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THE FEFFERMAN METRIC
AND PSEUDOHERMITIAN INVARIANTS

JOHN M. LEE?

ABSTRACT. C. Fefferman has shown that a real strictly pseudoconvex hy-
persurface in complex n-space carries a natural conformal Lorentz metric on
a circle bundle over the manifold. This paper presents two intrinsic construc-
tions of the metric, valid on an abstract CR manifold. One is in terms of
tautologous differential forms on a natural circle bundle; the other is in terms
of Webster’s pseudohermitian invariants. These results are applied to compute
the connection and curvature forms of the Fefferman metric explicitly.

1. Introduction. In 1976 C. Fefferman (5] showed that, if M is a real strictly
pseudoconvex hypersurface in C"*, M x S! carries a Lorentz metric whose conformal
class is invariant under biholomorphisms. The null geodesics  “light rays”) of this
metric project to the biholomorphically invariant curves on M called chains. It
is therefore of considerable interest to find ways of characterizing the Fefferman
metric in terms of the intrinsic CR structure of M, thereby extending its definition
to abstract CR manifolds.

The first such characterization was obtained by D. Burns, K. Diederich, and
S. Shnider (2], who showed how to obtain the Fefferman metric from the Chern
connection in the Chern “CR structure bundle” of M. Their construction is difficult
to work with, however, since the metric appears first as a tensor in the very large
CR structure bundle Y, and one then shows that it descends to a circle bundle C
obtained as a quotient of Y.

Recently, F. Farris (4] has given another construction of the Fefferman metric,
working only within the circle bundle C. His construction, however, required the
assumption of the existence of a closed (n + 1,0)-form on M. It is easy to find
such a form when M is embedded in C**!, but H. Jacobowitz has shown [7a] that
there may not exist one on a general CR manifold. If there is no such form, Farris’
construction only gives the Fefferman metric at a point in terms of the coefficients
in a formal power series approximation to a closed (n + 1,0)-form.

This paper presents two new characterizations of the Fefferman mstric, valid
on an abstract CR manifold, which avoid these difficulties. Both characterizations
begin with a choice of a one-form annihilating the maximal complex subspace of
M (a “pseudohermitian structure”), and define Lorentz metrics on an intrinsically
defined circle bundle C over M.

The first characterization is in terms of differential forms which are intrinsic to
the circle bundle C and defined by simple normalizations relating them to the chosen
pseudohermitian structure. The second is in terms of the Webster connection forms
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412 J. M. LEE

of the pseudohermitian structure. It is then shown that these two Lorentz metrics
are the same, that they transform conformally under a change of pseudohermitian
structure, and that they agree with the Fefferman metric in case M is embedded
in C"*1,

The first of these two characterizations shows clearly the relation of the intrin-
sically defined metric to Fefferman’s original extrinsic construction. In particular,
the two normalizations which characterize the metric on C correspond directly to
Fefferman’s first and second formal power series solutions to the complex Monge-
Ampere equation. The second characterization makes the metric easily accessible
to intrinsic computations, using the formalism of Webster’s pseudohermitian con-
nection and covariant derivatives.

In §2 we recall basic facts and notations concerning CR manifolds. §3 presents
the first characterization of the metric. §4 is a review of the Webster-Stanton con-
nection of a pseudohermitian structure, which is used in §5 to deduce the second
characterization. Finally, in §6 we apply these results to compute curvature in-
variants of the Fefferman metric in terms of Webster curvature invariants of the
corresponding pseudohermitian structure. In particular, it is shown that the scalar
curvature of the Fefferman metric is a constant multiple of the Webster scalar cur-
vature, and we state without proof a result showing the relationship of the Ricci
curvature of the Fefferman metric to Webster’s Ricci and torsion tensors.

These characterizations of the metric and its curvature invariants will be of
value in further studies of the behavior of chains, since they allow the geodesic
equations to be written much more explicitly than has heretofore been possible. In
addition, R. Graham [6a] has recently applied these results to obtain a new proof
of Sparling’s characterization of Lorentz metrics which arise as Fefferman metrics
of CR manifolds.

The simple relationships between the curvature of the Fefferman metric and that
of the Webster-Stanton connection suggest several interesting geometric problems
for CR manifolds. For example, the fact that the Webster scalar curvature and
Fefferman scalar curvature agree up to a constant multiple means that the Yamabe
problem for the Fefferman metric on C (i.e. to find a conformal representative
of the Fefferman metric which has constant scalar curvature) can be reduced to a
problem on the CR manifold M. While the former problem is decidedly nonelliptic,
the latter is at least subelliptic. This problem is the subject of a pair of joint papers
with D. Jerison [8, 9].

Similarly, one can ask whether one can choose the pseudohermitian structure
so that the Ricci tensor of the Fefferman metric assumes a particularly simple
form. The formula for Ricci tensor given in §6 shows that the Fefferman metric
is never Einstein; it is not clear at this point what is the natural normalization
for the Ricci tensor. On the other hand, one can ask whether a suitable choice of
pseudohermitian structure will make the Webster-Ricci tensor a scalar multiple of
the Levi form; this question will be dealt with in a forthcoming paper.

I am indebted to Richard Melrose, who first suggested the approach to the
Fefferman metric which evolved into the first characterization given here; to Frank
Farris, upon whose results the present work builds; to Robin Graham, who showed
me how to simplify the proof of Theorem 6.2; and especially to David Jerison,
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THE FEFFERMAN METRIC 413

whose suggestion to look for a CR-invariant Laplacian led to the key insight on
which this work is based (see [8, 9] for more on these matters).

