the same basis,
and compare with their coefficients on both sides. Then we have

(1) Vie=1l + he,
) 0% =14+ hq,
4) 8ij + 8]bz = lij + hij; 7 7é j,
5) 80b2 + Ota = lpi + hps,
where 0° = 9, and & = Og;. Here l.(t,x), l;(t,x), lij(t,x), lyi(t,z) and l.(t, ) are
the corresponding coefficients of such an expansion of the linear term [({I — P}f), and
he(t, ), hi(t,x), hij(t,x), hei(t,z) and he(t,x) are the corresponding coefficients of the
same expansion of the higher order term h(f). Let

/2 12 42,1/2

A~ N S/
w

o Lo 2 o Poipt 2] Arg s = (€],

with detA # 0. We know that for any fixed (t,z), l(t,x), li(t,x), li;(t, ), lp;(t,z) and
lo(t, z), which are the coefficients of the projection of {I — P} f, we have the form

T A / (L~ P}f) - ¢ (v)dv

i,n=1

The same is true after we take 9. Let || < N — 1. By (2.8), we have that
| /(—[5t +v- Vo l{I = PYO*f) - en(v)dv]?

< [leatolldo s [ leu(IHT = PYOPO" P+ T = PYV,0° ) dad
3xT3
< CIIT - PY*0" £+ {1 - P)V.0° £

/L{I — P}0% fen(v)dv = /(fA — K){I — P}0“ fe,(v)dv

Recalling the expressions of A, K and ¢,, integration by parts and the Schwartz inequality
will result in

| [ L1 - PYosen(wyinl < €T - Plonf]”

Here 8° = 9, and we have also used the facts 0°{I — P}f = {I — P}0*f and the
exponential decay of €, (v). Thus, we have

D 0% + 1%L + 0%l + 110%0s | + 10°1all} < € > {I =PI f]|. (2.11)

lal<N-1 lal<N
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34 HONGJUN YU

Notice that h(f) =I'[f, f] and 0%h¢, 0%h;, O%hy;, O%hpi, 0%h, are of the form
13
> x‘fx'"/ O°T[f, f] - € (v)dw,
RS

i,n=1

where A" and A" are the entries of the matrix A. If |a| < N and 2jaj<n 107f(1) > < My
for some My > 0, then we can apply (2.4) in Lemma 2.2 to get

| [ ool - o)l < D 02| [ Tl0% 1,07 £ cofo)iv]
<O T [0 I ST N0 flley < Cpp” N (0% £l

laa|<N loa|<N le|<N

Thus, we have
D O hell + 10 Rall + 107 Rasl| + 0% hos | + 10%Rall} < CMG"? D" (10%f - (2.12)
lo|<N lo| <N

THEOREM 2.5. Let f(t,x,v) be a classical solution to (1.2) satisfying (1.3). There exists
My > 0 and 6g = dp(Mp) > 0 such that if

>0 F )] < Mo, (2.13)
|| <N
then
> (LM f(s),0°F(5) = 00 D 110 f(s)]I2
|a|<N |a|<N

Proof. Recall that from (2.5) in Lemma 2.2
(LO*f,0°f) = 86|{I — P}o* f]7.

It thus suffices to show that if (2.13) is valid for some small My > 0, then there is a
constant C' > 0 such that

Do IPfDlle <C Y I =PI f(D)]-

la| <N la|<N

We notice that by Lemma 2.4,

Y P f@)llo < C Y {19 all + 0Bl + 9% ¢ll}.

la|<N lal<N

Thus, we only need to prove that

> llo%all +llo70)l + 9%} <€ Y I = PYo*F(B)]o (2.14)

la|<N la| <N

License or copyright restrictions may apply to redistribution; see https://www.ams.org/license/jour-dist-license.pdf
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We first estimate Vb, Let |a| < N — 1. We take 87 of (2) and (4) to get
NOb; = 0% =Y 070%; + 070, =Y _[~07'0%b; + & 0lij + 7 0% hiy

J J#i J#i
H010U; + 0% h; — 0°0'0%c] = > _[0°0'0%c — 8'0°1; — 0'0"hy] — °0'0%c
J#i
+ 3 [0 + O hig) + 0'0%1; + 0'0%h; = 0°0'9%c
J#i
=N [0°0%1 + 0'0%hy — 97915 — 0% hyg] + 0%l + 00Dy
i#j
= —0"0%b; +2[0'0°1; + 0'0%h;] — Y _[0'0°1; + 0'0%h; — D7 9L;; — 070 hyj).
i#j

