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The Forces on a Body placed in a Curved or Converging

Stream o f  Fluid.

B y  G. I . Ta y l o r , F .R .S .

(Received June 14, 1928.)

Introduction.

The force w hich a  bod y  experiences w hen p laced  in  a  converging stream  of 

flu id has a  ce rta in  p rac tica l in te re s t in  aeronau tics because th e  flow in  th e  

cen tre  of a  parallel-w alled  w ind  tu n n e l is of th is  ty p e . The convergence is 

due to  th e  re ta rd a tio n  of a lay er of a ir close to  th e  walls. This re ta rd ed  layer 

increases in  th ickness as th e  a ir passes dow n th e  channel, th u s  causing a 

corresponding increase in  th e  velocity  in  th e  cen tra l p a r t  of th e  channel. This 

increase in  ve locity  is associated  w ith  a decrease in  pressure in  accordance w ith  

B ernou illi’s equation , th e  p ressure in  a  P i to t  tu b e  being v ery  nearly  con stan t 

dow n th e  channel a t  all p o in ts  ou tside  th e  re ta rd e d  layer.

I n  m easuring  th e  resistance  of m odels of a irsh ips i t  has been  cu stom ary  to  

co rrec t th e  observed  read ings b y  su b trac tin g  w h a t is called th e  “ horizon ta l 

b u o y an cy ,” i.e., th e  force w hich  w ould  a c t on th e  bod y  if th e  a ir were a s ta tio n ­

a ry  flu id in  w hich th e  ex istin g  p ressure  g rad ien t dow n th e  channel w as m ain ­

ta in e d  b y  some e x te rn a l force like g rav ity . E xpressed  m athem atica lly , if 

dp /dx  is th e  p ressure g rad ien t, i.e., th e  g rad ien t of s ta tic  pressure in  th e

channel, an d  Y th e  volum e of th e  body , th e  “  ho rizon ta l buoyancy  ” is — V .

T his correction  to  th e  m easu red  resistance  of an  airsh ip  m odel is believed to  

be  ap p ro x im a te ly  co rrect from  th e  p o in t of view  of w ind tu n n e l p ractice, and  

th e  p rim ary  o b jec t of th e  p re sen t w ork  w as to  find o u t how  fa r i t  is justified  

from  th e  p o in t of view  of h y d ro d y n am ical th eo ry .

Previous Work.

A n ex trem ely  sim ple tre a tm e n t has a lread y  been  given by  M ax M. M unk,* 

b u t th is  is  lim ited  to  a v e ry  special class of body, nam ely, th e  body  w hich can 

be rep resen ted  as regards its  ex te rn a l flow b y  a  sim ple source an d  an  equal 

sink  p laced  a t  a  fin ite  d istance  a p a r t. W hen  th e  d istance a p a r t is large so 

th a t  th e  flow due to  th e  source a t  th e  position  of th e  sink  is sm all com pared

* ‘ Some New Aerodynamical R elations,’ Report N o. 114, N ational Advisory Com­

m ittee for Aeronautics. W ashington, 1921.
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Forces on Body placed in Curved Stream of Fluid. 261

w ith  th e  general flow of th e  fluid, th e  body  consists of tw o  rou n d ed  ends con­

nected by  a m iddle body  w hich is para llel to  th e  s tream  lines of th e  converging 

or diverging stream , i.e., th e  body  is a  long tru n c a te d  cone, rounded  off a t  th e  

ends. F o r such a  body  th e  force ac tin g  in  a  converging s tream  of a  perfect

fluid is ac tu a lly  equal to  th e  “ h o rizo n ta l b u o yancy ,’ y  ty*
dx

In  th e  o ther lim iting  case, w hen th e  source an d  sink  are infinitely  close

together, M unk po in ted  o u t th a t  th e  force is — |V  , th e  body  being in  th is

case approx im ately  a  sphere ; an d  he deduced th a t  for bodies of in term ed ia te  

length  th e  fac to r b y  w hich th e  “ ho rizon ta l buoyancy  ” m u st be m ultip lied  

in order to  find th e  force ac tin g  on  such a body  w hen placed in  a converging 

stream  is in te rm ed ia te  betw een 1*0 an d  1*5. M unk ind icates th a t  the* force 

acting  on bodies derived  from  an y  know n d is trib u tio n s  of sources an d  sinks 

could also be tre a te d  in  th e  sam e w ay.

The forces acting  on a sm all sphere in  a  s tream  circu lating  in  a m ultip ly- 

connected space has been s tud ied  b y  L ord  K elv in .* The lim ita tio n  im posed 

by th e  supposition  th a t  th e  space is m ultip ly-connected  does n o t affect th e  

result, how ever, because th e  force ac tin g  on th e  sphere m u st depend only  on 

the  direction, cu rv a tu re  an d  convergence of th e  s tream  in  th e  neighbourhood 

of th e  sphere. Though he does n o t express i t  in  th is  way, K elv in ’s resu lt m ay  

be reduced to  th e  sim ple s ta tem e n t th a t  th e  re su ltan t force on th e  sphere is in  

the direction of th e  pressure g rad ien t in  th e  fluid, irrespective of th e  direction 

of flow, and  i t  is equal to  th e  pressure g rad ien t m ultip lied  b y  1 - 5 tim es th e  

volume of th e  sphere. This re su lt m ay  be regarded  as a  generalisation of 

M unk’s resu lt for a sphere in  a  s tra ig h t converging flow, to  th e  case w hen th e  

flow is also curved.

Scope o f the Present Work and Results.

In  th e  present w ork these resu lts  are  ex tended  to  bodies of any  shape placed 

in a curved and  converging or diverging stream , or even in  a s tream  which 

converges in  one place an d  diverges in  a plane a t  rig h t angles to  it. In  th e  case 

of a s tra igh t converging s tream  th e  ac tu a l value of th e  factor by  which th e  

“ horizontal buoyancy ” m ust be m ultip lied  is calculated  and  shown to  be 

equal to  1 -f- a , where apV is th e  v irtu a l add ition  to  the  mass of th e  body 

which m ust be added to  its  own m ass to  account for its  resistance to

* “ On the Motion of Rigid Solids in  a Liquid circulating irrotationally through per­

forations in  them or a Fixed Solid,” ‘ Phil. Mag.’ (1873).
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26 2 G. I. Taylor.

acce le ra ted  m o tio n  in  th e  d irec tio n  of th e  s tre am  lines an d  pY is th e  mass 

of fluid d isp layed  b y  th e  body. T his is  tru e  w hether th e  convergence is 

sym m etrica l in  all p lanes th ro u g h  th e  d irec tio n  of th e  flow or n o t. I t  will be 

recognised a t  once th a t  M unk’s an d  K e lv in ’s expressions for a  sphere are 

p a rtic u la r  cases of th is  general resu lt.

T his re su lt is ex ten d ed  to  find th e  d irec tio n  an d  m ag n itu d e  of th e  force which 

a c ts  on  a  sm all b o d y  of a n y  shape  p laced  in  a  cu rved  or converging stream . 