2. Pseudohermitian structures. In this section we collect some facts and
notations concerning pseudohermitian structures on CR manifolds.

Let M be a real, (2n+ 1)-dimensional, orientable, C* manifold. A CR structure
on M is an n-dimensional complex subbundle T of the complexified tangent
bundle CTM satisfying Ty o N To,1 = {0}, where Ty 1 = T1 9. We set

H =Re(T1,0® To,1),

so that H is a 2n (real) dimensional subbundle of TM. H carries a natural complex
structure map J: H — H given by J(V + V) =4(V -~ V) for V € Ty 9. We will
assume throughout that the CR structure is integrable, that is, T o satisfies the
formal Frobenius condition (17,9, 71,0) C T1,0.
The most important example of an integrable CR structure is of course that
induced by an embedding M C C"*1, in which case T o = T1 oC™** N CT M.
The bundle 290 of complex (g, 0)-forms on M is defined by

q
Q0 ={neCAM:V|p=0forVeTy,}

Of particular interest is 2°*t10 which has complex fiber dimension one. We set
K = Qn+1.0 and call it the canonical bundle of M. If M obtains its CR structure
from an embedding in a complex manifold {2, K is naturally isomorphic to the
restriction of the canonical bundle Kq of (n + 1,0)-forms on (2.

Let E C T*M denote the real line bundle H+. Because we assume M is ori-
entable, and the complex structure J induces an orientation on H, E has a global
nonvanishing section. A choice of such a 1-form @ is called a pseudohermitian
structure on M. Associated with 6 is the Hermitian form Lg on T o:

Lo(V,W) = —idd(V AW),
called the Levi form of 8. This can also be written
Lo(V,W) =dO(V A JW);

in this form Lg extends by complex linearity to a symmetric form on CH, real on
H, which we denote also by Lg.

Of course, the Levi form depends on the choice of 8, but it is CR-invariant up to
a conformal multiple. If Ly is definite, M is said to be strictly pseudoconvez. In this
case, it is natural to orient E by declaring a section 8 to be positive if Lg is positive.
We will assume henceforth that M is strictly pseudoconvx and 8 is positive.

On a pseudohermitian manifold M there is a unique vector field T = T trans-
verse to H, defined by

(2.1) T|dd=0, TJo=1

This defines T uniquely because df is nondegenerate on H and thus has precisely
one null direction transverse to H.

Calculations on a pseudohermitian manifold are simplified if we work with special
coframes. If {#*,...,6™} are (1,0) forms whose restrictions to T} o form a basis for
Tt o, and such that T|0* =0 for a = 1,...,n, we call {§*} an admissible coframe.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use




414 J. M. LEE

Then {6,6%,...,0",6%,...,07}, form a coframe for CTM. With respect to an
admissible coframe, the integrability condition and (2.1) imply that

(2.2) df = ihz0% A 6°

for some hermitian matrix of functions (h,3), which is positive definite if M is
strictly pseudoconvex. If {Z1,...,Z,} is the frame for Ty o dual to {#*}, and
V =VeZ,, W = W*Z, are sections of T}, then the Levi form is given by
Ly(V,W) = %hQEV"Wﬁ.

There is a natural trace operation on 2-forms on M. If w is any 2-form, there is
a unique complex-linear map w: T; o — T3¢ such that for all X,Y € T g,

WXAY)=di(OX NY).

We define Trw = Tr@. If {#*} is an admissible coframe and w = tw,z0% A 98

(mod 8> A 67,68 A 6%, 6), one checks easily that Trw = h"ﬂwaﬁ. This agrees with
the definition given by Chern in [3] except for a factor of 7; we have chosen this
normalization so that Trw is real when w is.

M carries a natural volume form v = § Adf™, nonvanishing because M is strictly
pseudoconvex, which induces an L? inner product on functions:

(u,5) = /M .

The Levi form induces a dual metric on H*, which we denote by Lj, and a norm
|w|2 = L}(w,w). This in turn induces an L? inner product

o= [ Liw.iw

on sections of H*. If r: T*M — H* is the natural restriction map, and u € C® (M),
we can define a secton dyu of H* by dyu = r o du.
We then define the real sublaplacian operator Ay on functions by

(Apu,V)g = %(dbu, dpD)g, veCP(M).

(A. Greenleaf, in [7], defined an operator A which is the negative of Ap.) Similarly,
if we let dpu denote the projection of dyu onto T3 1, the complex Kohn-Spencer
Laplacian [, is defined as in {10] by

(Dyu, 0)g = (Db, Bpv)a, v € CZ(M).

The sublaplacian Ap generalizes the operator Lo defined on the Heisenberg group
by Folland and Stein [6]. They show that in that case O, = Lo +nT on functions.
The analogous relation holds in general:

(2.3) THEOREM. U = Ay +inT on functions.

