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SVAZEK 23 (1978) APLIKACE MATEMATIKY ¢IsLo 6

THE FINITE ELEMENT SOLUTION OF PARABOLIC EQUATIONS

Joser NEDOMA

(Received February 24, 1977)

In papers on solution of parabolic differential equations by the finite element
method, error bounds are derived either in the case that the union of finite elements
(straight or curved) matches exactly the given domain (e.g. in Zlamals papers) or
in the case of curved elements which do not cover, in general, the given domain (e.g.
in Ciarlet-Raviarts papers). In the former case the error bounds are given for fully
(i.e. both in space and time) discretized approximate solutions. In the latter case the
numerical integration is taken into account; however, the error bounds are given
only for semidiscrete (not discretized in time) approximate solutions. Error bounds
introduced in this paper are given for fully discretized approximate solutions and for
arbitrary curved domains. Simplicial curved elements in n-dimensional space are
applied. Degrees of accuracy of quadrature formulas are determined so that numerical
integration does not worsen the optimal order of convergence in L,-norm of the
method.

1. NOTATION. THE CONSTRUCTION OF FINITE ELEMENT SPACE.
ISOPARAMETRIC INTEGRATION

The norm and the scalar product in the space I*(A4) is denoted by |-{, , and
(*, *)o,4 respectively.
H™(A) = W{(A4), m = 0,1, .... Here W{™(4) is a Sobolev space with the norm
ol*ly
lolwyomeay = V(X [ D][3,4), where D*v = e
|a[Zm OxT' Ox%* ... Ox3"
We denote

]lez(""(A) = \/(HZ HDJUH&A) > H”HmA = HU”WN"NA)’ l”lm,A = l”le<m)(A) .

=m

Hg(A) is the closure of the set Ci'(A) (i.e. the set of infinitely differentiable functions
with compact support in A) in the norm ||-||; 4. H™'(A) is the space dual to Hj(A)
(with dual norm).
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L*(H™(A4)) is the space of all functions o(x, 1), x = (xy, ..., x,) € 4, te [0, T]
such that v(x, t) e H"(4), V1€ [0, T] and the function [v(x, )|, « is bounded for
almost all 1 e [0, T]. We denote

”U”LM(H'") = vrai s“]P ”””m,A-

In the same way as in [1] we define the k-regular family {e}, of simplicial iso-
parametric finite elements e in the following manner:
We are given

N
(a) A set £ = U {4} of N distinct points from R” such that its closed convex
i=1

hull T'is a unit n-simplex.

(b) A finite dimensional space P of functions defined on T with dim P = N such
that £ is P-unisolvent, i.e. the Lagrange interpolation problem'): “Find pe P
such that p(d;) = a;, 1 £ i £ N” has a unique solution for any real numbers «;.
We suppose P e C**1(T), P o P(1). Here for any integer r = 0, P(r) is the space
or restrictions to T of all polynomials of degree <r in n variables £, ..., £,.

N
(c) AsetZ = {J{a;} of N distinct points from R".
i=1
Then the simplicial finite clement e e {e}, is the image (i.e. e = F(T)) of the set T
through the unique mapping F, : T — R" which satisfies
F,ep", F(d)=a;,, 1Si<N.
We suppose

(d) For all h, the mapping F, is a C***-diffeomorphism and there exist constants c;,
0 £ 1 £ k + 1, independent of h, such that for all h:

(1) supmax [D*F (%) S b, 1S1sk+1
ReTla|=1
and
2 o<tz (2] S coh”,
Co

where J (£) is the Jacobian of the mapping F, at the point £ € T.
With every element e we associate the finite dimensional space P, (with dim = N)
of functions

(3) P,={p.,:e—>R; p, = pE;"), Vpe P} .
The e-interpolate n,u of a given function u : e — R is the unique function which

satisfies

(4) rueP,, wou(a;)=u(a;), 1Si<N.

1y The analogous analysis can be given for Hermite interpolation.

409



For a k-regular family {e}, of finite elements the following interpolation theorem is
true (see [1], Theorem 2, p. 429):

Interpolation theorem.

Let a k-regular family {e}, of simplicial finite elements such that P(k) < P be
given. Let

n
5 k>=-—1
g :

Then for any integer m such that 0 £ m £ k 4 1, there exists a constant ¢ in-
dependent of h such that for any e e {e}h and for any function u € H***(e) we have

(6) Iu - 7."-eulm,c é Chk+1_m“““k+l,e

We define now a k-regular trtangulatton €, of a set Q:

Let Q be a bounded domain. Let ©, be the union of a finite number of simplicial
finite elements e = F(T). Every element e is determined by N points a;,. We sup-
pose that all points a; , belong to @. The family of elements constructed in this way
is called a triangulation of Q (or of ©,) and is denoted by %,. We say that a triangula-
tion €, of Q is k-regular if the family of all elements from which the triangulation is
formed is k-regular and if for the boundary elements (i.e. for elements e such that
e ¢ Q) of the triangulation %, we have

(7) max [y = $(y')] = A

where ¢ is a constant independent of i and the notation is that of Fig. 1.

x?”"
o f Ry
DQ:;,,&Y(#)
o ‘;yt’(g'h’gfv”" ?”"'"‘)
e
Fig. 1.

With a given k-regular triangulation %, we associate the finite dimensional space V,,
of functions v defined by

(8) V, = {ve C%Q,); v,e P, forall ee%,, v =0 on 0Q,},

where v, is the restriction of the function v to the set e.
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In our paper we suppose that P = P(k). This restriction is not essential. It enables
us to give simpler proofs.

Let ®(x) be any function defined on the clement e. Then the function @(F (%)) is
defined on T In the sequel we will denote it by @*(%).

Let us suppose that we have at our disposal a quadrature formula of a degree d
over the reference set T, In other words,

9) j ®*(2)d% is approximated by Y'd, 9*(b,)
T r

for some specified points b, e T and weights &, which will be assumed once and for
all to satisfy
(10) b, > 02).

Concerning b, we suppose that for every r, b, lies either inside T or it coincides with
some of the points 4.

With the quadrature scheme (9) we associate the error
1y B(o¥) = j B4(2) d% — Yo, 0*(5,) .
- T r

Using the standard formula for the change of variables in multiple integrals, we find
that

(12) f @(x)dx is approximated by Yo, ., &(b,.),
e r

where

(13) w,. =&, JJ(b,)%), b,.=FJ(b,).

