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Density functional theory~DFT! has become the method of choice for many applications of
quantum mechanics to the study of the electronic properties of molecules and solids. Despite the
enormous progress in improving the functionals, the current generation is inadequate for many
important applications. As part of the quest of finding better functionals, we consider in this paper
the Perdew-Burke-Ernzerhof~PBE! functional, which we believe to have the best theoretical
foundation, but which leads to unacceptable errors in predicting thermochemical data~heats of
formation! of molecular systems@mean absolute deviation~MAD !516.9 kcal/mol against the
extendedG2 data set of 148 molecules#. Much improved thermochemistry is obtained with hybrid
DFT methods that include part of the Hartree-Fock exchange@thus B3LYP~Becke’s three parameter
scheme combining Hartree-Fock exchange, Becke gradient corrected exchange functional and
Lee-Yang-Parr correlational functional! with MAD53.1 kcal/mol and PBE0~Perdew’s hybrid
scheme using PBE exchange and correlation functionals! with MAD54.8 kcal/mol#. However we
wish to continue the quest for a pure density-based DFT. Thus we optimized the four free parameters
~m, k, a, andb! in PBE theory against experimental atomic data and thevan der Waalsinteraction
properties of Ne2 , leading to thexPBE extended functional, which significantly outperforms PBE
for thermochemical properties MAD reduced to 8.0 kcal/mol while being competitive or better than
PBE for predictions of geometric parameters, ionization potentials, electron affinities, and proton
affinities and for the description of van der Waals and hydrogen bond interactions. Thus xPBE
significantly enlarges the field of applications available for pure DFT. The functional forms thus
obtained for the exchange and correlational functionals may be useful for discovering new improved
functionals or formalisms. ©2004 American Institute of Physics.@DOI: 10.1063/1.1771632#

I. INTRODUCTION

Density functional theory1 ~DFT! has become a valuable
alternative to the conventional Hartree-Fock~HF! and
post-HF methods2 for the study of molecular electronic
structures. DFT replaces the conventionalab initio wave
function, which depends on 4N variables~three spatial and
one spin variable for each of theN electrons!, by the electron
density, which depends only on the three spatial variables, as
a means to reach a solution to the Schro¨dinger equation in
DFT. In principle, DFT takes into full account all many-body
effects with computation costs comparable with mean field
~Hartree! approximations.1 Unfortunately, the exact density
functional is unknown, making it necessary to develop ap-
proximate functionals using theory to help to specify limits
and functional forms and comparisons to accurate experi-
ments to determine a limited set of parameters. Therefore,
the quest of finding better and better functionals is at the
heart of density functional theory.

Many approximations to the exchange-correlation en-
ergy have been developed and tested. The simplest approxi-
mation is the local density approximation~LDA ! based on
fitting the exact numerical results from the uniform electron
gas~UEG!.3–5 While LDA yields results of good or moderate
accuracy for some properties~lattice constants, bulk moduli,
equilibrium geometries, and vibrational frequencies! ~Ref. 6!
the severe overbinding of LDA@mean absolute deviation
~MAD !590.9 kcal/mol for theG2 data set of 148 atoms and
molecules# makes corrections depending on the density de-
rivatives essential.7 The generalized gradient approximations
~GGAs! use exchange functionals including the first-order
gradients8 and have demonstrated great improvement over
LDA for bond energies of molecules, the cohesive energies
of solids, and the energy barriers for molecular reactions, but
they generally remain inadequate for thermochemistry for
molecules.

Several GGA functionals8–22 have proved useful in ap-
plications to molecules and solids, but Perdew, Burke, and
Ernzerhof@PBE ~Ref. 11!# have developed a simplified GGA
that best fulfills many of the physical and mathematical re-
quirements of DFT. In particular, PBE~a! satisfies the Lieb-
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Oxford bound23
„that is, Ex@r#>Exc@r#

>21.679* d3rr(r )4/3
…; ~b! provides the correct linear re-

sponse of the uniform electron gas with proper uniform
scaling;24 and ~c! leads to smooth pseudopotentials.11

However, the numerical performance of PBE is unsatis-
factory for total atomic energies and thermochemical proper-
ties of molecular systems.12 For example, Handy and co-
workers designed a test of 93 chemical systems that DFT
methods should satisfy to be recommended for chemistry
and concluded PBE does not pass.25

The most successful DFT functionals for thermochemis-
try @e.g., B3LYP~Ref. 26! and PBE~Ref. 21!# include in the
exchange energy a component of exact Hartree-Fock ex-
change~using Kohn-Sham orbitals!; however, this comes at
considerable computational cost~particularly for infinite sys-
tems!, which we wish to avoid, and these hybrid methods
violate the spirit of DFT that the energy expression depends
only on the local density.

We present here an extension of the PBE functional~de-
noted as xPBE! in which we optimize four parameters~m, k,
a, andb! in PBE against~a! experimental atomic data and
~b! the van der Waalsinteraction properties of Ne2 , ~c! but
using no other molecular data. We find that the xPBE ex-
tended functional significantly outperforms PBE in predict-
ing ~i! atomic data~exchange energies, correlation energies,
and total energies for atoms from H to Ar! and ~ii ! thermo-
chemistry~heats of formation for the extendedG2 set!.27,28

At the same time, xPBE is competitive or of better quality
than PBE in the predictions of~1! geometric parameters,
ionization potentials, electron affinities, and proton affinities
~against the extendedG2 set! ~Refs. 27 and 29!, and~2! van
der Waals and~3! hydrogen bond interactions, thus greatly
enlarging the original field of applications.

II. THEORETICAL BACKGROUND

A. GGA exchange and correlation functional

In the Kohn-Sham formalism for DFT, the total energy is
written as

E5KE1CE1Exc ~1!

where KE is the kinetic energy of the Kohn-Sham orbitals,
CE is the classical Coulomb interaction energy for the total
density constructed from the Kohn-Sham orbitals, and the
exchange-correlation functionalExc , includes everything
else. The challenge is to describe theExc term, which, con-
ventionally, is assumed that to be separable,

Exc5Ex1Ec . ~2!

In GGA,8 the exchange functional is expressed as

Ex
GGA5E d3rr~r !ex

unif~r!Fx~s!, ~3!

where r(r ) is the total density;ex
unif523kF(/4p) is the

Slater exchange energy density in the uniform electron gas
approximation,3,4 kF5@3p2r(r )#1/3 is the local Fermi wave
vector, andFx(s) is the GGA enhancement factor depending
on a dimensionless density gradients, which is defined ass
5u“ru/(2kFr).

The GGA~Ref. 17! correlation functional is expressed as

Ec
GGA@r↑r↓#5E d3rr~r !@ec

unif~r s ,z!1H~r s ,z,t !#, ~4!

where r s is the local Seitz radius defined asr s

5@(4p/3)r(r )#1/3, z5(r↑2r↓)/r is the relative spin polar-
ization, andt5u“ru/(2gksr) is another scaled density gra-
dient. Here g5@(11z)2/31(12z)2/3#/2 is a spin-scaling
factor andks5(4kF /p)1/2 is the Thomas-Fermi screening
wave vector.

Similar to Eq.~3!, we may express Eq.~4! as

Ec
GGA5E d3rr~r !ec

unif~r!Fc~r s ,z,t !. ~5!

Thus we define

Fc~r s ,z,t ![11
H~r s ,z,t !

ec
unif~r s ,z!

. ~6!

Conventionally, we may define the enhancement factor
Fxc over local exchange11

EXC
GGA5E d3rr~r !ex

unif~r!Fxc~r s ,z,s!. ~7!

Thus we have

Fxc~r s ,z,s![Fx~s!1
ec

unif~r s ,z!

ex
unif~r!

Fc~r s ,z,t !. ~8!

In the well-established Perdew-Wang-91 correlation
functional @PW91 ~Ref. 17!#, H is expanded as

H5H01H1 , ~9!

where

H05g3
b2

2a
lnF11

2a

b

t21At4

11At21A2t4G , ~10!

H15S 16

p D ~3p2!1/3FCc~r s!2Cc~0!2
3CX

7 Gg3t2

3expF2100g4t2S ks
2

kF
2 D G , ~11!

with parameters A52a/(b(exp@22aec
unif(r s ,z)/(g3b2)#

21)), a50.09, b50.066 725, the Rasolt and Geldart con-
stantsCc ~Ref. 30! and the Sham coefficientCX .31

B. The PBE exchange and correlation functional

In PBE, the enhancement factor of the exchange func-
tional takes the form

Fx
PBE~s!511k2

k

S 11
m

k
s2D , ~12!

wherek50.804 is set to the maximum value allowed by the
local Lieb-Oxford bound24 on Exc andm50.219 51 is set to
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recover the linear response of the uniform gas such that the
effective gradient coefficient for exchange cancels that for
correlation.

In the PBE correlation functional, only the first term in
the PW91 correlation functional is kept:

HPBE5H05g3
b2

2a
lnF11

2a

b

t21At4

11At21A2t4G . ~13!

This was derived from three limits,

HPBE→bg3t2 ~as t→0!, ~14!

HPBE→2eC
unif ~as t→`), ~15!

and

EC
PBE@rg

↑ ,rg
↓ #→const ~g→`!, ~16!

whererg(r )5g3r(gr ) is a uniformly scaled density.24 Note
that the last constraint is violated by PW91 because ofH1

term.
In addition PBE usesa50.0716 instead ofa50.09 used

in PW91.

