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Abstract Foams have been used for decades as displacing fluids for enhanced oil recovery and aquifer

remediation, and more recently, for remediation of the vadose zone, in which case foams carry chemical

amendments. Foams are better injection fluids than aqueous solutions due to their low sensitivity to gravity

and because they are less sensitive to permeability heterogeneities, thus allowing a more uniform sweep.

The latter aspect results from their peculiar rheology, whose understanding motivates the present study.

We investigate foam flow through a two-dimensional porous medium consisting of circular obstacles posi-

tioned randomly in a horizontal transparent Hele-Shaw cell. The local foam structure is recorded in situ,

which provides a measure of the spatial distribution of bubble velocities and sizes at regular time intervals.

The flow exhibits a rich phenomenology including preferential flow paths and local flow nonstationarity

(intermittency) despite the imposed permanent global flow rate. Moreover, the medium selects the bubble

size distribution through lamella division-triggered bubble fragmentation. Varying the mean bubble size of

the injected foam, its water content, and mean velocity, we characterize those processes systematically. In

particular, we measure the spatial evolution of the distribution of bubble areas, and infer the efficiency of

bubble fragmentation depending on the various control parameters. We furthermore show that the distri-

butions of bubble sizes and velocities are correlated. This study sheds new light on the local rheology of

foams in porous media and opens the way toward quantitative characterization of the relationship between

medium geometry and foam flow properties. It also suggests that large-scale models of foam flows in the

subsurface should account for the correlation between bubble sizes and velocities.

1. Introduction

Aqueous foams consist of air bubbles separated by films of an aqueous solution [Weaire and Hutzler, 1999;

Cantat et al., 2013] that contain surfactants to lower the surface tension. They are used in a number of

industrial applications, including glass manufacturing, ore flotation, or firefighting technology [Stevenson,

2012]. Enhanced oil recovery (EOR) has been the first application for subsurface environments: injection of

surfactant together with gas into the subsurface has been used as early as 50 years ago [Patzek, 1996] to

generate foam in situ and improve oil sweep, in particular, in the framework of steam EOR [Zhdanov et al.,

1996]. More recently, foams have been used to remediate aquifers contaminated with nonaqueous phase

liquids (NAPLs), in a manner very similar to EOR [Hirasaki et al., 1997]. In both applications, the use of foams

offers the following advantages: a reduction by 1 order of magnitude in the needed volume of solution for

a given injection volume, since only about 10% of the foam consists of liquid solution, the rest being gas; a

reduction of the needed amount of surfactant [Roy et al., 1995a, 1995b], a better sweep of the defending

fluid due to a more favorable mobility ratio with respect to the oil [Huang et al., 1986], and diversion mecha-

nisms resulting from the particular dissipation mechanisms at play when a foam flows through a porous

medium: the foam tends to first occupy large permeability regions, where its low mobility causes later flow

to sweep low-permeability regions [Szafranski et al., 1998; Huang and Chang, 2000; Jeong et al., 2000; Jeong

and Corapcioglu, 2003].

A more recent application, which motivates the present study, is the remediation of vadose zone environ-

ments, and particularly of soils [Chowdiah et al., 1998; Jeong et al., 2000; Wang and Mulligan, 2004; Zhong

et al., 2010; Shen et al., 2011; Zhong et al., 2011]. In this context, the foam is used as carrier fluid for chemical

amendments rather than as displacing fluid. In this respect, foams offer several advantages: they can be

injected while maintaining a low water content in the treated zones, which is cheaper and particularly useful
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for remediation of the vadose zone [Zhong et al., 2010]; their capacity to transport soil/colloidal particles

[Shen et al., 2011] and bacteria [Wan et al., 1994] at air-water interfaces is high; transport of air along with the

aqueous solution may enhance the efficiency of biodegradation [Rothmel et al., 1998; Jenkins et al., 1993]; in

the case of in situ stabilization (of heavy metals, for example), a foam does not displace the target chemicals

as much as a solution [Zhong et al., 2009, 2011]; they present a better sweeping efficiency than aqueous solu-

tions due to a moderate sensitivity to gravity [Zhong et al., 2011]. In column experiments, a breaking of the

foam front and consequent propagation of a wetting front ahead of the foam, which may help to optimally

deliver the amendments in case of a heterogeneous reaction, has also been reported [Zhong et al., 2010].

The flow of bulk foams has been the subject of a vast amount of literature through the years [Heller and

Kuntamukkula, 1987; Weaire, 2008; Dollet and Raufaste, 2014]. It occurs through sudden topological events

allowing bubble rearrangement. Viscous dissipation within the films/lamellae is thus the dominant dissipa-

tion mechanism, resulting in a Herschel-Bulkley rheology; a yield stress ry must be overcome for the foam

to start flowing, and the rheology under shear is shear thinning:

r5ry1K _cn ; (1)

where r is the shear stress, K the consistency, _c the strain rate, and the exponent n lies in the range [0.2;

0.4] [Denkov et al., 2005].

In contrast to bulk flow, when a foam flows inside a porous medium whose channels/dimensions are of the

same order as the bubble size, a large part of the dissipation occurs in the wall films and in the Plateau bor-

ders that connect these films to the lamellae separating the flowing bubbles. Consequently, the foam rheol-

ogy is expected to be different from that of bulk foam. Moreover, it strongly depends on the relative sizes

of the pores and foam bubbles [Heller and Kuntamukkula, 1987]. The mobility of foams through porous

media can be expressed in a manner similar to that of Newtonian fluids, using Darcy’s law to relate the

drop in hydraulic head over a length L of medium, Dh, to the apparent mean velocity, or Darcy velocity, vd.

The standard form of that law is vd5ðj q g=lÞðDh=LÞ, where j is the intrinsic permeability of the medium, q

the mass density of the fluid, and l its viscosity. For foam flow, it has been proposed that a Darcy law can

be written provided that l is replaced by an effective viscosity leff5lg1b=v1=3 [Friedmann et al., 1991; Kovs-

cek and Bertin, 2003a], where lg is the gas viscosity, b is a parameter that depends on the medium geome-

try, on the foam formulation, and on its texture (that is, its average bubble size), and v5vd=/ is the

interstitial velocity, / being the porosity of the medium. Combining the expression for the effective viscos-

ity with Darcy’s law and neglecting the gas viscosity yields a nonlinear relationship between the pressure

and mean interstitial velocity:

v5
j

b/

� �3=2
D p1q g zð Þ

L

� �3=2

; (2)

where we have introduced the pressure p and altitude z. Note that the foam mobility through soils,

j q g=leff , has been measured to be relatively independent of the soil permeability, and when a depend-

ence existed, the foam’s mobility was observed to decrease with increasing soil permeability [Chowdiah

et al., 1998].