We multiply with 0%b; to get
IVobill <C > 10Ul + 110 hall + [0°L ]l + 10%hs | + 10°Lis | + 10 hig I}

o] <N -1
1/2 (6% (0%
<CMy”® 3 0% fllo +C Y I - PYO° S, (2.15)
la|<N la|<N
where we have used (2.11) and (2.12). We will leave the proof of the purely temporal
derivatives of 0%b;(t,x) with a = [ag, 0,0,0] and || < N to the end.
Next we will estimate the derivatives of ¢(¢,x). From (1) and (2), we have

[0°0%cll < [[0°0°bll + [0°E:l + 10°hsl, IVl < 0% hel| + 0°Le]l-
Thus, for || < N — 1, we have, from (2.11), (2.12) and (2.15), that
[0%0° ] +[[Vore] < CMg"™ 37 1% flo +C 37 I{T=PYO°fll. (216)
jal<N lal<N

From the Poincaré inequality, we easily see that |c|| < C[||V¢|| + | [ edz|]. From the
conservation laws in (1.3), we know that [ ., bdz = 0 and

|/ ad:v|+|/ cdz| = 0.
T3 T3

Thus, the term ||¢|| is controlled by the right-hand side of (2.16).
Now we consider a(t,z). Let |a| < N — 1. By (3), we have

18°0%a|| < [|8%1a]| + |0 hal- (2.17)

By (2.11) and (2.12), for |a|] < N — 1, ||0°9%a|| is bounded by the right-hand side
of (2.16). We now consider the spatial derivatives of a(t,z). Let |o] < N — 1 and
a = [0, a1, as, az) # 0. By taking 9 of (5) and summing over i, we get

A% =V -0~ 0'0"[lui + hui].

Multiplying the above equation with 9*a and integrating over T2, we get

IVoal| < [18°0°bl| + [0 loi + hui] ] (2.18)
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It is clear that the right-hand side of (2.18) is bounded by the right-hand side of (2.16).
Furthermore, by the the Poincaré inequality, we easily know |a|| < C[||Val|| + | [ adz|].
Thus, the right-hand side of it is bounded by the right-hand side of (2.16). We thus
complete the estimate for a(t, z).

Finally, we estimate the purely temporal derivatives of b(t,z) and 9*b(t, z) with a =
[0, 0,0,0]. If |a] <2, we use the Poincaré inequality to get

W%NSQWWMHM”/M@MWL

By (2.15) and [ b;(t,z)dz = 0, it suffices to estimate the term 9*b;. For the higher
purely temporal derivative 9%b(t, ) with |a| > 3, we take 9%~ ! of (5) to get

10°b]| = | = 0°0° " a + 07 loi + hea] | < 110°0° " all + 10 o | + (1077 P
By (2.18) and (2.11), (2.12), we easily know that the right-hand side of the above in-

equality is bounded by the right-hand side of (2.16).
Therefore, we have, by the above estimates, that

> {l0%all + 19%] + 0%ell} < CM"* 3~ 0% fllo +C D I{I = PYo"f].
lal<N lal<N lal<N

The first term of the right-hand side of the above inequality can be neglected for M
small. This is because we have by Lemma 2.4 that

lo° f1I5 < I{T = PYo*fI5 + 1 PO 15
< HI = Py f117 + ClIo%all + [|0°b]| + [[0%]]>.
By (2.6) with v > —2, we know that (2.14) holds.

In the following we extend the local in time solution in Lemma 2.3 to the global in
time solution. We need to prove the following theorem.

THEOREM 2.6. Let f(¢,z,v) be the unique solution constructed in Lemma 2.3 which
satisfies the conservation law (1.3). Let the small amplitude (2.13) be valid. Then, for
any given 0 < m < N and [3| < m, there are constants C|z > 0, C;, > 0 and 6,, > 0
such that

d
> {C\ﬁ@\laé‘f(t)\lz+5m\|3§f(t)\|§ < CRLEV2(F@)IIAIGE®).  (2.19)
|Bl<m,Jal+|8]<N

Proof. We use an induction over m, the order of the v-derivatives. For m = 0, by
taking the pure 0 of (1.2), we obtain

[0, +v -V + Lo f = 8°Tf, f). (2.20)

Multiplying (2.20) by 0% f and integrating over T x R, we obtain, by Theorem 2.5
and (2.3) in Lemma 2.1 with g; = g2 = g3 = f, that

S [3olo I +sollor F)I2] < CEVF@)IAIE D)
lal<N

This concludes the case for m = 0 with Cy =1/2 and C§ = C.
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Now assume the theorem is valid for m. For || = m + 1, taking 95 (|3 # 0) of (1.2),
we obtain,

[0 +v- V|03 f + L0 1+ > 0,0+ V205 5, f = O5TIL, f]. (2.21)
B1#0

For any 1 > 0, applying Lemma 2.1 and ||ug| < C||g|ls, and then integrating over T,
we deduce

—(0sA10° 11,03 f) Z 105 FI7 =0 D 198, 115 = Cyllo* £II3.