PROOF. Choose an admissible coframe {§} such that h 5 =6 5. If w = w0
and n = n,0* are sections of T} o, we can consider them as (1,0) forms satisfying
Tlw = Tjn = 0. Then Lj(w,7) = 2wafla, and it follows by an easy algebraic
manipulation that

Lj(w, 7)) = 2inf Aw A AdI™ L.
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THE FEFFERMAN METRIC 415
Thus if u € C® (M), v € C®(M) (considering dpu and Jdpv similarly as 1-forms),
(Apu, v)g = %(dbu, dp?)e
(2.4) = % /M L} (8pu + Opu, OpT + Bp)9
= in/M O A BbuABpd AdO™ ! + in/M 9 A 8D AByuAdf™ 1.
Now by Stokes’ theorem,

0= / d(90 A Opu A dO™1)
M

:/ 0/\8;,u/\d0/\d0"“+/ ﬁabu/\da"—/ T A dOpu A dB™ 1.
M M M

But the first term above is equal to f,, 8 AdyuAdpv Ad6™ ! by type considerations,
and the integrand in the second term is identically zero since it annihilates T'. Thus

(2.5) / ONOuNDpo AdI™ ! = / 90 A ddpu A df™ 1.
M M

On the other hand, differentiating du = dyu + Opu + Tuf, we obtain
dOyu = —d(gbu + Tuf),

and so, applying Stokes’ theorem once more,

/ 6 A Oyu A By A ™! :—/ 90 A d(Fpu + Tub) A do™!
M M
=/ 0/\dz‘)/\(5bu+Tu0)/\d9""1—/ 9(Fpu + Tub) A dO™
M M

= / BN BB ABpuAdi™ ! — / oTuf A df™.
M M
Inserting this into (2.4),

(Apu, 0)g = 2in/ A3y ADpuAdd™ ! — m/ vTul A do™
M M

= / L; (Bsu, Jyv) — in / Tuy
M M
= {Opu — inTu,V)e.
Since this holds for all v € C°(M), the theorem is proved. O

3. The Fefferman metric: first characterization. We are now prepared to
give a direct construction of the Fefferman metric induced by a pseudohermitian
structure.

Let (M,0) be a (2n + 1)-dimensional, strictly pseudoconvex pseudohermitian
manifold, and K* the canonical bundle of M with the zero section deleted. We
define an intrinsic circle bundle C = K* /Rt as the quotient of K* by the natural
Rt action w — Aw, and let 7: C — M be the projection. The Fefferman metric
will be defined on the total space of C.
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416 J. M. LEE

To simplify the notation, we will usually use the same symbol to denote both a
form on M and its lift to C (omitting the n* from the notation), making clear by
the context which is meant.

The pseudohermitian structure induces a number of canonical differential forms
on C, from which the metric will be constructed. First, since K is a bundle of
differential forms, it carries a natural tautologous (n + 1)-form £, whose value at
any point w € K is the lift to K of w itself. The pseudohermitian structure 8 gives
rise to a natural embedding 1g: C — K, as follows. A point in C is an equivalence
class of (n + 1,0)-forms under multiplication by positive reals. Choose a unique
representative ¢y by means of the volume normalization

(3.1) R0 A (T)o) A (T)S,) = 0 A do™.
That this is possible is guaranteed by the following
(3.2) LEMMA. Ifw is any smooth, nonvanishing (n + 1,0)-form on M, then
010 A (T |w) AT @) = A8 A dO”
for some smooth, strictly positive function A on M.

PROOF. Only the positivity of A needs to be checked. We can choose an ad-
missible coframe {§*} such that T]w = 6" A--- A 6™ and df = ih 56% A 68, where
(h 03) is positive definite. A straightforward exercise in linear algebra then shows
that

dg™ = i nldet(h 5)(T]w) A (T ).

Since det(h,3) > 0, wedging with 6 completes the proof. O

Thus, for any equivalence class [w] € C, we set tp|w] = ¢o, where ¢ is the
unique positive multiple of w satisfying (3.1). This embedding allows us to pull the
tautologous from ¢ back to C. Setting ¢ = ¢3¢, ¢ is a globally defined (n + 1)-form
on C.

We also define a canonical vertical vector field S on C as the tangent to the
natural S! action on C, [w] — [e¥w].

If ¢ is any (n+1, 0)-form on (a subset of ) M satisfying the volume normalization
(3.1), then we can lift ¢o to C and write ¢ = e*7¢p, thereby defining + as a fiber
coordinate on C. It is obvious that dvy(S) = 1.

The major part of the Fefferman metric will be induced by the Levi form Lg.
First, Ly can be extended to a (degenerate) symmetric 2-tensor on all of TM, by
requiring Lg(T,V) = 0 for any V € TM. We then lift Ly to a tensor on C, still
denoted by Lg, which is degenerate on the two-dimensional subspace of TC spanned
by S and any lift of T.

Observe that, if ¢ is any I-form such that ¢(S) # 0, the symmetric 2-tensor
Ly + 20 - ¢ is nondegenerate on TC with Lorentz signature. If « is a local fiber
coordinate for C such that dv(S) = 1, an obvious choice for ¢ would be a constant
multiple of d~; there is, however, nothing canonical about this choice. We are
going to determine o uniquely by means of intrinsic normalizations on C so that
the resulting metric is conformally invariant under changes in 6.

To describe the normalizations, we must introduce one more natural form on C.
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THE FEFFERMAN METRIC 417

(3.3) LEMMA. There 1s a unique n-formn on C satisfying¢ =0An, VIin=0
for any Lft Vof T.

PROOF. Let V be alift to C of T, and set n = V'|¢. Since S|¢ = 0, this definition
is independent of the choice of V', and 7 is easily seen to satisfy the conclusions of
the lemma. O

We can now specify the 1-form ¢ uniquely.

(3.4) PROPOSITION. There is a unique real 1-form o on C satisfying

(3.5) d¢ =in+2)o A,
(3.6) oANdyp AT = (Trdo)io A A AT

PROOF. Choose (locally) an (n + 1,0)-form ¢o on M satisfying (3.1), and write
¢ = e*Y¢p, where « is a local fiber coordinate on C.

