
p h o to e lec tric  em ission d e p en d in g  o n  th e  p rev io u s  t r e a tm e n t  o f th e  m e ta l, b u t  

re la tiv e  v a lu es  fo r m o ly b d e n u m  a n d  tu n g s te n  a re  n o t m u ch  a ffec ted  b y  h e a t  

tre a tm e n t. T h e  em ission fro m  m o ly b d en u m  is a b o u t  7 0 %  th a t  fro m  

tu n g s ten .

E x p e rim e n ts  w ith  a n  a b so rp tio n  screen  o f a lu m in iu m , 0 -0 2  m m . th ick , show  

th a t  th e  p h o to e lec tr ic  em ission is p ro d u c e d  m a in ly  b y  th e  v e ry  so ft co m p o n en ts  

o f th e  ra d ia tio n .
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The Flow Past Circular Cylinders at Low Speeds.

B y  A . T h o m , D.Sc ., P h .D ., C arneg ie  T each in g  F e llow , U n iv e rs ity

o f  G lasgow .

(C om m unicated  b y  G. I .  T ay lo r, F .R .S .— R eceived A pril 24, 1933.)

[P l a t e s  1 0 - 1 3 . ]

. /
Introduction.

T his  p a p e r  d ea ls  chiefly  w ith  c a lc u la tio n s  a n d  e x p e r im e n ts  o n  th e  flow p a s t  

c ircu la r cy lin d e rs , b u t  th e  a r i th m e tic a l  m e th o d s  o f  so lu tio n  o f  th e  eq u a tio n s  o f 

s te a d y  visco us flow  p ro p o sed  a n d  u sed  in  S ec tio n  I ,  a re  a p p lic ab le  to  o th e r  

eq u a tio n s  a n d  m a y  b e  o f  in te re s t .

S ec tion  I .— Arithmetical Methods o f Solving the Equations o f Viscous

Steady Flow.

T h e  eq u a tio n s  to  be so lv ed  a re

dx dy d y  dx ^  . (1)

V 24> =  j

T he  m e th o d  o f so lu tio n  used*  is one o f re p e a te d  in te rp o la tio n  in  a  field o f 

in itia lly  a ssum ed  va lu es. A s th e  form ulae o f in te rp o la tio n  u sed  in v o lv e  th e  

eq u a tio n s  to  be  so lved  th e  v a lu es  te n d  to  s e tt le  to  a  so lu tio n  p ro v id e d  c e r ta in  

p recau tio n s  a re  ta k e n . I n  p ra c tic e  th e  field is d iv id ed  in to  sq u a res  a n d  

in itia lly  a ssum ed  v a lu es  o f a n d  £ a re  w r it te n  a t  each  co rn er. I n  g en era l 

th e  va lu es a t  th e  cen tre  o f a  sq u a re  o f  side 2n  a re  g iv en  b y

Sc =  Sm -  ^ 2V2*, ^  -  K V 2̂ , (2)

* T h o m  a n d  O rr, ‘ P r o c . R o y .  S o c . , ’ A ,  v o l .  1 3 1 , p . 3 0  ( 1 9 3 1 ) ;  T h o m , e A e r . R e s .  C t e e . , ’ 

R . & M ., N o . 1 19 4  (1 9 2 9 ) .
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652 A. T hom .

w here

'I'm — (A +  B  +  C +  D ) -j- 4 

— (a +  & +  c +  d) -4- 4,

A, B , C a n d  D  a re  th e  c o m e r  v a lu es  o f  tj; a n d  a, b, c a n d  d  a re  th e  co rresp ond in g 

v a lu es  o f Z.

T hese  express ions , w h ich  a re  eas ily  o b ta in e d  b y  a p p lic a tio n s  o f  T a y lo r’s 

T heo rem , a re  c o rre c t u p  to  a n d  in c lu d in g  te rm s. I n  th e  p a r tic u la r  case 

u n d e r  co n sid e ra tio n , n am ely , th e  so lu tio n  o f  e q u a tio n s  (1) ab o v e  we o b ta in  :—

Y r  1 n 3 (d±d<\> dZ\

c M v dx dy dy dx/

'■Pc =  'I'm — n%c

W ritin g  a p p ro x im a te  v a lu es  fo r dty/dx, dZJdy, e tc ., th e  final w o rk in g  fo rm  of 

th e se  b e c o m e :—

Sc =  Sm -  7 T  « a  -  °)(B  - ! > )  +  ( & -  d)(C -  A)}

W

'J'c — 'I'm n*Zc

H a v in g  u sed  th e se  to  find  th e  v a lu es  a t  th e  cen tre s  o f  a ll sq u ares  th e y  a re  

u sed  a g a in  to  find  new  v a lu es  a t  th e  o rig in a l co rn ers . T h e  process  is re p e a te d  

ov e r a n d  o v e r a g a in  t i l l  th e  v a lu es  a ll  o v e r th e  field  h a v e  se ttled . A t so lid  

b o u n d a rie s  th e  v a lu es  o f  Z on  th e  su rface  a re  o b ta in e d  fro

e x p re s s io n :—

S =  (<Kj — ^s) rn, ( 5 )

w here  <J>8 =  v a lu e  o f o n  th e  su rface , a n d  y G =  v a lu e  o f y  a t  a  p o in t  G 

d is ta n t  m  fro m  th e  su rface . T h is  exp re ss io n  (or a h  e q u iv a len t)  h a s  to  be used  

each  tim e  th e  sq u a res  a re  gone over.

I f  th e  sq u ares  u sed  a re  to o  la rg e  th e  p ro cess  m a y  n o t  be  co n v erg en t, a n d  

even  i f  c o n v erg en t d is to r te d  re su lts  m a y  be  o b ta in e d .

A s a n  ex am p le  o f th e  p rocess co n sid er th e  flow p a s t  a  c ircu la r cy lin d e r a t  

R ey n o ld s ’ N u m b e r (V d/v) =  10. P a r t  o f  th e  so lu tio n  is show n in  fig. 1. 

T h e  p a r tic u la rs  a re  : u n d is tu rb e d  v e lo c ity  =  6 -2 5 , cy lin d e r d ia m e te r  =  10, 

coefficient o f k in e m a tic  v isco s ity  v =  6 • 25. I t  w ill be  seen t h a t  th ro u g h o u t 

th e  g re a te r  p a r t  o f  th e  field  th e  ^  a n d  Z v a lu es  a re  re p e a tin g  to  a  reasonab le  

accu racy , in d ic a tin g  t h a t  a n  a p p ro x im a te  so lu tio n  h as  been  o b ta in ed . T he 

s tream lin es  th u s  o b ta in e d  a re  sh ow n  in  fig. 2. W h en  th e  a p p ro x im a tio n  is 

ca rrie d  fu r th e r  th e re  is  a n  in d ic a tio n  o f n e g a tiv e  v a lu es  o f  a n d  Z ju s t  beh ind  

th e  cy lin d er show ing th e  p resence  o f a  sm all w eak eddy. F u r th e r  w ork on
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Floiv Past Circular Cylinders at Low Speeds. 653

th is  field has, how ever, n o t  been  c a rrie d  o u t  as  a d iffe ren t m e th o d  of p ro ced u re  

p re sen ted  itse lf.

I t  w ill be  rea lized  t h a t  con sid e rab le  d ifficu lty  a rises  a t  a  cu rv ed  b o u n d a ry  

because  i t  is im possib le  to  a rra n g e  m a tte r s  so t h a t  th e  b o u n d a ry  passes th ro u g h

F i g . 1.

/  S T R E A M L I N E S  \  

/  P A S T  C Y L IN D E R  

f  R  =  IO.

rG jl .  D ia =10, Vfel = 6 -2 5 , v = 6 * 2 5

F i g . 2.

th e  co rners o f a ll th e  sq u ares  i t  cu ts . A cco rd in g ly  som e m e th o d  o f in te r 

p o la tio n  h a s  to  b e  u sed  to  o b ta in  th e  v a lu es  o f a n d  £ fo r th e  successive 

a p p ro x im a tio n s  on  th e  co rn ers  o f th o se  b o u n d a ry  sq u ares  w hose o u te r  co rners

V O L . C X L I . — A . 2 x
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654 A. T hom .

fa il to  fa ll e x a c tly  o n  th e  b o u n d a ry . W ith  fields o f th is  ty p e  (and  n a tu ra lly  

th e y  a re  in  a  m a jo rity )  th e re  is also  m o re  d ifficu lty  in  ca lc u la tin g  th e  £ va lues 

on  th e  solid  b o u n d arie s .