We see that the quadrature scheme (9) over the reference sct Tinduces the quadrature
. scheme (12) over the finite element e, a circumstance which we call “isoparametric”
numerical integration. With the scheme (12), we associate the error

(14) E(®) = _[ B(x) dx ~ Yo, 9(b,..)
so that we have '

(15) E(®) = E(9*J,) and E(0*) = E(@J]").

2) This assumption is by no means necessary but it yields simpler proofs.
3) We may, and will, assume that the Jacobian J,(X) > 0 for all X €T'.
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2. FORMULATION OF THE PROBLEM
Let x = (x4, ..., x,) € R". Let Q be a bounded domain in R". Let functions g(x),

gi/(x), i,j = 1,...,n defined on @ and a function f(x, 1) defined on @ x [0, T] be
smooth enough. Let

(16) g:(x) = g;(x), g(x) = go (= const) >0, VxeQ

o (909 17)

be strongly elliptic, i.e. there exists a constant g, > 0 such that

and let the differential operator

(17) L==_i

(18) ¥ giy(x)&&; 29,y & forall xe@ andforall (& ...&)eR".
i,j=1 i=1 :

L=

Let a(u, v) be the bilinear form corresponding to the operator L, i.e.

du v
19 = ;— — dx
( ) a(u, D) o i,jzzig J ox, 8xj
We study the following problem:

Find a functton u(x, t) such that

(20) ue [(HYQ), %‘; e L(H (@),

(g % ’ U> + a(u, v) = (f) U)O,Qh 4 Vve Hé(Q) and 1€ (0, T] ’
t 0,02

u(x, 0) = ug(x) e IX(Q).

First, we discretize this problem by the finite element method with respect to x.
Let %, be a k-regular triangulation of the set © and let ¥, be the corresponding finite
element space. The union of the elements e from %, forms a set €, which, in general,
differs from Q. We extend the functions g(x), g;(x), uo(x) to a greater set @ > @ so
that the conditions (16) and (18) are satisfied (with positive constants g, §,). In this
way we obtain functions g(x), §,;(x), #i,(x). Obviously, for sufficiently small h
(21) Q<.

The solution u of the problem (20) is supposed to satisfy

. U oo prkes
(22) u,aeL(H Q).
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The validity of the assumption (22) may be assured by a sufficient smoothness of the
given functions and the boundary 9Q of the set Q. By the Calderon theorem, for
every 1 € (0, T] there exist extensions @(x, t), @, *) of the functions u, du[dt such that

{Ou

ot

(23) ||"7Hk+3,(l = C”“”Ha.n s |lﬁr|k+3,f’2 Sec

s

k+3,0

where ¢ is a constant indepzndent of h and of ¢ (it depends on Q only) .
Let us denote

(29) Fx 1) = 9(x) ‘11:_ -~ Ia,
where
LR d
(25) =3 (39 )-
_ ij=10x; Ox;

According to (20) we define now the following semidiscrete problem (sec [2]):
Find a functton uyx, t) such that

Ou

,
ot

(26) ug, —* e L2(Vi() »

~(X)Q'is,v + d(ug v) = (f, v)o.0n>, YveV,, te(0, T],
ot 0.9 ’

ufx,0) = ug eV,
where u, is an approximate of #,(x) and d(u, v) is the bilinear form

(27 a(u, v) = i e du v dx .

o =1 0Ox; 0x;

We named the problem (26) semidiscrete because it is discretized with respect to x
only. It is obvious that (26) is a system of ordinary differential equations with an
unknown vector function of parameter t. This suggests the way how to discretize
the problem with respect to t. We solve the system of ordinary differential equations
by v-step A-stabil method (for v = 1, 2) of order q. We divide the time interval
[0, T] into a finite number of mutually equal parts Ar. We introduce the notation

(28) " = Q)"‘(x) = <D(x, m At), m=20,1,...
for any function ®(x, t).
4) The identity #, = 617/81 is not supposed to be true.
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According to (26) and to the described way of the time discretization we define
the following discrete problem:
Find a function uy(x, 1) such that

(29) u; =V, forany t=0, At,24t,...,T,

v

(g(x) > ocju:','+ i D)oo, + At a( Z [fjuf,""'j, v) =
)

=o
v
=AY BiS" 0o, YoEV,, m=0,1,..,
50
uy = ugeV,.

1t is casy to prove that the problem (29) has one and only one solution. This solution
can be considered an approximate of the function @(x, 1).

Since it is either too costly or simply impossible to evaluate exactly the integrals
(*, *)o.a,» a(+, <), we must now take into account the fact that approximate integration
is used for their computation. For this purpose we use the isoparametric numerical
integration, i.e. with agreement with (12) we replace

(30) (W, 2)o.0, = (W, 2)y,  d(w, z) = ayw, z)

where

(3]) (W, Z),, =3 >Yw,, w(b,’e) Z(b,,e) s
eety r

00 ale) =3 Ton] 3 oulb) 2 Ee]

ecr, ij=1 Ox; 0x;

(in (32) g,; is written instead of §;; because b, , € Q for sufficiently small h).
According to (29) and (30) we define the following problem:
Find a function w(x, t) such that

(33) upeV, for t=0, d1,...,T,
(9(x) Zoo‘juzl+j> o)y + At ay 3 By v) =
i= =0

=A41(Y. B;/" I, v)y, VoeV,, m=0,1,...,
i=o
ud =u,eV,.
The aim of the paper is to derive error bounds for
(34) A=u(x,1) —ux,t) for t=0,4t..T

in the norm || 0na,-
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3. THE THEOREM ON RITZ APPROXIMATION
A function n(x, 1) e Vj(V;, = H{(Q,)), Vi € (0, T] such that

(35) () @5 v)o g, + aln(x, 1), v) = (J(x, 1), v)o0,» VvEV,

is called the Ritz approximation of the function #(x, ).

Let us prove that the function #(x, t) is an orthogonal projection onto ¥, of the
function #{x, ) in the energetic norm given by the bilincar form d(-, +), i.e. it satisfies

(36) i@ —nv)=0, YoeV,.
Really, (35) implies

a(n, v) = (f = gy, v)o,0, -
The Green theorem together with (24) yield
a(i, v) = —(Li, v)o 0, = (] = 318, 0)o 0, -
The aim of this chapter is to estimate the norm
) Jas, 1) = (s, sy i = 0,1

In the sequel the constants independent of k and ¢ will be denoted by ¢. The notation
is generic, i.e., ¢ will not denote the same constant in any two places.
From (27) and (18) it follows that

(38) a(v,v) = §4|v|} 0., Voe HY(Q,).
The continuity assumption and the Cauchy-Schwarz inequality imply
(39) |a(z, )| £ clz] i .o t)1.00s Yz, veHN Q).