For subsurface applications, the foam is usually generated in situ, by joint injection of surfactant solution

and gas. In this framework, the gas is not present everywhere in the medium. The foam is then a dispersion

of gas bubbles in a liquid, where the liquid is continuous and part of the gas is made discontinuous by liq-

uid films [Hirasaki and Lawson, 1985]. The part of the gas that is not made discontinuous is trapped, while

the rest flows as a continuous gas phase. The trapped gas phase represents a very large part (up to 70% or

80%) of the total gas present in the medium [Kovscek and Radke, 1994]. Strong foams are foams for which a

significant part of the flowing gas is discontinuous, so that flow involves the costly displacement of liquid

lamellae, rendering the mobility of the gas-liquid mixture much smaller than that of the gas alone. On the

contrary, foams for which most of the gas is flowing as a continuous phase are called weak foams. What

controls whether a foam is strong or weak is a complex issue, but the mean flow velocity and surfactant for-

mulation [Aronson et al., 1994] play an important role. The mobilization and trapping of bubbles have been

observed to be intermittent processes, due to the existence of preferential flow paths that change in time

[Kovscek and Radke, 1994; Cohen et al., 1997]. Increasing the pressure head increases the portion of gas that
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is flowing and renders the foam rheology shear thinning [Hirasaki and Lawson, 1985; Falls et al., 1989]. In

this regime, where the discontinuous gas phase grows or shrinks depending on the applied pressure head,

foam texture is the main control parameter for the foam mobility. In this respect, three fundamental mecha-

nisms of lamella/film creation occur during foam generation within a porous medium: leave-behind, in

which two gas fingers invade two adjacent and communicating liquid-filled pores, trapping a film of liquid

in-between them after the pores have been fully invaded; capillary snap-off, in which the snap-off of liquid

films at the throat between two pores separates a gas bubble in two [Roof et al., 1970; Gauglitz and Radke,

1990; Kovscek and Radke, 1994; Kovscek et al., 2007]; lamella division, in which a liquid film touching a solid

grain while still attached to other grains on this perimeter separates into two films that travel on either side

of the dividing grain [Kovscek and Radke, 1994]. Mechanisms of bubble disappearance are also at play when

a foam flows through a porous medium; they consist mostly in (i) coarsening through gas diffusion and (ii)

bubble coalescence by capillary suction. Bubble coarsening results from the diffusion of gas from smaller

bubbles where the pressure and chemical potential are larger, to neighboring larger bubbles; it has been

studied extensively in the context of bulk foams [Cantat et al., 2013]. In porous media, it is observed at loca-

tions where bubbles are trapped [Kovscek and Radke, 1994]. Bubble coalescence by capillary suction

involves the sudden rupture of a lamella; it occurs when a lamella/film that has been sitting at a pore throat

is displaced quickly into a pore volume much wider than the throat, and cannot adjust its liquid volume suf-

ficiently fast to avoid rupturing [Khatib et al., 1988].

The impact of foam texture or structure on the pressure drop across a porous medium, and, consequently, on

flow through that medium, has also been examplified in experimental and theoretical studies performed on sys-

tems of aqueous films confined in simple geometries: single film flowing across a biconical pore [Rossen, 1990;

Cox et al., 2004; Ferguson and Cox, 2013], single bubble [Bretherton, 1961], or bubble trains [Cantat et al., 2004;

Terriac et al., 2006] flowing in capillaries, two-dimensional monodisperse foams of various structures (e.g., stair-

case structures) flowing in a single channel [Raven and Marmottant, 2009;Marmottant and Raven, 2009], in paral-

lel channels of different widths [Jones et al., 2013], or in parallel convergent-divergent channels [Dollet et al.,

2014]. Note also that the reverse also holds: given confining shapes can select particular foam structures [Drenc-

khan et al., 2005]. Already in the seminal study by Bretherton [1961], a scaling of the pressure drop DP along the

medium as a function of the mean foam velocity V in the form DP / V2=3 was demonstrated; it was later gener-

alized to the more complex configurations mentioned above [Cantat et al., 2004; Terriac et al., 2006; Raufaste

et al., 2009; Jones et al., 2013; Dollet et al., 2014]. Such a scaling is perfectly consistent with rheology measure-

ments performed at the scale of a soil column or rock core and described by equation (2) above.

While much is already known qualitatively on the mechanisms of foam displacement in porous media, and

many existing macroscopic models [e.g., Kovscek and Radke, 1994; Kovscek et al., 1995; Fergui et al., 1998; Kor-

nev et al., 1999; Alvarez et al., 2001; Kam et al., 2003; Dholkawala et al., 2007] address the generation and mac-

roscopic displacement of foams in porous media, experimental studies usually involve the use of core

flooding units [Fergui et al., 1998; Apaydin and Kovscek, 2001; Pang, 2010] from which it is difficult to obtain

detailed information on the local foam structure: only global quantities can be measured, and only qualitative

information on local displacement dynamics is inferred. In recent years, experiments using X-ray microtomog-

raphy [Apaydin and Kovscek, 2001; Zitha et al., 2006; Nguyen et al., 2007; Du et al., 2008; Simjoo et al., 2012] or c

ray attenuation [Fergui et al., 1998] have enabled limited visualization of foam flow, revealing regions of prefer-

ential occupation of the medium by the foam and providing spatially resolved measurement of liquid frac-

tions, also under conditions of oil sweep [Simjoo et al., 2013]. Experiments based on micromodels consisting

of pore networks [Jeong et al., 2000; Chen et al., 2005; Ma et al., 2012; Jeong and Corapcioglu, 2003], on the

other hand, have mainly been used to investigate oil or NAPL sweep, and have not allowed precise bubble-

scale observation of the foam kinematics, or only on a small subpart of the system [Jeong and Corapcioglu,

2005], for example, in order to assess the role of capillary snap-off on foam generation [Kovscek et al., 2007].