III. THE EXTENDED PBE FUNCTIONAL: xPBE

A. The m term

Taking a Taylor series expansion of the PBE exchange
functional arounds50 leads to

Fx
PBE~s!511ms22

m2

k
s41¯, ~17!

PBE choosesm50.219 51 based on a theoretical analysis.11

However, there are alternative theoretical deductions of
m.31–38Based on wave-vector analysis,m was determined as
10
8150.123 46 in the slowly varying limit.31 Very recently,
Hirao and co-workers arrived atm520

8150.246 92, and sug-
gested that the previous value of10

81 might have been
incorrect.38 m has also been empirically determined by fitting
to certain set of the experimental data. For example, the
popular Becke88 functional usesm50.274 29.9 Becke was
the first to propose using the exchange functional of Eq.~12!,
where in B86 the parametersm50.235 11 andk50.9672
were determined by a least squares fit to the Hartree-Fock
exchange energies of the 20 atomic systems H through Ar,
plus Kr and Xe.15

B. The k term

Perdew, Burke, and Wang39 compared the PBE enhance-
ment factor of Eq.~12! with various numerical results for
Fx(s) as a function ofs in the physical range 0<s<3. They
showed that a sharp radial cutoff corresponds well to
k50.804, while a more diffuse cutoff leads to a smaller
value of k. This uncertainty is also reflected in the PBE
derivation of Eq.~12!, in which k is set to the maximum
value of the local Lieb-Oxford bound.11 Lacks and Gordon
argued that the local Lieb-Oxford bound is not a necessary
criterion for an exchange functional.40 Zhang and Yang
@revPBE ~Ref. 12!# relaxed this constraint and optimizedk
by fitting the exchange-only total atomic energies from He to

Ar to the exact exchange-only results from the optimized
exchange potential method,41 obtainingk51.245.12

C. The b and a terms

Them in the PBE exchange functional is correlated with
the b in the PBE correlation functional.11 Any change ofm
might require a related change inb to preserve a good LSD
~local spin density approximation! description of the
exchange-correlation energy in the linear response of the uni-
form gas. We consider that there is some flexibility for opti-
mizing thea @a50.0716 in PBE~Ref. 11! and a50.09 in
PW91 ~Ref. 17!#.

D. Optimization

We will treat them and k parameters in the PBE ex-
change functional and thea and b parameters in the PBE
correlation functional as four parameters to be optimized. To
optimize these parameters we will fit data of the following
three subsets:~1! the Hartree-Fock limit energies of 18 atoms
from H to Ar;42 ~2! the exact total atomic energies from H to
Ar;42 and~3! the binding energy and bond distance of Ne2 .43

The procedure is

“5(
i 51

n S Ei

Ei
ref

21D 2

wi . ~18!

We minimize the least-square error“ in a self-consistent
way of solving unrestricted Kohn-Sham orbital equations us-
ing aug-cc-pVTZ basis set. HereEi is the calculated energy
andEi

ref is the corresponding reference energy42,43 in subsets
~1!–~3!. All energies are in atomic units. The relative weights
wi are adjusted to give a reasonable balance of different con-
tributions. For atomic energies, we use unit weight, except
that of H, for which we use a value of 33103. For the
binding energy of Ne2 , a large weight of 33107 is used. We
optimize$m,k,a,b% with i running over all data in three sub-
sets such thatn537 in Eq. ~18!. While a good fit of the
calculated exchange-only total atomic energies against the
data in subset~1! leads to suitablem andk; a good fit of the
calculated exchange-correlation total atomic energies against
the data of subset~2! leads to suitablea andb for given m
andk. Subset~3! provides a constraint on the optimizedm,
k, a, andb for the large gradient/small density limits corre-
sponding to largesandt. We search$m,k,a,b% sequentially to
achieve a minimum in the least-square error“ for the whole
set.

The final results for the four parameters$m,k,a,b% of
xPBE listed in Table I where they are compared to the values
for PBE, revPBE, and B86PBE.@Note that the notation PBE
signifies that the PBE exchange functional is combined with

TABLE I. The $m,k,a,b% parameters for the functionals in the PBE family.
For definitions of the parameters see Eqs.~11! and ~12!.

PBE revPBE B86PBE xPBE

k 0.804 1.245 0.967 2 0.919 54
m 0.219 51 0.219 51 0.235 11 0.232 14
a 0.071 6 0.071 6 0.071 6 0.197 363
b 0.066 725 0.066 725 0.066 725 0.089 809
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the PBE correlation functional; xPBE indicates our extended
PBE exchange functional combined with our extended PBE
correlation functional; while revPBE and B86PBE share the
same correlation functional with PBE.# We find the follow-

ing: ~a! a50.197 363 is more than twice of the PBE@0.0716
~Ref. 11!# and PW91 @0.09 ~Ref. 17!# values, ~b!
b50.089 809 is 1/3 times larger than PBE@0.066 725~Ref.
11!#. ~c! m50.232 14 is somewhat larger than that in PBE
~0.219 51!, nearly twice the theoretical value@0.123 46~Ref.
31!# but quite close to the theoretical value found by Hirao
@0.246 92~Ref. 38!# and to that proposed in B86@0.235 11
~Ref. 15!#, ~d! k50.919 54 is in between the value in PBE
@0.804~Ref. 11!# and that in B86@0.9672~Ref. 15!#.

The final functional forms forFx
xPBE(s), Fc

xPBE(r s ,z
50,t) and Fxc

xPBE(r s ,z50,s) are shown in Figs. 1, and 2,
respectively. Figure 1~a! represents the enhancement factor
Fx(s), Eq. ~12!, for the exchange functionals in the PBE
family. Thes→0 asymptote for all curves is 1.0, recovering
the LSD limit. Thes→` asymptotes are 11k51.804~PBE!,
2.245 ~revPBE!, 1.9672 ~B86!, and 1.919 54~xPBE! such
that the latter three do not support the local interpretation of
the global Lieb-Oxford bound.1,24 Figure 1~b! shows the en-
hancement factorFc(r s ,z,t), Eq. ~6!, for the correlation
functionals in the PBE family for a spin-unpolarized~z50!
case withr s52 and 6. Thet→0 asymptote for all curves is
1.0, recovering the LSD limit. Thet→` asymptote is 0.0
such that the correlation effects vanish. Figure 2 depicts the
enhancement factorFxc(r s ,z,s), Eq. ~8!, for the functionals
in the PBE family. Thes→0 asymptotes for all curves are

FIG. 1. ~a! The enhancement factorFx(s), Eq. ~12!, for the exchange func-
tionals in the PBE family. For all curves thes→0 asymptote is 1.0, recov-
ering the LSD limit. Thes→` asymptotes are 11k51.804 ~PBE!, 2.245
~revPBE!, 1.9672~B86!, and 1.919 54~xPBE!. ~b! shows the enhancement
factorFc(r s ,z,t), Eq. ~6!, for the correlation functionals in the PBE family
for a spin-unpolarized~z50! case withr s52 and 6. For all curves thet
→0 asymptote is 1.0, recovering the LSD limit. Thet→` asymptote is 0.0,
with correlation effects vanishing.

FIG. 2. The enhancement factorFxc(r s ,z,s), Eq. ~8!,
for the functionals in the PBE family. For all curves the
s→0 asymptotes are 1.0 forr s50.0, 1.2 for r s52.0,
1.4 for r s510.0, and 1.9 forr s5`, recovering the LSD
limits. The s→` asymptotes are 11k51.804 ~PBE!,
2.245 ~revPBE!, 1.9672 ~B86!, and 1.919 54~xPBE!
such that the correlation effects vanish. The curves for
the limiting casesr s50.0 and r s5` were generated
using r s51026 and r s5106 a.u., respectively.
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1.0 for r s50.0, 1.2 forr s52.0, 1.4 forr s510.0, and 1.9 for
r s5`, recovering the LSD limits. Ass→` the correlation
effects vanish. HenceFxc(r s ,z,s) curves converge to the
correspondingFx(s) curves. All four functionals fulfill the
non-curve-crossing conditionFxc(r s ,s),Fxc(r s8 ,s) for r s

,r s8 and the positive conditionFxc(r s ,z,s).0, which were
derived from the fundamental scaling inequality involving
scaled densityrlExc(rl).lExc(r) for l.1.44

Note that to fulfill Eq.~16!, H0 must cancel the logarith-
mic singularity ofeC

unif in the high density limit:ec
unif(r s ,z)

→g3@g ln(rs)2v#, where g5(12 ln 2)/p2'0.031 091 and
v50.046 644, which are obtained by assumingz50 in PBE.
In xPBE, the optimizeda and b lead to g5b2/(2a)
50.020 432.

Other modifications based on the PBE exchange func-
tional @RPBE ~Ref. 13! and mPBE~Ref. 14!# changed the
functional form of Eq.~12!, and will not be discussed here.

IV. RESULTS AND DISCUSSION

A. Atomic data

Table II compares the total energies~in a.u.! calculated
self-consistently by HF and the DFT-exchange-only methods
with the total energies in the HF limit42 for the first 18 atoms
from H to Ar. ComparingE(HF) to E~HF limit! the MAD is
1.8 kcal/mol, which may be interpreted as the basis set error
remaining with the aug-cc-pVTZ basis for the atomic calcu-
lations.