I t  is fo u n d  th a t  K e lv in ’s re su lt for a  sphere ( th a t  th e  re su lta n t force ac ts  in  

th e  d irec tio n  of th e  p ressure  g rad ien t) is tru e  for bodies of a n y  shape provided  

th a t  th e  b o d y  is p laced  so th a t  one of its  possib le “ d irec tions of p e rm an en t 

tra n s la tio n  ” is para lle l to  th e  d irec tio n  of th e  s tre am  so th a t  no couples a c t on 

i t . W h en  th e  b o d y  is p laced  in  a n y  o th e r position , how ever, K e lv in ’s resu lt 

for a  sphere  is no longer app licab le . I t  is curious t h a t  K e lv in  first published 

his re su lt as a  general one app licab le  to  bodies o f a n y  shape, b u t  on  revising 

his p ap er la te r  he recognised th a t  h is analysis  app lied  on ly  to  th e  case of a 

sphere.

I n  general, a b o d y  p laced  in  a  s tra ig h t un ifo rm  s tre am  of fluid experiences 

couples a b o u t axes a t  r ig h t angles to  th e  s tream . T he ad d itio n a l couples due 

to  a  sm all am o u n t of convergence or c u rv a tu re  of th e  s tre am  w ere calcu lated . 

These, how ever, a p p ea r of l i t t le  in te re s t because in  a  re a l flu id  th e  observed 

couples u su a lly  differ v e ry  w idely  fro m  th o se  ca lcu la ted . O n th e  o th e r hand , 

even  in  a  re a l flu id  th e re  is a  v e ry  la rge  class of bodies w hich experience no 

couple  a b o u t a n  ax is  p a ra lle l to  th e  d irec tio n  of th e  s tream . A ccordingly , th e  

couples a b o u t th e  d irec tio n  of th e  flow in  a  cu rved  a n d  converging s tream  were 

ca lcu la ted  a n d  th e  re su lts  te s te d  experim en tally . The analysis shows th a t  

c e r ta in  ty p e s  of a sy m m etry  in  th e  s tre am  re a c t on  ce r ta in  ty p es  of asym m etry  

in  th e  b o d y  a n d  cause i t  to  ro ta te  a b o u t th e  s tre am  d irec tio n  in to  some definite 

o rien ta tio n . T hus, if a  b o d y  w ith  th e  ty p e  of a sy m m etry  possessed b y  a  rod 

b e n t in to  a  c ircu lar a rc  is suspended  a t  i ts  cen tre  of g ra v ity  in  a  cu rved  s tream  

so th a t  i t  c an  ro ta te  a b o u t th e  d irec tio n  of th e  s tre am  w hich is para lle l to  th e  

ch o rd  of th e  arc , i t  w ill ta k e  u p  a  p o s itio n  so th a t  th e  p lan e  of th e  arc  coincides 

w ith  th e  p lane  co n ta in in g  th e  cu rved  s tre am  lines ; b u t  th e  d irec tio n  of cu rva­

tu re  of th e  arc  is opposite  to  t h a t  of th e  s tre am  lines. This w as verified 

experim en ta lly .

A  b o d y  w ith  th e  ty p e  of a sy m m etry  possessed b y  a  te tra h ed ro n  a b o u t th e  

line joining th e  cen tres  of opposite  edges reac ts  w ith  a  s tre am  in  w hich th e  

cen tre  s tre am  line is s tra ig h t b u t  th e  convergence is asym m etrical, being 

g rea te s t in  one p lane  th ro u g h  th e  d irec tio n  of th e  s tream  an d  leas t in  th e  plane
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a t righ t angles to  it .  Such a  s tre am  w as c rea ted  b y  sucking  a ir  b y  m eans 

of a  vacuum  cleaner th ro u g h  a  v e rtic a l channel tw o  w alls of w hich were 

parallel glass p la tes, th e  rem ain ing  tw o  w alls being  m ade of b e n t m e ta l sheet 

so th a t  th e  s tream  first converged a n d  th e n  a fte rw ard s  d iverged. Bodies 

w ith  th e  requ ired  ty p e  of sy m m etry  w ere h u n g  in  th is  s tre am  b y  fine silk  

th reads, . a n d  i t  w as fo u n d  th a t  in  ev ery  case th e y  se t them selves in  th e  

positions in d ica ted  b y  th eo ry . T hey  ro ta te d  th ro u g h  90° on  being low ered 

th rough  th e  p o in t of m ax im u m  co n stric tio n  from  th e  converg ing  to  th e  

diverging p a r t  of th e  channel. T his also w as p red ic ted  b y  th eo ry .

Components o f Force on a Body in  a Curved and Converging Stream.

The k ine tic  energy  of a  system  consisting  of a  flu id  c ircu la ting  in  a  cyclic 

space an d  con ta in ing  a  sm all sphere m oving  w ith  ve locity  com ponents x, y, z  

has been g iven b y  L o rd  K e lv in  in  th e  form

2T =  (M +  ip V ) +  i s) +  2K , (1)

where K  is th e  energy  of th e  cyclic m o tio n  w hen  th e  sphere is held  a t  res t, M 

is th e  m ass of th e  sphere a n d  V  its  volum e. I f  of, y, z a re  th e  co-ord inates of 

the  centre  of th e  sphere, K  m a y  be  reg ard ed  as a fu n c tio n  of , y, z.

The sim plest m eth o d  fo r finding K  is to  use a n  artifice due, I  th in k , to  

Dr. H orace L am b. I f  M is m ade  equal to  th e  m ass of th e  flu id  d isp laced  a n d  if 

th e  sphere is m ade to  m ove w ith  th e  flu id in  its  neighbourhood, th e n  th e  energy 

T is th e  sam e as w h a t i t  w ould  be if th e  sphere w ere absen t, th e  space being 

occupied b y  fluid. This a ssu m p tio n  im plies th a t  th e  sphere is so sm all th a t  

th e  changes in  th e  velocity  of th e  u n d is tu rb ed  s tre am  in  a  d istance  equal to  

th e  d iam eter of th e  sphere is sm all com pared  w ith  th e  velocity  of th e  stream . 

Using th is  assum ption , th e n

2 K  =  co n stan t — f  p V  (u2 -|- -f- w2), (2)

where u, v, w  a re  th e  com ponents of velocity  in  th e  s tream  before th e  in tro ­

duction of th e  sphere, a t  th e  p o in t afte rw ards occupied b y  its  centre.

To find th e  m otion  K elv in  used som e general dynam ical equations, p roving 

th a t  certain  coefficients van ish  in  th e  case of a  sphere. I t  is n o t necessary, 

however, to  use these  equations to  find th e  force w hich acts  on  th e  body  w hen 

held a t  res t in  th e  c ircu lating  fluid. I f  th e  body  be displaced slowly th ro u g h  

a short distance whose com ponents are  8z, th e  change in  K  m ust be

— (X 8x  +  Y 8 y  +  Z8z),

where X , Y, Z are th e  com ponents of force acting  on th e  body.

v o l . c x x .—a .

Forces on Body placed in Curved Stream of Fluid. 263
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2 6 4 G. I . T aylor.