Let ve H**!(Q,) and let %, be a k-regular triangulation of Q. Let m,v be the function
which is equal to 70 on every element e € €. Here m,v is an e-interpolate of v (see
(4)). The inerpolation theorem (sce (6)) implies

N

l” _ ne’)\z < Ch'z(k-m—m)nv

fites 0Sm<k+1.

Hence e

(40) lo = mvli0, < holissa,
Obviously i = mu = 0 on 0Q,. Hence

(41) miieV, forany te(0,T].

From (38), (36), (41) and (39) we obtain
i — 02 g, < cald —n, @t — 1) £ ca(ii — md, d — mi) £ clii =m0, -
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From here and from (40) it follows
(42) i — nly0, S ch*|d]isy.0,, Ye(0,T].
Let us denote

(43) o, ) = { i(x. 1) — n(x, 1) ?2; ve ?; .

For any 1€ (0, T] we solve the homogeneous Dirichlet problem
(44) —Lo(x, 1) = y(x, 1) in Q, &x,1)=0 on 0Q.
If 0Q is smooth enough then
(45) ® e Hy(Q) n HYQ),
()20 = c|¥loa = cl¥lon = c[¢oe.
|2]2.0 = cl@ — nfoq,, vte(0T].

Using the Calderon theorem we extend the function @ from Q onto €. In this way
we obtain a function ® € H*(Q) such that

[8]20 < |20
From here and from (45) it follows
(46) (22,0, = clla - 10,00 -

Let {(x, ) be the orthogonal projection of @(x, ) onto the space V,(€2,) in the ener-
getic norm. Then in the same way as in (42) we get

|8~ (|10, < ch| @], -
From here and from (46) it follows
(47) |8~ {10, S chlli = 1o q, -
It is easy to verify that ( + L& = y + L& on Q)
(48) & = n|3.0, =J (@ — n) (¥ + L&) dx ~J§ (& — n) L& dx.
Q-0 25
The Green theorem (1 = 0 on 0Q,) yields
(49) | -J' (a\n)mdpa(aw,a)-f 2245
2 o0, 6v
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Since { € V;, we get from (36) @(@ — n,{) = 0,i.e. a(d —n, ®) = a(d —n, ¢ —~ {)
From here and from (49) and (48) it follows

f (=) (4 + L) dx

J i
o0,

Before estimating the expressions on the right hand side of (50) we introduce some
lemmas and notes.

(50) i —n)2a, < + |a(@ —n, & - 0)| +

(3]

+ -dS|.

D ‘

) |

v

Lemma 1. Let %, be a k-regular triangulation of Q. Let v(x,t)e H'(Q), Vie
€ (0, T] and let

(51) Wy, yemt)=0 on 0Q
(for notation see Fig. 1). Then there exist a constant ¢ such that
(52) 1of0.00-0 = ch* ™|t} 1 0,0 -

Proof. From (51), from the Schwarz inequality and from (7) it follows

2

Yro By Vn ) 2
(53) Jo(y's v 1) = J ) 4ol < |y - () J. <§—L{)> d:l <
vy OV W) 0V
capertl [ (?v(y’azt)y dd
B | v OYn

By integrating (53) and summing over all the boundary elements e € %, we obtain
(52).

Remark 1. The proof implies immediately that the assumption (51) may be re-
placed by the assumption

(51) oy, vy 1) =0 on 0Q,.
Remark 2. (53) yields immediately the inequality
(54) [o(x, )] £ B Yoy 005

valid for every x € 02, (under the assumption v = 0 on 0Q).

Lemma 2.
(55) Iolo.s0n < cllvlli,0n. Vo H(Q).

Proof. Lemma is a consequence of the proof of Theorem 1.2, p. 15 of [3] and the
inclusion Q, < Q for all h.
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We estimate now the expressions on the right hand side of (50).
The Schwarz inequality gives

(56)

From (46) we get

[ @m0+ E9@ = 1~ aloa ol + IFoaa.

[+ L8lo0,-a = [V + L8|o0, = [V]o0, + [ Lo, <
= [Wloon + ¢|Bla0n = [Wo0n + c[@ = 1o,
From here and from (43) it follows that
(57) W + L&|o,0,-a = ¢ = o0, -
From (38), (36) and (39) we get

7]} .0, = caln,n) = ca(d@,n) < c|dl o, |10, -
Hence

110, = i -

From here, from (52) and from the Remark 2 (we remember 7 = 0 on 0Q and = 0
on 0£,) we obtain

”ﬁ - ’l”o,ﬂ,.—ﬂ = Hﬁ“o,gh—n + H”I“o,nh—rz =
= Chk“‘{lﬁlx,gh—n + I’?il,o,,~n} = Chk“lall,o,,-

Substituting from here and from (57) into (56) we get
(s8) j (@ — n)() + L&) dx
Qp—R

From (39), (42) and (47) we get

é C}lk+llﬁ|[,gh ”ﬁ - r’HO,ﬂh .

(59) (@ = n, & = O] = & Malesr0, |7 = 10,0, -

The Schwarz inequality implies

.0 . 0P
(60) f i —dS £ |ilo 0, |—
20 (’}v OV 0,00n *
From (55) and (46) it follows that
(61) 99 <ec l@ <cy o <
av 00240 i=1 || 0x; 0,005 i=1||0X 1 0,

< ¢| Bz, = el - nlo.-
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Using (54), (55), (21) and the first Sobolev theorem (sce for example [4]) we get (we
suppose (5) to be satisfied)

“f‘Homh = J(Jon, & ds) = "thH Iﬁllvw,ﬁﬂo,mh = Chk“” lall.m,?zui,uh =

< ch* ! mes Q,,|1Z|1m;Z < CthHﬁ”Hz,?z-

Substituting from here and from (61) into (60) we get

(©2) J i 2% 4
o OV
(50), (58), (59) and (60) implies

(63) ”ﬁ - ’1“0,!2,, = CthrlHﬂHkJrz,?z .

From here and from (42) it follows that

= ('th”a”kH,?z ”17 - ’7“0.9;.'

[ = 10 = 5 = o + 17— sl S b illss + Ml

Hence
(64) la = nfie, = ch'afios.