The PBE exchange-only~PBE! calculations lead an un-
acceptable error~MAD544.4 kcal/mol!. The revPBE~Ref.
12! method relaxed the local Lieb-Oxford bound constraint
and optimizedk by fitting exchange-only total atomic ener-
gies from He to Ar to the exact exchange-only results from
the optimized exchange potential method.41 The revPBE
functional significantly improves upon PBE, leading to

MAD513.0 kcal/mol. Becke, the first to introduce the ex-
change functional in Eq.~12!,15 optimized k and m by a
least-squares fit to the Hartree-Fock exchange energies of 20
atomic systems from H to Ar plus Kr and Xe.15 This B86
functional leads to much better exchange-only total energies
~MAD513.6! than does PBE. From Table II, we see that
xPBE~MAD58.6 kcal/mol! leads to the best performance of
the various exchange functional for atomic calculations. For
comparison, we also calculated the exchange-only total en-
ergies for the first 18 atoms from H to Ar calculated self-
consistently by B88~Ref. 9! and PW91~Ref. 10! exchange
functionals with aug-cc-pVTZ. As compared to the HF
limit,42 B88 leads to MAD57.1; while PW91 leads to MAD
512.7 kcal/mol.

Table III presents another way of gauging the quality of
an exchange functional. Taking HF exchange energies as a
reference, post-DFT calculations with HF densities give
MAD for the exchange energies of 46.5~PBE!, 12.9
~revPBE!, 11.9~B86!, and 8.6 kcal/mol~xPBE!, respectively.
Similar calculations lead to MAD58.3 ~B88! and 16.1
kcal/mol ~PW91!. The MAD associated with PBE is signifi-
cantly larger than those of the other exchange functionals;
however uDEx(PBE)u increases systematically for larger
atoms suggesting that the errors associated with the PBE
exchange functional may be systematic.

Table IV summarizes the correlation energies for the first
18 atoms from H to Ar~Ref. 42! and the correlation energies
calculated self-consistently by DFT methods. The revPBE
and B86PBE functionals share the same correlation func-
tional as does PBE. Thus the slight difference in the correla-
tion energies among these three sets reflects the effect of
different densities originating from the different exchange
functionals. The PBE correlation functional gives a MAD of
12.4, while the xPBE correlation functional gives a MAD of

TABLE II. Total energies~in a.u.! of Hartree-Fock limit@HF limit ~Ref. 41!# for the first 18 atoms from H to
Ar and the differential total energies calculated self-consistently by HF and the DFT-exchange-only methods
@DE5E(HF limit) 2E(DFT exchange only)#. The basis sets used are aug-cc-pVTZ. Mean absolute deviations
~MAD ! compared to HF limit are given in kcal/mol. The best DFT results are inboldface.

Atom E~HF limit! DE(HF) DE(PBE) DE(revPBE) DE(B86) DE(xPBE)

H 0.5 20.000 179 20.005 878 À0.001 367 20.001 850 20.002 696
He 22.861 704 20.000 521 20.010 211 0.004 762 0.003 450 0.000 602
Li 27.432 730 20.000 025 20.023 012 0.001 744 À0.000 117 20.004 867
Be 214.573 03 20.000 155 20.029 480 0.004 756 0.003 732 À0.003 045
B 224.529 06 0.003 112 20.033 000 0.011 488 0.012 630 0.003 912
C 237.688 64 0.003 171 20.038 050 0.013 133 0.017 346 0.006 870
N 254.400 96 0.000 202 20.047 800 0.007 548 0.015 237 0.003 142
O 274.809 42 0.003 563 20.036 760 0.027 387 0.040 633 0.026 651
F 299.409 32 20.002 440 20.035 250 0.032 964 0.052 431 0.036 848
Ne 2128.547 10 20.013 827 20.042 040 0.026 822 0.052 576 0.035 561
Na 2161.858 92 20.000 883 20.063 010 0.013 261 0.043 306 0.024 278
Mg 2199.614 57 20.001 219 20.075 340 0.005 518 0.042 417 0.021 613
Al 2241.876 42 0.002 754 20.092 970 À0.004 095 0.038 331 0.015 622
Si 2288.854 33 0.002 298 20.112 260 20.017 832 0.030 502 0.005 991
P 2340.719 07 20.002 578 20.135 610 20.037 953 0.016 291 À0.009 989
S 2397.504 77 0.005 103 20.146 220 20.039 430 0.021 413 À0.006 745
Cl 2459.481 72 0.004 249 20.161 760 20.050 464 0.017 349 À0.012 546
Ar 2526.817 90 20.004 548 20.184 420 20.072 649 0.002 081 20.029 504

MAD ¯ 1.8 44.4 13.0 13.6 8.6
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6.5 kcal/mol. Similar calculations lead to MAD57.3 @BLYP
~Refs. 9 and 16!# and 9.1 kcal/mol@PW91 ~Ref. 17!#.

The exchange-correlation total atomic energies calcu-
lated self-consistently with various DFT methods of the PBE
family are summarized in Table V. Each MAD is calculated
relative to the exact atomic total energies.42 PBE leads to
unacceptable error of 55.5 kcal/mol. MAD~revPBE!515.4,
MAD ~B86PBE!55.0, and MAD ~xPBE!54.1 kcal/mol.
Similar calculations lead to MAD@BLYP ~Refs. 9 and 16!#
57.6 and MAD @PW91 or GGA II ~Refs. 10 and 17!#54.9
kcal/mol. Although B86PBE, xPBE, and PW91 give the best

results for the atomic calculations, there are error cancella-
tions between the exchange part and the correlation part in
these functionals.

B. Bond lengths and bond angles

Table VI summarizes the experimental geometric param-
eters for a set of 32 molecules gathered by Pople and
co-workers45 and compares the optimization results for the
various GGAs. It has long been recognized that LDA
~SVWN, Slater exchange functional plus Vosko-Wilk-Nusair

TABLE III. Hartree-Fock~HF! exchange energies~in a.u.! of the first 18 atoms from H to Ar and the differ-
ential DFT exchange-only exchange energies@DEx5Ex(HF)2Ex(DFT) exchange only#, in a.u., DFT energies
are calculated with HF densities. The basis sets used are aug-cc-pVTZ. Mean absolute deviations~MADs! are
given in kcal/mol. The best DFT results are inboldface.

Atom Ex(HF) DEx(PBE) DEx(revPBE) DEx(B86) DEx(xPBE)

H 20.312 190 20.006 528 À0.001 946 20.002 495 20.003 346
He 21.025 447 20.012 149 0.002 939 0.001 498 À0.001 353
Li 21.781 214 20.023 927 0.001 011 À0.000 940 20.005 713
Be 22.666 716 20.031 097 0.003 625 0.002 303 20.004 531
B 23.759 184 20.035 166 0.007 908 0.008 695 À0.000 081
C 25.066 702 20.041 857 0.008 251 0.012 012 0.001 452
N 26.604 576 20.054 357 0.001 972 0.009 068 20.003 148
O 28.204 931 20.043 737 0.018 561 0.031 180 0.017 083
F 210.031 048 20.038 310 0.028 347 0.047 096 0.031 375
Ne 212.102 300 20.041 093 0.029 166 0.054 070 0.036 881
Na 214.017 379 20.066 965 0.009 813 0.039 603 0.020 606
Mg 215.994 046 20.079 566 0.002 201 0.038 573 0.017 651
Al 218.079 161 20.096 917 À0.009 220 0.032 816 0.010 013
Si 220.292 187 20.116 116 20.022 850 0.025 023 0.000 395
P 222.640 536 20.139 566 20.040 757 0.012 893 20.013 547
S 225.019 285 20.151 899 20.047 844 0.012 461 20.015 837
Cl 227.530 263 20.167 157 20.058 533 0.008 690 20.021 859
Ar 230.183 224 20.188 614 20.075 523 À0.001 467 20.033 234

MAD ¯ 46.5 12.9 11.9 8.6

TABLE IV. Correlation energies~in a.u.! for the first 18 atoms from H to Ar~Ref. 41! and the differential
correlation energies calculated self-consistently by DFT methods@DEc5Ec(Exact)2Ec(DFT)#. The basis sets
used are aug-cc-pVTZ. Mean absolute deviations~MAD ! are given in kcal/mol. The best DFT results are in
boldface.