H ence

x  =  ~ ! f  =  * ? ▼ ! < * + ■ « ■  +  **>•

I f  p  is  th e  p ressu re  in  th e  u n d is tu rb e d  m o tio n , i.e., before  th e  in tro d u c t

of th e  sphere, p  +  | p  (u2 v2 +  w2) 

one, so t h a t

x  =  — t v | £ ,
o x

a n d  s im ila rly

Y  =  _ t y | ,  z  =  - f v | .  (3)

I n  th is  ex am p le  th e  flu id  is  c irc u la tin g  in  a  cyclic  reg ion , b u t  th e  force on 

th e  sph ere  m u s t d e p en d  o n ly  o n  th e  convergence a n d  c u rv a tu re  of th e  un d is­

tu rb e d  s tre a m  lines in  i ts  v ic in ity  ; so t h a t  th e  fo rm u la  (3) is  general fo r any  

ty p e  of u n d is tu rb e d  flow p ro v id e d  t h a t  th e  changes in  v e lo c ity  in  a  len g th  

eq u a l to  th e  d ia m e te r  of th e  sp h ere  a re  sm all co m p ared  w ith  th e  v e lo c ity  of 

th e  s tre am .

T o a p p ly  th is  m e th o d  to  b od ies of a n y  sh ap e  one  m a y  w rite  T 0 fo r th e  energy 

in  th e  flu id  su rro u n d in g  a  b o d y  w h en  i t  m oves w ith o u t ro ta t io n  in  a  flu id  a t  

r e s t  a t  in fin ity . I f  u, v, w  a re  th e  co m p o n en ts  of i t s  ve lo c ity *

m 2 -f- Bv2 -f- C w2 +  2A  +  2B  +  2C (4)

w here  A, B , C, A ', B ', C ' a re  s ix  c o n s ta n ts  w h ich  d e p en d  o n ly  o n  th e  sh ap e  of 

th e  b o d y . T h ey  a re  d e te rm in e d  re la tiv e  to  som e ax es  fixed in  th e  body. 

E q u a tio n  (2) th e n  ta k e s  th e  fo rm

2 K /p  =  c o n s ta n t — V  ( u-f- 

A s in  th e  case of th e  sp h ere

so t h a t

Y
0 K  7  _  _  a K  

d y ’ ’

X  =  yvjL( « » +  « « +  +  ^
0 T O dro

ip V  I -  («* +  +  «^) +  a
oy o u o y  cv  dy

1 ~\T ^  / 2 | o | o\ | 0 T n 0 .  0 T O dv

i p V  d J u  +  ^  +  “  > +  9 7  +  - s f

0 T O dw

dv dx dw dx

0 T O dw  

dw dy

0 T O

dw dz

(6)

* See Lam b’s * H ydrodynam ics,’ 4 th  edn ., p. 155.
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Forces on Body 'placed in Curved Stream of Fluid. 265

These expressions m ay  be simplified b y  ta k in g  th e  ax is of x  parallel to  th e  

stream  a t  th e  p o in t considered. I n  th a t  case =  =  0, an d

^  =  B 
ow

Also some of th e  p a rtia l differentials u  e tc ., a re  p roportional to  th e

com ponents of th e  pressure g rad ien t, th u s  w ith  th is  choice of axes

du d v  3
pu ^ , p u ~

ox ox

dv

9UTx

dp

3 y

3 u

d z ’

so th a t

X  =  — (V +  A) — C' p -  — B ' §2  
ox oy oz

Y  =  -  (Y +  A) §2  +  PC'u  ~  +  pB'w ^  L’.
3y  3y  3

z  =  -  (V +  A) |  +  PC '«  | + -  PB '„  ^

(7)

From  these equations i t  will be seen th a t  in  th e  p a rticu la r case w hen B ' =  

C' =  0, i.e., w hen th e  body  has one of its  axes of p e rm an en t tran s la tio n  parallel 

to  th e  d irection  of flow so th a t  i t  w ould  experience no couples in  a  uniform  

stream , th e  re su ltan t force is in  th e  d irec tion  of th e  pressure g rad ien t an d  equal 

to  (V A) X (m axim um  pressure g rad ien t).

An ellipsoid, for instance, p laced w ith  one of its  p rincipal axes in  th e  direction  

of th e  stream  w ould experience a force acting  in  th e  d irection  of th e  pressure 

gradient in  th e  u nd is tu rbed  stream . The m agnitude of th is  force w ould differ 

according to  w hich axis w as parallel to  th e  s tre a m ; th u s , if th e  long axis were 

parallel to  th e  s tream  th e  force w ould  be sm aller th a n  if a shorter axis were in  

th a t direction. I n  general, however, w hen th e  d irection  of th e  s tream  is no t 

parallel to  one of th e  axes of perm anen t tran s la tio n , th e  force acting  on th e  

body is n o t in  th e  d irection  of th e  pressure g rad ien t.

The particu lar case of a converging flow w ith  a  s tra ig h t cen tral stream  line 

is of special in terest because, as has already  been poin ted  out, i t  is th e  con­

dition which m ay  be expected in  th e  m iddle of a parallel-sided w ind tunnel.

In  th is case 5^ =  ^  =  0, so th a t  X  =  — (Y 4- A) and  no restric tion  is 
oy oz ox

placed on th e  shape of th e  body. This is th e  generalised form  of th e  expression

obtained by  M unk for a sphere and  a certain  class of elongated bodies of
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266 G. I. Taylor.

revo lu tion . The “  v ir tu a l m ass ” of a  bo d y  in  accelerated  m otion  th ro u g h  a 

fluid is Ap. This is som etim es expressed in  th e  form  aV p, w here a  =  A/V

so th a t  X  =  — ( l  +  a ) Y g -  . (1 +  a) is th e  fac to r b y  w hich th e  “  horizontal

b u o yancy  ” should  be m ultip lied  in  order to  find th e  effect of convergence 

on  th e  resistance  of an  a irsh ip  m odel h u n g  in  a  ho rizon ta l w ind  tu n n e l.

I n  order to  es tim ate  th e  value  of (1 +  a) in  th e  case of a  bod y  whose shape 

ap p ro x im ates  to  th a t  of a n  a irsh ip , i t  seems useful to  give th e  value of (1 +  a) 

for a  p ro la te  sphero id  of eccen tric ity  e m oving  parallel to  its  long axis.

I n  t h a t  case*

( 1 + « ) * = -  - - ^ - Iog r 5 - e . (8)

I t  is  cu sto m ary  in  aerod y n am ica l w ork  to  use th e  expression “  fineness 

ra tio  ” to  in d ica te  th e  ra tio  of th e  len g th  to  m ax im u m  d iam eter of an  airship  

shape. T he fineness ra tio , [3, for a  sphero id  is (1 — e2)- *. F ro m  these  formulae 

the  following T ab le  I  w as calcu la ted  :—-

T able  I .

/3. 1 a. P- 1 -f- <*•

1*00 1*50 3*64 1-093
1*34 1*35 5*08 1-057
1-81 1-24 7*12 1-035
2-5 1-16

I t  w ill be  seen th a t  for th is  series of shapes th e  fac to r b y  w hich th e  “  hori­

zo n ta l b u o y a n c y ” m u s t be m u ltip lied  decreases from  1*5 for th e  sphere 

((3 =  1*00) to  1*057 for a  b o d y  five tim es  as long as its  m ax im um  diam eter.