The integrability of the CR structure of M implies that d¢y = i(n + 2)og A ¢ for
some 1-form og, which is determined only up to the addition of a (1,0)-form. If we
require that og be real, then it is uniquely determined up to addition of a multiple
of 8. Thuson C ,

d¢ = e (idy A ¢ +i(n + 2)oo A )

. 1
= ’L(n+2) <n—+_2d')'+0'0) /\g,

80 0 = dv/(n + 2) + o¢ satisfies (3.5) and is uniquely determined modd. Observe
that for any such o, do is a form on M, so Tr do makes sense.
To fix the multiple of 8, we use the second normalization (3.6). Observe that if
o' =0+ f0, then
d ANdnAR=0ANdp AT+ fONdn AT
oANdp AT~ fld¢ —dOAR) AT
oNdp AT —i(n+2)fo ANOAY AT,

where the last equality follows because df An A7 = 0, being a (2n + 2)-form on C
which annihilates §. On the other hand,

do’' =do + fdf (mod6), Trdo’ = Trdo + nf,
(Trdo')ic' NOAn AT =(Trdo)ic AOARATT+info AO AR AT

Since the two sides of (3.6) transform by different multiplies of the nonzero volume
form ifo A A n AT, there is a unique choice of f such that o’ = o + f0 satisfies
(3.6).

To see that f is real, it suffices to show that dn A7 is a real multiple of 10 An AT].
Contracting (3.1) with T and lifting to C yields

dg™ = i nin* (T ¢o) AT (T[3y) = 1™ nln AT
Differentiating this,
0 =14" nl(dn AT + (=1)"n A dFj),

which says that i"* dn A7 is pure imaginary. On the other hand, it is immediate
that «™ (10 A n A7) is imaginary, so we are done. O
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418 J. M. LEE

Now define the metric g on C by
(3.7 g=L¢+ 20 0.

It is clear from the discussion above that ¢ is a nondegenerate metric with Lorentz
signature, and is uniquely determined by the pseudohermitian structure 6.
Our main result is

(3.8) THEOREM. If6 = €278 is another pseudohermitian structure on M, and
g 1s the associated Lorentz metric, then § = e2/g. Thus the conformal class of g is
a CR invariant of M.

This can be proved directly by deriving the transformation law for ¢ from (3.5)
and (3.6). However, we defer the proof until §5, where we will be able to give a
simpler proof.

It is worth noting that the two normalizations (3.5) and (3.6) correspond directly
to the first two approximations to the solution of the Monge-Ampére equation usd
by Fefferman when he originally defined the metric. This will become clear in §5,
when the intrinsically defined metric g is related to Fefferman’s extrinsic definition.

4. The Webster-Stanton connection. In [12], S. Webster showed there is
a natural connection in the bundle T} ¢ adapted to a pseudohermitian structure.
This was subsequently extended to a connection to CTM by C. Stanton [11]. In
this section we recall the definition and main properties of the connection.

To define the connection, choose an admissible coframe {6#*} and dual frame
{Zy} for Ty o. Webster showed that there are uniquely determined 1-forms wB, P8
on M satisfying

(4.1) d6? = 0% ANwo® +0AT8,
(4.2) Wog W3, = dhy3,
(4.3) 7o ANO% =0,

in which we have used the matrix h 7 to raise and lower indices, e.g. w,5 = w,"h_ 3.
By (4.3), we can write

(4.4) T = Aa~8”

with Agy = Aqe.
Covariant differentiation is defined by

(4.5) DZ,=w® 25, DZz=ws?®Z5, DT =0.
For a function f on M, we will write fo = Zof, fa = Zzf, fo = Tf, so that
Df = df = fo0% + f50= + fof. The second covariant differential D?f of f is the
2-tensor with components
fap = 75§ =2pZ.f - wa'y(ZB)Z'yfs faﬁ = _'5,6 = ZEZaf - wa“’(ZE)ZWf,
foa = fom = ZaTf,  fao = fao = TZaf —wa(T)Zyf, foo =T*f.
Observe that (2.2) and (4.1) imply
[ZE’ Zy) = th 5T + w,,ﬂ(ZE)Zv - wEF(Za)Z;,
(28, Za) = waﬁf(Zﬁ)Zv ~wg(Za)Z,,
(Zo, T] = AW&ZW —wo (1) Z,,
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THE FEFFERMAN METRIC 419

and therefore
(46) faﬁ - fﬁa = ihaﬁan faB - fBa = Oa an - faO = Aﬁafﬁ-

In general, if Tf;:::fi'k are the components of a tensor of degree (k,[), its rth
covariant derivative D"T is the tensor of degree (k + r,!) with components which

we shall denote Tf;.‘.‘.‘ﬂ;m...%.
The curvature of the Webster-Stanton connection, expressed in terms of the
coframe {6 = 6°,0%,6%}, is

Mg* = ﬁﬁ.i = dwg® — wg" Awy“,

Mo* = I, = Tp? = 5% = 1p° = 0.
Webster showed that II3 can be written
(4.7) Tg® = Rp®;50° N7 + W5 ,0° N — W5:0P A O +10 AT — i3 A O°
where the coefficients satisfy

Rﬂapﬁ = TE‘T) = Rﬁﬂﬁp = Rp'dﬁﬁ > Wﬁ‘a"v = Wwﬁﬁ'
The Webster-Ricci tensor of (M, 0) is the hermitian form p on Ty o defined by
o(X,Y) = R zX°Y?,

where X = X%Z,,Y =YPZg, Rab’ =R/, oB" The Webster scalar curvature is

(4.8) R=R.*=hPR ;.
Observe that this can also be written
(4.9) R = TrI,® = Tridw,®.
The sublaplacian has a particularly simple expression in terms of covariant
derivatives.