In this paper, we present a series of experiments performed on a transparent two-dimensional porous

medium consisting of cylindrical grains. The setup allows for full in situ time-resolved measurement of the

foam structure as well as of the bubble size and individual velocities, at the expense of dimensional reduc-

tion. Previous studies on analogous models with more simple geometries have evidenced the importance

of foam structure on the distribution of flows between two parallel linear channels [Jones et al., 2013] and

the potential impact of elastic effects on the foam mobility [Dollet et al., 2014]. In the following, we focus on

flow characteristics already known from the literature but to our knowledge never addressed
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experimentally with quantitative measurements: preferential flow and its relationship to the velocity proba-

bility density distribution, flow intermittency, and dynamics of the bubble size distribution. We inject into

the medium a preexisting foam, so no continuous gas phase is present in our system.

The experimental methods are described in detail in section 2, while section 3 is devoted to a presentation

and discussion of the results. In section 4, we summarize the findings and conclude.

2. Methods

2.1. Experimental Setup

We used an apparatus derived from the one described by Jones et al. [2013] (see Figure 1). The flow cell is a

170 3 32 cm2 Hele-Shaw cell with a gap h5 2 mm between the glass plates. Obstacles positioned inside

the Hele-Shaw cell define the pore geometry. The cell is enlightened by a circular fluorescent tube of diame-

ter 37 cm, placed on a dark background and beneath the porous medium so as to optimize the contrast of

foam films on the images. The foam structure is recorded at a regular time interval using a camera with a

1312 3 1082 resolution (Photon Focus, Alliance Vision). The acquisition rate is chosen according to the

imposed flow rate and ranges from 5 to 100 Hz.

In the present study, the grains of the two-dimensional porous medium consist of monodisperse cylinders

of diameter 2 R5 7.5 mm and of height equal to the cell thickness h, placed inside a narrow channel C near

the outlet of the cell. The Hele-Shaw cell thus contains a two-dimensional porous medium. The channel C is

9.6 cm wide and 27 cm long, 17.8 cm of the length containing cylindrical grains. The obstacle positions

were defined from a computer-generated geometry obtained by perturbing a diagonal regular mesh with a

random displacement drawn from a Gaussian distribution; the process ensured that the porous medium

always had a porosity /50:560:02.

2.2. Foam Generation and Flow

The foam is produced by injecting gas into a reservoir saturated with a foaming solution. A foam thus grows

inside the reservoir and is displaced into the Hele-Shaw cell (see Figure 1). As they enter the cell, bubbles

are squeezed between the top and bottom plates so that they are only separated from each other by verti-

cal films (lamellae).

We used two kinds of foaming solutions in order to probe the influence of the film interfaces on the flows.

We dissolved two kinds of sodium dodecyl sulfate (SDS) powders in water, one 99.9% pure and the other

one 98.5% pure (Aldrich). Solution type 1 (ST5 1) refers to a solution obtained by dissolving 98.5% SDS in

ultrapure water, solution type 2 (ST5 2) to one obtained from 99.9% SDS and ultrapure water. These solu-

tions were prepared at the same surfactant concentration of 10 g/L.

Figure 1. Sketch of the experimental setup: (left) side view and (right) top view.
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Monodisperse foams are obtained by blowing nitrogen in the foaming solution at moderate gas flow rates

(Qg � 200 mL/min). The bubbles entrain the liquid from the reservoir as they leave it to enter the flow cell;

we could measure the liquid flow rate Ql from the decrease of the solution level in the reservoir with time.

The resulting flux ratio a5Ql=Qg was on the order of a few percents, corresponding to what we qualify as

dry foams. We also produced wet foams (a ’ 10%) by injecting the solution into the cell using a peristaltic

pump. These two techniques allowed us to investigate the behavior of foams of various liquid fractions /l

and obtained from different surfactant solutions. Note that the foam quality 12/l is commonly used to

characterize the amount of water within the foam.

The pressure variations in the cell remain orders of magnitude smaller than the atmospheric pressure. Con-

sequently, the gas is safely assumed incompressible. In steady state, the volumetric fluxes of gas and liquid

are thus uniform in the cell. The volumetric liquid fraction /l and the mean velocities hvli and hvgi of the liq-

uid and gas phases, respectively, are related to the flux ratio a as follows:

a5
/l hvli

ð12/lÞhvgi
: (3)

For comparable velocities and small liquid fractions, we would thus approximate a ’ /l . In contrast to the

mean gas velocity, however, the mean velocity of the liquid phase, hvli, may differ from the measured bub-

ble velocities and cannot be directly deduced from it. The liquid velocity is expected to be smaller than hvgi

in the wetting films on the top and bottom plates and larger than hvgi in the meniscus network [Wong

et al., 1995]. Hence the parameters a and /l are a priori different, even though strongly correlated, and /l

cannot be easily known. In the following, we therefore resort to the well-controlled experimental parameter

a to characterize the foams, which are also identified by their solution type.

The length of the Hele-Shaw cell allows us to first produce the foam and fill the first part of the Hele-Shaw

cell (see Figure 1) and then push this foam into the second part of the cell, where the obstacles are located.

The gas and liquid fluxes Qg and Ql refer to the fluxes during the foam production, not during the measure.

Qg essentially defines the bubble size and Ql/Qg the liquid fraction. The gas flux is then modified to obtain

the desired mean foam velocity. Bubble sizes and velocities were computed from image processing of the

movies as explained in the following.

2.3. Image Treatment and Analysis

Images recorded at regular time intervals were analyzed using a custom made Matlab program. The proc-

essing consists of two parts: (i) the characterization of the porous medium and (ii) the analysis of the foam

structure in time. The important steps of the entire process are shown in Figure 2, on a portion of the

porous medium for clarity. Figure 2a shows a portion of a raw image. The white disks are the solid grains,

while the dark polygons denote patches of double-sided bonding tape that are used to glue some of the

grains to the Hele-Shaw cell. These polygons have been removed from all the foam structure snapshots

that appear later in this article. Before each flow experiment, a picture of the empty 2-D porous medium is

Figure 2. Successive steps in the image treatment: (a) raw image of the foam; (b) mask image defining the grains, with corresponding

Delaunay triangulation superimposed; (c) binary image obtained from thresholding and skeletonizing the raw image (Figure 2a), and

finally superimposing the mask (Figure 2b); (d) image with the different bubbles identified by different colors.
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recorded. The binarization of this picture pro-

vides a ‘‘mask’’ that defines the geometry of the

porous (and solid) space (see Figure 2b). This

porous configuration is then characterized in

the following manner. First, the positions of the

entrance and exit of the porous medium are

defined as the first and last segments perpen-

dicular to the channel axis and that touch an

obstacle. This definition then allows for a con-

sistent measurement of the porosity. Second, a

Delaunay triangulation provides the nearest

neighbor obstacles for each grain, and conse-

quently the constriction sizes, i.e., the distances l

between nearest neighbors. The distribution of l

is shown in Figure 3. We then define the dis-

tance r from the average value of l, as r5hli=2.