I n  a  re cen t p a p e r f  I  h av e  g iven  a  sim ple  m eth o d  b y  w hich th e  “ v irtu a l 

m ass ” of a n y  a irsh ip  shape d erived  from  a  system  of sources an d  sinks m ay  

be found . Suppose th a t  a  system  of sources an d  sinks U, U, ... U, 

. . . ,  p laced  a t  p o in ts  (xx, y x, Zj), (x2, y 2, z2) . . . ,  in  a  s tre am  of flu id flowing w ith  

un ifo rm  velocity  — U  para lle l to  th e  ax is of x  has been found to  rep resen t th e

* This expression was first calculated by integrating the pressure over a spheroid due 

to  th e  flow from a source placed on th e axis. I t  was only after finishing the calculation 

th a t it  was found th a t (8) gives also th e expression for th e “ virtual m ass.”

f  “ The Energy of a B ody m oving in  an Infinite Fluid, w ith  an Application to  Airships,

‘ R oy. Soc. Proc.,’ supra, p . 13.
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flow round  a body  of volum e V. The “ v ir tu a l m ass ” of th is  bod y  in  

accelerated m otion  w as show n to  be*

pA =  pZmTxr — pY. (9)

W hen placed in  a  converging s tream  th is  bod y  experiences a  force

: x = - p (a + v ) | .

Hence from  (9)

X  =  — (Swv*,) 2 ? . (9a )

This is equ ivalen t to  M unk’s form ula. I t  can  only  be app lied  w hen th e  

requisite d is trib u tio n  of sources an d  sinks is know n.

Verification o f Equation  (7) in  a Sim ple Case.

I t  is of in te re s t to  no tice  w hy  th e  te rm s in  C' an d  B ' m u s t come in to  th e  

expressions for th e  forces. Consider, for exam ple, th e  case of a  body, O, 

placed betw een tw o  concentric  circu lar cy linders 

(see fig. 1) w ith  liqu id  c ircu lating  betw een  th em .

L et u be th e  velocity  of th e  flu id a t  th e  rad iu s  r 

where th e  bod y  is s itu a ted .

Now consider a d isp lacem ent in  w hich th e  

body ro ta te s  th ro u g h  an  angle SO a b o u t th e  ax is 

C of th e  cylinders. Since th e re  is no change in  

th e  circu lation  ro u n d  th e  inner cylinder, such  a 

displacem ent does n o t a lte r th e  energy of th e  

system. I f  th e re  is a couple N  acting  on  th e  j<ia  ^

body owing to  its  being placed so th a t  th e

direction of th e  s tream  is n o t one of its  axes of p e rm an en t tran s la tio n , th e n  

there m ust also be a  force X  in  th e  d irec tion  of m o tion  so th a t  th e  w ork 

done during th e  displacem ent is zero. H ence

X r  S6 — N  S6 =  0 or X  =  N Jr. (10)

Now th e  couple on a body  m oving parallel to  th e  axis of x, w hich m ay  be 

taken  in  th e  d irection  of flow as show n in  fig. 1, is f

N /p  =  v ^ —  — C'm*. (ID
ou ov

y f*2
* Loc. cit., equation (21). There given as"pA =  o I mx dx — pV, which is the form of

J KX
(9) above, suitable for a continuous distribution of sources along a line, 

t  Lamb, ‘ Hydrodynamics,’ 4th edn., p. 159.

Forces on Body placed in Curved Stream of Fluid. 267
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268 G. I. Taylor.

H ence from  (10) and  (11) 

B u t

H ence

X  =  — pC 

=  9 ^ lr .

X  = ( 12)

C om paring (12) w ith  (7) i t  will be seen th a t  for th e  p a rticu la r case when

§ £ * = § £  _  o 
Bx B z

th e  first of formulae (7) is verified b y  th is  v ery  sim ple argum ent.

As regards th e  p rac tica l app lica tio n  of equations (7) i t  will be seen th a t 

convergence in  a  s tream  of fluid produces a n  effect on  lift as well as on drag.

Thus, for a  w ind tu n n e l for w hich ^  =  0, th e  convergence produces

an  effect on  lift, Y, equal to  pC'u . I n  th e  case w here th e  convergence
v y

is th e  sam e in  all ax ia l planes, as in  a w ind tu n n e l of square  or circular section,

Bv _

dy~

Bu
g - ,  so th a t  .the  effect on lif t  is

l i n '
+  t x

(13)

I t  appears, therefore, th a t  th e  effect of convergence on lif t m ay  be of th e  same 

order of m agn itude  as th a t  on drag.

Determination o f Forces and Couples by Integration o f Pressures over the Surface

o f the Body.

The formulae (7) were n o t originally  ob ta ined  b y  th e  sim ple process described 

in  th e  first p a r t  of th is  paper. T hey  were first derived b y  laborious in tegration  

of pressures over th e  surface of th e  body, a process m ade possible by  Green’s 

theorem , w hich enabled th e  in teg ra tions  to  be transfo rm ed  in to  in tegrations 

over a  spherical surface.

F o r finding th e  couples acting  on th e  body, eq uation  (5) giving K  in  term s of 

u, v, w  is of no value. I t  is tru e  th a t  couples ab o u t axes perpendicular to  the 

d irection  of th e  stream  could be derived  from  (5), b u t these  would only  be 

th e  couples w hich w ould a c t on  th e  body  in  a  uniform  stream . This can be 

illu s tra ted  b y  reversing th e  argum en t in  th e  exam ple given in  th e  preceding
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Forces on Body placed in Curved Stream of Fluid. 269

section. To determ ine th e  changes in  these  couples ow ing to  convergence, or 

th e  couple acting  a b o u t th e  d irec tion  of th e  stream , i t  w ould  be necessary to  

determ ine K  to  a  h igher o rder of ap p ro x im a tio n  th a n  can  be done b y  D r. 

L am b’s artifice. I t  is  clear, for instance , th a t  ro ta tio n  of th e  bo d y  a b o u t th e  

d irection  of th e  s tream  m akes no change in  (5), for T 0 is u n a lte red  b y  such a  

ro ta tion , so th a t  as fa r  as (5) goes one m ig h t conclude th a t  th e  couple is zero.

To find th e  couples, therefo re , I  found  i t  necessary  to  re v e rt to  m y  orig inal 

m ethod an d  to  exp an d  b o th  th e  d is tu rb ed  an d  th e  u n d is tu rb ed  s tream  in  a  

series of spherical harm onics.

Representation o f the Undisturbed Stream.

The velocity  p o ten tia l of a  un ifo rm  s tream  of flu id is rep resen ted  b y  a  

spherical harm onic fu n c tio n  of th e  first degree. I n  general th ree  te rm s are 

necessary to  determ ine th e  th ree  com ponents of velocity , b u t we shall sim plify  

th e  formulae b y  tak in g  th e  d irec tio n  of th e  s tre am  a t  th e  orig in  as th e  line 

0 =  0 w hen we use spherical p o lar co-ordinates, or th e  ax is  of w hen we use 

C artesian co-ordinates.

Convergence or c u rv a tu re  in  th e  s tre am  lines n ear th e  orig in m ay  be rep re ­

sented, to  th e  degree of ap p rox im ation  requ ired , b y  spherical harm onics of th e  

second degree. The general expression for th e  velocity  p o ten tia l of a  curved  

and converging stream  m ay, therefore, be  w ritten  in  th e  form

cf>0 =  rSx +  r 2S2, (14)

where Sx and  S2 are surface harm onics of th e  first an d  second degrees. W hen 

the  velocity  a t  th e  orig in is para llel to  0 =  0 an d  equal to  U,

Si =  — U  cos 0, (15)

the m ost general form  of S2 is

S2 =  G ( f  cos2 0 — ^) +  (H  cos co -f- J  sin  co) cos 0 sin  0

-f- (E  cos 2 co +  F  sin 2co) sin2 0, (16)

when co is th e  angular co-ordinate  of an  ax ial plane so th a t

x  — r cos 0

y  — r sin  0 cos co ^ . 

z =  r  s in  0 sin  co

(17)

If  G is positive th e  flow is d iv e rg in g ; if G is negative i t  is converging. 