T hese d ifficulties a re  b o th  overcom e b y  th e  fo llow ing m e th o d .

G rap h ica lly  o r o th erw ise  solve th e  e q u a tio n  V 2^  =  0 fo r th e  g iv en  b o u n d arie s  

a n d  so o b ta in  th e  n e tw o rk  o f  s tre am lin es  a n d  e q u ip o te n tia l lines d iv id in g  

th e  field in to  “  sq u a re s  ”  o f  a n y  d esired  size. T hese “ sq u ares  ”  can  now  be 

used to  o b ta in  n u m erica l so lu tio n s  fo r th e  s te a d y  flow o f a  v iscous flu id  (and  a  

v a r ie ty  o f o th e r  p ro b le m s also) in  a  s im ila r m a n n e r to  t h a t  a lre ad y  developed 

fo r th e  t ru e  sq u a re s  o f th e  xy  n e tw o rk  in  th e  p lane .

T h ere  is no w  n o  tro u b le  a t  th e  b o u n d a rie s  (a p a r t  from  th o se  in h e re n t in  th e  

p a r t ic u la r  p ro b lem  u n d e r  so lu tio n ) since th e  sides o f th e  sq u ares  o f th e  new  g rid  

lie  every w h ere  on  th e  b o u n d a rie s . T he  p ro o f  o f th e  v a lid ity  o f th e  process 

is as  fo llow s :—

L e t th e  g rid  co -o rd in a te s  be  £ a n d  yj, i.e., th e  lines fo rm in g  th e  n e tw o rk  h a v e  

th e  e q u a tio n s  in  th e  x y  field  \  —  c o n s ta n t,  a n d  r\ — c o n s ta n t.

so t h a t  th e  su b sc rip t a f te r  V in d ic a te s  th e  co -o rd in a te s  w ith  re sp ec t to  w h ich 

th e  d iffe ren tia tio n s  a re  c a rr ie d  o u t.

L e t  th e  tra n s fo rm a tio n  re q u ire d  to  p ro d u ce  th e  g rid  be

T h e  e q u a tio n s  (1) m a y  now  be  tra n s fo rm e d  from  th e  z to  th e  t field w hen th e y  

becom e

P u t

z — x  +  iy

t =  Z> +  MJ>

a n d  w rite

=  3 5  0 5

* ^ - 0 £ 8 d r y

t = f ( z ) .

( 6 )

T hese e q u a tio n s  o n ly  d iffer fro m  th o se  fo r th e  2  field b y  th e  2 in  th e  second 

m em ber, a n d  h ence  th e  m e th o d  o f t re a tm e n t  a lre a d y  described app lie s  to  th e ir  

so lu tion , q is th e  v e lo c ity  o f tra n s fo rm a tio n .

 D
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Floiv Past Circular Cylinders at Low Speeds. 655

T h e w o rk in g  form ulae a re

Sc =  Sm -  {(« -  e)(B  -  D ) +  (6 -  d)(C -  A)}

=  '{'M — « 2Sc/?2

w here th e  su b sc rip t M in d ic a te s  th e  m e a n  o f  th e  co rn e r va lu es , sm all le tte rs  

a re  co rn e r v a lu es  o f  £ a n d  c a p ita ls  c o rn e r  v a lu es  o f  T h e  side o f th e  sq u a re  

in  th e  t p la n e  is 2 n.Th e  t ru e  le n g th  o f  th e  s ide  o f th e  sq u a re  in  th e  z p la

is 2 n/q  so t h a t  a c tu a l ly  th e re  is  n o  d ifference  w h a te v e r  b e tw een  th ese  form ulae 

a n d  th o se  p re v io u s ly  g iv en . I n  w o rk in g , how ever, i t  is in c o n v en ien t to  use 

th e  o rig in a l z p la n e  w ith  th e  g rid  d ra w n  on. In s te a d  th e  shee ts  a re  p re p a red  

fo r th e  t p la n e  so t h a t  o rd in a ry  s q u a re d  p a p e r  c an  b e  u sed  (e.g., see fig. 3).

W h en  new  co rn e r v a lu es  h a v e  b een  o b ta in e d , th e  v a lu es  o f  £ on th e  solid  

b o u n d a rie s  a re  rev ised  fro m  th e  form ulae

S =  (+g  ~  +s) (8)

w here <J;G is th e  v a lu e  o f  th e  s tre a m  fu n c tio n  a t  a  p o in t  G, d is ta n t  m  fro m  th e  

b o u n d a ry  in  th e  t p la n e , t h a t  is a t  a  d is ta n c e  m jq  in  th e  z p la n e , a n d  y s is th e  

v a lu e  on  th e  b o u n d a ry . I n  (8) th e  v a lu e  o f  q to  b e  u sed  is th e  m e an  o f  th e  

su rface  v a lu e  a n d  th e  v a lu e  a t  G. T o  te s t  t h a t  G is su ffic ien tly  n e a r  th e  su rface  

fo r th e  process  to  b e  v a lid , a p p ly  (8) to  tw o  p o in ts  on  th e  sam e n o rm a l, one 

be ing tw ice  a s  fa r  fro m  th e  su rface  a s  th e  o th e r . I f  th e re  is  a  serious d is 

c rep an cy , th e n  th e  d is ta n c e  even  o f  th e  in n e r  is p re su m a b ly  to o  la rg e . F o r  th e  

firs t few  ro u n d s , ho w ever, u n ti l  th e  v a lu es  h a v e  b eg u n  to  se ttle , i t  is  b e t te r  

n o t to  use to o  sm a ll a  sq u a re  as  th e  w o rk  is th e re b y  re n d e red  v e ry  lab o rio u s , 

a n d  in  a n y  case, th e  d iscrepanc ies  m a y  be  d u e  to  th e  field n o t  be in g  se ttled .

T he  ex am p le  chosen  to  il lu s tra te  th e  m e th o d  is  t h a t  o f th e  flow p a s t  a  c irc u la r 

cy lin d e r in  a n  in fin ite  field  a t  E  =  20. F o r  th is , tw o  tra n s fo rm a tio n s  w ere 

av a ilab le , n am ely , t =  log  z a n d  

sy ste m  o f ra d ia tin g  lin es  a n d  co n cen tric  circles, h a s  th e  a d v a n ta g e  o f  h a v in g  

sm alle r sq u ares  n e a r  th e  c y lin d e r a n d  la rg e r  ones fu r th e r  o u t. T he  second  

w as, ho w ever, chosen because  o f i ts  s im ila r ity  to  th e  a c tu a l  flow.

T h e  “ g rid  ” h a v in g  been  p lo tte d  to  a  la rg e  sca le  a n d  th e  v a lu es  o f  q o b ta in e d  

th e  ca lcu la tio n  o f  th e  v isco us flow w as com m enced  u sin g  th e  fo llow ing v a lu es :—

d — cy lin d e r d ia m e te r  =  2 

V =  u n d is tu rb e d  v e lo c ity  =  1 

v =  0 -1

2 x 2
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656 A. T hom .

g iving
R  =  V d/v  =  20.

T o s ta r t  th e  so lu tio n  v a lu es  o f th e  v o r tic ity  £, a n d  s tream -fu n c tio n  <]; w ere 

ro u g h ly  e s tim a te d  fro m  th e  a p p ro x im a te  so lu tio n  fo r R  =  10 a lre a d y  o b ta in ed . 