This characteristic length scale of the disordered

pore geometry is important for the foam flow

process, since it corresponds to the critical radius of a bubble passing through the constriction without

being deformed. We further define a characteristic size R5r2, which we shall use to compare the bubble

sizes to the geometry of the medium. In our experimental setup, we have R � 3:26 0:3 mm2. For each flow

image, the foam structure and dynamics are obtained through the following steps. First, the contrast is

enhanced and the image is thresholded into a black and white image in which only the soap films and the

obstacles remain visible. This image is then skeletonized, that is, all film widths are reduced to one pixel

(Figure 2c). Note that the film width that is apparent on the raw picture is not the actual film width in the

mid-plane of the cell, it corresponds rather to the transverse extent of the Plateau borders between the ver-

tical films and the film that wets the cell’s top plate; choosing a film width of one pixel is somewhat arbitrary

but is much closer to the real film thickness. In the skeletonized picture, solid grains are then precisely

defined from the mask obtained in (i). The skeletonized image is then inverted and a segmentation function

of Matlab is used to identify the various bubbles and record their positions and areas (Figure 2d). Finally, we

use a tracking algorithm to track each bubble between one image and the image recorded at the next

acquisition time step. We thus infer bubble displacements during a time step, and from this, their velocities.

The average velocity of the bubbles before entering the porous medium and after leaving it (while still in

channel C) are very close to each other, as expected. Their mean value V0 is what we shall denote velocity in

the flow cell in the following (see Figure 1); the mean interstitial velocity is thus expected to be V0=/.

2.4. Control Parameters for the Experiments

The parameters that define an experimental run are the following: the mean bubble area before the foam

enters the porous medium, A0, the flux ratio, a5Ql=Qg, the gas flow rate, Qg (during foam preparation), the

mean foam velocity inside the flow cell, V0, and the type of surfactant, ST. In this study, we present results from

45 experimental runs. The experimental parameters for these experiments are summarized in Table 1.

3. Results

In this section, we describe a set of general phenomena generic to foam flows in porous media. These proc-

esses are particularly interesting for applications such as subsurface remediation, but also from a fundamen-

tal point of view, since they are due to the peculiar nature of the foam and are not observed with

Newtonian fluids. In this section, we often take some specific experiments as typical examples to illustrate

the general phenomena involved, but we also perform a parametric study of the impact of the various con-

trol parameters on the investigated processes.

3.1. Preferential Flow Paths

Figure 4 (top) shows a snapshot of the flowing foam structure during experiment number 7. The velocity field,

averaged over a duration of 100 s, is shown in Figure 4 (middle); preferential flow paths are clearly visible in

this experiment. Nonuniform spatial distribution of foam mobility was previously observed by Nguyen et al.

Figure 3. Distribution of the constriction widths l between neighbor

obstacles. From this distribution, we define the length scale r5hli=2,

which corresponds to the critical radius for a bubble to pass through a

constriction without being deformed.
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[2007] using X-ray tomography; they showed qualitatively that preferential flow paths existed. Figure 4 (bot-

tom) shows a map of the pores in which the color for each pore indicates the ratio of its linear size (defined as

the square root of its area) to that of the largest pore. A description of how the pores have been determined

is given in Appendix A. Visual comparison between the maps of pores and local velocities shows that most

preferential paths occur where a series of large pores are connected together. This is analog, for foam flow

and at the pore scale, to a Darcy-scale phenomenon well known for water flow in soils: preferential flow gen-

erally occurs along paths of permeability larger than the average medium permeability.

The probability density function (PDF) of the velocity field shown in Figure 4 (middle) is shown in Figure 5.

The PDF is rather widely distributed for the positive values of Vx, corresponding to the longitudinal flow

direction. The inset shows the PDF in a semilogarithmic representation. The concavity of the curve on this

plot indicates that the decay of the PDF is faster than an exponential one. The PDF also features a large

Table 1. Control Parameters for the 45 Foam Flow Experimentsa

Experiment 1 2 3 4 5 6 7

A0=R 2.08 2.38 2.39 2.43 2.45 2.61 2.68

a 1.0 1.0 1.0 1.0 47.6 47.6 37.9

Q g 28.3 28.3 28.3 28.3 22.5 22.5 28.3

V0 1.34 3.44 0.82 1.44 0.75 1.75 2.54

ST 2 1 1 1 1 1 1

Experiment 8 9 10 11 12 13 14

A0=R 3.16 3.18 3.19 3.35 3.44 3.49 3.94

a 21.4 21.4 21.4 21.4 1.5 1.5 1.5

Q g 50.0 50.0 50.0 50.0 100.0 100.0 100.0

V0 0.99 2.66 1.77 3.27 3.78 8.47 4.16

ST 1 1 1 1 2 1 2

Experiment 15 16 17 18 19 20 21

A0=R 3.95 3.96 3.97 3.98 3.99 4.06 4.09

a 10.7 10.7 10.7 10.7 6.1 3.1 2.3

Q g 100.0 100.0 100.0 100.0 100.0 100.0 200.0

V0 5.11 4.59 3.68 1.12 3.95 4.19 8.07

ST 2 2 2 2 2 2 2

Experiment 22 23 24 25 26 27 28

A0=R 4.11 4.12 4.17 4.25 4.31 4.35 4.36

a 10.7 10.7 10.7 0.6 10.7 1.5 1.5

Qg 100.0 100.0 100.0 200.0 100.0 100.0 100.0

V0 4.57 4.03 3.55 8.57 6.50 8.84 3.70

ST 2 2 2 2 2 2 1

Experiment 29 30 31 32 33 34 35

A0=R 4.45 4.50 4.68 4.72 4.76 4.77 5.09

a 1.5 1.5 10.7 10.7 10.7 10.7 1.5

Qg 100.0 100.0 100.0 100.0 100.0 100.0 100.0

V0 1.84 0.44 1.78 3.49 0.99 2.76 6.61

ST 1 1 1 1 1 1 1

Experiment 36 37 38 39 40 41 42

A0=R 5.13 5.15 5.37 5.39 5.43 5.52 5.54

a 1.5 1.1 1.5 1.5 10.7 10.7 10.7

Qg 100.0 200.0 100.0 100.0 100.0 100.0 100.0

V0 3.68 10.46 0.84 1.71 5.41 5.53 5.41

ST 1 2 1 1 2 2 2

Experiment 43 44 45

A0=R 6.22 6.31 6.48

a 10.7 5.1 10.7

Qg 100.0 100.0 100.0

V0 6.33 20.57 6.13

ST 2 2 2

aThe parameters are the ratio A0=R of the initial mean bubble area to the characteristic size of the pores; the flux ratio a (here in %)