P  H  =  J  =  0 th e  stream  line th ro u g h  th e  origin is s tra igh t. I f  

H  =  J  =  E  =  F  =  0 th e  flow is sym m etrical ab o u t th e  axis of x. I f
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2 7 0 Gr. I. T aylor.

H  =  J  =  F  =  0 th e  s tre am  is sy m m e tr ica l a b o u t th e  p lanes 0, 2 =  0, 

a n d  if, in  a d d itio n , G =  2E  th e  m o tio n  is tw o-d im ensional, th e  stream  

lines be ing  p a ra lle l to  th e  p lan e  y  =  0.

I f  G  =  E  =  F  =  0 th e  s tre a m  lines a re  cu rv ed  b u t  do  n o t converge in  any 

a x ia l p lan e  a n d  th e  d irec tio n  of m ax im u m  p ressu re  g ra d ie n t is a t  r ig h t angles 

to  th e  s tre a m  lines. I f , in  ad d itio n , J  =  0 th e  s tre am  lines lie in  th e  plane 

2 =  0, a n d  if H  is th e n  p o s itiv e  th e  cen tre  of c u rv a tu re  of th e  cen tra l stream  

line  is  in  th e  d ire c tio n  0 =  §tc, co =  t z ,i.e., i t  li

of y.

I f  H  =  0 a n d  J  is  p o s itiv e  th e  c e n tra l s tre a m  line  lies in  th e  p lan e  =  0 

a n d  i ts  c en tre  of c u rv a tu re  lies in  th e  n eg a tiv e  side of th e  ax is  of

Representation o f  the Disturbed Flow.

T he d is tu rb e d  flow m a y  be re p re se n te d  b y  th e  v e lo c ity  p o te n tia l

4> =  4>o4~ 4>i  == r2®2 4~ 4~ r 2§i 4~ r 3®2 4“ ••• 4~ ‘r~m~lsm

w here  sm is  a  su rface  sp h erica l h a rm o n ic  of degree

Forces fo u n d  by Integration o f Pressures.

Since th e  m o tio n  is  s te a d y  p /p  -(- (a2 -j- +  w2)* is  c o n s ta n t. I f  th e

co m p o n en ts  of th e  re s u l ta n t  force  o n  th e  b o d y  a re  X , Y , Z,

— =  \f f l( u 2 +  v2-f- up) ds, — =  ^
p J J* P J J i

— =  n( u2 v2 +  w2) ds,

th e  suffix i  show s t h a t  th e  in te g ra tio n  e x ten d s  o v er th e  su rface  of th e  b o d y  and  

l, m , n  a re  th e  d ire c tio n  cosines of th e  o u tw a rd  d ra w n  n o rm al to  th e  surface 

of th e  b o d y .

T hese  ex p ressions m a y  b e  tra n s fo rm e d  b y  G reen ’s th e o re m  in  th e  form s

X

P

Y

P

_Z

P

11 ^  +  W2)  ̂ ds — y  (lu  4~ 4~ nw ) u  ds

j*j* (u2 +  v2-}- w2) m d s  — Jj* {lu -f- m v  4 - nw)

j*J (u2 4~ v24 - w2) n  ds — )j*j* (lu  4~ m v  4" nw ) w d s

(19)

* N ote  th a t  u, v9 w are used  here and in  succeeding pages as th e com ponents of 

velo c ity  a t  an y  point in  th e  fluid. In  th e  first part of th e  paper up to  equation (13) 

th e y  represent th e  com ponents of ve locity  in  th e fluid before th e introduction of th e solid.

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

9
 A

u
g
u
st

 2
0
2
2
 



Forces on Body placed in Curved Stream of Fluid. 271

th e  in teg ra tio n s  ex ten d in g  ove r a n y  su rface 0 w hich  com pletely  su rrounds th e  

body. T ak ing  0 as a  sphere of rad iu s  r  i t  is  fo u n d  th a t

w ith  sim ilar expressions fo r Y /p  a n d  Z /p .

Now th e  value  of X /p  is in d ep en d en t of r , a n d  ds is  r 2 s in  0 d (o d 0 , so t h a t  i t  

is on ly  necessary  to  p ick  o u t te rm s  in  th e  in teg ran d s  of (20) w h ich  co n ta in  

r -2 as a  fac to r. All o th e r  te rm s  m u s t v an ish  w hen in te g ra te d  ove r th e  sphere 

of radius r. I t  is h a rd ly  w o rth  w h ile to  com plete  th e  w hole o p e ra tio n  because 

we should  u ltim a te ly  o n ly  find th e  exp ressions g iven  in  equations (7), b u t i t  

seems w o rth  w h ile to  verify , say , th e  first te rm  in  th e  exp ression  for X /p .

S u b stitu tin g  from  (14) a n d  (18) in  (20) a n d  p ick ing  o u t on ly  te rm s  in  r -2  

in  th e  in teg rands, i t  is fo u n d  th a t

J - JJo { “ * 008 6 2  s i“ 6 (Sa §e - Sl © + It If005 6
+  cos 0 cosec2 0 r -2  (21)

cco ccoJ

Taking th e  case w hen H  — J  =  0 so th a t  th e  cen tre  line of th e  u n d is tu rb ed  

flow is s tra ig h t, a n d  su b stitu tin g  fo r sx, i ts  m o st general value

at cos 0 +  a 2 sin  0 cos co -f- sin  0 sin  co,

and fo r S 2 from  (16), i t  is found  th a t  th e  o n ly  te rm s  in  (21) w hich do n o t van ish  

are those con ta in ing  oqG t h u s :

4S2 cos 0 r 2 ds — ra^G ,

2 si“  6 ( Sa I l f -  Sl § e )  r~ 2 *  =

008 6 r~% ds =  H

cos 0 cosec2 0 r -2  ds — 0,
OC O CCD

TT TC« lG ,

so th a t  from  (21)

X  32 +  64 +  24 TOtjSp =  87t«xGp.
15

( 2 2 )
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272 G. I. T aylor.