Atom DEc(Exact) DEc(PBE) DEc(revPBE) DEc(B86PBE) DEc(xPBE)

H 0 0.005 68 0.005 70 0.005 68 0.005 57
He 20.042 02 20.001 09 20.001 04 20.001 08 À0.000 70
Li 20.045 33 0.005 95 0.005 99 0.005 98 0.008 75
Be 20.094 36 20.009 19 20.009 08 20.009 15 À0.005 46
B 20.124 84 20.012 80 20.012 68 20.012 77 À0.007 34
C 20.156 36 20.013 13 20.012 99 20.013 08 À0.005 46
N 20.188 34 20.010 32 20.010 15 20.010 26 À0.000 12
O 20.257 98 20.025 69 20.025 52 20.025 63 À0.013 43
F 20.324 78 20.036 16 20.035 95 20.036 09 À0.021 35
Ne 20.391 20 20.044 93 20.044 69 20.044 85 À0.027 22
Na 20.396 48 20.026 28 20.026 26 20.026 25 À0.004 65
Mg 20.439 43 20.029 92 20.029 85 20.029 88 À0.005 56
Al 20.470 58 20.026 35 20.026 26 20.026 31 0.001 68
Si 20.505 67 20.022 76 20.022 62 20.022 70 0.008 84
P 20.540 93 20.016 25 20.016 01 20.016 14 0.018 94
S 20.606 23 20.023 66 20.023 42 20.023 57 0.014 38
Cl 20.668 28 20.025 78 20.025 49 20.025 68 0.015 48
Ar 20.726 10 20.022 33 À0.021 98 20.022 20 0.022 31

MAD ¯ 12.4 12.3 12.3 6.5
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correlation functional! frequently gives bond lengths which
are too long, while this trend is unaltered with the more
elaborate GGA such as BLYP.45 Our results show that func-
tionals of the PBE family give bond lengths which are con-
sistently long, similar to LDA~SVWN! and BLYP. For H2

the bond length~0.741 Å! is overestimated by 0.0099~PBE!,
0.0071~revPBE!, 0.0072~B86PBE!, and 0.0069 Å~xPBE!.
For the other 25X-H bonds in Table VI, the bond lengths are
too long by 0.0113 ~PBE!, 0.0123 ~revPBE!, 0.0110
~B86PBE!, and 0.0103 Å~xPBE!. For bonds between non-
hydrogen atoms (X-Y), the situation is worse. The MADs
are increased to 0.0135~PBE!, 0.0181 ~revPBE!, 0.0155
~B86PBE!, and 0.0150 Å~xPBE!.

Table VI also includes 18 bond angles and dihedral
angles. All four functionals lead to bond angles which are too
small. An exception from this trend isa ~OOH! of HOOH,
for which the optimized results are larger than the experi-
mental value by;5°.

Based on the data in Table VI, we find that the MADs
for the prediction of bond lengths follow xPBE~0.012 Å!
5PBE ~0.012!,B86PBE ~0.013!,revPBE ~0.015!, while
the MADs for the prediction of bond angles follow PBE
~1.728°!,xPBE ~1.779!,B86PBE~1.809!,revPBE~1.890!.

C. Heats of formation

Table VII lists the experimental heats of formation~298
K! for the extendedG2 set of 148 molecules and compares
the results for the various GGAs.27–28 The MAD deviations
from experiment~theory-expt.! are presented: PBE516.9
kcal/mol, revPBE57.3, B86PBE57.9 and xPBE58.0. PBE
leads to a MAD too high to be useful for thermochemistry,
with a clear tendency to overbind~many more negative de-
viations than positive deviations!. In PBE, the maximum
negative deviation~250.5 kcal/mol! occurs for C2F4 , while

the maximum positive deviation~10.1 kcal/mol! occurs for
Si2H6 . The revPBE functional significantly improves the
overall accuracy of PBE~MAD57.3 kcal/mol!, leading to
an error distribution ranging from225.4 (NO2) to 29.7
kcal/mol (SiF4), thus overcorrecting the overbinding ten-
dency of PBE, B86PBE, and xPBE show comparable perfor-
mance, with MAD'8 kcal/mol and an error distribution
ranging from 232 to 19 kcal/mol. In comparison, PW91
leads to MAD517.8,44 while BLYP leads to MAD57.1 kcal/
mol ~Ref. 28! for the extendedG2 set.

In PBE there is a self-correlation energy for the hydro-
gen atom~3.6 kcal/mol for H!. This situation is not improved
in xPBE ~See Table IV!. For the inorganic hydrides (XnHm ,
X5H, Li, N, O, F, Si, P S, Cl;n51, 2; m51 – 6), all meth-
ods show a similar performance, with MAD55.5 ~PBE!, 4.9
~revPBE!, 4.7 ~B86PBE!, and 5.4~xPBE! for this subset.

The performance of PBE for larger hydrocarbons~No.
78–94 in Table VII! is less satisfactory. The MAD of this
subset is 22.0 kcal/mol, with the maximum error of244.1
kcal/mol for the aromatic molecule benzene. The revPBE
functional performs much better, with MAD510.7 kcal/mol.
The maximum error~24.1 kcal/mol! occurs at isobutane. For
benzene, revPBE deviates from experiment by 6.3 kcal/mol.
B86PBE ~MAD55.5! and xPBE~MAD55.8! are the best
for this subset, with a maximum error of214.7 kcal/mol at
benzene.

For a subset of substituted hydrocarbons~No. 95–136 in
Table VII!, the performance of PBE is also less satisfactory,
showing a tendency toward large overbinding. The MAD of
this subset is 22.9 kcal/mol, with the maximum error of
249.9 kcal/mol for pyridine. The revPBE functional signifi-
cantly improves over PBE, with the MAD being reduced to
6.8 kcal/mol. The maximum error~18.8 kcal/mol! occurs at
isopropanol. B86PBE and xPBE have a similar accuracy,

TABLE V. Total atomic energies~in a.u.! of the first 18 atoms from H to Ar. DFT energies are calculated
self-consistently with aug-cc-pVTZ. The differences between the exact total atomic energies~Ref. 41! and DFT
energies@DE5E(Exact)2E(DFT)# are given in a.u. Mean absolute deviations~MADs! are given in kcal/mol.
The best DFT results are inboldface.

Atom Exact DE(PBE) DE(revPBE) DE(B86PBE) DE(xPBE)

H 0.5 20.000 197 0.004 334 0.003 834 0.002 572
He 22.903 724 20.011 302 0.003 717 0.002 866 À0.001 908
Li 27.478 060 20.017 063 0.007 732 0.005 861 0.001 258
Be 214.667 39 20.038 642 À0.004 289 20.005 384 20.012 230
B 224.653 90 20.045 320 20.002 745 À0.001 669 20.009 983
C 237.845 0 20.050 820 À0.001 342 0.002 792 20.006 385
N 254.589 8 20.058 126 À0.002 606 0.004 980 20.004 629
O 275.067 4 20.061 694 À0.000 287 0.012 874 0.001 686
F 299.7341 20.071 057 20.005 388 0.013 955 0.001 941
Ne 2128.938 3 20.086 269 20.017 169 0.008 425 À0.003 893
Na 2162.255 4 20.088 484 20.012 197 0.017 857 0.006 268
Mg 2200.054 20.104 253 20.023 330 0.013 537 0.001 192
Al 2242.347 20.117 679 20.030 722 0.011 719 À0.000 328
Si 2289.360 20.133 426 20.040 976 0.007 318 À0.004 385
P 2341.260 20.150 856 20.052 961 0.001 146 20.010 162
S 2398.111 20.168 225 20.065 079 À0.004 336 20.016 308
Cl 2460.150 20.185 016 20.077 310 À0.009 657 20.021 772
Ar 2527.544 20.202 749 20.090 625 À0.016 118 20.028 132

MAD ¯ 55.5 15.4 5.0 4.1
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TABLE VI. Experimental geometries~Ref. 45!. Bond distances in angstroms, bond and dihedral angles in
degrees. DFT geometries optimizations are performed with aug-cc-pVTZ(2 f ). The best DFT results are in
boldface.

No. Molecule Geometric parameters Expt. PBE revPBE B86PBE xPBE

1 H2 r (HH) 0.741 0.751 0.748 0.748 0.748
2 LiH r (LiH) 1.595 1.606 1.612 1.606 1.605
3 BeH r (BeH) 1.343 1.357 1.359 1.356 1.355
4 CH r (CH) 1.120 1.136 1.138 1.136 1.135
5 CH2 (3B1) r (CH) 1.078 1.085 1.086 1.084 1.084

a(HCH) 136.0 135.7 135.1 135.4 135.4
6 CH2 (1A1) r (CH) 1.111 1.122 1.124 1.122 1.121

a(HCH) 102.4 100.8 100.7 100.8 100.8
7 CH3 r (CH) 1.079 1.086 1.087 1.085 1.085
8 CH4 r (CH) 1.086 1.096 1.097 1.096 1.095
9 NH r (NH) 1.045 1.050 1.051 1.050 1.049
10 NH2 r (NH) 1.024 1.037 1.038 1.037 1.036

a(HNH) 103.4 102.3 102.1 102.2 102.3
11 NH3 r (NH) 1.012 1.023 1.024 1.023 1.022

a(HNH) 106.0 106.0 105.7 105.9 105.9
12 OH r (OH) 0.971 0.985 0.985 0.984 0.984
13 H2O r (OH) 0.959 0.971 0.971 0.971 0.970

a(HOH) 103.9 104.1 103.9 104.0 104.1
14 HF r (HF) 0.917 0.932 0.932 0.932 0.932
15 Li2 r (LiLi) 2.670 2.728 2.750 2.732 2.733
16 LiF r (LiF) 1.564 1.586 1.597 1.591 1.590
17 C2H2 r (CC) 1.203 1.207 1.210 1.208 1.207

r (CH) 1.061 1.070 1.070 1.069 1.069
18 H2CvCH2 r (CC) 1.339 1.333 1.337 1.335 1.334

r (CH) 1.085 1.091 1.092 1.091 1.090
a(HCH) 117.8 116.6 116.5 116.5 116.5

19 H3CuCH3 r (CC) 1.526 1.530 1.537 1.534 1.533
r (CH) 1.088 1.099 1.100 1.098 1.098
a(HCH) 107.4 107.6 107.6 107.6 107.6