(4.10) PROPOSITION. Ifu € C®(M), Apu = —(us® + ug®).
PROOF. If v € C®(M), then from (2.4) and (2.5) we have

(Apu, )g =in/ 8 A Opu A OpD A df™ ! +in/ 6 A Oyt N Bpu A dO™ !
M M

=in/ wAdabu/\do"—l-in/ 0 A dByu A do"-1.
M M

It is easy to check that if w is any 2-form,
ndAwAdi" ! = (Trw)b A df™,
and thus
(Abu, 17)9 = / ’(_)(Tl‘ 1dOyu — Tridgbu)w
M
= (Trid8yu — TridOpu, v)g.

Since _ 3
1ddpu = id(uaf*) = —iu 50 A7 (modf* A 67,6% A67,0),

it follows that Triddpu = —u,*, and similarly —TridOyu = —uz®. Thus Apu =
—(ua® + uz®) as claimed. 0O

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use




420 J. M. LEE

5. The Fefferman metric: second characterization. Using the Webster-
Stanton connection, we now give a second intrinsic characterization of the Fefferman
metric associated with a pseudohermitian structure §. Let C = K*/R™ be the
circle bundle over M defined in §3. As in that section we will use a single symbol
to denote both a form on M and its lift to C.

Choose an admissible coframe {#*} over an open set U C M. Observe that

G = (deth,5)' /20 AG' Ao A BT

is a nonvanishing (n + 1,0)-form over U which satisfies the volume normalization
(3.1). Lifting ¢o to C, we can write the intrinsic (n + 1)-form ¢ on C as ¢ = e"¢p,
thus defining ~ as a local fiber coordinate on C.

(5.1) THEOREM. The Lorentz metric g on C defined by (3.7) is also given by

(5.2) g=0%-0,+20 -0
n which

_ oo LpaBgy L
(5.3) 0—n+2<d'7+zwa 2h dh,5 2(n+1)R0>'

Thus (5.2) and (5.3) are independent of the choice of admissible coframe {6}, and
are globally defined on M.

PROOF. It is immediate that Ly = 6 - §,. Contracting (4.2) with h%8, we see
that iw,® — (3/ 2)h°‘ﬂdh is real, and so o is real. So we need only verify that o,

defined by (5.3), satisfies the normalizations (3.5) and (3.6).
We compute

d¢ = idy A ¢ + edgo,
dgo = L(deth5)/2hPdh 5z NG NGV A - A 6"

+ (deth_g WZ DOGAOLA - AdISA - AB"

= (3h*Pdh 5 — wa®) A G
On the other hand,
i(n+2)0 A¢ = (idy —wa® + Lh*Pdh_z) A,
so o satisfies (3.5).

Next observe that n = (det h5)"/2€"70 A6* A--- A 67, and

dp =i (dv Fiwg® — %h"ﬁdha3>/\ n (mod67);

1 1. .3 1
o1 wo® — ~h*Pdh - — - __RH
sy g (e = s o)
Ai <d7+iwaa - %h"ﬁdhab—> A AT

i
= - ——— —ROANdAYADAT.
2n+1)(n +2) TAMAN
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On the other hand, using (4.9) and the fact that d(h*Bdh o) = d?log(det h o) =0

do= 1 <idwa°‘ - 2(;12(19 __ v 4rn 9) ,

n+2 n+1) 2(n+1)
1 o« n _ 1
Trdo = o Tridwa® — o m s = sm e &
Thus 1
) N=-——~——Ri 6 7.
(Trdo)ic ANOAD AT 2(n+1)(n+2)R1d7/\ AN AT

Comparing this with (5.4) completes the proof. O

The next step is to examine how the metric g, defined by either (3.7) or (5.2),
transforms under a change of pseudohermitian structure. First we must determine
the transformation law for the connection forms. Let § = €28 be a new choice of
pseudohermitian structure for M. Choose an admissible coframe {6*} for 4, with
dual frame {Z,}. Recall the notation f,, faE’ etc., for the covariant derivatives
of f, described in §4. All covariant derivatives will be taken with respect to the
coframe {#*} and the pseudohermitian structure 6.

One checks easily that

(5.5) 6% = e/ (0% + 2if*6)
satisfies o ~

th,50% A 0% = % (d6 + 2df A 6) = db,
and thus {#*} is an admissible coframe for g, with the same matrix fzaﬁ = h,3-
We will compute the connection forms in terms of the coframe {6>}. Observe that,
for any 2-form w, Trw = e~/ Trw.

(5.6) LEMMA. With
W% = wg® + 2(fg0% — f%0) + 65(f107 — f0,)

(5.7) +i(f*s + fp* +4fpf* + 465 f1 170,
(5.8) Fo = Aggh?,

where

(5.9) Aop = € (Aup + 2ifap — 4ifafs),
we have

(5.10) d0> = 6P N Gp®™ + 6 N7,

(511) UDQ'B'+J)B'Q :dhaﬁ’

(5.12) 7oA By =0,

and therefore wg™, 7" are the Webster connection forms for 9.