Now we can summarize the results into the following

Theorem 1 (Theorem on the Ritz approximaton). Let u(x, t) be a solutton of the
problem (20) such that
(65) u(x, 1)e H**3(Q), Vie(0,T].
Let a triangulation %, of the set  be k-regular. Let Q, = G and let

n
66 k>-—1.
(66) :

Let ii(x, 1) e H"”(ﬁ), Vi e (0, T] be an extension of u(x, 1) from Q onto o /(oN=N0)|
such that

) (67) l’a”k+3,!~2 = Cl“””k+3,ﬂ

where ¢, is a constant (independent of h and t).
Let y(x, t) € Vy(,), Yt € (0, T] be the Ritz approximation of the function ii(x, t).
Then there exists a constant ¢ independent of I and t such that

(68) Ja—n

Proof. The inequality (68) follows immediately from (63), (64) and (67).

lion < " ufiys0, i=0,1.

Note 3. In Theorem 1 the number k + 3 can be replaced by the number k + 2
“in all places. Nevertheless in what follows we shall need the above formulation.
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4. ISOPARAMETRIC INTEGRATION

Now we derive some estimates of errors due to isoparametric integration which
was defined in (10)—(15). First, we give some technical lemmas.

‘Lemma 3. For any functions ¢ and  from the class C®'" the following
inequalities are true

‘Dll,---an ((/)l/l)’ < ¢ Z ‘D(ﬁx,....ﬁ,x) QDI tD(ll_ﬁzv-u,ﬂn"/}n) ,\l,[ ,

(69) B1=0,...,01
Bn=0,.. an
(70) [odlir < ez T ilofr - sup max (D)},
ji= al=i~-j

where ¢, and c, are constants independent of h and t.

Proof. The proof of inequality (69) is trivial. The inequality (70) follows from
(69) by simple calculation.

Lemma 4. For polynomials r, s on the reference set T the following inequalities

are true
(71) max [ D% < ¢, |r|.z »
T
(72) iz =i for jzizo,
(73) [rslie = o ‘Zolrl;j_f lsl- sz -
e

Proof. For the proof of (71) see [7], p. 356. The inequality (72) is an immediate
consequence of (70).

Lemma 5. Let €, be a k-regular triangulation of @,. Let J, be the Jacobian of
the transformation e = F(T), e € €,. Let J%»™ be a cofactor of J,. Then

(74) DA, = O(hlel+m),

(75) degl,’") — O(hla]ﬁ—nfl) ,

(76) D" (Ji) = (k1" .

e,

Proof. Using the mathematical induction the following assertion can be proved:
Let DPp, = O(hlsl+xs for s = 1,..., 7, [B] = 0,1,..., o) Then

(77 D195 --- ?,) = 0(h|a|+x1+...+u,) )
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The relations (74) and (75) follow immediately from (77). The relation (76) can be
easily proved by the mathematical induction.

Lemma 6. Let t*(%,1)e H*'(T), 1(x,1)e H**'(e), Vi€ (0, T], e€,, let @,
be a k-regular triangulation. Then there exists a constant ¢ such that

(78) IT*lkﬂ,T = ch™r2 ks l“fnk+1,c .

Proof. Lemma is an immediate consequence of Lemma 1 from [1], p. 427.
We introduce the notation

{(79) E(@) =Y E(®) (for the definition of E(®) see (14)),
ecbn
(80) [#lr = V(X *|os).
i=o
Lemma 7. Let
(51 W) BT,
(82) (&) be a polynomial of degree <k,

3(%) e **XT) be a function such that,
(83) D6 = O(h*1**) for 0= |u| £k + 1, x... integer.

Let d be the order of a quadrature formula on the reference set T. Then there exist
constants ¢, and ¢, such that

(84) ]E(Wé)l S e (i oo o™ W esy e + [ lersn) +
+ hdH[T]k,T(h_kl',blk+1,T + [V} s ’
0!// (f}z_ ) B k+1
®) IE< ‘‘‘‘‘ é)l =Y U PR G ] P S W T PP
2%, 0%, ’ SN

+ h“Z—kIT[LT(h_kllI/IHz,T + " ee2)}
Provided that

(81") ¥(%) is a polynomial of degree <k,

the inequalities (84) and (85) reduce to

(84 |EWd)| = e (B z|o, 2]V o0 + B [Ther [Wkr} »
’ A 0 + +3-k
(85) ,E(%é%a) < R e g [Blee + KMl p [ ]en)
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Proof. Obviously
(86) |E(10)| < |E(Wr(s — #9))| + |EQprao)

where #5 is the T-interpolate of the function §(%) (i.e. #5 e P(k), # &(d;) = 5(d;)).
The first Sobolev theorem (we suppose (66) to be true), the Bramble-Hilbert lemma
(shortly the B.-H. lemma) and (83) imply

(87) |E((5 ~ 20)| = Lw-m at = Yo, [w(6) «(6) (3(b,) ~ #5(6))] <

< H‘/f“o,'r Hé — ﬁé“o,T max ITI + ¢ max |1:| sup ’x//l sup ]5 - ﬁ()] =
T T T T
= cltfor [Wlkrrn [0 — #0)srr < clefoaltrfisr aldlirir =
< e o [ firsr -
Further,
(88) |E(yra0)| < |E(xad(y — #y))| + |E(xhSRY)| .

In the same way as in (87) we get
(89) |EGzro(y = #9)) < e[l [#0]is 12 [Whers -
From the B.-H. lemma and from (83) it follows that
|#6],2 S |86 — 8]0 + |80 S c|Sisrp S+ Y, 0SS k+ 1.
Hence
(90) |#6];,0 < .
Substituting (90) into (89) we get
(1) | |E@as(y — m))| = ch*efon [blersn-
From 1hé B.-H. lemma, from (73), (90) and (70) we conclude

(92) |E(cromyp)|? < cleromplie, o <
a+1 2k .j
< O [ 80y < BT B Y (ol [0l
=0 j=0 i=0
It is easy to verify (we use the B.-H. lemma and the notation introduced in (80)) that
2k o k ; i 40,12
S S lelie #fise = (X h i) (50 0li) <
<o i=o i=o i=o
k
< el {0+ W)
=
< [l e + [WERA}-
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Substituting this inequality into (92) we get

(93) |E(rrory)| < e ) o (h  Wlews p + Db Jer) -

From (86),(87), (88), (91) and (93) we obtain (84). The inequality (84') is an immediate
consequence of the inequalities (84) and (72). We prove now the inequality (85).
From (84) it follows that

ol '1’ 'a
| (ad/ dt ) §Chx{hk+l (% <h‘(k+l) ig + g‘{i >+
10%;ll0,7 ORilersr OXillkrr,r

W
0%,

+ hd+1 IVQT_] <h-k
0% der

while (80), (82) and (72) imply

L)
k+1,T 0%; £, T

017 2 k . a,[ 2 k. '
— | =Y h <Y _
[:5)?]:| i:z() ax"J i, T_i=0 ' I +1,T
k-1
- Z hZLlT'H»I P CZOIFZ‘ITlIZYT .
Hence
(95) I:g{l < Chhk“iflt.iw
A%

In the same way we get

(96) I:a—'l']kjé W ]ess,r -

axi

Substituting from here and from (95) into (94) we get (85). The inequality (85") is an
immediate consequence of (85).