and the gas flow rate Qg (in mL�min21) used for the foam preparation; the mean foam velocity in the cell, V0, in mm�s21; and the type

of foaming solution, ST.
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peak at small velocities, correspond-

ing to bubbles trapped in regions of

low flow velocity in-between closely

set grains, and which oscillate around

their trapping position, hence the

negative values of the longitudinal

velocity. These bubbles do not con-

tribute to the flow inside the porous

medium and play a role equivalent to

the obstacles on short time scales. On

each image, we define the trapped

bubbles as the bubbles with an

instantaneous velocity smaller than

0.2 V0, the other ones being defined

as the mobile bubbles. This arbitrary

cutoff is qualitatively consistent with

our observation of oscillating bubbles.

The trapped bubbles in experiment 7

cover about 18% of the free area in

the cell. The flow thus behaves as if

the effective porosity of the porous

medium, /eff , was 43% instead of

52%. This has been checked by com-

puting the average velocity of mobile

bubbles, hVm
x i. Indeed we find hVm

x i5

2:5 V0 while we expect 1.9 V0 with a

porosity of 52% and 2.3 V0 with a

porosity of 43%.

Finally, note that negative values

of Vx can also be recorded for two

other reasons: the first one is due

to a few errors in the tracking of

the bubbles. These events are rare

and we estimate that their contri-

bution to the computation leads to an uncertainty on the order of 0.1% on the PDF amplitude.

The second one is the presence of regions in which the bubbles have to get around obstacles in

such a manner that they happen to flow temporarily backward with respect to the main flow

direction.

3.2. Local Intermittency

Let us now consider experiment number 5,

which was performed under conditions iden-

tical to those of experiment number 7,

except that the mean foam velocity V0 was

more than 3 times lower (see Table 1). Aver-

aging the velocities over a time scale of 1 s,

we observe that the velocity map changes

with time (see Figure 6). The distribution of

fluxes between channels is not permanent;

local intermittency of the flow is observed, in

spite of the constant, flow-driving, pressure

gradient imposed between the inlet and out-

let of the flow cell. The local flow intermit-

tency results in fact from strong fluctuations

Figure 4. (top) Snapshot of the foam structure during experiment 7 (A0/R5 2.68,

a5 37.9%, V05 2.54 mm/s). (middle) Map of normalized bubble velocities, aver-

aged over 100 s, for the same experiment. (bottom) Spatial organization of the

pores: the color of the pores indicates their linear size normalized by the linear size

of the largest pore.

Figure 5. Probability density function of the velocity for experiment 7. The

inset shows the PDF in semilogarithmic representation.
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of the local pressure gradient, both in time and space: such fluctuations are essentially a Laplace pressure-

related effect, that is, they correspond to fluctuations in time and space of the effective capillary force felt

by each bubble. Indeed, when a film is in contact with two obstacles, its shape adapts to fulfill the contact

condition at both ends, resulting in a curvature of the film and consequently in a Laplace pressure across

the film, or equivalently in a capillary force along the normal to the film; depending on the film concavity,

the capillary force can be an additional driving force, or on the contrary, a resisting force. The effective capil-

lary force felt by the bubble is the sum of the capillary forces acting on all films along the bubble perimeter.

For a given bubble, it varies in time depending on the geometry of the grains with which the bubble is in

contact. From a Eulerian point of view (that is, seen in the fixed coordinate system of the laboratory), this

translates into fluctuations in time and space of the local pressure gradient, as mentioned above.

In order to further illustrate this local intermittency, we have sampled the local longitudinal component Vx of the

velocity in time, at three positions within the flow field shown in Figure 6: one at which preferential flow is always

present (top, cyan line), one at which there is no preferential flow (bottom, pink line), and one at which preferen-

tial flow occurs in an intermittent manner (middle, green line). They are plotted in Figure 6 (right column) and are

consistent with the visual observations. In the top plot, Vx fluctuates around a mean velocity Vx5 3.0 V0, while in

the bottom plot, it is distributed symmetrically around a zero mean, with fluctuations smaller than 0.4 V0. In the

intermediate regime (middle plot), the velocity evolution exhibits alternating periods of very small velocities

(�0:1 V0) and positive velocities larger than the global average interstitial velocity V0=/ ’ 1:9 V0. Note however

that in this experiment, V0 is very low, which results in an uncertainty of about 25% on its estimated value. In

order for intermittency to be significant, the imposed pressure drop must not be too large with respect to capil-

lary fluctuations, and therefore the average interstitial velocity must be low.

Intermittency is observed to be more pronounced for smaller bubbles. This is expected in view of the interpreta-

tion of intermittency provided above. Since the Laplace pressure across a single film is on the order of c=r, with

Figure 6. (left column) Example of local intermittency in the distribution of the local preferential channels in experiment 5. The experiment is

performed in conditions similar to those of experiment 7, but with an entrance velocity more than 3 times lower. (right column) Evolution of the bub-

ble velocity at the three positions indicated by three symbols on the velocity maps. The velocity maps and time evolutions of velocities are obtained

by averaging the measurements over 1 s.
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c being the surface tension coefficient

and r the half-distance between the

two obstacles (see the inset of Figure

3), the averaging of capillary forces over

all films along a bubble perimeter is

likely to provide different results

depending on the relative magnitudes

of the mean bubble size and typical

pore size in the medium. Bubbles much

larger than the typical size between

obstacles are limited by a large number

of films in contact with two obstacles;

under these conditions, the contribu-

tion of the capillary forces through indi-

vidual films to the effective capillary

force felt by one bubble average out

statistically, so that the local pressure

gradient felt by the bubble equals

more or less the global, constant, pres-

sure gradient. Smaller bubbles, on the contrary, are subjected to much larger local pressure fluctuations; in

some configurations, capillary forces through individual films may add up along a bubble perimeter to produce

a significantly resistive force which is able to overcome the mean driving force associated to the global pressure

gradient: the small bubble is then trapped.