1811<18]
—(0sK[0°1,05f) = —{n > 105 fllo + Collud®£I}H105 fllo
[811<18]
>—n Y 108, fII2 = nllog fII2 — Cyllo £II2.

[B11<]8]
Thus, we have, for any n > 0,
(DL 1,05 1) = 105 F112 =0 D 105 1112 = Cyllo* f2-
18'1<18]
For any n > 0, we have
> 0w Va3 5, f.055) < nllOFfI1P +Cy D V2055,
B17#0 [B1]=1
By (2.3), we easily see that

(O3T1f, £1.03f) < CE2(F @) 1115 ().

We thus have, by collecting terms and summing over || = m + 1 and |a| + |8] < N,

S LSegror+ 1oz

2dt
|Bl=m-+1.[al+|B]<N

< XX miesaese, > lossI”

|Bl=m+1,|a|+|B|<N " |8l=m+1 IBl<m,|a|+]BI<N
+CEV(F@)IIAIE)]
< Znia | 3 og fllz +3C, > l95f1°
[B]=m+1,|a|+|B|<N |B|<m,|a|+|BISN

+CEV2(FIIFIEE)]

where Z,,,11 denotes the number of all possible («, 3) such that |3] < m+1 and |a|+]|8| <
N. Choose nn = ﬁ then there is a constant C(Z,,+1) > 0 such that

41

1d « 2 l a 2

> [Flosro + Sl
[Bl=m+1,]al+[BI<N

<Cni) X IBSE+EGOIAIEG] @22

IBI<m,|a|+]|BI<N
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We may assume C(Z,,41) > 1. We multiply (2.22) by % and add it to (2.19) for
I8] < m to get
Om

om  d g
Y led @B Or mas

4C(Z,,
|Bl=m+1,|al+]8|<N C(Zm1)

d
Y [Caglos IR + enllgs Fo)IE]

[BISm; || +|BI<N

< 57 3 10g £ ()12 + [0;;+%}Ew(f(t))lllfl\li(t)-

|BI<m,|al+|B|<N

105 £)112]

It is clear the first term on the right-hand side is absorbed by the last term on the left.
We thus conclude the theorem by letting

Y R S
4C(Zm+1)’ m+1*4C(Zm+l)_ 9 m+1 = Ym 9"

Proof of Theorem 1.1. We first fix My < 1 such that both Lemma 2.3 and Theorem
2.6 are valid. For such a My, we let m = N in (2.19) and define

vty = D [Clog sl (2.23)

lo]+[BI<N

C4m,—|—1 =

We choose a constant C'; > 1 such that for any ¢ > 0,

1

0+ 5 [ IR < B0) < Cilue + 3 [ 7

Recall constant C% in (2.19). We define M = min{%, QMT%}, and choose initial data
N 1 1
so that E(fy) < M < My. From Lemma 2.3, we may denote T > 0 so that

T = sup{t : E(f(t)) < 2CTM} > 0.
t
Notice that E(f(t)) < 2C3M < My for 0 < t < T, by the definition of M. Thus, the

small amplitude assumption (2.13) is valid. We apply Theorem 2.6 and the definition of
M and T to get, for 0 <t < T, that

y' () + S llIFIIZ (@) < CREYP(F@DIIFZ @) < %Nlllf\l\i(t) (2.24)

Therefore, an integration over 0 <t < s < T yields

B(7(s) < Calas) + 5 [ A ()
< C1y(0) < C2E(f(0)) < C?M < 2C? M.

Since E(f(s)) is continuous in s, this implies E(f(T)) < C?M if T < oo. Thus, we get
a contradiction to the definition of T. Hence T = oco. It is easily seen from the above
inequality that such a global solution satisfies E(f(t)) < C$E(fo) for all t > 0. By (2.24),
we have for t > 0,

o
y' (1) + = lIFIlE @) <o.
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We easily know Cs|| f]||(t) < y(t) < Col||f |||+ (t) by (2.24) and (2.6) with v > —2. Thus,
there is C4 > 0 and 6* > 0 such that

1F1I(t) < CoBY2(fo)e™® ",
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