T hese h a v in g  b een  w r it te n  on  th e  co rn ers  o f sq u ares  in  th e  t field, th e  w ork  

com m enced . Form ulae (7) a n d  (8) w ere a p p lied  u n ti l  th e  field h a d  se ttled .*  

I n  choosing th e  in it ia l  v a lu es  no  a t te m p t  w as m ad e  to  assum e a n  e d d y  con

d itio n  b y  w ritin g  n e g a tiv e  v a lu es  b e h in d  th e  cy lin d e r. A ll th e  in itia lly  

assu m ed  v a lu es  w ere  p o sitiv e . T h e  n e g a tiv e  v a lu es  develo ped  d u rin g  th e  

w ork, in d ic a tin g  a  p a ir  o f sy m m e tric a l edd ies in  th is  region .

A  p o r tio n  o f th e  w o rk  is show n in  fig. 3. T h e  sh ee t sho w n in c lu d es  th e  ed d y  

region . I f  a  sam p le  c a lc u la tio n  is m a d e  i t  w ill b e  seen th a t  n o  a d d itio n  to  th e  

s ta n d a rd  form ulae is re q u ire d  to  d e a l w ith  th e  ed d y , in  f a c t  h e re  th e  w ork  is  

l ig h te n e d  as th e  second  te rm  in  th e  form ulae (7) is  so sm all in  th e  e d d y  region 

a s  to  b e  a lm o s t neg lig ib le, a n d  V 4^  =  0 a lm o s t ap p lie s  here . F ig . 3 also  in d i

ca te s  h ow  th e  size o f sq u a re  u sed  v a rie d , b e in g  g en e ra lly  la rg e r  th e  g re a te r  th e  

d is ta n ce  fro m  th e  cy lin d e r. T h e  c r ite r io n  fo r th e  size o f sq u a re  is to  t r y  sm alle r 

sq u a res  a n d  i f  se rious d ifferences a re  o b ta in e d , a ll th e  sq u a res  in  th e  n e ig h b o u r

h o o d  m u s t b e  re d u c ed  in  size.

I t  w as fo u n d  n ecessa ry  to  u se  v e ry  sm a ll sq u a res  in  th e  reg io n  a d ja c e n t to  

th e  f ro n t  g e n e ra to r— po ssib ly  b ecau se  th is  is a  s in g u la r p o in t  in  th e  g rid . T he  

m e th o d  o f t r e a t in g  th is  re g io n  w as s u b s ta n tia l ly  th e  sam e as  t h a t  in d ic a ted  

elsew here fo r th e  sh a rp  in tru d in g  co rn e r in  th e  p ro b le m  o f th e  su d d en  ex p an sio n  

in  a  p ip e .f

T h e  w ho le  pro cess  is lo n g  a n d  no  c la im  is m a d e  t h a t  th e  va lu es  o b ta in ed  a re  

p e rfec t. T h e  use  o f sm a lle r sq u a res  ev ery w h ere  w o u ld  p ro b a b ly  cause s lig h t 

changes. I t  is, how ever, considered  t h a t  th e  so lu tio n  is b e t te r  th a n  t h a t  

o b ta in e d  p re v io u s ly  fo r R  =  10. T h e  v a lu es  o f ip a n d  £ o b ta in e d  a re  show n 

p lo t te d  as  co n to u rs  in  th e  t field in  fig. 4. B y  m ean s  o f th e  “  g rid  55 a n d  som e 

c ro ss-p lo ttin g  i t  is easy  to  o b ta in  th e  a c tu a l  s tream lin es . T hese a re  show n in  

fig . 5. T he  ed d y  is c lea rly  show n in  b o th  figs. 4 a n d  5. I t  w ill be seen to  

co rre sp o n d  closely  w ith  th e  a c tu a l  p h o to g ra p h s  o f th e  ed d y  show n in  Section  3. 

I n  size, i t  is n e a re s t to  th e  p h o to g ra p h  a t  R  =  29 (see fig. 12 (d)y P la te  13).

* W it h  r e g a r d  t o  t h e  n u m b e r  o f  r e p e t i t io n s  r e q u ir e d  a t  a  p o in t ,  i t  is  im p o s s ib le  t o  g iv e  

a  d e f in it e  f ig u r e . I t  w o u ld  d e p e n d  o n  t h e  b o u n d a r ie s ,  s iz e  o f  sq u a r e , a c c u r a c y  o f  t h e  

a s s u m e d  s o lu t io n ,  t h e  a c c u r a c y  o f  t h e  r e q u ir e d  s o lu t io n , a n d  t h e  p o s it io n  o f  t h e  p o in t  in  

t h e  f ie ld . U s u a l ly  t h e  n u m b e r  l ie s  b e tw e e n  5  a n d  5 0 .

t  ‘ A e r o . R e s . C te e ., ’ R .  & M ., N o .  1 4 7 5  (1 9 3 2 ).
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Flow Past Circular Cylinders Low Speeds. 657
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658 A . T hom .

F i g . 5 .— C a lc u la te d  s t r e a m lin e s  p a s t  a  c ir c u la r  c y lin d e r  a t  V d /v  =  2 0 . T h e  s p a c in g  o f  

t h e  s t r e a m lin e s  in  t h e  u n d is tu r b e d  f lo w  is  s h o w n  b y  t h e  s h o r t  l in e s  a t  e a c h  e n d . T h e  

d o t t e d  s t r e a m lin e s  a r e  a t  +  1 /2 5 6 , — 1 /2 5 6 , a n d  — 1 /1 2 8 .
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Flow Past Circular Cylinders at Low . 659

Fig . 5 can  also  be co m p ared  w ith  th e  p h o to g ra p h  o b ta in e d  a t  R  =  23 (see 

fig. 9, P la te  10). A  fu r th e r  co m p ariso n  w ith  e x p e r im en t is sh ow n  in  fig. 13 

w here th e  m a x im u m  se p a ra tio n  o f  th e  s tre am lin es  w hich w ere o rig in a lly  a t  a  

d is tan ce  a p a r t  e q u a l to  th e  c y lin d e r  d ia m e te r  is p lo t te d  on  R e y n o ld s ’ n u m b er . 

T hese w ere o b ta in e d  fro m  a  n u m b e r  o f p h o to g ra p h s  s im ila r to  fig. 9, P la te  10. 

I t  is seen  t h a t  th e  v a lu e  o b ta in e d  fro m  th e  th e o re tic a l s tre am lin es  is  in  good 

ag reem en t. T h e  d is ta n ce  b e h in d  th e  cy lin d e r  a t  w h ich  th is  m a x im u m  occurs 

is a lso  sh ow n  in  fig. 13 a n d  th e  a g re e m e n t is h ere  a g a in  sa tis fa c to ry .

T o d e te rm in e  th e  p re ssu re  a t  a n y  p o in t  A  in  th e  field  i t  is n ecessa ry  to  in te g ra te  

a lo ng  a  lin e  fro m  som e p o in t  B  w here  th e  p re ssu re  is a lre a d y  k n o w n  to  A .* 

In  th e  p re se n t ex am p le  B  is c o n v e n ie n tly  a  p o in t  a t  su ch  a  d is tan ce  fro m  th e  

c y lin d e r  t h a t  th e  flow th e re  is u n d is tu rb e d  b y  th e  cy lin d e r. I n  d ed u c in g  th e  

n ecessary  exp re ss io ns  fo r use in  th e  t  p la n e  th e  fa c to r  q  can ce ls  o u t. F o r  ex am p le  

B ern o u lli’s e q u a tio n  fo r use  a lo n g  a  lin e  p a ra lle l to  th e  rt a x is  is

Pa  +  2 P^a 2 =  P b  +  i p ? B 2 —  2 p v  j  +  2 p  j  dy\.

T h e p ressu re  on  th e  f ro n t g e n e ra to r  w as o b ta in e d  b y  in te g ra tin g  a lo n g  rt — 0, 

a n d  also  b y  in te g ra tin g  a lo n g  £ =  2 in  th e  t  field. T h e  re su lts  a re  1-31 (1 pV2) 

a n d  1 -3 5  (Jp V 2) re sp ec tiv e ly . T h e  m e an  v a lu e  1 -3 3  is in  good a g re em e n t 

w ith  th e  v a lu e  (1 • 335) o b ta in e d  e lsew here  th e o re tic a lly  b y  a  to ta l ly  d iffe ren t 

p ro cess .f

P ressu res  a t  o th e r  p o in ts  o n  th e  c y lin d e r  su rface  w ere o b ta in e d  b y  in te g ra tin g  

a lo ng  lines p a ra lle l to  th e  tj a x is  in  th e  t field. T h e  re su lts  a re  as  follow s :—

f Co* e. (p  -  P *)lipV 2-

2 0 0 0 4 -1 * 3 3

I f 1*75 2 9 0 + 0 - 6 7

H 2 1 4 0 * 3 4- 0 -1 2
l 2*0 0 0 -0 - 0 * 5 2

0 1 1 8 9 0  0 - 1 * 1 6

- H 0  0 3 1 3 9 -7 - 0 - 8 7

- 2 0 1 8 0 -0 - 0 * 7 3

T hese v a lu es  w ill be  fo u n d  p lo tte d  in  fig. 6 am o n g  th e  e x p e rim en ta l cu rves. 