We can now formulate the results concerning the isoparametric integration. We
remember that €, is supposed to be a k-regular triangulation of Q,. In the sequel
we assume that (66) is satisfied.

Theorem 2. Let w(x, t)eH"“(Q,,) v(x, t) € Vi(@,), V1 € (0, T]. Let the quadrature
Sformula given on the reference set T be of a degree

(97) d=2k—1.
Then there exists a constant ¢ such that
(98) [E(wo)| < B[ wllis 1,0, 0] 1,04 -
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Proof. (79) and (15) imply
(99) E(Wl)) =Y E(v*w*Je)_

ecbn

It is casy to verify that all the assumptions of Lemma 7 are satisfied for % = n (this
follows from (74)). Hence, the inequality (84) may be applied. When substituting
the inequalities (which can be easily derived from (78) and from the relation [v*]7 5 =

k
= |o*[d.r + _lez_Zi]v*liz,T):

(100) oo = ™[]0,

(101) W errr = ch™2 T
(102) [w¥lis 0 S eh™™2wlis i,

(103) [*r S ch 27 o], .,
(104) [ Jer = ch 2wl

into (84) and applying (97) then we conclude by simple calculation
Er0%)] £ el Do,

From here and from the Schwarz inequality (98) follows.

Theorem 3. Let b(x)e C*"Y(Q,), let u(x, t)e H**3(Q) Vte (0, T] be a solution
of the problem (20) and ii(x, t) be an extension of the function u(x, t) satisfying
the condition (23). Let n(x,t)e Vi(2,) be the Ritz approximation of ii(x, t). Let
ve V, and let the quadrature formula satisfy (97).

Then there exists a constant ¢ such that

(105) |E(bno)] = b Hlullrs flv]1 ., -
Proof. In the same way as in (99) we get
(106) E(bnv) = Y E(n*v*b*J,).
eebn

Evidently D°b* = 0(h"*!) and D*J, = O(h"* ). (77) implies D*(b*J,) = O(h"*1*l).
Hence, all the assumptions of Lemma 7 for % = n are satisfied. From (84’) it follows
that

(107)  |E@*ro*S )] = eh*{W Ho* o2 [n*[o,e + A [0 r [1*Tr)
while (78) implies

(18)  [v*o,r = ch™[olloes [n*]or = eh™2{[ln — a0 + [f@o.e} -
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It can be easily verified that

(109)  [n*lor = efln* = (et} Jr + [(me)* — @*ler + [#*]r} -

From (80), (72) and from the interpolation theorem (see (6)) we get

[ = (ret)* iz

IIA

h e — ()3 =

< ch 2 {g* — a*[5 . + [@* = (md)*|6.2} =
< ch | — a5 + PPETV)a|2 L)
Hence
(110) [* = (wei)*]ir < ™2 "M {|n = o + B a]lirs e} -

Analogously we get

k

(1) ) = e < ef(X A lmi - ]2 < e il
i=0

(12) [@er = b~ |a]

k,e ¢

If we substitute from (110), (111) and (112) into (109) and use elementary calculation
then we obtain

(113) [7*]er < ch™2 {07 0 — dflo,e + @] r.c) -
Substituting from (108), (103) and (113) into (107) and using (97) we get
(114) |EGroxb*d )| = e ol AR n = dllo,e + Jitflisr.e}

which together with (106), the Schwarz inequality, Theorem on Ritz approximation
(see (68)) and (67) yiclds

|E(byo)| < ch**Hol|s o, {h  n — @000 + [dllis 100} <
= b ol e, hlufissn + lufess.o)

and the inequality (105) is proved.

Theorem 4. Let all the assumptions of Theorem 3 be satisfied. Then there exists
a constant ¢ such that

.
(115) E(p 1%
Ox; 0

PEj

< ch*? 1Hu“k+3,ﬂ HUHJ,QA .

Proof. Analogously as in (106) the following relation is true

on oOv on\* [ dv\*
116 E{b—"=)=YE(b*{—=) [—]) J.].
(116) ( Ox; O0x j) eezm. ( <6x,-) (Ox j> e)
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From the rule on the composed function derivative it follows that

* / Op \ * Ap* (4,i) g0m.j)
(117) Iy EAwED J,) = Z g0t ot S S
0x;) \0x; Im=1 \ 0%, 0%, J.
(75), (76) and (77) implies
D(b*(JHD I g,) = o(hlt 2y

We may apply Lemma 7 (with ¥ = n — 2) to the expressions on the right hand side
of (116). From (85') we obtain in the same way as in (114)

* (1 i) y(m.j)
(118) ’ (0’7 Wty Je I ~~>

i ET O U ST TR P LN

From here, from (117), (116), from the Schwarz inequality, from Theorem on Ritz
approximation and from (67) the inequality (115) follows.

Before proving the next theorem, we formulate Lemma 8 which is an obvious
consequence of Theorem 3 from [1], p. 436.

Lemma 8. If the quadrature formula on the reference set T is of a degree d >
> 2k — 2 then there exists a constant ¢ such that

(119) ZwreZ(

i=1

L 0,) 2 olir Voep, ee,

(P, is defined in (3)).
We introduce the notation

(120) - i = 6 0.2 ol = o)
where the forms (-, *),, a,(*, +) are defined in (31) and (32).

Theorem 5. There exist constants ¢, and c, such that
(121) a) ¢ fvfon, S [tl, VeV,
provided the quadrature formula on the reference set T is of a degree d = 2k.
(122 b) ltlio, = ol Voe¥,
provided the quadrature formula on the reference set T is of a degree d = 2k — 2.