20 CN r (CN) 1.172 1.175 1.178 1.176 1.175
21 HCN r (CN) 1.153 1.159 1.162 1.160 1.159

r (CH) 1.065 1.075 1.075 1.074 1.073
22 CO r (CO) 1.128 1.138 1.141 1.140 1.139
23 HCO r (CO) 1.117 1.184 1.188 1.186 1.185

r (CH) 1.110 1.134 1.135 1.133 1.132
a(HCO) 127.4 123.9 123.9 123.9 123.9

24 H2CvO r (CO) 1.208 1.210 1.214 1.212 1.212
r (CH) 1.116 1.117 1.118 1.116 1.116
a(HCO) 116.5 116.1 116.0 116.1 116.0

25 CH3uOH r (CO) 1.421 1.431 1.439 1.437 1.436
(Ha in-plane,
Hb out-of-
plane!

r (CHa) 1.093 1.096 1.097 1.096 1.095

r (CHb) 1.093 1.103 1.103 1.102 1.101
r (OH) 0.963 0.970 0.970 0.970 0.970
a(OCHa) 107.0 106.7 106.6 106.6 106.6
a(COH) 108.0 107.9 107.6 107.7 107.8
a(HbCHb) 108.5 109.0 109.1 109.1 109.1

26 N2 r (NN) 1.098 1.103 1.106 1.105 1.104
27 H2N-NH2 r (NN) 1.447 1.447 1.458 1.454 1.452

r (NHb) 1.008 1.025 1.026 1.025 1.024
r (NHa) 1.008 1.021 1.022 1.021 1.020
a(NNHb) 113.3 111.5 111.1 111.2 111.3
a(NNHa) 109.2 106.7 106.2 106.4 106.5
a(HaNHb) 109.2 106.9 106.5 106.7 106.8
d(HaNNHb) 88.90 90.40 90.37 90.44 90.42

28 NO r (NO) 1.151 1.160 1.164 1.162 1.162
29 O2 r (OO) 1.207 1.225 1.230 1.228 1.228
30 HO-OH r (OO) 1.475 1.468 1.476 1.475 1.474

r (OH) 0.950 0.977 0.977 0.977 0.976
a(OOH) 94.80 99.93 99.80 99.82 99.87
d(HOOH) 120.0 111.7 111.5 111.7 111.8

31 F2 r (FF) 1.417 1.415 1.422 1.421 1.421
32 CO2 r (CO) 1.162 1.172 1.175 1.173 1.173
MAD ~distance! ¯ 0.012 0.015 0.013 0.012
MAD ~angle! 1.728 1.890 1.809 1.779
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TABLE VII. Experimental heats of formation~kcal/mol 298 K! for the G2 test set~148 molecules! ~Refs. 27
and 28! and the deviations~theory-expt.! obtained from PBE, revPBE, B86PBE, and xPBE using aug-cc-pVTZ,
basis sets.G2 geometries~Refs. 27 and 28! are used in the DFT calculations. The best DFT results are in
boldface.

No. Molecule Expt. PBE revPBE B86PBE xPBE

1 H2 0.00 4.578 3.657 4.072 5.135
2 LiH 33.30 4.455 4.632 4.244 5.358
3 BeH 81.70 25.806 À5.044 25.585 25.314
4 CH 142.50 20.900 0.578 À0.288 0.370
5 CH2 (3B1) 93.70 24.468 À0.722 22.226 21.571
6 CH2 (1A1) 102.75 1.649 5.242 3.489 4.599
7 CH3 35.00 23.410 2.513 À0.080 1.193
8 CH4 217.90 À0.852 7.332 3.892 5.629
9 NH 85.20 25.039 À3.104 24.327 23.527
10 NH2 45.10 27.162 À2.564 24.992 23.590
11 NH3 210.97 24.610 2.989 À0.533 1.317
12 OH 9.40 23.597 À0.486 21.876 21.259
13 H2O 257.80 22.132 4.463 1.836 3.004
14 HF 265.14 21.307 2.584 1.184 1.720
15 SiH2 (1A1) 65.20 3.541 5.732 4.723 6.044
16 SiH2 (3B1) 86.20 20.889 0.708 0.350 1.326
17 SiH3 47.90 2.867 5.817 4.658 6.361
18 SiH4 8.20 8.185 12.508 10.624 12.960
19 PH2 33.10 21.845 0.900 À0.243 1.078
20 PH3 1.30 2.358 6.878 5.088 6.906
21 H2S 24.90 0.335 4.382 3.048 4.005
22 HCl 222.06 À0.440 1.948 1.261 1.663
23 Li2 51.60 4.032 4.586 4.132 4.867
24 LiF 280.10 21.749 3.352 0.634 0.946
25 C2H2 54.19 29.509 3.343 22.296 À1.837
26 H2CvCH2 12.54 29.092 6.147 À0.386 1.073
27 H3CuCH3 220.08 26.075 11.617 4.229 6.630
28 CN 104.90 214.476 À5.411 29.820 29.720
29 HCN 31.50 213.436 À2.380 27.615 27.002
30 CO 226.42 210.309 À0.981 24.945 24.746
31 HCO 10.00 217.302 À6.414 210.973 210.492
32 H2CvO 225.96 213.102 À0.673 25.881 24.912
33 CH3uOH 248.00 28.815 6.899 0.429 2.369
34 N2 0.00 213.416 À4.133 28.940 28.289
35 H2NuNH2 22.79 215.114 1.240 26.255 23.560
36 NO 21.58 219.198 À9.934 214.123 213.671
37 O2 0.00 222.832 À14.032 217.355 217.192
38 HO—OH 232.53 213.597 À0.424 25.790 24.402
39 F2 0.00 213.398 À6.552 29.194 29.156
40 CO2 294.05 229.093 À11.453 218.573 218.580
41 Na2 33.96 21.087 À0.168 20.953 20.283
42 Si2 139.87 23.769 0.290 21.203 21.165
43 P2 34.31 24.506 1.545 20.983 À0.485
44 S2 30.74 213.137 À6.932 29.115 29.307
45 Cl2 0.00 27.044 À1.759 23.559 23.636
46 NaCl 243.56 2.845 5.526 4.330 4.866
47 SiO 224.64 23.444 4.747 1.070 1.578
48 CS 66.90 28.283 À1.070 23.986 24.031
49 SO 1.20 215.495 À7.533 210.636 210.550
50 ClO 24.19 216.727 À9.685 212.442 212.337
51 ClF 213.24 210.654 À4.177 26.594 26.571
52 H3SiuSiH3 19.10 10.137 20.096 15.979 19.309
53 CH3Cl 219.56 26.436 5.009 0.494 1.559
54 H3CuSH 25.50 25.221 8.114 2.875 4.494
55 HOCl 217.80 210.995 À1.661 25.258 24.636
56 SO2 270.95 220.517 À4.020 210.512 210.148
57 BF3 2271.41 213.075 7.874 À0.927 21.122
58 BCl3 296.30 215.428 0.757 25.310 25.979
59 AlF3 2289.03 1.367 18.032 10.664 10.669
60 AlCl3 2139.72 À1.568 10.908 6.121 6.322
61 CF4 2223.04 230.625 À1.715 212.731 212.662
62 CCl4 222.94 222.615 1.143 27.536 28.367
63 CvOvS 233.08 227.202 À11.588 217.720 217.967
64 CS2 27.95 223.977 À10.253 215.486 215.895
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TABLE VII. ~Continued.!