T h e  p re ssu re  d ra g  is eas ily  fo und . E x p ressed  as a  coefficient i t  is K D =  0-624 .

* S e e  R .  & M ., N o . 1 1 9 4  (1 9 2 9 ) .

f  ‘ A e r o  R e s .  C t e e . , ’ R .  & M „ N o . 1 3 8 9 , T a b le  5  (1 9 3 1 ) .
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660 A. T hom .

I t  h a s  been  sh ow n elsew here t h a t  th e  ta n g e n tia l  force  a t  a  p o in t is 2\xC,0 * 

w here  is th e  v a lu e  o f th e  v o r tic i ty  o n  th e  su rface . T h e  v a lu es  o f  a re  

g iv en  in  th e  ab o v e  ta b le . In te g ra t in g  th e  d ra g  c o m p o n en t o f th e  ta n g e n tia l 

force a n d  ex p ress in g  th e  r e s u lt  a s  a  coefficient g ives K D =  0*433. T h u s  th e

F i g . 6 .— P r e ssu r e  d is t r ib u t io n  r o u n d  c ir c u la r  c y l in d e r s ,  e x p e r im e n t s  in  o i l  a n d  w a te r .  

O r d in a te s  a r e  ( p  — p 0) - f -  £ p V 2. T h e  s h o r t  t h ic k  b la c k  l in e s  s h o w  z er o

p r e ssu r e  fo r  t h e  c u r v e s  w h ic h  t h e y  c u t ) .

to ta l  d ra g  coefficient is 1 • 057 a t  R  =  20, a  re s u lt  ly in g  b e tw een  th e  ex p e ri

m e n ta l v a lu es  o f R e lf  a n d  th o se  o f  W iese lberger. T hese re su lts  a re  show n on 

fig. 8 p lo tte d  a lo n g  w ith  e x p e r im e n ta lly  d e te rm in ed  va lues.

* Loc. cit.,R . & M ., N o . 1 1 9 4  ; ‘ A e r o . R e s .  C t e e . ,’ R .  & M „  N o . 1 3 8 9 .
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Flow Past Circular Cylinders at Low Speeds. 661

S ec tio n  2 .— Experim ental Determination o f the Pressure Distribution Round, 

Circular Cylinders at Low Reynolds’ Numbers in  Oil and Water.

T he  a p p a ra tu s  u sed  w as su b s ta n tia l ly  t h a t  d escrib ed  in  R .  & M ., N o. 1389, 

a n d  co n sis ts  o f a  t a n k  o r  c h an n e l h a v in g  a  w o rk in g  sec tio n  5 inches b y  5 inches, 

a n d  a  fo rm  o f  C h a tto c k  gauge . A t lo w  speeds w ith  sm all cy lin d e rs  oil is m ore  

tro u b leso m e  th a n  w a te r . T h is  is p a r t ly  o n  a c c o u n t o f  th e  g re a te r  coefficient 

o f  ex p an s io n  o f o il a t  th e  te m p e ra tu re s  u sed . A ll lead s  h a v e  to  be p ro te c te d  

fro m  te m p e ra tu re  v a r ia t io n  a s  p re ssu re  v a r ia t io n s  a re  p ro d u c e d  b y  th e  s lig h te s t 

ch an g e  in  te m p e ra tu re  su ch  a s  t h a t  c au se d  b y  a  h a n d  h e ld  n e a r  a  p a r t  o f 

th e  sy stem . T h e  re a so n  is  t h a t  th e  e x p a n d in g  o il is th ro t t le d  b y  th e  v e ry  sm all 

ho le  o r ho les in  th e  c y lin d e r. T o  a p p re c ia te  th is  i t  sh o u ld  be  rea lized  t h a t  th e  

p re ssu re s  to  be  m e asu re d  a re  so m etim es o n ly  a  few  th o u s a n d th s  o f a n  in c h  o f 

w a te r. A s th e  re sp o n se  o f  th e  g au g e  is v e ry  slow  i t  ta k e s  a  co n sid e rab le  tim e  

(u p  to  a n  h o u r  in  som e cases) to  ta k e  a  sing le  re a d in g  o f p re ssu re .

T h e  v e lo c ity  w as  o b ta in e d  fro m  th e  m e a su re m e n ts  th em se lv es  b y  u sin g  

th e  re la tio n  g iv en  in  R . & M ., N o. 1389 b e tw ee n  v e lo c ity  a n d  f ro n t g e n e ra to r  

p re ssu re . P a r t ic u la rs  o f  th e  o il u sed  w ill a lso  b e  fo u n d  in  t h a t  p a p e r .

T h e  s ta t ic  h o le  w as o n  th e  c h an n e l w all o p p o s ite  th e  cy lin d e r, b u t  even  so a  

co rrec tio n  fo r w all effect is  re q u ire d . T h e  e x a c t  a m o u n t o f  th is  co n n ec tio n  is  

u n c e r ta in  a n d  th e  v a lu e  u sed  w as, in  th e  absen ce  o f b e t te r  in fo rm a tio n , t h a t  

g iv en  in  th e  A p p e n d ix  to  R . & M ., N o. 1194. T h is  u n c e r ta in ty  m ak es  th e  

m easu rem en ts  m a d e  w ith  th e  sm a lle r  c y lin d e rs  m o re  re lia b le  (o th e r th in g s  

be in g  eq u a l) .

T h e  fina l re su lts  a re  g iv en  in  T a b le  I  w h ich  also  c o n ta in s  a n  e x p la n a tio n  

g iv in g  th e  m e th o d  o f co rrec tio n . T h e  p ro c e d u re  o f c o rre c tin g  th e  ang les b y  

\h jd  to  allow  fo r th e  size o f th e  h o le  is fu lly  ju s tif ie d  a t  h ig h e r speeds b u t  n o t  

y e t  a t  th e se  low  v a lu es  o f  R  (h =  h o le  d ia m e te r) . T h e

in  fig. 6.

T h e  v a lu es  o f  th e  coefficient o f  p ressu re  d ra g  d ed u ced  fro m  th e  v a lu es  in  

T ab le  I ,  a re  g iv en  in  T ab le  I I ,  a n d  w ill be fo u n d  p lo tte d  in  fig. 8 a lo n g  w ith  

th o se  fro m  ex p e rim en ts  in  a ir  (R . & M ., N o. 1194) a n d  re c e n t re su lts  b y  L in k e*  

w ho h a v in g  m easu red  th e  to ta l  d ra g  o f  cy lin d e rs  u n d e r  co n d itio n s  id e n tic a l 

to  th ose  o b ta in in g  w hen  h e  m easu red  th e  p re ssu re s , o b ta in s  re lia b le  v a lu es  fo r 

th e  p a r t  o f th e  d ra g  d u e  to  sk in  fr ic tio n . H is  re su lts  b e a r  o u t th e  exp re ss io n  g iv en  

b y  th e  w rite r  fo r th e  sk in  fr ic tio n  d ra g  o f a  cy lin d e r, n am ely , K D =  2 -f- V R f .

* ‘ P h y s .  Z . ,’ v o l .  3 2 , p . 9 0 0  (1 9 3 1 ).  

f  ‘ A e r o . R e s .  C t e e . ,’ R .  & M ., N o .  1 1 7 6  ( 1 9 2 8 ) .
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662 A . T h o m

T ab le  I .