Proof. From (31), (16), (12) and from the fact that $ is a polynomial of degree
< 2k on T we obtain

ot 2 g0 X, min J, 0, () = g ¥ min J, J (o

echhn ecén T
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min J, min J,
2 9o Z T (U*)Z Ju dg = do Z T _J\ 0?2 dx
¢ . e

ee, Max J, ec€n Max J,
T T

From (2) it follows min J,/max J, = 1/cj. Hence
T T
2 9o g
bli 2% ¥ | ot dx = 2 o],
o eton ), :
and (121) is proved.

From (32), (18) and (12) it follows that

[l 2 0, Y Yo, [3 (bs,e)]z.

ceby r i=1 ﬁx,-

This together with (119) proves the inequality (122).

5. ERROR ESTIMATES IN ONE AND TWO-STEPS 4-STABLE METHODS

Let us recall the notation introduced in (28). As we said in (34) the aim of our paper
is to derive error bounds for

T

A’

IIA
IIA

(123) 14lo.0m0, = 11 = uillo.nans 1 <J

where u and u,, are solutions of the problems (20) and (33) respectively.
Let

(124) Wo=n

where #/ = 7(x, j 4t) is the Ritz approximation of the function &/ = i(x, j At) (we
remind that 4 is an extension of u satisfying the inequality (23)).
From Theorem on Ritz approximation we get

(129 10,00 = [1# = 10,0, £ ch*|ufiss0-

It is evident that

(126) |’ = willo.gne, = @ = wilo.0, = [Fo.0n + 07 = uiflo,,-
Hence it is sufficient to estimate error-bounds for

(127) e =n —uj.

From (35) we get

(128) a(n™, v) = (J" v)o.0, — (FA7, 0)o 0, Y0EV,.
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Hence

v

A a3 B 0) = AL " o, = A0 LB o

If we add (§ Y, 1™/, v)y g, to both sides of this identity and apply (124) then we get

i=0
(129) (g_zoaj”m+j’ U)O,Qn + At d('zoﬂmmﬂ’ v) -
J= Jj=
= Al(Zﬁ J‘"HLJ U)O,Qh + (HT - Wy, U)o,m,
where
(130) =g L (it — AP, o = g g

From (31), (32) and (79) it follows that
(131) (2, v)0,0, — (2, V) = E(z0), a(z,v) — a)(z,v) = (.i aijﬁﬂ)

From here and from (129) we get

(132) (g Xy o+ E@o Tag™) + At a2 fin o) +
j= = j=

+ AzE( Z (Zﬁ,‘”'m)) -
i,Jj=1 _I =0 OXi

= At(zoﬂffwj’ o) + AIE(”ZOﬂffm‘Fj) + () — @, v)o g, -
j= j=

If we subtract (33) from (132) and take (127) into account then we come to the
identity

(133) (9% g™, v), + At a, (Y Be" Y, v) =
j=0 j=0

v

=(a} — o), v)g 0, + A E(Y B;f"H) - E(gvz an™ i) -
i=o

n v m+1
—AtE<Z :f,_ on ), YoeV,.

ij=1 o Ox;

Let us denote

v

(134) AV = (g L oe™ i, Y B )y
: =) i=o

i=
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(135) BY = a, (Y pemtd, Y Biemty,
=0 i=o

(136) D'vn = (n'vn - o, ‘Zoﬁj£m+j)(),9;. >
j=
(137) Fy o= K Zoﬁ15m+jzﬁjfm+j),
i= /=0

(138) G = B Y L ™)

ji=0

n m+1 v a m+1

(139) Hrv" = E( z [ZBI Zﬁl :D

i,j=1 ax 1=0
(140) or = AIF'V" — Gy — At HY .

The identity (133) is true for all v € V,. Hence it is also true for

(141) Z en i

From this and from (134)—(140) we get for any s such that s 4t < T, s > v the fol-
lowing basic identity:

(142) Y A"+ AtY B = Y D"+ Y Q.
m=0Q m=0 m=0 m=0

Now, we estimate the expressions in (142) when one and two-step A4-stable methods
are used. From [11] and [12] it follows:

a) for one-step A-stable methods
(143) v=1, 0, =1, 00 = —1, B, =1 — 0, B =0, 0 <%} is any real number.
If 0 = 1 then the method is of the order ¢ = 2, in all other cases the method

is of the order g = 1.
b) for two-step A-stable methods

(144) v=2, o=0, o, =1-20, op=-1+6, B, =140 +3,
Bi=3—-25, Bo=%—-10+0, 024, 6>0.
From (134), (143) and (120) it follows that
A7 = (g™t — &), (1 — 0) """ + 0g™), =
= (L= O[T = (1= 20) (g2, o), = 0" =
z (1= 0) "l — 3(1 = 20) [ = 3(1 = 20) |&"5 — 0" =

— %|8m+llﬁ _ %1 m‘h i

(S
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Hence

m=0

From here and from (121) we have
s—1
(149 747 2 clelin, — %
For v = 2 we find out by simple calculation that (see [11])
%= (g(0e""* + (1 —20) ™"t + (=1 + 0) &™), (30 + 6)&""* +
+ (3= 20) "+ (330 +0) " =
=30 + 0) [e" 2[5 — (0 = D) [ i — 20 — 1)7 + o] [l —
— [0(9 . 1) + 5] [(gem-f—Z, Bm+l)h - (gem+1’ 8"‘)],] +
+ 80 — L) [emt? — 2 + &7
Hence
s—2 s—2
(146) X A3 = Y (3(0% + 0)[en i — (0 — D [e" 7 -
m= 0 m=0
=3[0 = 1)* + o] |e"]i -
—[000 — 1) + 6] (g™ "2, &™)y + [0(0 — 1) + 6] (ge™ "1, &™)} =

= SO 9~ 0~ 9 — {0~ 1 + 5| -

_’:2?{[9(0 — 1)+ 8] = [600 — 1) + 8]} (ge™* 1, &™), +
0+ )+ W] - 0 - D0+ R -
— 300 — D> + ][ + [e3] = [6(0 — 1) + 6] (g¢%, & 1)+

+ [0(0 — 1) + 6] (g¢", &%), =2 M — C]USOHI + ]s’fﬁ]
where

(147) M = 30% + ) |&']; + 3[(0 — 1> + 8] | —
— |9 & V(9 [00 — 1) + 8] e ")