PROOF. First, an easy calculation shows that wg® and 7*, defined by (5.7) and
(5.8), satisfy (5.11) and (5.12). Differentiating (5.5),

df> = ef (f50° N 6% + f50° NO% + fo A B + 2ifg f20° N O
(5.13) +2if5f*0P N O+ 0% Nwg® + O AT + 2Zsf*0° NG
+2iZ5£20° NG — 2f6° N 6p).
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On the other hand,
05 Nig® = el (0° Nwp™ + 2f30° N O™ — 2f%0° A B + £,0% AOT — f19% A D,
+i(f% + fsX)0P N0+ 4ifs f0P NGO+ 4if,f16% NG
+ 20PN ws® + 4ifBfRO NO* + 2ifF O NO)
mod 8 A 7
el (0P Nwp® + f30° NO* — 21205 NOg + f<0T AO™ + 2if50° A O
~ fob* A0+ 2if3f%0° A O — 2ifPws(Z,)07 A B)
mod 8 A G

il

=df* modf A7,

where we have used (4.6), and the fact that f®3 = Zgf* + fw,*(Zs), which
follows from (4.2).
To prove (5.10), therefore, it suffices to show that A%, defined by (5.9), satisfies

A°g = 2d0°(T A Zg).
We observe first that
(5.14) T=e (T +2f2; - 2f2,), Zz=e'Z;
and so, using (5.13),
2d0°(T A Zz) = 2~ d6*(T A Zg + 2f7 25 A Z5 — 2if V2, A Z)
= e (2if* f5 - 2if5f* — 2f wy*(Z5) + r*(Z5) — %Z5f* + 4if* f5)
= e (A% - 2ifo5 + 4if* f5) = A°5,

which proves (5.10). O
Next we calculate the transformation law for the Webster scalar curvature R.

(5.15) PROPOSITION. The Webster scalar curvature R associated with 6 =
€20 is
R=eY(R+2(n+1)Asf —dn(n+ 1)fo f%).

PROOF. From (5.7),
Ba® = wa® + (0 +2)(fad® — f50%) +i(f57 + fu® + 4(n + 1) faf )8,
disa® = dwa® + (n + 2)(f,50° N O% — f3,0% A 6P)
+i(f5% + fa® + A+ Dfaf*)d0  (mod 8™ A G707 A67,0),
R=Trido,” = e (R~ (n+2)(fa® + f57) — nlf5° + fu© + 4(n + 1) faf*))

=e " (R+2n+ 1)Apf —dn(n+ 1) fof*). O

The transformation law for ¢ is now easy to compute.
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(5.16) PROPOSITION. With § = /9 as above, the 1-form & associated with 0
1s gwen by 3
& =0 +i(faf* — f50°) — 2faf0.
PROOF. Using formula (5.5) for 62, the (n + 1,0)-form
G = (deth,z)/?G A6 A--- A gn = 0S¢

satisfies the volume normalization (3.1) for §, and thus the canonical (n + 1)-form
¢ on C associated with 4 is

§ =g = et

where ~ is the same fiber coordinate as before. Thus

5= o YiaBn 1 s

a—n+2(d’7+zwa 5h*Pdh,5 ———2(n+1)R0>

1 e o B sy B .

—_n+2(d7+“*’a +i(n+2)(fab* - f30°) = (fa® + f5° + 4n+ 1) fo f*)8
1

—%haﬁdhaﬁ s B A+ DA —dn(n+ l)faf")9>

=0+ i(fab® — f50°) — 2faf0. O

(5.17) THEOREM. If g s the Lorentz metric induced by = €2/, then § =
e2fg. Thus the conformal class of g is a CR invariant of M.

PROOF. By Proposition (5.16),
§=6%0,+20-5
= e (0% -0, + 2020 0, — 2ifa0 - 0% + 4f £, 67
+20- 0+ 2faf - 0% — 2050 - 6F — 4f. f20?)
=efg. O

It remains to compare the metric g with the metric G defined extrinsically for a
hypersurface M in C**! by Fefferman in [5]. Since both G and ¢ are well defined
up to a conformal factor, it suffices to compare G and g for one particular choice
of pseudohermitian structure 6.

Suppose M is embedded as a hypersurface in C**!. The restriction of the
canonical bundle Kgn+1 to M is naturally isomorphic to the canonical bundle K of
M, and the section dz'A. - :Adz™t! of Kgn+1 restricts to a nonvanishing section ¢p of
K. Writing any section of Kgn+1 as 20dz! A---Adz"t! defines 29 as a holomorphic
fiber coordinate on Kcn+1. Then v = arg 20 gives a fiber coordinate on the circle
bundle K¢&.../R*, which restricts to a fiber coordinate on C = K*/R*.

Fefferman demonstrated the existence of a smooth defining function u for M
which satisfies the complex Monge-Ampeére equation

u du/dzF

5.18 J(u) = (=1)"*1 det . -
(5.18) W=D ¢ Ou/8z8 8%*u/dz1dz*
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to second order along M. The Fefferman metric of M is then the Lorentz metric
on C given by

G=

821/, _7 E Z -
azjazzdz dz" + e (Ou — du) - d,
which obviously depends only on the second-order jet of u along M.
We give M the pseudohermitian structure defined by 8 = 7(9u — du)/2, and let
g be the Lorentz metric on C induced by 8, defined by (3.7).

(5.19) THEOREM. G =g.

PROOF. A calculation shows that the (n + 1,0)-form ¢ = dz! A -+ A dz™T!
satisfies the volume normalization (3.1) with respect to 6 if and only if u satisfies
(5.18) along M (cf. [4]). F. Farris showed in [4] that the Lorentz metric

2 1
:L — . 2
go=Lo+ =50 dy+ —aqb",

in which o, € C®(M) is defined by

(5.20) d(T']s0) A (T]3o) = iag, 0 A (T o) A (T]%0),
agrees with the Fefferman metric G. Thus to prove that ¢ = G it suffices to show
that
(5.21) o= ! dvy + ! o, 0
n+2 2(n+1)

for this choice of 6.