O il. R  =  3 - 5 . O il. R  =  10* 5. P w II 2 .

t — 1 5 -0 °  v =  0 - 4 0 0 t =  1 5 -0 °  v =  0 - 4 0 6 t  =  15* 7° v = 0 - 3 9 6
t f =  0 - 3 1 8  =  0 - 0 4 5 < 1 = 0 - 9 6  fe =  0 - l l <1 =  0  *318 =  0  -0 4 5

€ =  0 - 0 0 5  V  =  4 - 4 € =  0 - 0 2 2  V  =  4 - 4 € = 0 - 0 0 5  V  =  1 3 -9

e. e -  A d . p '- e. 0  -  A d . ?'■ d . <9 -  A d . j>'.

0 0 2 - 3 0 0 1 -5 6 0 0 1 -5 4

4 0 3 6 1 -0 5 4 0 37 0 - 4 9 4 0 36 0 - 4 8

80 76 - 0*88 8 0 77 — 1*07 8 0 76 —0*91

120 116 - 1 - 7 2 120 117 - 1 * 2 9 120 116 - 1 * 1 3

160 156 - 1 * 5 2 160 157 - 1 -10 160 156 - 0 * 7 9

O il. R  =  36 . W a te r . R  =  45 . W a ter . R =  67.

t  =  15° v =  0 * 4 1 0 1 =  14° v =  0 * 0 1 1 8 t  =  14° v =  0 * 0 1 1 8

d =  0  • 96  ft =  0 - l l <1 =  0 - 142 h  =  0 * 0 4 d =  0 *142 h =  0 * 0 4

€ =  0  0 2 2  V  =  14*5 € =  0 -0 0 1  V  =  3 - 7 5 € =  0*001 y  =  5*6

0. d  -  A d . p ' . d . d -  A d . p'- d. d  -  A d . p

0 0 1*19 0 0 1*16 0 0 1-11

4 0 37 0*21 20 12 0 * 9 3 20 12 0* 88

8 0 77 - 1*00 4 0 32 0 * 3 5 4 0 32 0 * 2 9

120 117 - 0 * 9 0 6 0 52 - 0 * 4 2 6 0 52 —0 * 4 8

160 157 - 0 * 6 5 80 72 - 0 * 8 7 80 72 - 0 * 8 9

100 92 - 0 * 9 6 100 92 - 1 * 0 4

120 112 - 0 * 8 1 120 112 - 0 * 8 2

140 132 - 0 * 7 3 140 132 - 0 * 7 0

160 152 - 0 * 6 1 160 152 - 0 * 7 3

180 180 - 0 * 6 2 180 180 - 0 * 6 4

W a te r . R  =  73 . W a ter . R  =  174.

t =  13*6° v =  0 * 0 1 1 9

d =  0 * 1 4 2  h — 0 * 0 4

€ =  0*001  V  =  6*1

< =  1 4 -4 °  x =  0 -0 1 1 7

d  =  0 - 3 1 8  =  0 - 0 4 5

e =  0 - 0 0 5  V  =  6 - 4

d. d -  Ad. p'- 6. d -  Ad. p '■

0 0 1*10 0 0 1*043

20 12 0 * 8 7 20 16 0 *7 8 6

4 0 32 0 * 2 8 4 0 36 0 * 0 5 7

6 0 52 •—0 * 4 3 60 56 - 0 * 7 1 3

80 72 - 0*86 80 76 - 1 * 0 8 5

100 92 - 0 * 9 2 100 96 - 1*002

120 112 - 0 * 7 3 120 116 - 0 * 8 4 0

140 132 - 0 * 7 1 140 136 - 0 * 7 6 9

160 152 - 0 * 6 3 160 156 - 0 * 7 6 1

180 180 - 0 * 6 4 180 180 - 0 * 7 3 9

R  

t :

d = 

h = 

r = 

€ = 

v  =
p'  =  

Pi =

J0

= Y d /v .
■ te m p e ra tu r e °C.

: k in e m a tic  v isc o s ity  

c m .2/sec .

= c y lin d e r  d ia m e ter  cm .

: ho le  d ia m ete r , cm .

: (ch a n n e l w id th ) d.

■. 13 *r (30r -J- r2).

: flu id  v e lo c ity , c m ./sec .

= ^i(l 2e)~=" bpV2-
= o b se rv e d  pressure d l i 

fe rence.

_  h 

2 d '

P'
P -  P  o

JpV2
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Floiv Past Circular Cylinders at Low Speeds. 663

T a b le  I I .

C ylin d er

d ia m e te r

(c m .).

F lu id .

F lu id  

V e lo c ity  

(c m ./s e c .) .

R e y n o ld s ’

n u m b e r.

C oeffic ien t  

o f p ressu re  

d ra g .

0 -3 1 8 O il 4 - 4 3 - 5 1 -3 2 5

0 - 9 6 9 9 4 - 4 1 0 -5 0 - 9 0

0 -3 1 8 9 9 1 3 -9 11-2 0 -7 1

0 - 9 6 9 9
1 4 -5 3 6 - 0 0 - 4 9

0 -1 4 2 W a te r 3 - 7 5 4 5 - 0 0 - 4 6

0 -1 4 2 9 9 5 - 6 6 7 -0 0 - 4 6

0 -1 4 2 9 9 6*1 7 3 -0 0 - 4 5

0 - 3 1 8 9 9
6 - 4 1 7 4 -0 0 * 4 8

T h e p re se n t e x p e r im e n ts  d e a l, h ow ever, w ith  a  d iffe ren t ran g e  o f  R e y n o ld s7 

n u m b ers  (R  =  3 -5  to  R  =  240). T h e  d e te rm in a tio n s  o f  d ra g  b y  R e lf  a n d  

W iese lberger*  fro m  fo rce  m e asu re m e n ts  a n d  th e  d ifference b e tw een  th e  m ean  

o f th ese  a n d  th e  w r ite rs ’ d e te rm in a tio n  o f p re ssu re  d ra g , th is  d ifference b e in g  

th e  sk in  fr ic tio n  d ra g , a re  a lso  sh ow n  in  fig. 8.

O

-OS 

-JO 

-IS

“l-o-

- £ 0

- 3 0

F i g . 7.— P r e s su r e  d is tr ib u t io n  r o u n d  c ir c u la r  c y lin d e r s . t h e o r y  ; £ ) ,  o i l ; 3 , w a te r  ; 

• ,  a ir  ; 4  , a ir  (L in k e ) . N o t e  :— S h o r t  d o t t e d  c u r v e s  t o  r ig h t  a re  p lo t t e d  fr o m  L a m b ’s  

t h e o r y  fo r  v e r y  lo w  R e y n o ld s ’ n u m b e r s .

F ig . 7 show s th e  p ressu res, fro m  th e  p re se n t ex p e rim en ts , fro m  th ose  o f  R . & 

M., N o. 1194, a n d  fro m  th e  ex p e rim en ts  o f L in k e . T h ey  a re  p lo tte d  fo r con 

s ta n t  v a lu es  o f 6, n am ely , 0 =  40°, 80°, 120° a n d  160°.

* ‘ P h y s .  Z . , ’ v o l .  2 2 , p . 3 2 1  (1 9 2 1 ).
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664 A. T hom .

T he  p o in ts  sh ow n  in  tr ia n g le s  a re  fro m  th e  a r ith m e tic a l so lu tions, a n d  th e  

d o t te d  lines show  v a lu es  o b ta in e d  fro m  L a m b ’s a n a ly tic a l so lu tio n .*  A c tu a lly  

L a m b ’s so lu tio n  o n ly  ap p lie s  to  v a lu es  o f R  less th a n  th o se  show n, in  fa c t to  

va lu es m u ch  less th a n  u n ity , b u t  e v id e n tly  in  m o s t cases th e  e x p e rim en ta l 

re s u lts  a re  co n v erg in g  w ith  th e m .

1-5

1  
u

■SB 1-0 

§

bJD
2

p

\

\

\

>

i -

\
\  T o t a l  d r a

\ \ / T o t a l  d n  

\ \

\A

g  (R e lf )  

ag  ( W i e s e l b e r t 5*er)
I
!