No. Molecule Expt. PBE revPBE B86PBE xPBE

65 COF2 2152.70 223.929 À0.779 29.794 29.763
66 SiF4 2385.98 4.403 29.681 18.995 19.206
67 SiCl4 2158.40 À3.169 16.345 9.202 9.202
68 N2O 19.61 239.088 À21.781 229.403 228.833
69 ClNO 12.36 233.577 À19.938 225.754 225.187
70 NF3 231.57 241.792 À20.875 229.215 228.605
71 PF3 2229.07 210.472 9.784 1.421 1.933
72 O2 34.10 237.418 À20.848 227.340 226.833
73 F2O 5.86 230.002 À16.170 221.638 221.370
74 ClF3 237.97 239.619 À20.071 227.631 227.674
75 C2F4 2157.40 250.537 À14.664 228.749 229.108
76 C2Cl4 22.97 236.371 À5.017 216.938 218.370
77 CF3CN 2118.40 244.209 À8.216 223.057 223.055
78 C3H4 ~propyne! 44.20 216.917 5.596 23.991 22.917
79 C3H4 ~allene! 45.50 221.750 0.921 28.733 27.621
80 C3H4 ~cyclopropene! 66.20 219.823 3.355 26.088 25.364
81 C3H6 ~propylene! 4.78 214.665 10.469 À0.150 1.957
82 C3H6 ~cyclopropane! 12.70 216.607 9.461 21.096 0.632
83 C3H6 ~propane! 225.00 210.538 17.102 5.565 8.643
84 C4H6 ~butadiene! 26.30 223.736 8.754 25.082 À3.284
85 C4H6 ~2-butyne! 34.80 223.151 9.014 24.526 À2.833
86 C4H6 ~methylene cyclopropane! 47.90 229.508 3.758 29.868 28.501
87 C4H6 ~bicyclobutane! 51.90 226.259 8.069 25.547 À4.496
88 C4H6 ~cyclobutene! 37.40 224.075 9.631 24.062 À2.388
89 C4H8 ~cyclobutane! 6.80 220.801 15.535 0.805 3.359
90 C4H8 ~isobutene! 24.00 219.118 16.213 1.368 4.094
91 C4H10 ~trans butane! 230.00 214.851 22.737 7.056 10.806
92 C4H10 ~isobutane! 232.07 213.934 24.104 8.212 11.886
93 C5H8 ~spiropentane! 44.30 233.677 10.475 27.257 À5.639
94 C6H6 ~benzene! 19.74 244.085 6.258 214.741 213.723
95 H2CF2 2107.71 216.299 1.510 25.574 24.691
96 HCF3 2166.60 223.537 À0.192 29.266 28.800
97 H2CCl2 222.83 211.713 3.453 22.348 À1.915
98 HCCl3 224.66 217.132 2.120 25.063 25.243
99 H3CuNH2 ~methylamine! 25.50 29.959 7.066 À0.368 2.192
100 CH3uCN ~methyl cyanide! 18.00 220.581 0.117 29.052 27.820
101 CH3uNO2 ~nitromethane! 217.80 242.268 212.908 225.078 223.417
102 CH3uOuNvO ~methyl nitrite! 215.90 239.770 210.840 223.020 221.082
103 CH3uSiH3 ~methyl silane! 27.00 4.497 18.414 12.530 15.508
104 HCOOH~formic acid! 290.50 223.343 À2.306 210.846 29.772
105 HCOOCH3 ~methyl formate! 285.00 229.267 1.516 211.206 29.383
106 CH3CONH2 ~acetamide! 257.00 229.514 3.039 210.777 28.473
107 CH2uNHuCH2 ~aziridine! 30.20 221.528 3.303 27.046 25.058
108 NCCN~cyanogen! 73.30 236.243 À12.904 223.829 223.733
109 (CH3)2NH ~dimethylamine! 24.40 215.036 11.947 0.340 3.601
110 CH3uCH2uNH2 ~trans ethylamine! 211.30 215.600 11.421 À0.186 3.027
111 H2CvCvO ~ketene! 211.35 227.334 À7.114 215.515 214.955
112 H2CuOuCH2 ~oxirane! 212.57 221.168 2.008 27.277 25.847
113 CH3CHO ~acetaldehyde! 239.70 219.248 3.162 26.161 24.597
114 OvCH—CHvO ~glyoxal! 250.70 231.633 À4.935 216.055 215.295
115 CH3uCH2OH ~ethanol! 256.21 213.216 12.485 1.847 4.454
116 CH3uOuCH3 ~dimethylether! 244.00 214.305 11.186 0.547 3.231
117 CH2uSuCH2 ~thiooxirane! 19.60 217.041 4.350 23.978 À2.979
118 CH3CH3SO ~dimethyl sulfoxide! 236.20 219.784 11.471 21.217 1.151
119 CH3uCH2uSH ~ethanethiol! 211.10 29.332 13.942 4.568 6.830
120 CH3uSuCH3 ~dimethyl sulphide! 28.90 210.640 12.347 3.068 5.331
121 H2CvCHF 233.20 219.563 0.776 27.655 26.661
122 CH3uCH2uCl ~ethyl chloride! 226.80 210.966 10.457 1.769 3.514
123 H2CvCHCl ~vinyl chloride! 8.90 219.513 À0.568 28.305 27.554
124 H2CvCHCN ~acrylonitrile! 43.20 227.966 À0.104 212.427 211.471
125 CH3uCOuCH3 ~acetone! 251.93 224.095 8.474 25.070 À2.863
126 CH3COOH ~acetic acid! 2103.40 227.793 3.287 29.416 27.708
127 CH3COF ~acetyl fluoride! 2105.70 227.814 0.008 211.306 210.225
128 CH3COCl ~acetyl chloride! 258.00 227.286 À0.934 211.544 210.630
129 CH3CH2CH2Cl ~propyl chloride! 231.52 215.542 15.762 2.957 5.366
130 (CH3)2CHuOH ~isopropanol! 265.20 217.310 18.780 3.796 7.008
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leading to MAD;8.6 kcal/mol, with a maximum error of
225 kcal/mol at nitromethane.

For the subset of radicals~No. 138–148 in Table VII!,
PBE leads to MAD516.8 kcal/mol, with a maximum error
of 242.5 kcal/mol at NO2. Errors for the other three func-
tionals are significantly smaller, with MAD56.7 ~revPBE!,
6.4 ~B86PBE!, and 6.3~xPBE!. All these functionals have
problems for NO2, leading to errors of225.4 ~revPBE!,
232.5 ~B86PBE!, and232.0 ~xPBE!.

The fluorine- and chlorine-containing compounds of the
G2 set are generally most difficult to describe well. This
subset of compounds~No. 57–77 in Table VII! leads to
MADs of 23.7 kcal/mol ~PBE!, 11.9 ~revPBE!, 15.1
~B86PBE!, and 15.2 kcal/mol~xPBE!. The largest errors en-
countered are250.5 (C2F4 , PBE!, 29.7 (SiF4 , revPBE!,
229.4 (N2O, B86PBE!, and229.1 kcal/mol (C2F4 , xPBE!.

We should point out that although the modified versions
of PBE generally improve the accuracy for the thermochem-
istry, there are cases where the results get considerably
worse. For example, PBE overbinds SiCl4 by 3.2 kcal/mol,
while it is underbound by 16.3~revPBE! and 9.2~B86PBE,
xPBE!. Perdewet al. have criticized that revPBE improves
the energetics of multiple bonds by worsening many single
bonds.46 This tendency is seen clearly in the data of Table
VII.

D. Ionization potentials, electron affinities,
and proton affinities

Table VIII lists the experimental ionization potentials
~IPs! and the theoretical deviations from experiments for the
18 atoms and 24 molecules in theG2 set;27,29while Table IX
lists the results of electron affinities~EA! for the 7 atoms and
18 molecules in theG2 set.27,29 We calculated IP and EA as
energy differences between the neutral species and the cor-
responding ionic species. Very accurate experimental IPs for
atoms are known providing a good test of the ability of the
functionals to handle positively charged systems. For the

atomic systems, the MADs are 0.159 eV~PBE!, 0.136
~revPBE!, 0.159~B86PBE!, and 0.149~xPBE!. For the mo-
lecular systems, the MADs are 0.153 eV~PBE!, 0.189
~revPBE!, 0.156 ~B86PBE!, and 0.180~xPBE!. The MADs
for the total 42 systems are 0.156~PBE!, 0.166 ~revPBE!,
0.158~B86PBE!, and 0.167~xPBE!. The IP of O is a prob-
lem for all four functionals. PW91 leads to MAD50.164,46

while BLYP leads to MAD50.187 kcal/mol~Refs. 29 and
46! for the same set.

There has been some debate in the literature, concerning
whether DFT methods are suitable for calculating electron
affinities.47–50 On one hand, the ‘‘self-interaction error’’
causes the Kohn-Sham orbital energies to be shifted upwards
artificially, leading to positive~unstable! orbital energies for
the highest occupied orbitals of an anion. On the other hand,
an artificial stabilization is provided by employing a finite
basis sets with functions localized at the anion.

Actual numerical calculations demonstrate that DFT
methods predict electron affinities with an accuracy compa-
rable to conventionalab initio calculations.30,50 For the
atomic systems, the MAD are 0.130 eV~PBE!, 0.071
~revPBE!, 0.119~B86PBE!, and 0.081~xPBE!. All four func-
tionals perform significantly better for the second low atoms.

For the molecular systems, the MAD are 0.090 eV
~PBE!, 0.098~revPBE!, 0.091~B86PBE!, and 0.093~xPBE!.
The EA of C and CH are problematic for PBE, while EA of
Cl2 is problematic for revPBE, B86PBE, and xPBE. The
MAD for the total 25 systems are 0.101~PBE!, 0.091
~revPBE!, 0.099~B86PBE!, and 0.091~xPBE! eV. For PW91
and BLYP, similar calculations lead to 0.141~PW91! and
0.106~BLYP!.29,46

Table X lists the proton affinities PAs at 0 K for the eight
cases in theG2 set and the MAD~theory-expt! obtained
from PBE, revPBE, B86PBE, and xPBE. PBE leads to MAD
51.45 kcal/mol with maximum negative deviation being
23.98 kcal/mol. PAs are always underestimated in PBE as
shown by the lack of any positive deviations with this func-

TABLE VII. ~Continued.!