Let us suppose first 6(0 — 1) + & = 0. Then (147) implies

(148) Mz 0% + 0) |3 .
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Let (6 — 1) + 6 # 0 now. Then using the inequality |ab| £ 4ta® + b?[27 for
t=1[00— 1)+ §*/[(6 — 1)* + 5] we get

g [00 =)+ 6 o
et oo O

s o 00 -D+T 70
LAl Ul v e L 2

Hence the inequality (148) is again true.
From (148), (146) and (121) we get

(149 3 A3 2 ol - el + D
Both the inequalities (145) and (149) can be written in the same way as
(10) T ATz elelia - alef + R v o L2,
From (135) and (120) it follows that

B = % pem i

From here and from (122) we get

s—

(151) Y Bl =y i Y B a,, v=12.
m=0 m=0 j=0
Substituting (150) and (151) into (142) we get
(152) e|e5 0, + €3 4t ZOI Zoﬂjg'”f fon S
m=0 j=
< ZJD'V"I + ZOIQH + o[l + e i, v=12.
* From (136) and (130) it follows that

(153) DY = |7 = oo.a,

1
D ﬁfﬁmﬂno.m =
j=0

1
= [nTllo.n + [@T]o.00] | .Zoﬁjc'"“‘f'“mh
f=
where
(159 B Ll - @ a1 - 0+ ow)],

of = g - &),



In the sequel we suppose additionally that
l
(155) 5_“6(33‘7’96 Lo(H(Q), I= 1. + 1
t

where g is the order of the method and u(x, 1) is a solution of (20). From the Calderon
theorem and from (154) we get

m-+1 m
(156) oo < ¢ |utt — um — ae((1 — )P 4 g% :
ot 0t [k+3.0
a) Let ¢ = 1 (i.e. 0 + 1). Then the Taylor theorem yields
oumtt ou™ 1 azum a2ui‘tz
wmtt — ™ — A{ (1 -0 +0-—) =>4 — (1 = 0) 4> ——.
<( ) ot at) 2 ot? ( ) or*
Hence
(157) (720, < ¢ 46 .

b) Let g = 2 (i.e. 0 = ). Then the Taylor theorem yields

m+1 m 3,,%3 3,,%a
umtt — ™ — At (1—6)—au —+991‘~ =—1—At3a—u-1At:’§—u»~.
ot ot ot 4 ot
Hence
(158) 7700, S c 4.

From (157) and (158) we conclude
(159) 7T lo.0, S cdt®™t.

From (154) and (124) it follows that

w?{l — g[ﬁm-kl —am - (qm+1 . V]“)] .

Obviously the function #™*! — #™is the Ritz approximation of 4™** — #™. Theorem
on Ritz approximation yields
m k+1], m+1 m K+ 1 ™
(160) lotlo.0n < ch***u — Uu™|y3,0 = ch*t At |— X
at k+3,2
Hence
(161) [ ]o.0n < ch**t At

(153), (159) and (161) imply

1
|DT| = ¢ A4t + B [ Y Biem o0, -
ji=0
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In the same way an analogous inequality may be derived for v = 2. Hence

(162) Sf[D:’] < cAf{Ar? + hk“)sf [ i,b’,»g"‘“”o,m, v=12.
m=0 m=0 j=0

From (140) we have
(163) ZOIQ’V"] < Ai ZOIF:“l + ZJG;’f[ + At ZOIH;"\ .
From (137) and (98) (supposing (97)) we obtain

|F,',"| < ch*t!

l Z ﬁj.fm+1”k+l,9h “ Zﬂj8m+jlll.ﬂh N

Jji=0 ji=0

From here, from (24), (23) and (22) we get

(164 LA ERTSS N D Fle
m=0 m=0 +j=0

(138) and (105) (under the assumption (97)) imply
(165) |GV] = el Zoo‘j”mH”Hs,O I Zoﬁjgmﬂux.m .
i= i=

We estimate now | Y, au™"||,,5 0 for v = 1. From (143) and (22) it follows that
Jj=0

ou’®

ot

1
(166) ti_z:()(xjum+ji1k+3»ﬂ = Hum+1 - u”k+3)9 = At é cAat.
j=

k+3,Q2

In the same way for v = 2 it follows from (144)
2
(167) [ X au™ irze = 02+ (1= 20) w4+ (=1 + O uiis0 =
j=0
< 0t — 0 g U= 0 [~ e S € 4t

Substituting (166) and (167) into (165) we get

|G| < ¢ At B+ iﬁjgmﬂu,,m, v=12.
j=0

Hence

(168) S (G < At HS | T B ] v
m=0 =0 j=0

I

1,2

From (139) and (115) it follows that

v v
Y] < et 3 B fssa | Z B v
j= j=
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Hence

(169) S HY| < Y
. m=0 m=0 j=0

j‘m+j‘|1,ﬂh .

Substituting (164), (168) and (169) into (163) we get

(170) LIV = cdt TR Y B, -
m=0 m=0 j=0

From (152), (162) and (170) it follows that

(171) 13,0, + 41 Z I Z B i, <
S (4(r 4 1) ] P B g, +
# AT S B+ T ) 5
S c{di(art + 1) S [, +

F AT Y B g+ [ + le 1o -
m=0 j=0

Using the inequality

2+_1_b2

(172) lab| £ >

Nl’—'

for 1/2t = 1/c we get

c At thmz::olj;Oﬂfemj"'"" < }; [ T At B2+ 1D _,_ Az] Z B; emti fﬁh} <

sy v

h“"“) + At Y| Y B, -

m=0 j=0

If we substitute this inequality into (171) then we obtain
s—-1
(173) I, = c{di(ar® + K1) [[e]o,0, + T [™]0,0,] +
m=0
+ h2(k+1) + Igoli + Iav—lli} .
Using the inequality (172) for T = ¢ we get

2
¢ A48 + 1) ], 0, < S AP(Ar 4 B2 4 Ly
2 R

c
2
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If we substitute this inequality into (173) then we obtain

(174)

&

Si

s—1
G o S A4 + Y)Y €70, + AP(417 + BT 4
m=0
+ WD )+ i)
When using the inequality (172) for 7 = ¢/2 we get

s~-1 s=1
c A4 + B Y €m0 0, S ¢ X {é‘c A4t + RFY)? 4 21 At Hs"‘”%lgh} <
m=0 m=0 T

.2
<7
4

s—1

(4% + WY+ Ar Y “e"‘“é,m.
m=0

From here and from (174) it follows that

(175) leo]2 g, < (4822 + B2EFD 4 |g0

P

s—1
)+ S [
In [9] (see Lemma 2.1, p. 396) the following lemma is formulated:

Lemma 9. Let @, ¢, y be nonnegative functions defined for t = jAt, j =0,1,...
..., M and let y be nondecreasing. If

s—1

(176) P+ P ety d", s=0,1,.., M,
m=0

where ¢ is a positive constant then

(177) D 4 P < e, s=0,1,.., M.