Writing the canonical (n + 1)-form on C as ¢ = €'7¢y, and using the fact that ¢
is closed, we have d¢ = idy A ¢. Thus (5.21) satisfies the first normalization (3.5).
To see that it also satisfies the second, we calculate:

ﬁago, n= ei’y(TJS'O),
dn = €(idy A (T o) + d(T |0)),

and therefore the second normalization (3.6) for this ¢ is equivalent to

Trdo =

n+ 1)(n + 2)

N (rhl%d%L 2(n1+ 1)°‘€°9> A (idy A (T Jg0) + d(T ] o)) A (T [So)

agedy NI A (Tg0) AT So)

= Ly A d(TJ0) A (TJGo) + s A dy A (L)) A (T0)

)
2(n+1)
or
tgdy A O A (T]g0) AT [So) = dy A d(T o) A (T JSo)-

But this is just the wedge product of equation (5.20) with d~, which proves the
result. O

It follows from the above proof and from the arguments in [4] that (5.21) satisfies
(3.5) iff u satisfies (5.18) along M, and satisfies (3.6) iff u satisfies (5.18) to second
order. This is the sense in which the two normalizations of o correspond to the first
and second formal power series solutions to the complex Monge-Ampere equation.
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6. Curvature of the Fefferman metric. In this section we use the charac-
terizations of the Fefferman metric introduced in §§3 and 5 to compute curvature
invariants of the metric in terms of pseudohermitian invariants of M.

We begin by comparing the Laplace-Beltrami operator (J of g to the sublaplacian
Ay. Since g is invariant under the natural S! action on C, [ pushes forward to
an operator 7,[1 on M in the following way. For u € C*°(M), we set (m.0)u =
O(n*u), which descends to a function on M since m*u is constant on fibers of C
and (J is S!'-invariant. Then we have the following result:

(6.1) PROPOSITION. m.[J=2A,.
PROOF. Recall that O is defined on functions by

[ O = [ i

for all v € C*(C), where u denotes the metric volume form on C. Let ¢ be
a volume-normalized (n + 1,0)-form on M, so that ¢ = e*¢ is the canonical
(n + 1)-form on C, and ¢ = 6 A df"~1. We claim that u = c,dy A 1) for some
universal constant ¢,. If {§*} is an admissible coframe in which h 3 = é_ 5, then
V=1""ROAO A AP AGLA - AGT.

From formula (5.2) for g it follows that {Re §*,Im§*,2-/2(+0),2"1/2(6—0)}
is an orthonormal coframe for g, and so for some universal constants by, ¢,

p=bag AOAOLA - AP AL A A O™ = cpdy A

Let {N,W,,Wz, X} be the dual frame to {#,6%,6%,0} on C. Note that & =
S/(n+2), and N is the unique lift of T such that Lg(N, N) = 0. The dual metric
g*togis g* =Ly + 2N -X. Thus for u € C®(M), v € CX (M), g*(r*du, 7*dv) =
L§(dpu,dpv), and so

1
/M((mm)u)w - /C (O w)r*7dy A
= % /Cg*(ﬂ'*du,ﬂ*dﬁ) dyny = 51%- /C L;(dyu, dyv) dy At

- / L3 (dsu, dov) s = 2 / (Apu)pw. O
M M

We turn now to the scalar curvature. Let K denote the scalar curvature of g on
C, and R the Webster scalar curvature of § on M. Note that by the S! invariance
of g, K is constant on the fibers of C, and thus descends to a function 7, K on M.

(6.2) THEOREM. m. K =2(2n+ 1)R/(n+1).

PROOF. This will follow from Theorem 6.6, but we present here an easier proof
using invariant theory.

Suppose § = €2/8 is a new pseudohermitian structure on M. A standard cal-

culation (cf., for example, [1]) shows that, under the conformal change of metric
g = e*fg, K transforms by

K =e (K +2@2n+ 1)O(x* f) — 2n(2n + 1)g* (x*df, 7*df))
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(recall that dim C = 2n + 2). On the other hand, Proposition 5.15 shows that
R=e"Y(R+2(n+ 1)Asf — n(n+1)Li(ds], df)).

Consider the function Dy = 7. K — 2(2n + 1)R/(n + 1), defined on M for any
pseudohermitian structure §. Then Proposition 6.1 and the above calculations
show that if § = €2/8, D; = e=2/Dg. In other words, the assignment 6 — Dy
determines a scalar invariant of the CR structure of M (of weight 2). We will show
that Dy is identically zero, which proves the theorem.

Using the Moser normal form [3] for M at a point p € M, we can embed M locally
in C™*! with coordinates (w = u+1v, 21,...,2") such that M is approximated to
arbitrarily high order at p by the power series

0=p(w,z2)=—v+|z2 + Z ZaABmzAEBum,
[Al,|B|>2 m

where A, B are multi-indices. The coefficients a4, are determined up to a finite-
dimensional symmetry group by additional normalizations. Since Dy(0) depends
only on the value of 8 at 0, we can calculate it by choosing any normal form with
6 =1i(3p— Op)/2 at 0.
We note first that the vector field T associated with # is determined by the
relations
T|00p=T|dp=0, TJ0=1.

Since ddp = Y, dz7 A d2? and dp = —dv at 0, one can verify that the Taylor

coefficients of the components of T in terms of {9/9u,8/0v,0/027,0/027} are
given by polynomials in the aspm. We can take {§* = dz* — (T2*)8} as an
admissible coframe. With respect to this coframe, the Taylor coeflicients of the
connection forms w,? and curvature forms I1,# at 0 are again given by polynomials
in the aapm. It then follows from the discussion in §§4 and 5 that the values of
R and K, and thus also of Dy, at 0 are given by a universal polynomial in the
coeflicients a 4gm.