No. Molecule Expt. PBE revPBE B86PBE xPBE

131 C2H5uOuCH3 ~methyl ethyl ether! 251.70 219.170 16.297 1.505 4.822
132 (CH3)3N ~trimethylamine! 25.70 219.884 17.640 1.573 5.534
133 C4H4O ~furan! 28.30 239.871 0.718 215.806 214.898
134 C4H4S ~thiophene! 27.50 234.987 3.260 212.047 211.618
135 C4H4NH ~pyrrole! 25.90 241.303 1.151 216.543 215.115
136 C5H5N ~pyridine! 33.60 249.860 À0.806 221.587 220.339
137 SH 34.18 21.147 0.800 0.114 0.631
138 CCH 135.10 210.080 0.537 24.094 24.248
139 C2H3 (2A8) 71.60 213.700 À0.289 26.077 25.140
140 CH3CO (2A8) 22.40 223.816 À3.220 211.809 210.694
141 H2COH (2A) 24.08 213.259 0.800 25.012 23.541
142 CH3O (2A8) 4.10 212.861 0.068 25.394 24.024
143 CH3CH2O (2A9) 23.70 214.278 8.585 21.032 0.992
144 CH3S (2A8) 29.80 28.674 2.733 21.897 À0.718
145 C2H5 (2A8) 28.90 29.749 5.909 À0.701 1.217
146 (CH3)2CH (2A8) 21.50 215.629 9.997 À0.730 1.832
147 (CH3)3C 12.30 219.811 16.060 1.074 4.346
148 NO2 7.91 242.513 À25.374 232.455 232.021

MAD ¯ 16.9 7.3 7.9 8.0

4078 J. Chem. Phys., Vol. 121, No. 9, 1 September 2004 X. Xu and W. A. Goddard III

Downloaded 14 Dec 2005 to 131.215.225.9. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



tional. The MAD for these eight systems are 1.19~revPBE!,
1.08 ~B86PBE!, and 1.07 kcal/mol~xPBE!. For comparison,
the MAD51.43 for PW91 and 1.96 for BLYP.29,46

E. Bonding properties of rare-gas dimers

Rare-gas dimers are the least ambiguous test molecules
for London dispersion or van der Waals attraction interac-
tions. Table XI summarizes the bonding properties of He2 ,
Ne2 , and Ar2 calculated with different flavors of DFT func-
tionals. Although the B88 exchange functional is very suc-
cessful for describing covalent bonds, it fails to describe van
der Waals interactions.46,51,52Thus every DFT method using
the B88 exchange functional~pure or hybrid! gives un-
bounded rare-gas dimers; while every DFT method using the
PW91 exchange functional severely overbinds the He2 and

Ne2 rare-gas dimers.46 Adamo and Barone modified PW91
~Ref. 21! by fitting the differential exchange energies of rare-
gas dimers to HF values, thus removing most of the
overbinding tendency of PW91. Their mPWPW model yields
R(He-He)53.14 Å and DE(He-He)50.069 kcal/mol,21 as
compared to the PW91 values ofR(He-He)52.645 Å and
DE(He-He)50.231 kcal/mol~Ref. 21! and the experimental
data ofR(He-He)52.970 ÅDE(He-He)50.022 kcal/mol.43

The PBE functional gives a better description of rare-gas
dimers than PW91 or BLYP.46,53,54For Ne2 , PBE yieldsR
53.097 Å andDE50.111 kcal/mol, which compares well
with the experimental data of R(Ne-Ne)
53.091 Å,DE(Ne-Ne)50.084 kcal/mol.43 But PBE still
overestimatesDE(He-He) by 236% and underestimates
DE(Ar-Ar) by 56%. The revPBE functional gives satisfac-

TABLE VIII. Ionization potentials~in eV! at 0 K of the 42 systems inG2 ~Refs. 7 and 29! and the deviations
~theory-expt! obtained from PBE, revPBE, B86PBE, and xPBE using aug-cc-pVTZ basis sets.G2 geometries
~Refs. 27 and 28! are used in the DFT calculations. The best DFT results are inboldface.

No. System Expt. PBE revPBE B86PBE xPBE

1 H→H1 13.60 0.00 0.12 0.10 0.08
2 He→He1 24.59 20.14 0.02 0.01 20.03
3 Li→Li1 5.39 0.18 0.20 0.22 0.19
4 Be→Be1 9.32 20.32 20.30 20.27 20.33
5 B→B1 8.30 0.37 0.34 0.39 0.36
6 C→C1 11.26 0.28 0.22 0.28 0.25
7 N→N1 14.54 0.20 0.12 0.18 0.15
8 O→O1 13.61 0.46 0.38 0.50 0.44
9 F→F1 17.42 0.26 0.14 0.25 0.21
10 Ne→Ne1 21.56 0.15 0.01 0.11 0.08
11 CH4→CH4

1 12.62 20.24 20.28 À0.22 20.27
12 NH3→NH3

1 10.18 À0.01 20.08 20.02 20.07
13 OH→OH1 13.01 0.16 0.07 0.16 0.11
14 H2O→H2O1 12.62 À0.03 20.12 20.04 20.09
15 HF→HF1 16.04 0.03 20.08 0.00 20.04
16 Na→Na1 5.14 0.21 0.16 0.22 0.20
17 Mg→Mg1 7.65 20.03 20.09 À0.02 20.08
18 Al→Al1 5.98 0.09 0.10 0.11 0.07
19 Si→Si1 8.15 0.05 0.03 0.06 0.02
20 P→P1 10.49 0.00 20.03 0.00 20.04
21 S→S1 10.36 0.07 0.04 0.09 0.03
22 Cl→Cl1 12.97 0.01 20.05 0.01 20.04
23 Ar→Ar1 15.76 À0.04 20.10 20.05 20.09
24 SiH4→SiH4

1 11.00 20.30 20.35 À0.29 20.35
25 PH→PH1 10.15 0.10 0.08 0.11 0.06
26 PH2→PH2

1 9.82 0.17 0.14 0.18 0.13
27 PH3→PH3

1 9.87 À0.08 20.14 À0.08 20.13
28 SH→SH1 10.37 0.01 20.03 0.02 20.04
29 H2S→H2S1(2B1) 10.47 À0.10 20.15 À0.10 20.15
30 H2S→H2S1(2A1) 12.78 20.22 20.26 À0.21 20.26
31 HCl→HCl1 12.75 À0.06 20.12 20.07 20.12
32 C2H2→C2H2

1 11.40 À0.16 20.27 20.19 20.23
33 C2H4→C2H4

1 10.51 À0.10 20.21 20.13 20.18
34 CO→CO1 14.01 20.14 20.20 À0.13 20.19
35 N2→N2

1(2Sg) 15.58 À0.18 20.27 20.19 20.24
36 N2→N2

1(2Pu) 16.70 À0.13 20.28 0.18 20.22
37 O2→O2

1 12.07 0.40 0.33 0.40 0.36
38 P2→P2

1 10.53 0.26 0.21 0.26 0.21
39 S2→S2

1 9.36 0.10 0.09 0.12 0.07
40 Cl2→Cl2

1 11.50 20.35 20.38 À0.34 20.39
41 ClF→ClF1 12.66 20.30 20.34 À0.29 20.33
42 CS→CS1 11.33 20.03 20.06 À0.01 20.08

MAD ¯ 0.156 0.166 0.158 0.167
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tory results for He2 , but significantly underbinds Ne2 and
Ar2 . B86PBE and xPBE reduce the overbinding tendency of
PBE for He2 and Ne2 and give the best description of Ne2 .

Based on these results we expect that xPBE should lead
to a good description of the London forces between electron
pairs involving the first ten atoms of the periodic table, mak-
ing it useful for the most common organic and biological
systems.

It is well known that the long-range correlation is absent
in the conventional density functionals.54–57 Fundamental
improvement on the functional is needed to describe cor-
rectly the physics of the long-range London-dispersion
interactions.58,59

F. Bonding properties of water dimer

Hydrogen bonding plays a critical role in a wide range of
chemical and biological phenomena. Thus water dimer, the
prototypical hydrogen bonded system, has received much ex-
perimental and theoretical attention.60–68 One difficulty in
assessing the accuracy in the DFT methods is that the experi-
mental determinations ofRe and De have been unreliable
due to the floppy nature of the dimer. Microwave measure-
ments lead to a vibrationally averaged O...O distance ofR0

52.976 Å, from which it was estimated thatRe52.952 Å.64

The widely accepted experimentalDe of 5.4460.7 kcal/mol
~Ref. 68! is indirect, being based on the interpretation of

TABLE IX. Electron affinities ~in eV! at 0 K of 25 systems ofG2 ~Refs. 7 and 29! and the deviations
~theory-expt.! obtained from PBE, revPBE, B86PBE, and xPBE using aug-cc-pVTZ basis set.G2 geometries
~Refs. 27 and 28! are used in the DFT calculations. The best DFT results are in boldface.

No. System Expt. PBE revPBE B86PBE xPBE

1 C←C2 1.26 0.29 0.23 0.27 0.24
2 CH←CH2 1.24 0.29 0.22 0.27 0.23
3 3CH2←CH2

2 0.65 0.11 0.06 0.12 0.05
4 CH3←CH3

2 0.08 0.00 20.07 20.02 20.07
5 NH←NH2 0.38 0.10 0.02 0.10 0.04
6 NH2←NH2

2 0.74 0.03 20.06 0.01 20.05
7 O←O2 1.46 0.20 0.10 0.19 0.14
8 OH←OH2 1.83 0.02 20.08 0.00 20.05
9 F←F2 3.40 0.15 0.02 0.11 0.07
10 O2←O2

2 0.44 20.04 20.10 À0.02 20.07
11 NO←NO2 0.02 0.24 0.21 0.26 0.21
12 CN←CN2 3.82 20.01 20.06 0.00 20.06
13 Si←Si2 1.38 0.08 0.05 0.08 0.04
14 P←P2 0.75 0.10 0.06 0.11 0.04
15 S←S2 2.08 0.06 0.00 0.06 0.00
16 Cl←Cl2 3.62 0.03 20.04 0.01 20.04
17 SiH←SiH2 1.28 0.10 0.06 0.09 0.05
18 1SiH2←SiH2

2 1.12 0.15 0.12 0.15 0.11
19 SiH3←SiH3

2 1.44 À0.03 20.09 20.04 20.09
20 PH←PH2 1.00 0.05 À0.01 0.04 À0.01
21 PH2←PH2

2 1.26 À0.01 20.08 20.03 20.08
22 SH←SH2 2.31 0.01 20.06 À0.01 20.06
23 PO←PO2 1.09 0.09 0.07 0.10 0.06
24 S2←S2

2 1.66 20.10 20.13 À0.08 À0.14
25 Cl2←Cl2

2 2.39 0.24 0.26 0.30 0.25

MAD ¯ 0.101 0.091 0.099 0.091

TABLE X. Proton affinities~in kcal/mol! at 0 K for the eight systems ofG2 ~Refs. 7 and 29! and the deviations
~theory-expt.! obtained from PBE, revPBE, B86PBE, and xPBE using aug-cc-pVTZ.G2 geometries~Refs. 27
and 28! are used in the DFT calculations. The best DFT results are inboldface.