3.3. Selection of the Bubble Size Distribution by the Medium

3.3.1. Evolution in Time of the Bubble Size Distribution

For a large enough initial mean bubble size A0, the outgoing foam is much more polydisperse than the

incoming foam. Hence, the probability density function (PDF) for bubble areas evolves along the path

through the porous medium. This PDF has been computed in windows of width 50 pixels along the longitu-

dinal direction of the porous medium, which corresponds to an average obstacle diameter plus a constric-

tion width 2(R1 r). The evolution of the distribution as a function of the longitudinal coordinate

(normalized by the typical obstacle radius) is shown in Figure 7 as a three-dimensional plot. As expected,

the PDF for the incoming foam (also shown as a blue line in the two-dimensional plot of the inset) is peaked

rather symmetrically around the mean bubble size. The PDF for the outcoming foam (also shown as a con-

tinuous red line in the 2-D plot of the inset in Figure 7), in contrast, is skewed, with a most probable value

about 4 times smaller than that for the incoming foam, and a mean value also more than twice smaller than

the incoming mean bubble size. The symmetrical peak of the PDF for the incoming foam (the dashed blue

line in the figure inset) decays in time while the outlet distribution (the continuous red line in the figure

inset) builds up. Clearly, the initial ‘‘mode’’ disappears while a new distribution, chosen by the medium and

much broader, develops.

3.3.2. Size Adjustments Mechanisms

The bubble size distribution evolves under the effect of two mechanisms: lamella division and film

breakage.

Lamella division is one of the three classically recognized mechanisms of foam generation in a porous

medium [see Kovscek and Radke, 1994]. In contrast to the two other mechanisms (leave-behind and capillary

snap-off), lamella division can also occur within a preexisting foam flowing through the medium, as illus-

trated in Figure 8. Let us consider a bubble that is being displaced along a pore whose lateral walls are

defined by two grains, the rear film (or lamella) belonging to the bubble is in contact with each grain, on

each side. If this film comes in contact with a third grain placed ahead of the two others, it divides into two

films, each in its distinct pore. This leads to the formation of two bubbles from the unique bubble colored

in red in Figure 8a. The combined area of the two resulting bubbles is identical to that of the initial single

bubble within about 0.1%, despite the fact that the pressure within a bubble depends on the curvature

radius of its interface and therefore on its size. Indeed, the capillary pressure across a lamella is about 3

orders of magnitude smaller than the pressure on either side of the lamella. The mechanism of bubble

Figure 7. Evolution of the bubble area probability density function (PDF) along the

medium, between the initial state (dashed blue line in the inset) and the final state

(continuous red line in the inset) in experiment 28 (A0/R5 4.36, a5 1.5%, V05 3.70

mm/s). A/A0 is the ratio of the bubble area to the initial average bubble area, A0.
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fragmentation resulting from the division of a film (or lamella) appears to be dominant in controlling the

time evolution of the bubble size distribution in our system. Note that the effect of this mechanism was

recently studied numerically by Cox [2015] on a bamboo foam meeting one or several obstacles. A bamboo

foam is a foam that circulates in a narrow channel and whose lamellas all span the entire cross section of

the channel [Terriac et al., 2006]; it corresponds to the simplest possible topology for a foam.

The second mechanism is film breakage, and was less frequently observed than bubble fragmentation in

our system. Figure 8b provides an example of configuration in which film breakage provokes the merging

of a bubble trapped between three grains and another bubble positioned outside of that ‘‘trap.’’ Conse-

quently, further film breakage occurs ahead of the bubble, allowing it to escape the trap.

If one considers that lamella division is the mechanism mainly controlling the evolution of the bubble area

PDF shown in Figure 7, each bubble of the incoming foam will, by lamella division, fragment into two bub-

bles of sizes smaller than their ‘‘mother’’, and the mean bubble size is thus expected to decrease continu-

ously as the foam progresses through the medium, meeting sites with a local geometry appropriate for

lamella division. This is consistent with the three-dimensional plot in Figure 7.

Some authors indicate that mechanisms responsible for lamellae creation and destruction in porous media

eventually balance each other, leading to a uniform texture of the flowing foam, a property that can be

inferred from the near-linear dependence of the pressure drop along the medium as a function of the

medium length [e.g., Pang, 2010]. In our experiments, we experience very few bubble disappearances

according to the mechanisms described in section 1. Indeed, on the one hand bubble coarsening is not

observed, even in aggregates of trapped bubbles, because the typical time scale for gas diffusion through

the aqueous films remains much larger than the time of completion of our experiment. In any case, it would

not be able to compete with the fast occurring bubble fragmentation. On the other hand, since in our

porous medium pore throat widths are of the same order as pore sizes, film rupture due to capillary suction

is unlikely, except for very large mean velocities that have not been investigated here.

3.3.3. Influence of the Various Parameters on Bubble Size Selection

We have systematically quantified the efficiency of bubble fragmentation, as a function of the experimental

parameters presented in Table 1. For that purpose, we define an efficiency of fragmentation as

efr5
A02A1

A0

; (4)

where A0 is the bubble size of the incoming foam and A1 the mean bubble size measured at the outlet of

the porous medium. The fragmentation efficiency is 0 when A1 is identical to A0, and reaches 1 when the

A1 approaches 0.

In Figure 9, we show the values of efr for all 45 experiments, represented as a function of the initial average

bubble area A0 in three distinct plots, each one corresponding to one of the following ranges of flux ratio a:

Figure 8. The two mechanisms of bubble size evolution: (a) fragmentation of a bubble by lamella division, and (b) film breakage. In Figure

8a, a bubble is shown just prior to the contact between its rear film and a grain; in Figure 8b, the film breakage triggers an escape of the

bubble from the pore where it was initially trapped.
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a � 0:05 (the driest foams, bottom plot), 0.05< a< 0.2 (middle plot), and a> 0.2 (the wettest foams, top

plot). Each colored disk corresponds to one experiment, and the color scale for the disks indicates the aver-

age foam velocity V0 for the various experiments. We observed that the type of surfactant used for the

foam preparation had a negligible impact on the measured fragmentation efficiency, all other parameters

being equal. We therefore do not distinguish the types of surfactant in the plots. Notice that our experi-

ments do not span the region of both larger A0 and larger a values, because the foam generation and injec-

tion setup does not allow for a full independent control of bubble size and injection velocity.