R em em b e rin g  t h a t  H  =  J  =  0 in  (16), i t  c an  be  show n th a t

_  ? £ _ n
*

so th a t  th e  v a lu e  of X  fro m  (7) is

X  =  -  (V +  A)
ox

(23)

I n  com p arin g  th e  tw o  expressions fo r X  g iv en  in  (22) a n d  (23) we m u s t first 

ca lcu la te  th e  v a lu e  of d p jd x  a t  th e  o rig in  in  th e  u n d is tu rb e d  flow. T he ve locity 

a long  th e  c e n tra l s tre a m  line  befo re  th e  in tro d u c tio n  of th e  b o d y  is

— ■ - F & L '

so th a t  th e  ra te  of change  in  p ressu re  a long  th e  ax is  of x  is

dp

dx

d_

dx
(ip u 2) =  — P [

du

dx. 0 = 0
=  -  p u  [ -  2S2]*=0 =  2pG U . (24)

I t  rem a in s  to  find  th e  re la tio n sh ip  b e tw een  ax a n d  A. is  th e  coefficient of 

cos 0 /r2 o r x jr3 in  th e  ex p an sio n  of th e  v e lo c ity  p o te n tia l  of th e  d i

m o tio n  in  sp h e r ica l h a rm o n ics . W e can  re g a rd  th e  d is tu rb e d  m o tio n  as 

co n sis tin g  of tw o  p a r ts ,  one d u e  to  th e  te rm  rS x in  th e  u n d is tu rb e d  m o tio n  an d  

th e  o th e r  to  th e  te rm  r 2S 2. L e t  th e  coefficients of x jr3 in  th e se  tw o  p a r ts  be 

ax a n d  ax"  resp ec tiv e ly , so t h a t

ax =  ax -f- ax r. (25)

So fa r  w e h av e  m ad e  no  a ssu m p tio n s  as to  th e  re la tiv e  m ag n itu d es  of th e  

te rm s  a n d  r 2S 2 in  <f>0. I f  now  w e m ak e  th e  a ssu m p tio n  m

(7) t h a t  th e  changes in  v e lo c ity  of th e  u n d is tu rb e d  s tre a m  in  a  d is tan ce  com ­

p a ra b le  w ith  th e  lin e a r  d im ensions of th e  b o d y  a re  sm all, th e n  ax"  is  sm all 

co m p a red  w ith  ax . N ow  ax is  th e  coefficient of x jr3 in  th e  expan sio n  of th e  

d is tu rb e d  m o tio n  d u e  to  a  u n ifo rm  s tre a m  of v e lo c ity  U  flow ing p a s t  th e  body. 

T h is  is  id e n tic a l w ith  th e  coeffic ient of x jr 3 in  th e  ex p an sio n  of th e  velocity  

p o te n tia l  in  sp h e r ica l h a rm o n ics  of th e  flow p ro d u ced  b y  m ov in g  th e  b o d y  w ith  

v e lo c ity  — U  in  a n  in fin ite  flu id  a t  re s t.

T he  co n n ec tio n  b e tw een  th is  coeffic ient a n d  th e  exp ression  fo r th e  energy  

of a  b o d y  m o v in g  w ith o u t ro ta t io n  in  a n  in fin ite  flu id  h as  b een  discussed b y  

th e  a u th o r  in  a  p rev io u s p ap e r .*  A s a  p a r t ic u la r  case of th e  formulae in  th a t  

p a p e r  th e  coefficient of x jr3 in  th e  ex p an sio n  of th e  v e lo c ity  p o te n tia l due  to  a  

v e lo c ity  — U  p a ra lle l to  th e  ax is  of x  is

— U  (A - f  V )/4 tu,

* Loc. cit., p. 13.

(26)
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Forces on Body placed in Curved Stream of Fluid. 273

where A an d  V h ave  th e  sam e m ean ing  as in  (7). I f  we neglect a "  com pared 

w ith  a f ,  we can  therefo re  w rite

4 Tzax*as — (A -f- V) U . (27)

Tak ing th e  value  of ax from  (27) a n d  of Gr from  (24) a n d  su b stitu tin g  th em  in  

(22), i t  will be found  th a t

X  *ss 8tcUjGtp =  ( 4 izafj (2Grp) — — 2 (A -(- V) UG-p =  — (A 4" V)
3 p 

tfo '

which is iden tica l w ith  th e  exp ression  (23) de rived  from  th e  first p a r t  of th e

paper.

In  th e  sam e w ay  th e  re s t of formulae (7) can  be  found  b y  d irec t in teg ra tio n  

of th e  p ressures over th e  su rface of th e  body.

Couples fou n d  by Integration o f Pressures over the Surface o f the Body.

If  Lp, Mp, Np are th e  com ponent couples,

L  =  -  Jj" .P  (mz — ny) ds =  \

F irst th e  in teg ra l will be tran sfo rm ed  in to  an  in teg ra l over an  o u te r  surface 0 

comp letely su rround ing  th e  body, th u s  :

j j  ny (u2 -j- v2 +  w2) ds == § Jj* ny (u2 +  +  w2) ds

Si y  x -  (u2 +  v2 +  w2) dx dy dz, (29)
oz

th e  volume in teg ra l ex tend ing  betw een  th e  body  an d  th e  o u ter surface 0.

g th a t  +  ^ -  +  t t— =  0 an d  a t  th e  surface of th e  bod
ox oy oz

lu -f- rnv +  nw =  0,

3
y  x -  (u2 +  v2 +  w2) dx dy dz 

oz

f f f /  3 w . 3 w , 3mA j  j  j
— JJJ  y  +  v-z— +  w - ^ - J d x d y  dz

— J J  yw (lu  +  mv +  nw) ds

+  f  f  f  wi -  (yu) +i +  dx dy dz
J J J ox oy oz

=  — J J  yw (lu +  rnv +  nw) ds 4- J J J tw  dx dy dz.
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274 G. I. Taylor.

The in teg ra l — |  j j  mz (u2 +  v2 +  w2) ds can  be tre

an d  by  adding th e  tw o resu lts  i t  is found th a t

L  =  £ j j  {ny — mz){u2 +  v2 +

(30)

I f  now th e  ou ter surface be ta k e n  on a  sphere of rad ius. ny  — mz =  0 so th a t

0<4

S im ilarly,

L  =  j"j* {yw — zv) —  ds.

M =  j*j* (2 u  — xw) ^  ds. 

N  =  j*j* ( xv  — yu) ^  ds.

E xpressing  u, v, w in  te rm s of th e  velocity  p o ten tia l

0 (f)
yw  — zv —  —

0CO

ZU — XW =  sin CO +  ^  cot 0 COS CO 
00 dco

xv  — yu  — — ^ - c o s  co -j- ^  co t 0 sin co 
o0  dco

an d  su b stitu tin g  these  expressions in  (31)

L

M

N

tf.g* § i d s
dco o r

ft

f t

^  sin  co +  co t 0 cos co 
00  0 co

^  cos co +  ^  cot 0 sin co 
00  0 co

p d s
or

| $ d s
or

(31)

(32)

(33)

The rem ainder of th is  p ap er w ill be devo ted  to  th e  discussion of L.

Since L  has a  defin ite va lue  independen t of th e  rad ius of th e  sphere over

w hich th e  in teg ra tio n  is tak en , i t  is only  necessary  to  pick o u t term s in
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Forces on Body placed in Curved Stream of Fluid. 27 5

which co n ta in  th e  fac to r  r  2. D iffe ren tia ting  th e  exp ression (18) fo r cf> w ith  

respect to  r a n d  co, m u ltip ly in g  an d  p ick ing  o u t te rm s  in  r -2 ,

0 co 0 r

+  j j o ^382 -  2 S2 2 (34)

and  since Sx does n o t co n ta in  co w hen th e  ax is of x  is  pa ra llel to  th e  s tream  

d irection a t  th e  orig in, th e  first of these  in teg ra ls  vanishes so th a t

L  =  ( r  (  3s2 ^ 3  -  2S2 f a )  r - *  ds. (35)

Now S2 is

G (•! cos2 0 — ^) +  (H  cos co J  sin  co) cos 0 sin  0

-f- (E  cos 2 co +  F  s in  2co) sin2 0 (36)

and s2 m ay  be exp ressed in  its  m o st general fo rm

s2 — 9 (y  c o s2 6 — i )  +  008 <»> +  j  sin  co) cos 0 sin  

+  ( cos 2 co +  f s in 2 c o )  sin2 0. (37)

I t  will be seen th a t  on ly  fou r k inds of te rm s  can  occu r in  (35), nam ely , those  

containing H  j,hJ, E / ,  e F ; all o the rs  v an ish  w hen in teg ra ted  over th e  surface 

of th e  sphere.