No. System Expt. PBE revPBE B86PBE xPBE

1 H2←H3
1 100.8 21.23 À0.15 20.74 20.75

2 NH3←NH4
1 202.5 21.02 0.52 À0.20 20.22

3 H2O←H3O1 165.1 22.42 À1.28 21.90 1.99
4 C2H2←C2H3

1 152.3 À0.25 2.52 1.38 1.24
5 SiH4←SiH5

1 154.0 21.06 1.43 0.53 0.53
6 PH3←PH4

1 187.1 23.98 À1.70 22.51 2.53
7 H2S←H3S1 168.8 21.61 0.23 20.46 20.42
8 HCl←H2Cl1 133.6 À0.02 1.69 0.90 0.90

MAD ¯ 1.450 1.190 1.077 1.074
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measurements of the thermal conductivity of the water vapor.
Indeed the most reliable values for the equilibrium geometry
and dissociation energy of (H2O)2 are from CCSD~T! ~full !
coupled cluster calculations using both single and double
substitutions from the Hartree-Fock determinant, and includ-
ing triple excitations noniteratively~with basis sets extrapo-
lated to infinity!. This bestab initio calculation leads to
Re(O...O)52.91260.005 Å andDe55.0260.10 kcal/mol.62

Table XII lists the calculated bonding properties of
(H2O)2 from different DFT methods in the PBE family. We
see that xPBE leads toRe too long by 0.043 Å with a bond
energy too weak by 0.56 kcal/mol. PBE leads to better re-
sults, with a bond too short by 0.023 Å and too strong by
only 0.09 kcal/mol.

The elongation of the O-H bond in the donor water pro-
vides a third test of the quality of the description. The bestab
initio estimate ofDRd(OH)50.007 Å is from Bleiber and
Sauer63 using the fourth-order Møller-Plesset~MP4! method
with the VTZ(2d f) basis on O and VTZ(2p) on H PBE
leads toDRd(OH)50.011 Å, a significant overestimate of
this quantity, while xPBE leads to 0.009 Å.

Another parameter of interest is the frequency shift
Dnd(OH) in the donor O-H stretching mode upon forming a
hydrogen bond. In calculating this shift we use as the refer-
ence OH mode the arithmetic mean of the symmetric and the
asymmetric harmonic stretching modes of the free monomer
~since there is a strong coupling of these two modes for H2O

monomer63!. The experimental harmonic frequencies of wa-
ter monomer and dimer lead toDnd(OH)52170 cm21.65–67

The bestab initio value obtained by Bleiber and Sauer at
MP4/VTZ(2d f ,2p) is 2121 cm21,63 underestimating the
frequency shift by 49 cm21. The DFT generally performs
better with errors inDnd(OH) of 47 ~RBE! and 17 cm21

~xPBE!.
As seen from Table XII, it remains a challenge for a pure

DFT method to give a good overall description of water
dimer. While PBE gives the best predictions onRe(O...O)
and De , PBE leads to clear overbinding, with concomitant
overestimation ofDRd(OH) and Dnd(OH). On the other
hand, revPBE gives the best predictions onDRd(OH) and
Dnd(OH), but revPBE shows clear underbinding with a too
long Re(O...O) and a too smallDe . Values from xPBE are
always close to the best numbers for all four properties, lead-
ing us to conclude that xPBE is the most balanced method in
the PBE family for the description of hydrogen bonds.

V. CONCLUDING REMARKS

Development of improved approximations to the
exchange-correlation functional is the key to the continued
improvement in the success of Kohn-Sham density func-
tional theory. A variety of exchange-correlation functionals
have been developed, each with strengths and limits. We
believe that the best strategy for developing improved ap-
proximations to the exact exchange-correlation functional
within the GGA framework is to combine theory-based
physical constraints with fitting a very limited set of param-
eters to selected experimental data. The physical constraints
help to confine the functional forms; but the small gradient/
high density regions and the large gradient/low density re-
gions cannot be uniquely fixed by the physical constraints.
But it is important to limit the number of empirical param-
eters in the functional~by making maximum use of physical
concepts! so that systematic improvements of the functional
can be achieved.

In line with this approach we started with the well-
founded PBE functional11 and extended it by optimizing the
~m,k,a,b! parameters against the experimentalatomic data
and the van der Waals interaction properties of Ne2 . ~No
other molecular information was used.! This xPBE func-
tional significantly outperforms PBE in the prediction of the
atomic data~exchange energies, correlation energies, and to-
tal energies for atoms from H to Ar! and the heats of forma-
tion ~against the extendedG2 sets!, while maintaining the
good performance of PBE for predicting geometry param-

TABLE XI. Bonding properties of He2 , Ne2 , and Ar2 calculated by PBE, revPBE, B86PBE, and xPBE using
the aug-cc-pVTZ(2 f ) basis set. Bond energies are corrected for basis set superposition error~BSSE! effects.
Bond lengths are in Å and bond energies are in kcal/mol. The best DFT results are inboldface.

R(He-He) DE(He-He) R(Ne-Ne) DE(Ne-Ne) R(Ar-Ar) DE(Ar-Ar)

PBE 2.752 0.074 3.097 0.111 4.000 0.126
revPBE 3.121 0.028 3.454 0.049 4.695 0.031
B86PBE 2.864 0.055 3.217 0.082 4.266 0.075
xPBE 2.847 0.057 3.197 0.086 4.250 0.078
Expt.a 2.970 0.022 3.091 0.084 3.757 0.285

aReference 44.

TABLE XII. Bonding properties of water dimer. The DFT calculations used
the aug-cc-pVTZ(2 f ) basis set. The reference data and the best DFT results
are inboldface.

Re(O...O) DRd(OH)a Dnd(OH)b De

PBE 2.899 0.011 2217 5.11
revPBE 3.018 0.007 À164 3.58
B86PBE 2.957 0.010 2206 4.39
xPBE 2.955 0.009 2187 4.46
Bestab initio 2.912Á0.005c 0.007d 2121d 5.02Á0.10c

Expt. 2.952e ¯ À170f 5.4460.7g

aThe enlongation of the O-H bond in the donor water.
bThe frequency shift of the donor O-H stretching mode experienced upon
forming a hydrogen bridge.

cReference 62, CCSD~T!~full ! IO275→` ~IO275: interaction optimized ba-
sis set with 275 basis functions for H2O dimer O—7s5p5d3f 2g1h;
Hd—2s4p1d, H—2s3p, BF—3s3p2d1f ).

dReference 63, MP4/VTZ(2d f) on O and VTZ(2p) on H.
eReference 64.
fReferences 65–67.
gReference 68. ExperimentalDe was estimated by adding the zero-point
energy calculated at HF/4-21G level.

4081J. Chem. Phys., Vol. 121, No. 9, 1 September 2004 The extended Perdew-Burke-Ernzerhof functional

Downloaded 14 Dec 2005 to 131.215.225.9. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



eters, ionization potentials, electron affinities, and proton af-
finities ~against the extendedG2 sets! and for describing van
der Waals and hydrogen bond interactions.

Comparing to BLYP,9,16 xPBE shows competitive qual-
ity in the predictions of the atomic data and the heats of
formation of molecular systems. xPBE shows better quality
in the predictions of ionization potentials, electron affinities,
and proton affinities~against the extendedG2 set!. In par-
ticular, xPBE significantly outperforms BLYP in describing
the van der Waals interactions.

As compared to PW91~GGA II!,10,17xPBE corrects, to a
great extent, the overbinding tendency in the prediction of
the heats of formation against the extendedG2 sets, as well
as in the description of the van der Waals interactions as
represented by He2 and Ne2 .

We also present here a detailed systematic validation of
two other modified versions of PBE: revPBE~Refs. 11 and
12! and B86PBE.11,16 Both functionals significantly improve
upon PBE for predicting atomic data and the heats of forma-
tion ~against the extendedG2 set!, but revPBE shows a clear
tendency for underestimating the van der Waals and hydro-
gen bond interactions and is poorer than PBE for geometric
predictions.

We conclude that xPBE provides a balanced description
in covalent bonds as well as the van der Waals and hydrogen
bond interactions. Thus xPBE should find applications in a
wide range of important chemical and biological systems.
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