Now the coordinate change w = e
the normal form

. I . ~A=B -
p=—v+|3%+ E ZaABmzAz am

22 A

w, 2 = ez, with A a real constant, yields

|Al,|B|>2 m
— 62)\ v+ |Zi2 + Z Ze(|A|+|BI+2m—2))\aABmzA§Bum 7
|ALL|B|22 ™

|Al+IBI+2m=2)2g \ b 5o that § = e**p and

which shows we can take dapm = e~ (
§ = e2*4.
From the preceding discussion,
Dé(O) = P(ZLABm) = P(e—(|A1+|B]+2m—2)/\aABm) = e—zAP(aABm).

Since aapm = 0 for |A| + |B| < 4, this means that P can involve only the lowest-
order terms asBm, with |4] = |B| = 2 and m = 0, and P must be linear in these
terms.

Now the symmetry group H of the normal form contains the unitary group U(n)
acting on the z variables, and under this representation the coefficients a 4o with
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|A| = |B| = 2 transform as the components of a tensor of bidegree (2,2) on C™.
Thus by classical invariant theory, the only nontrivial linear scalar invariant under
U(n) is the complete contraction

Z TR ho‘zﬁza(alaz)(ﬁlﬂﬂo'

But by the normalization conditions defining the normal form (cf. [3]), this trace
is already zero. Thus P is the zero polynomial. 0O

It is remarkable that, although the Fefferman metric depends on two deriva-
tives of the CR structure (as represented, say, by a coframe {6,6%}) and therefore
its curvature depends on four derivatives, its scalar curvature turns out, through
nonobvious cancellations, to involve only two derivatives.

Next we compute the connection 1-forms of the Fefferman metric. We will work
with the frame for the complexified tangent bundle CTC

(Xo0,.. s Xon41) = (N, Y1,..., Y, Y7, ..., V3, %)
dual to the coframe
(€0,..., €ty = (9,6,...,6™,6%,... 67, 0).

Let us write Z, = m.Yy € T1 0.
With respect to this frame, the metric is represented by the matrix:

|0 0 3hg O
1 0 0 0

(Here and in the remainder of this section, we let lower case Greek indices run from
1 to n, lower case Roman indices from 0 to 2n + 1, and write @ = a + n.)
The Levi-Civita connection (#;*) of the metric is determined by the structure

equations
(6.3) A&’ = €* N,
(6.4) é5' ok + bk’ = dgjk.

(6.5) PROPOSITION. The Levi-Civita connection of g s given b
Y
0 o —id® 0
@)= | e O 0 40
’ -0z 0 ¢ —iom
0 08 —168 0
where

30® = daP = wo® +iKoP0+ 1680, 00 =1Aayl + Koxb + Cob,

1 1 2 i
K= ——' - — ——Rh - =" —_
a8 49 (Raﬁ 2(n + 1)Rha3)’ Ca n+2 <W°‘ + 2(n + 1)Z"R> k

Wo =Wph, = WP .
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Here Aaﬁ,,Ra/—j,R, and Wob., are the pseudohermitian invariants defined in (4.4),
(4.7) and (4.8).

PROOF. The fact that (¢,*) satisfies (6.4) is a straightforward matrix calcula-
tion, using (4.2) and the fact that K 5 = Ksa = Kp,,.
To verify (6.3), we compute

€A ¢0 =6 %aa — 6% A %95 = ih,50% N 6P = db,
E NP =0 Ao +0% A 6o + 6% A g + o A 6P
=0 Ni(—iAP507 + KB 07 + CPY)
+6% A (wa +iKoP0 +1680) + o A 167

=0 Nwo? + O A TP = db”,

J 2n4+1 _ ga 1 _qge _Z_ .
&N, 0% A 500 — 0% A 503
1 a o] l o Yy v a 1 a ~

_§Aa79 NG +§Kcﬁo NG +§Ca9 Ae—éAﬁe A6

- -
_§KE'10 /\0’7—5050 NG

= iK% 07 + 5Cal® N0 - = Cat™ 0.

On the other hand, from (5.3) and (4.7),

1 (., .
da—n+2<zdwa ~ 3 +1)dR/\@ n T )Rdﬁ)
1 1
a ~ e _ e o4
n+2<zRa.70 ANOY+ W0 NG — Wz NG — —-2(n+1)ZaR0 Y’
1 N T

= iK,=0% A 67 + lcaoa = lcaea 8.

So d¢2nt1l = dg = &7 A ¢;271, and (¢,%) satisfies (6.3). O

Finally, we state the followmg formula for the Ricci tensor of the Fefferman
metric. The proof is a very long and laborious calculation based on Preposition
6.5, and is omitted here.

(6.6) THEOREM. The Ricci tensor of the Fefferman metric is

p= —+ - Rg+n7 - (0 +C,f) + nd7 - (05 + C50) + 2na? + \§?
where
3 4 1
=2K 5K —24,54%% + —_ImA,p*? — ——— AR
A B 2Aap A% + S Im A, mrDm+oF

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use




THE FEFFERMAN METRIC 429

This result yields another proof of Theorem 6.2, simply by contracting p;i with
95k-

This expression for the Ricci tensor shows, for example, that the Fefferman
metric is never Einstein. It is hoped that the simple relationship of the Ricci tensor
to the pseudohermitian invariants of M will contribute to a better understanding
of the geometry of the Fefferman metric.
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