This diagram shows that the efficiency depends mostly on the initial mean bubble area A0 and flux ratio a, which

controls the quality of the foam. It appears, within the limits of our sampling of the parameter space, that the frag-

mentation efficiency increases with the mean incoming bubble area and decreases with the flux ratio (or equiva-

lently, increases with the foam quality). The observed dependence on the incoming bubble area is expected, as

larger bubbles are more likely to be subjected to lamella division. Based on this division mechanism, we would

also expect that the foam velocity should have little impact on the fragmentation efficiency. This hypothesis seems

to be verified by our data, although it cannot easily be tested since experiments performed at different mean

foam velocities also often differ in the mean bubble area of the incoming foam or the flux ratio. The influence of

the flux ratio a on the fragmentation efficiency can be understood as follows: prior to lamella division, the lamella

spans a large gap between two obstacles (Figure 8a), which enforces a significant deformation of the bubble that

is about to split. Increasing a, hence increasing the liquid fraction, reduces the maximal deformation that a bubble

can undergo before swapping neighbors. In the context of lamella division, it means that the bubbles have a larger

probability to escape through one obstacle constriction instead of splitting.

In Figures 10 and 11, we provide examples of how the fragmentation efficiency depends on the foam quality

and the mean velocity. In Figures 10a and 10b, we show two foams of similar initial average bubble size but

Figure 9. Fragmentation efficiency efr represented as a function of the mean bubble area of the incoming foam, A0, normalized by the

medium’s characteristic length scale, R, for three ranges of flux ratio a: a > 0.2 (top), 0.05< a� 0.2 (middle), and a� 0.05 (bottom). The

color of the symbols indicates the entrance velocity V0 during that experiment.
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different qualities (flux ratio a5 1.5%

for (a) and a5 10.7% for (b)). The foam

of higher quality at the inlet (case (a))

exits the medium with a polydisperse

bubble area distribution different from

that of the lower-quality counterpart,

as quantitatively shown in Figure 11.

Figure 10c shows the same foam as

the one of Figure 10a, but at a larger

mean velocity (V05 1.71 mm/s for (a)

and V05 6.61 mm/s for (c)). The poly-

dispersity of the foam exiting the

medium exhibits little dependence on

the foam mean velocity. Those obser-

vations are consistent with the general

behavior discussed in the previous

paragraph.

3.4. Correlation Between Local

Velocities and Bubble Sizes

Another important feature observed in

our foam flows is the link between the

bubbles’ mobility and their size. Figure

12a shows a snapshot of experiment

number 43, where different bubble

areas can clearly be identified. The cor-

responding map of bubble sizes is

shown in Figure 12b, and the corre-

sponding normalized velocity field,

integrated over 100 s, in Figure 12c.

Visual comparison between the two

suggests that larger bubbles follow

paths of faster flow while smaller bub-

bles exhibit a smaller mobility, and can

in particular be trapped in-between

tightly set groups of three or four

grains.

In order to investigate the correlations

between bubble sizes and velocities

quantitatively, we compare the veloc-

ity PDF for bubbles with areas larger

than the average bubble area hAi (red

crosses in Figure 13) to those for bub-

bles with areas smaller than hAi (blue

solid circles in Figure 13). The velocity

PDF for bubbles smaller than the aver-

age has more weight on low velocities

than that for bubbles larger than the

average. The velocity at which the

population of larger bubbles starts

dominating over that of smaller bub-

bles is 1.8 V0, very close to the

expected interstitial velocity V0=/. This

analysis shows that small bubbles may

Figure 10. Effect of the initial foam quality and mean foam velocity on the bubble

size selection. The corresponding experiments are (from top to bottom) experi-

ments number 39, 32, and 35. A foam of (a) better quality (i.e., drier) is observed to

be impacted differently than a foam of (b) lesser quality (i.e., wetter). The compari-

son of Figures 10a and 10c shows that the entrance velocity V0 has little influence

on the process.

Figure 11. Size distributions recorded at the outlet of the porous medium for the

same experiments as in Figure 10. Continuous blue line: same data as Figure 10a,

magenta dashed line: same data as Figure 10b, and dashed-dotted red line: same

data as Figure 10c. The inset shows the initial size distributions.
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flow faster than the mean flow velocity

V0=/, but most of them flow slower,

while the biggest bubbles show the

opposite behavior.

A more systematic study of the corre-

lation between bubble sizes and

velocities as a function of the various

experimental control parameters is

based on the cross-correlation coeffi-

cient CAV, whose definition is given in

Appendix B. In Figure 14, we show

how the cross-correlation coefficient

depends on the foam’s polydispersity,

(i.e., the relative width of the bubble

area distribution, see Appendix B), for

experiments with various flux ratios a

indicated by the size of the symbols

and fragmentation rates efr indicated

by the color of the symbols. The posi-

tive value of CAV, observed for the

entire data, evidences that the largest

bubbles move, on average, faster than

the mean flow. This effect is more pro-

nounced at high size polydispersity,

or, equivalently, high fragmentation

efficiency. Figure 14 also evidences

that the correlation between bubble

sizes and velocities is all the larger as

the foam is drier. Note that in our

experiment, the liquid fraction and

the size polydispersity (or, equiva-

lently, the fragmentation efficiency)

are correlated variables. This was

shown in Figure 9 and is also appa-

rent in Figure 14 where larger sym-

bols have a darker color. Drier foams

get more fragmented and reach a higher level of polydispersity, whereas the more monodisperse foams are

the wetter ones. Thus, strictly speaking, we do not know whether the enhanced correlation between bubble

size and velocity observed at large polydispersity in Figure 14 is due to the polydispersity in itself, or whether it

is a consequence of the smaller liquid fraction.

Overall, this study demonstrates that larger bubbles are more likely to flow faster than smaller ones, but

that this effect is only significant for sufficiently dry foams.