To find th e  coefficient of H  j  ta k e  J  =  E  =  F  =  0, th e n

p7r r2ir

L  =  H  j  I I (— 3 sin2 0 cos2 0 sin2 co — 2 sin2 0 cos2 0 cos2 co) sin 0 da  dQ 
Jo Jo

=  -  (38)

Sim ilarly th e  te rm  in  J  his +

To find th e  coefficient of E /  p u t H  =  J  =  F  =  0.

Then

L  =  E /  J  (— 6 sin4 0 sin2 2co — 4 sin4 0 cos2 2co) r 2 =  — %-tcE

Hence th is  com plete expression for L  is

L  =  in(JA -  H i)  +  E / ) .  (39)

E ach of these te rm s represen ts th e  reac tio n  betw een some ty p e  of asym m etry  

in  th e  body and  a corresponding ty p e  of a sym m etry  in  th e  flow. I f  th e  changes 

in  velocity of th e  u n d istu rbed  stream  in  a  d istance com parable  w ith  th e  linear 

dimensions of th e  body  are sm all com pared w ith  th e  velocity  of th e  und is­

turbed stream , we can use th e  sam e argum en t to  find j ,  e and  f  th a t  we
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276

p reviously used to  find th e  coefficient ax w hich occurs in  find ing  th e  force com­

p onen t X  in  (22). Thus h, j ,  e an d  /  are th e  coefficients of fou r of th e  te rm s  in 

th e  harm onic of th e  second degree in  th e  expansion of th e  velocity po tential 

due to  th e  m otion  of th e  bo d y  w ith  velocity — U  parallel to  th e  axis of in  an 

infin ite  fluid.

The first tw o harm onics in  th e  velocity p o ten tia l due to  a m ovem ent of the  

body  w ith  velocity  -j- U  are the refo re

<j>' =  r~z (— ax cos 0 — a2 sin  0 cos <o — az sin  0 sin  to)

— r~3 iff ( f  cos2 6 — i)~b {h cos <o sin  to) sin  0 cos 0

+  (e cos 2 to + /  sin  2 to) sin2 0). (40)

T hough i t  is n o t possible to  express th e  coefficients in  th e  harm onics of the  

second degree in  te rm s of th e  coefficients occurring in  th e  energy equation, 

as i t  is  in  th e  case of th e  ha rm onics of th e  first degree ; y e t i t  is possible to  

see w h a t k in d  of a sy m m e try  in  th e  body  w ill give rise to  positive values of 

th e  coefficients h, j ,  e a n d / .

Consider, for instance, w h a t k in d  of b o d y  m ig h t be expected  to  give rise 

to  a  flow for w hich j  =  e — f  —  0 b u t Ti is n o t zero. The sim

is a  sphere w ith  its  cen tre  n o t a t  th e  origin.

The velocity  p o ten tia l due to  a sphere of rad iu s  a w ith  its  cen tre a t  small 

d istance  7) a long th e  ax is of y  an d  m oving w ith  velocity  U  parallel to  th e  axis of 

x  is

jj__  i T T  __ i t t ~ 3  i x  |

*  ~  (j f - 7  W *“  2

The ha rm onic  of th e  second degree is the refo re

fTJa37)r-3  cos 0 sin  0 cos co, 

so t h a t  com paring  th is  w ith  (40) i t  will be  seen th a t

g =  j  =  c =  f  =  0 an

H ence from  (39)
L  — |rcA J =  —- 27t7jUa3J .  (41)

Since w ith  positive values of J  an d  7), L  is negative, th e  couple ten d s to  tu rn  

th e  sphere ab o u t th e  ax is of cc'as th o u g h  its  cen tre  were a ttra c te d  tow ards the  

cen tre  of cu rv a tu re  of th e  cen tra l s tre am  line, w hich for positive values of J  

is  in  th e  negative  p a r t  of th e  ax is of z.

This re su lt can  be verified because in  th e  case of a sphere th e  re su ltan t force 

necessarily  ac ts  th ro u g h  its  cen tre, an d  from  (7) is

Z =  — 2tm 3| ^ .
O Z

G. I. Taylor.

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

9
 A

u
g
u
st

 2
0
2
2
 



Forces on Body placed in Curved Stream of Fluid. 2

I t  can  be show n th a t  -f- =  J U , so th a t  
oz i,

Z =  — 27ta3 J U  an d  L  =  Zt j =  

which agrees w ith  (41).

— 27ta3JUv),

Experimental Verification o f Expression fo r  Couples on Bodies in  Curved

Streams.

In  th e  case of a  sphere capable of ro ta tio n  a b o u t an  ax is  w hich does n o t pass 

th rough  its  cen tre  th e re  is a  re su lta n t force w hen i t  is  p laced  in  a  curved  stream . 

This la te ra l force m akes i t  difficult to  use such a bod y  for ex pe rim en tal dem on­

s tra tio n  ; acco rdingly a  body  w as  devised w hich w hen suspended u nde r g rav ity  

m ight be expected  to  give rise to  a p ronounced  value  fo r th e  coefficient h of 

(40) w ith o u t necessarily g iv ing rise to  la te ra l force. Such a  body  is show n in  

fig. 2. I t  w as an  elongated  bod y  of rev o lu tio n  th e  cen tre  line of w hich w as 

afterw ards b e n t in to  an  arc of a c ircle so th a t  i t  looked like a sm all bologna 

sausage.

F i g . 2.

If  such a body be se t in  th e  position  show n in  fig. 2 so th a t  th e  cu rv a tu re  of 

the cen tre line lies in  th e  p lane 2 =  0 an d  th e  cen tre of cu rv a tu re  lies in  th e  

positive p a r t  of th e  axis of y, th e n  th e  effect of th e  cu rv a tu re  of th e  cen tre 

line would be to  increase th e  velocity of th e  flow a t  po in ts  in  th e  negative side 

of the  axis of y  and  to  decrease i t  a t  po in ts  on th e  positive side. This is 

exac tly opposite to  th e  effect of m oving th e  centre of a sphere from  th e  origin 

to  a distance 7) ou t along th e  positive side of th e  axis of y. I t  will be seen, 

therefore, th a t  if th e  body  shown in  fig. 2 is m oved parallel to  th e  axis of x  

in  the  positive direction, th e  coefficient of th e  harm onic 3 cos 0 sin 0 cos to
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278 G. I. T aylor.

in  th e  co rrespond ing  expan sio n  of <j>' will be n egative  w hile th a t  of 

r ~3 cos 0 sin  0 sin  co w ill be zero.

H ence  from  (40) Ji is  p o s itiv e  a n d  j  =  0.