.. V  v
\  V  

*

V

P r e s s u r e ^ " X n

T o t a l  d r ,a g  ( L in k e )

------
\ \

d r a g © \.

> v S k i n  f r i c t i o n  

( d i f f e r e n c e

d r a g  

o f  a b o v e )

— -------- 1------  

E isn <  

L i n k e ’s  e x p t

X  ,

; r A  \

\  \

S. ' " T

L
1 2 63

lo&o R

F i g . 8.— D r a g  c o e f f ic ie n ts  fo r  c ir c u la r  c y l in d e r s .  © ,  p r e s su r e  d r a g  p r e s e n t  e x p e r im e n ts , 

o il  a n d  w a t e r ; x , p r e ss u r e  d r a g , p r e v io u s  e x p e r im e n t s ,  a i r ; • ,  p r e ss u r e  d ra g ,

L in k e ’s  e x p e r im e n t s ,  a ir  ; © ,  a r i t h m e t ic a l  s o lu t io n s .

S ec tio n  3 .— Photographic S tudy  o f the Streamlines at Low Speeds.

T he  p h o to g ra p h s  show n in  figs. 9 to  12, P la te s  10 to  13, a re  exam ples  selected  

fro m  a  la rg e  n u m b e r w h ich  w ere  o b ta in e d  b y  p h o to g ra p h in g  th e  filam en t lines 

p ro d u ced  b y  in tro d u c in g  s tre am s  o f  co lo u red  w a te r  in to  th e  flow in  th e  5 inches 

b y  5 in ches  ta n k  a lre a d y  i l lu s tra te d  in  R . & M ., N o. 1389.

T h e  b e s t lin es w ere  o b ta in e d  b y  u sin g  fine g la ss  tu b e s  d ra w n  a lm o s t to  a 

p o in t  b u t  u n ifo rm  sp ac in g  is d ifficu lt to  o b ta in  in  th is  m an n er. A cco rd in g ly  

a  sm all b ra ss  tu b e  w as p la ce d  across th e  c h an n e l 2 J  in ches  fro m  th e  b o tto m . 

O n t h e fron t o r u p s tre a m  side  o f th is  tu b e  w ere n in e  ho les 1/64 -inch  d ia m e te r a t  

1 /8 -inch  sp ac in g  fro m  w h ich  th e  in k  issued.

T he  s tu d y  o f th e  flow b y  filam e n t lines is lim ited  to  low  R ey n o ld s ’ num bers, 

s in ce  i t  c an  o n ly  b e  u sed  be low  th e  c ritic a l sp eed  o f th e  chan ne l. T hus  if  R c

* L a m b ’s e H y d r o d y n a m ic s ,’ 4  e d . ,  p p . 5 8 1 - 5 8 3 .
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is th e  c ritic a l R e y n o ld s ’ n u m b e r fo r th e  ch an n e l, a n d  d/l is th e  ra t io  o f cy lin d e r 

d ia m e te r  to  c h an n e l w id th , th e  m e th o d  is o n ly  a v a ila b le  u p  to  R  =  R c djl. 

R c w as fo u n d  to  be  a b o u t 2000 . H en ce  i f  th e  m a x im u m  v a lu e  o f d/l  is ta k e n  

as  0 -1 , th e  lim itin g  R e y n o ld s ’ n u m b e r fo r th e  cy lin d e r  is 200. T h is  con 

clusion is q u ite  in d e p e n d e n t o f  th e  size o f ch an n e l used .

A t  v e ry  low  sp eeds  one  o f  th e  d ifficu lties  m e t w ith  is th e  te n d en c y  o f th e  

in k  so lu tio n  to  sink. I f  th e  in k  d e n s ity  is  g re a te r  th a n  t h a t  o f w a te r  th e re  is 

p le n ty  o f tim e  fo r th is  to  occu r. F o r  e x am p le  th e  speed  o f  th e  flow fo r fig. 11a, 

P la te  12, w as 0 -0 6 4  cm ./sec . C o n v ec tio n  c u rre n ts  a re  also  troub lesom e.

A  cu rio u s  fe a tu re  n o tic e ab le  in  figs. 10a a n d  11a, P la te s  11 a n d  12, is th e  

te n d e n c y  o f  th e  n in e  s tre am lin es  to  close u p  som e d is ta n c e  b e h in d  th e  c y lin d e r  

to  a  n a rro w er w id th  th a n  th e y  occu p ie d  in  th e  u n d is tu rb e d  s tre a m  before  th e y  

cam e to  th e  cy lin d e r. T h is  is e v id e n tly  a  th re e  d im en sio n a l effect p ro d u ced  b y  

th e  in te rfe ren ce  o f th e  w a lls  a n d  b o tto m . I t  c an  h a rd ly  in d ic a te  a n  in c re a se  

in  speed b u t  r a th e r  a  w ith d ra w in g  o f liq u id  fro m  th e  p la n e  o f th e  s tream lin es .

T h e  c h an n e l w alls  h a v e  e v id e n tly  a n o th e r  efEect, n am ely , to  d e lay  th e  p ro 

d u c tio n  o f  edd ies to  a  h ig h e r  speed . A n  in sp ec tio n  o f th e  tw o  series o f p h o to 

g rap h s , one ta k e n  w ith  a  J - in c h  cy lin d e r, fig. 10, a n d  one  w ith  a  4 -inch  cy linder, 

fig. 11, show s th is . I n  th e  fo rm er series th e  ed d ies  b eg in  a b o u t  R  =  46 

a n d  in  th e  l a t t e r  a t  R  =  62. A n  J - in c h  cy lin d e r w as also  ex am in ed  an d  

fo u n d  to  p ro d u c e  ed d ie s  w hen  R  w as b u t  l i t t le  o v e r 30. T he  w alls  e v id en tly  

p re v e n t th e  p ro p e r  fo rm a tio n  o f th e  K a rm a n  s t r e e t  w ith  th e  4 -inch  cy lin d er.

W h en  m a tte r s  a re  a d ju s te d  so t h a t  a n  in k  “ s tre a m lin e  ” s tr ik e s  th e  f ro n t 

o f th e  c y lin d e r a n d  sp lits , th e re  is s til l  a  reg io n  close b e h in d  th e  cy lin d e r w h e re  

th e  in k  does n o t  e n te r , o r  a t  le a s t o n ly  a  tra c e  e n te rs  b y  s in k in g  slow ly a lo n g  th e  

su rface  o f  se p a ra tio n  a n d  p e n e tra tin g  a t  a  low er level. A s i t  is d ifficult o r  

im possib le  to  a rra n g e  fo r such  a  sp li t t in g  o f a  line  to  ta k e  p lace  fo r a n y  le n g th  o f 

tim e  a  cy lin d e r w as f i t te d  u p  so t h a t  in k  co u ld  be  e x tru d e d  fro m  a  ho le  in  th e  

f ro n t g en e ra to r . T h e  p h o to g ra p h s  o b ta in e d  w ith  th is  a rra n g e m e n t a re  show n 

in  fig. 12, P la te  13. T h e  su p p ly  p ip e  fo r th e  in k  is r ig h t a t  th e  b o tto m  o f  th e  

ch an n e l a n d  th e  h o le  o n  th e  f ro n t g e n e ra to r  24 inches h ig h e r up . T h e  g ra d u a l 

g ro w th  o f th e  “  k id n e y  ”  e d d y  as th e  speed  increases is c lea rly  show n. T h a t  

th is  reg io n  c o n ta in s  tw o  c losed  edd ies is sh ow n  b y  th e  d ifficu lty  o f in tro d u c in g  

in k  in to  i t  a n d  b y  th e  in k  le av in g  th e  su rface  a t  r ig h t ang les. T his is fu r th e r  

b ro u g h t o u t in  fig. 1 2 /  fo r w h ich  p h o to g ra p h  th e  cy lin d e r w as tu rn e d  th ro u g h  

180° so t h a t  th e  in k  is em erg ing  fro m  th e  d o w n stream  g en era to r . I t  t ra v e ls  

fo rw ard  to  th e  “A b lo su n g sp u n k t ”  before  i t  leav es th e  su rface. T his p h

g ra p h  h as  b een  ta k e n  a t  a  h ig h e r v a lu e  o f R  to  show  th a t  th is  phenom enon

Flow Past Circular Cylinders at Low Speeds. 665
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666 A. T hom .

goes on  w hen th e  p erio d ic  eddies  a re  fo rm in g  a s  w ell a s  a t  th e  low er speeds, 

sho w in g t h a t  th e  s ta t io n a ry  eddies, o r a t  le a s t k in d re d  p h en o m en a , a re  p re sen t 

a lo n g  w ith  th e  pe rio d ic  eddies.