4. Summary and Conclusion

We have studied the flow of a preexisting two-dimensional foam inside a porous medium consisting of cylindri-

cal solid grains, under conditions of discontinuous gas flow in the entire medium. Our experimental setup allows

a direct visualization and quantitative analysis of phenomena previously reported for foam flow in porous

media: preferential flow paths, flow intermittency, bubble trapping. Preferential flow paths were analyzed from

the measurement of the full bubble velocity field. A significant portion of the bubble population was found to

flow at velocities up to 4 times the mean interstitial velocity. Flow intermittency was shown to consist in a time

evolution of the preferential flow paths’ geometry, some of these paths being permanent and others being

either active or inactive, depending on the time at which they are being observed. Furthermore, the distribution

Figure 12. (a) Snapshot of experiment 43 (A0/R5 6.22, a5 10.7%, V05 6.33 mm/

s). (b) Maps of normalized bubble sizes for the same experiment. (c) Maps of nor-

malized bubble velocities.
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of bubble sizes was observed to evolve

monotonically between the system

inlet and its outlet, from the inlet sym-

metrical quasi-monodisperse probabil-

ity density function (PDF) to a PDF with

a skewed peak of most probable bub-

ble size about 4 times smaller than the

mean bubble size at the inlet. This

systematic evolution toward smaller

bubble sizes is consistent with the

dominant bubble size evolution mech-

anism, namely bubble fragmentation

by lamella division. A spatial correla-

tion between bubble sizes and veloc-

ities was evidenced. The efficiency of

the bubble fragmentation, as well as

the correlation between bubble sizes

and velocities, were measured as a

function of various control parameters:

the mean bubble size at the inlet, the

foam quality, the mean flow velocity,

and the type of surfactant used in the

formulation of the foaming solution. The fragmentation efficiency depends mostly on the initial mean bubble

size and foam quality; larger qualities and larger velocities enhance the foam polydispersity.

The correlation between bubble sizes and velocities has an important consequence in terms of foam rhe-

ology, which has been overlooked until now: in the relationship between the mean interstitial velocity

and the pressure drop (equation (2)), the parameter b is proportional to the number of foam bubbles per

unit volume [Kovscek and Bertin, 2003b], that is, for a 2-D foam, inversely proportional to the mean bubble

area, so the prefactor in that equation is proportional to the mean bubble area. Since the mean bubble

area in the channels of preferential flow is significantly larger than the global mean bubble area, the pre-

factor in equation (2) actually contains an implicit increasing dependence on the mean interstitial velocity

v. Overall this weakens the dependence of v on the pressure drop and decreases the deviation of the

foam’s effective rheology from that of a Newtonian fluid. This behavior is expected to also be observed

for 3-D foams flowing in subsurface

porous media, and this all the more

for media that are very heterogene-

ous and multiscale, and exhibiting

preferential flows. The remediation of

soils is among the applications in

which this rheological property is

expected to play a significant role.

More generally, this study opens the

way to quantitative characterization

of the relationship between medium

geometry and foam flow phenome-

nology. One possible application of

this finding would be in large-scale

models of subsurface foam flows: it

could be beneficial to develop mod-

els that not only consider the

dependence on the local velocity of

the effective viscosity of the foam,

but also explicitly account for the

spatial distribution of bubble sizes

Figure 14. Evolution of the cross-correlation coefficient CAV with the mean polydis-

persity PA of the porous medium. Each experiment is represented by a symbol

whose color indicates the value of efr and whose size indicates the flux ratio a. Two

types of symbols are plotted: circles for experiments performed with solution 1,

and diamonds for experiments performed with solution 2. The black squares indi-

cate symbol areas corresponding to flux ratio values a5 1.0%, 24.3%, and 47.6%.

Figure 13. Probability distribution function (PDF) of the velocity field for bubbles

of area in the ranges 0�A�hAi (blue solid circles) and A> hAi (red crosses),

where hAi is the average normalized bubble size computed on the area map of

Figure 12. The inset shows a histogram of the bubble areas, with hAi/A0 indicated

by a vertical red line.
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and the coupling between the local permeability of the medium and the effective viscosity of the foam

(through the coupling of the permeability and the bubble size).

Remember though that in our system, mechanisms of bubble disappearance are quasi-inexistant: over the

investigated time scale, foam coarsening by gas diffusion is negligible, while the ratio of the average pore

size to the average pore neck size is not large enough to allow capillary suction to cause lamella rupture.

Hence the bubble size distribution does not evolve toward a stationary state where mechanisms of lamella

creation and destruction would balance each other. Future works will tackle the size selection mechanism

in medium geometries with much more marked constrictions between pores, as well as in media with a dif-

ferent dimensionality, such as porous media columns commonly used by soil physicists and three-

dimensional sand tanks. Another prospect is the modeling of the fragmentation process and its confronta-

tion to the PDFs measured experimentally in the present study.

Appendix A: Pore Map Determination

The pore map of Figure 4 (bottom) is obtained in the following manner. A Delaunay triangulation is performed

on the image that defines the grain (see red segments in Figure 2b). Then a number of these segments are

removed selectively, and the pores are defined as the resulting continuous black areas. The segments removed

are those which are significantly longer than their nearest neighbors: each segment S is selected for removal,

or not, from a comparison of its length with respect to that of the four other segments constituting the two tri-

angles that share the segment S. More precisely, we compute the ratio of the length of S to the average length

of the two shortest such segments. Performing this measurement on all segments, plotting the PDF of these

‘‘length ratios’’ provides a distribution with two weakly separated peaks, indicating two populations of seg-

ments. The segments belonging to the right peak (i.e., with the larger length ratios) were removed.

Appendix B: Definition of the Cross Correlation Between Bubble Sizes and
Velocities

The cross-correlation coefficient between bubble sizes and velocities, CAV, is computed as follows. From the

average area and velocity maps, we compute the average bubble size hAi and the standard deviation rA of

bubble area values about hAi, as well as the corresponding quantities for velocities, hVi and rV, respectively.

The cross correlation is then given by:

CAV5
h~A~V i

rArV
; (B1)

with ~A5A2hAi and ~V5V2hVi. We also define a measure of the polydispersity of the foam flowing inside

the porous medium, by the ratio PA5rA=hAi. Note that we only process the data from the bubbles posi-

tioned inside the porous medium.

The coefficient CAV is normalized to be of order unity. In Figure 14, its measured values are all positive, and

around CAV50:246 0:11. This value indicates a rather weak correlation, which can be understood by look-

ing at Figure 12, in which the average bubble size clearly decays throughout the channel; at the end of the

channel, the size of the fastest bubbles corresponds to the size of the slowest ones at the entrance. The

cross-correlation coefficient is then low since it is computed over all bubbles in the channels, not taking

into account the decrease of the average bubble size along the length of the porous medium.
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