For the proof see [10].
Applying (176) onto (175) we get
[€°]].0, S c(4?9 + R2EFD 4 [07 + [e7717) 7.
Hence

(178) le]l0.0, S (41 + B+ + [0, + |7 1,)

Now we are able to formulate the result

Theorem 6. Let u(x, t) be a solution of the problem (20) such that u, d'ulot' €
e L*(H**3(Q)), 1 =1,...,q. Let %, be a k-regular triangulation of the set Q,
where k is a positive integer such that k > n/2 — 1. Let a quadrature formula on
the reference set T for calculation of the forms (-, -)o,ﬂh and @+, *) be of degrees
d =z 2k and d = 2k — 1, respectively. Let a given v-step time discretization
method be A-stable and of an order q. Let v = 1 or 2.
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Then the discrete problem (33) has one and only one solution w,(x, 1) and there
exists a constant ¢ independent of t and h such that

(179) [us — Usllo.0ne S (4t + B+ [0, +

Sv—l‘h) .

Proof. The existence and uniqueness of the solution u, is a conscquence of A-
stability and Theorem 5. The inequality (179) is a consequence of the inequalities
(126), (125), (123) and (178).

Remark 1. From (179) we see that L,-norm of the error is of a magnitude of the
order A1 (g = 1, 2) with respect to 4t and of the order h**! with respect to h.

Remark 2. According to our result, for 1-regular triangulation (i_e_ for linear
isoparametric elements) the quadrature formula on the reference set T for calculation
of the forms (+, *)y o and a(+, +) must be, in general, of degree 2 and 1, respectively.
It can be proved that using the quadrature formula

(180) J o(%) ds ~ Eenif [£(0,0,...,0) + ¢(0, 1, ..., 0) + (0,0, ..., 1)]
T

(which is of degree 1) for calculation of the form (-, - )y o wWe obtain the same estimate
asin (179). In this case the mass matrix is diagonal. In the ingeneering literature this
effect is called the mass lumping.

Remark 3. For the three-dimensional space the simplicial curved elements have
no practical use. For such case the theory using quadrilateral elements must be
developed. We are working on this problem now.
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Souhrn

RESENI PARABOLICKYCH ROVNIC METODOU KONECNYCH PRVKU
JOsEF NEDOMA

V dosud publikovanych pracich o FeSeni parabolickych rovnic metodou koned-
nych prvki jsou odvozeny odhady chyb budto pro pripad kdy sjednoceni koneénych
elementt (rovnych nebo kfivych) pfesné pokryvd danou oblast (tak je tomu napf.
ve Zlamalovych pracich) nebo pro pfipad kdy sjednoceni kone¢nych elementl
(kfivych) pokryvd danou oblast jen pfiblizné (tak je tomu napf. v Ciarlet-Raviarto-
vych pracich). V prvém pfipadé jsou odhady odvozeny pro plng diskretizovand (tj.
v prostoru i Case) piibliznd ¥eSeni. Neni vak brdana v uvahu chyba zpisobend nume-
rickou integraci. Ve druhém piipade je sice uvazovana i chyba zpiisobend numerickou
integraci, odhady jsou vSak odvozeny pouze pro semidiskretni (nediskretizovand
v Case) pribliznd feeni.

V této prdci jsou odvozeny odhady chyb pro plné diskretizovana FeSeni a pro libo-
volné kfivé oblasti. Jsou odvozeny pozadavky na stupefi piesnosti kvadraturnich
formuli tak, aby numerickd integrace nezhorSovala optimalni fdd konvergence v L,
normé dany metodou konecnych prvkt. Obdrzeny vysledek je ndsledujici: JesiliZe
metoda kone¢nych prvki je fddu k + 1, potom k tomu, aby se numerickou integraci
fdd nesniZil, je tfeba pouzit pro vypodet integrdall, ve kterych vystupuji samotné
funkce, kvadraturnich formuli stupné ptesnosti asponi 2k a pro vypocet integrdli,
ve kterych vystupujf derivace funkci kvadraturnich formuli stupné pfesnosti aspon
2k — 1.

Prdce je rozdélena do péti ¢dsti. Vprvé ¢dsti je konstruovan prostor konecnych
elementt. Vychdzi se zde z isoparametrické tfidy simplicidlnich elementl definované
Ciarletem a Raviartem. Divodem k tomu je, Ze bylo tak mozné beze zmény pfrevzit
interpoladni teorém odvozeny té€mito autory. ObdrZené vysledky lze odvodit i pro
jiné elementy, pokud ovSem zistane zachovdna platnost interpolaéniho teorému
ve tvaru uvedeném v (6).
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Ve druhé &dsti je formulovdn problém a cil celé prace. Zakladni parabolicky
problém je definovdn ve (20) a to pfimo ve variaénim tvaru. Pfedpoklddd se,Ze Stendfi
je dostatecné zndmo, jak tento variaéni parabolicky model souvisi s modelem klasic-
kym. Z metodickych davodl je v (26) formulovdn pfisluSny semidiskretni model,
tj. model diskretizovany metodou kone¢nych prvkt vzhledem k prostorovym pro-
meénnym. Ve (33) je formulovdn piné€ diskretni model, tj. model, ktery vznikne ze se-
midiskretniho modelu diskretizaci vzhledem k ¢asové proménné. Pro tuto diskretizaci
je pouzito v-krokovych linedrnich metod.

Ve tfeti Cdsti je odvozena véta, kterou jsme nazvali vétou o Ritzové aproximaci.
Ritzova aproximace se ukdzala byt velmi silnym prostfedkem v dalSich dikazech
a proto je ji vénovdna tak velkd pozornost.

Ve &tvrté &dsti jsou odvozeny odhady chyb pii pouZiti isoparametrické integrace.
Piesto, Ze vysledky jsou formulovdany s ptihlédnutim k jejich dal§imu vyuZiti pro
nase ucely, maji obecné&jsi charakter a platnost.

Kone¢ng v pdté, zdvérecné Cdsti jsou provedeny odhady chyb v pripadé, kdy pro
dasovou diskretizaci jsou pouZity A-stabilni jedno nebo dvoukrokové metody.
Podminka A-stability je zde podstatnd. Findlni vysledek celé prdce je pak formulo-
van v zaveéru paté Cdsti ve veté 6.
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