T h e  freq u e n cy  o f  th e  edd ies ( / )  w as o b ta in e d  b y  c o u n tin g  th e  n u m b e r fo rm ed  

p e r  second. T h e  v a lu es  o f th e  ra t io  fd/Vso fo u n

n o th in g  new , th e  p o in ts  ag ree in g  w ell w ith  th e  v a lu es  a lre a d y  fo u n d  b y  oscil

la tio n  e x p e r im e n ts .!

T h e  te n d e n c y  fo r th e  r a t io  K ja V  to  fa ll w ith  f

sh o w n  in  T ab le  I I I  w h ich  c o n ta in s  p a r t ic u la rs  o f th e  p h o to g ra p h s  in  figs. 10 

a n d  11. T h e  s tre n g th  o f th e  ed d ie s  K  m u s t b e  zero  fo r th e  R e y n o ld s ’ n u m b e r 

a t  w h ich  th e  p erio d ic  eddies  cease to  be fo rm ed . A s a lre a d y  m en tio n ed  th e  

p erio d ic  e d d y in g  b e h in d  th e  |- in c h  cy lin d e r show s i ts e lf  o ccasio nally  dow n  to  

R  =  30 b u t  i t  is  n o t  v e ry  c e r ta in  be low  a b o u t  36 un less  th e  cy lin d e r is re leased 

to  o sc illa te  w ith  th e  a p p ro p r ia te  period .

T a b le  I I I . — P a r t ic u la rs  o f p h o to g ra p h s  sh ow n  in  figs. 10 a n d  11, P la te s

12 a n d  13.

P h o to g r a p h .

C y lin d e r

d ia m e te r

d
(c m .) .

V e lo c ity

V

(cm . /se c .) .

E d d y

fr e q u e n c y

/

E d d y

se p a r a tio n

a

(c m .) .

R  =  V d/v. fd /V . K /a V *

ifa 0 - 6 3 5 0 -0 6 7 3 - 8

1 b 0 - 6 3 5 0 -2 1 — — 11 -0 — —

F ig . 10 *j
1 c 0 - 6 3 5 0 - 8 2 — — 4 3 - 0 — —

I d 0 - 6 3 5 0 - 9 3 0 -2 0 4 - 3 4 9 -0 0 - 1 4 0 -2 2
e 0 - 6 3 5 1 0 2 0 -2 1 4 - 3 5 5 4 -0 0 - 1 3 0 - 2 9

11/ 0 - 6 3 5 1 -9 7 0 - 4 1 3 - 8 1 0 3 -0 0 - 1 3 0 - 5 9

"a 1 -2 7 0 - 0 6 4 _ _ 7 -2 _ _

b 1 -2 7 0 -2 2 — — 2 3 -0 — —

F ig .  11 <
c 1 -2 7 0 - 4 7 4 — — . 5 0 - 0 — —

d 1 -2 7 0 - 6 3 4 0 -0 7 7 — 7 1 -0 0 - 1 5 —

e 1 -2 7 0 - 8 5 0 -1 1 — 8 8 -0 0 - 1 7 —

I f 1 -2 7 2 -0 0 - 2 7 — 2 0 8 -0 0 - 1 7

* K /a V  =  (1 -  a f/V )x /S .

In  th e  p re v io u s  ex p e rim en ts  on  o sc illa tin g  cy lin d e rs  o n ly  v e ry  sm all cy lin ders  

w ere used  fo r th e  lo w est v a lu es  o f R . R e p e a t ex p e rim en ts  u s in g  th e  J-in ch  

d ia m e te r  c y lin d e r g av e  th e  sam e re su lts , n am ely , a t  R  =  33 o scillatio n  w ould  

ta k e  p lace  i f  th e  n a tu ra l  freq u en cy  w as a d ju s te d  to  give fd /V  a n y th in g  betw een

f  I t .  & M ., N o .  1 3 7 3 , f ig . 7 ,  o r  ‘ P h i l .  M a g .,’ f ig . 3 ,  v o l .  12 , p . 4 9 3  (1 9 3 1 ) .
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Flow Past Circular Cylinders at Low Speeds. 667

0-097  a n d  0 -1 5 , a n d  a t  R  =  28 no  o sc illa tio n  co u ld  be o b ta in e d  a t  a n y  period . 

F ro m  R  =  29 to  a b o u t  R  =  35 i t  seem s b e t te r  to  s a y  t h a t  th e  o sc illa tio n  causes 

th e  ed d y in g  r a th e r  th a n  th e  ed d y in g  th e  o sc illa tio n .

T h e  a u th o r  p rev io u s ly  assu m ed *  t h a t  th e  edd ies p ro d u ced  a  c irc u la tio n  w hich 

p ro d u ced  th e  side force  n ecessa ry  to  m a in ta in  th e  osc illa tion . A n  e x a m in a tio n  

th ro u g h  a  low  p o w er m ic ro sco pe  o f  th e  in k  f ilam e n t lines in  f ro n t o f th e  fixed 

cy lin d e r  w hile  edd ies w ere b e in g  g iv en  off, sh ow ed  no  p erio d ic  w av erin g  su ch  

a s  w ould  be e x p ec te d  w ith  a  p erio d ic  c irc u la t io n .f  I t  follow s e ith e r  t h a t  

th e  edd ies p ro d u c e  n o  c irc u la tio n  o r t h a t  th e  c irc u la tio n  is o n ly  p re se n t 

w hen  th e  cy lin d e r  is o sc illa tin g .

T h ere  w o u ld  seem  to  be  a  p o ssib le  a l te rn a t iv e  e x p la n a tio n  o f th e  p h en o m en o n  

o f  osc illa tion  o th e r  th a n  t h a t  i t  is  p ro d u c e d  e n tire ly  b y  th e  period ic  eddies.

O IO SO JO 4 0  50

R^ookd’s (Number R

F i g . 1 3 .

Is  i t  n o t  possib le  t h a t  th e  k id n e y  edd ies p la y  a  p a r t  in  th e  fo llow ing m a n n e r ? 

T hese a re , as  i t  w ere, a t ta c h e d  to  th e  c y lin d e r  a n d  hence  w hen  i t  is osc illa ting  

a n d  ap p ro ach es  th e  en d  o f i ts  sw ing  th e y  c o n tin u e , in  th e  sam e d irec tio n  lo ng  

enough to  se t u p  a c irc u la tio n  b y  d ra g g in g  th e  liq u id  ro u n d  th e  cy lin d e r w ith  

th em . T he  c irc u la tio n  so p ro d u c e d  w o u ld  be o f th e  co rrec t sign to  a p p ly  th e  

force to  d riv e  th e  c y lin d e r b a ck  to w a rd s  th e  cen tre .

To te s t  th is  h y p o th es is  a n  -J-inch d ia m e te r  cy lin d e r w as f it ted  w ith  a  v an e  

alon g its  en tire  le n g th , fig. 14. T h is  v an e  w as free to  ro ta te  a b o u t th e  cy lin d e r

* R . & M ., N o . 1 3 7 3 , loc. cit.

t  O th e r  e x p e r im e n te r s  c la im  t o  h a v e  o b se rv  e d  t h is  w a v e r in g , b u t  p r o b a b ly  t h e  R e y n o ld s 7 

n u m b e r  w a s  d iffe r e n t.
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6 6 8  Floio Past Circular Cylinders at Low Speeds.

ax is  be in g  ca rried  on  tw o  need les . T h e  a rra n g em en t*  w as fo u n d  to  osc illa te  

a t  ch an n e l sp eeds  ab o v e  2*2 cm ./sec . (R  =  58). F o r  each  w a te r  speed th e re  

was a  b a n d  o f freq u en cies  w h ich  g ave  th e  m a x im u m  a m p litu d e  generally- 

co rre sp o n d in g  ro u g h ly  to  f d f V  =  0*03 to  0*06 . T h e  m o s t in te re s tin g  p o in t is, 

how ever, t h a t  th e  o sc illa tio n  is v e ry  m u ch  m ore  v ig o ro us i f  th e  cy lin d e r is  

in c lin ed  so t h a t  th e  to p  is fu r th e r  u p s tre a m  th a n  th e  b o tto m .  T h is  w as 

d isco v ered  b y  a cc id e n t a lth o u g h  i t  m ig h t h a v e  b een  ex p ec ted  in  v iew  o f th e  

e x p la n a tio n  g iv en  ab o v e . T o w ard s  th e  end  o f th e  sw ing th e  w e ig h t o f th e  

v a n e  (once i t  h a s  p a ssed  a  c e r ta in  p o sitio n ) is ro ta t in g  i t  in  th e  d irec tio n  neces

s a ry  fo r th e  re q u ire d  c ircu la tio n . O bv iously , how 

ever, w ith  th e  in c lin ed  cy lin d e r low  w a te r  speeds 

a re  im possib le  as  th e  v a n e  fa lls  r ig h t  over on one 

side o r th e  o th e r. .

T he  a n a lo g y  b e tw een  th e  v a n e  a n d  th e  k id n e y  

edd ies is  o b v io u s ly  n o t p e rfec t, b u t  i t  is possib le th a t  

th e  p h e n o m en a  a re  re la te d .

Sum m ary.

I n  th e  firs t p a r t  o f th e  p a p e r  a n  a r ith m e tic a l 

m e th o d  o f  so lv in g  th e  e q u a tio n s  o f v iscous flow is  

develo ped . T he  m e th o d  is one o f  successive a p p ro x i

m a tio n s , w h e reb y  th e  new  v a lu es  a re  in te rp o la te d  in  

such  a  m a n n e r  as  to  in v o lv e  th e  fu n d a m e n ta l e q u a 

tio n s  b e in g  so lved. A  d ev e lo p m en t o f th e  m e th o d  

in v o lv es  th e  use o f a n  a u x ilia ry  so lu tio n  to  o b ta in  f irs t a  con fo rm al n e tw o rk  

fo r th e  g iv en  b o u n d a rie s . T he  so lu tio n  is th e n  ca rried  o u t on  th is  n e tw o rk . 

T h is  p ro ced u re  a v o id s  c e r ta in  b o u n d a ry  d ifficulties.

T h e  m e th o d  is  a p p lie d  to  o b ta in  th e  flow p a s t  a  c ircu la r cy lin d e r a t  

R e y n o ld s ’ n u m b e r  20. T w o w eak  sy m m e tric a l edd ies  a re  o b ta in e d  b eh in d  

th e  cy lin d er. V alu es fo r th e  d ra g  a n d  p re ssu re  d is tr ib u tio n  a re  also  g iven.

I n  th e  second p a r t  o f th e  p a p e r  m e asu re m e n ts  o f  th e  p ressu re  ro u n d  cy lin d e rs  

a t  v e ry  low  R e y n o ld s ’ n u m b e rs  a re  g iv en . T hese  a re  sh ow n to  ag ree  w ith  th e  

th e o re tic a l v a lu es  o f  th e  firs t p a r t .  A  co m p ariso n  w ith  th e  m easu red  to ta l  

d ra g  o b ta in e d  b y  o th e r  e x p e rim en te rs  en ab le s  th e  sk in  fric tio n  d ra g  to  be 

d e te rm in ed .

* T h e  w h o le  u n i t  w a s  fr e e  t o  o s c i l la t e  a c r o ss  t h e  c h a n n e l ,  a s  in  t h e  e x p e r im e n ts  

d e sc r ib e d  in  R .  & M . N o . 1 3 7 3 , loc. cit.
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Thom. Proc. Roy. Soc., A, vol. 141 , PI. 10 .

(Facing p. 6 8 8 . )
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Thom. Proc. Roy. Soc., A, vol. 1 41 , PI. 11 .
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Ionization of Light Gases by X-Rays. 669

In  th e  la s t  p a r t  a  se t o f p h o to g ra p h s  o f th e  s tream lin es  p a s t  a  cy lin d e r is 

g iven. A  co m p ariso n  o f th e  th e o re tic a l so lu tio n  w ith  th e se  show s a  good 

ag reem en t. T h e  p h o to g ra p h s  a lso  show  th e  g ra d u a l d e v e lo p m en t a n d  g ro w th  

of th e  sy m m e tric a l s ta t io n a ry  edd ies b e h in d  th e  cy lin d e r as  th e  sp eed  increases, 

follow ed b y  th e  d e v e lo p m e n t o f th e  K a rm a n  s tre e t. T he  e x a c t R e y n o ld s ’ 

n u m b er a t  w h ich  th e  l a t te r  f irs t d ev e lo p s  is show n to  be a ffected  b y  th e  p resence  

of th e  c h an n e l w alls.

On the Ionization of Light Gases by X-Rays. L — Technique.

B y  W . R . H a r p e r , W ills P h y s ic s  L a b o ra to ry , U n iv e rs ity  o f  B risto l.

(C om m unicated by  L ord  R u th e rfo rd , O.M., F .R .S .— R eceived A pril 26, 1933.)

In troduction .

T h e  m e asu re m e n t o f th e  in te n s ity  o f a n  X -ra y  b e am  in  a b so lu te  u n its  is 

in  th e o ry  m o s t s a tis fa c to rily  acco m p lish ed  b y  a  d e te rm in a tio n  o f i ts  h e a tin g  

effect. T h e  m e th o d , how ever, is a t te n d e d  b y  co n sid e rab le  e x p e r im e n ta l 

d ifficulties, so t h a t  i ts  a p p lic a tio n  is v e ry  lim ited , a n d  in  p ra c tic e  i t  is usual to  

rep lace  i t  b y  a  d e te rm in a tio n  o f th e  io n iza tio n  p ro d u ced  w hen  th e  b eam  is 

passed  th ro u g h  a  gas. T o co rre la te  th e  io n iz a tio n  w ith  a n  a b so lu te  in te n s ity  

req u ire s  a  q u a n ti ta t iv e  know ledge  o f th e  d e ta ils  o f th e  in te ra c tio n  b e tw een  th e  

X -ra y s  a n d  th e  m o lecules co n cern ed  a n d  o f th e  io n iza tio n  o f th e  gas b y  th e  

e jec te d  elec tro ns . I t  som etim es h a p p e n s  th a t  th e  p rocesses in v o lv ed  a b o u t 

w hich we kn ow  le a s t a re  re la tiv e ly  u n im p o r ta n t, so t h a t  a  fa ir ly  re liab le  

co rre la tio n  c an  be  m ad e  ; a n d  m u ch  w o rk  h as  been  done  on th e  ap p lic a tio n  o f 

th e  io n iz a tio n  m e th o d  to  X -ra y  d o s im e try . B u t  in  genera l a  q u a n ti ta t iv e  

co rre la tio n  b e tw een  io n iza tio n  a n d  in te n s ity  is n o t  possib le. A fu r th e r  s tu d y  

o f th e  io n iza tio n  o f gases b y  X -ra y s  is th e re fo re  d esirab le  ; m o reo v er i t  

m ay  be  m ad e  to  y ie ld  im p o r ta n t  in fo rm a tio n  concern in g  th e  processes involved. 

T he early  d e v e lo p m en t o f th e  phy sics  o f X -ra y s  c o n ta in s  m a n y  exam ples o f 

th is , a n d  m ore  re c e n tly  a n  im p o r ta n t  c o n tr ib u tio n  h as  been  m ad e  b y  S tock - 

m eyer.*

T he ev en ts  lead ing  to  th e  io n iza tio n  o f a  h e av y  gas a re  exceeding ly  com 

p lica ted , w hereas in  th e  lig h t gases (h yd rogen  a n d  he lium ) som e of these  ev en ts

V O L . O X L I .— A .

* ‘ A n n . P h y s ik , ’ v o l .  12, p . 71 (1 9 3 2 ).
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