T ak in g  th e  case of th e  u n d is tu rb e d  flow fo r w h ich  H  =  E  =  F  =  0 and  J  

is  positive , i.e., cu rv ed  flow in  w h ich  th e  s tream  lines a re pa ra lle l to  th e  plane 

y  —  0 a n d  th e  cen tre  of c u rv a tu re  in  th e  n eg a tiv e  p a r t  of th e  ax is  of i t  will 

be seen from  (39) t h a t  L  is  p o s itiv e  so t h a t  a  couple a c ts  on  th e  b o d y  tend ing  

to  tu rn  i t  to w a rd s  th e  p o s itio n  w he re th e  cen tre  of c u rv a tu re  of th e  m iddle 

line of th e  b o d y  is in  th e  p o s itiv e  side of th e  ax is  of z. I t  ap p ears , therefore , 

t h a t  a  b o d y  of th is  shap e  shou ld  se t itse lf so t h a t  th e  c u rv a tu re  of its  cen tre 

line is in  th e  sam e p lan e  as th e  c u rv a tu re  of th e  s tre am  lines b u t  in  th e  opposite

d irec tio n . I t  h as  tw o  positions of equilibrium , 

one s tab le  a n d  th e  o th e r u n s tab le .

A  b o d y  of th is  fo rm  w as h u n g  b y  a  fine silk 

th re a d  in  th e  cu rv ed  s tre am  c rea ted  b y  a 

v a cu u m  sw eeper suck ing  a ir  th ro u g h  a  cu rved 

ch an n e l fo rm ed  b y  tw o  b e n t pieces of sheet 

m e ta l b e tw een  tw o  p a ra lle l glass p la tes. The 

a p p a ra tu s  is show n in  fig. 3, w hich  needs little  

e x p lan a tio n . I n  t h a t  figure A  is th e  bod y  and  

B  is som e fine gauze f it te d  in to  th e  m o u th  of 

th e  a p p a ra tu s  to  p re v e n t d is tu rb an ces  in  th e  

o u ts id e  a ir  fro m  affecting  th e  flow. The 

a p p a ra tu s  w as m o u n ted  so th a t  th e  a ir in  th e  

n e ig h b o u rh o o d  of th e  m idd le  of th e  b o d y  w as descending  ve rtica lly .

Result.— D irec tly  th e  v acu u m  sw eeper w as s ta r te d  th e  b o d y  sw ung in to  th e  

p o s itio n  show n in  fig. 3. T h is  is  w h a t w as p red ic ted  m a th em atica lly .

Experim ental Verification o f For mules fo r  Converging and Diverging Flow.

N e x t suppose th e  c en tra l s tre a m  line of th e  u n d is tu rb e d  flow is s tra ig h t so 

t h a t  H  =  J  =  0, a n d  le t  us consider th e  exp ression  L  =  (Fe — E / ) .

T he  q u a n titie s  E  a n d  F  rep re se n t differences in  th e  am o u n t of convergence 

o r d ivergence of s tre am  lines in  d ifferen t ax ia l p lanes th ro u g h  th e  cen tra l 

s tre a m lin e . W e h av e  a lread y  p o in ted  o u t, fo r in s tan ce , th a t  i f H  =  J  =  F  =  0 

a n d  Gr =  2E  th e  s tre am  lines a re  all pa ra llel to  th e  p lane  0. A  convenient 

m e th o d  fo r o b ta in in g  a s tre am  h av in g  a  p ronounced  va lue  of E  is the refo re to  

m ake  a  channel tw o  of w hose w alls a re  pa ra lle l (in  th e  ac tu a l ap p a ra tu s  glass 

p la tes) an d  th e  rem ain in g  tw o  a re  m ad e  from  sh ee t m e ta l b e n t in to  th e  form

T o  v a c u u m  

sw e e p e r

F i g . 3. —  E xperim ent on  a  

Curved B od y  in  a Curved 

Stream  of Air.

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

9
 A

u
g
u
st

 2
0
2
2
 



shown in  fig. 4. I f  th e  axes are  chosen so th a t  th e  p lane 0 is para llel 

to  th e  glass sheets, an d  if th e  ax is  of x  is th e  cen tra l line of th e  ap p ara tu s , th e

Forces on Body placed in Curved Stream of  . 279

Converging-
Silk thread

B ody
perpendicular  
> g la s s  p la te s p la te s

G rea tes t  —  
c o n str ic t io n Sheet

m etal

— J o  vacuum
— sw eep er

F i g . 4.— Experim ent on  a  F lattened  B ody in  Converging and D iverging Flow.

positive d irection  being dow nw ards, th e n  E  =  is negative  in  th e  converging

upper p a r t  of th e  a p p a ra tu s  a n d  positive  in  th e  low er d iverging p a rt.

R eferring to  th e  expression (39) fo r L , i t  will be seen th a t  E  occurs associated  

w ith / .  F o r a n  experim en tal verification , the refo re , we m u s t find w h a t shape a  

body m u st be m ade in  o rde r t h a t  i t  m a y  g ive rise to  a  p ronounced  va lue  f o r / .

Referring to  (40), — /  is th e  coefficient of r~ 3 s in2 0 sin  2 o> in  <f>. W e shall 

first find w h a t k in d  of sm all a lte ra t io n  m u s t be m ade to  a  sphere in  o rder th a t  

the velocity  p o ten tia l of th e  flow ro u n d  i t  m ay  co n ta in  a  te rm  of th e  ty p e  

t ~z sin2 0 sin 2a>. L e t r =  a -f- 

small com pared w ith  a, an d  x  a  fu n c tio n  of 0 an d  co. This w ill p roduce a  

velocity p o ten tia l

(f>' =  £U  azr~2cos 0 — f r ~ z sin  2co sin2 0,

provided IJJ =  — , w here l is th e  d irection  cosine of th e  norm al to  th e
or

surface of th e  body.

Since b is small com pared w ith  a

so th a t

l =  cos 0 +  sin  0 ^  x  (0» <«>)>

6 ^  (0, co) =  — 3 /U  3 sin  2o> sin  0,
O0

bx(0, co) =  3 /U -1 a -3  sin  2 to cos 0 =  6' sin  2 to cos 0. (42)

v o l . cx x .—a . x
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28 0 G. I. Taylor.

I n  o rder to  fo rm  a  p ic tu re  of th e  shape  of th e  b o d y  w hose eq u a tio n  is

r — a  -f- b' s in  2<o cos 0, (43)

one can  im ag ine  a  series of sections b y  p lanes p e rp en d icu la r to  th e  axis of x. 

T hese a re  show n in  figs. 5a  a n d  5b . F ig . 5a  gives th e  sections of th e  half of 

th e  b o d y  for w h ich  x  is  positive  a n d  fig. 5b  fo r th e  negativ e  half. I t  will be 

seen  t h a t  th e  essen tia l fe a tu re  is t h a t  th e  b o d y  is c ircu la r in  th e  cen tra l section

G la s s  G la s s
p la c ep l a t e G la s s

p l a t e

F i g . 5b .

Sections of th e  B ody  r =  a +  b' cos 6 sin  2o> by P lane Perpendicular to  th e A xis,
i.e.y 6 — 0 .

JO

F i g . 5 c .— P erspective Sketch oi r =  a b' cos 6 sin  2o>.

a n d  th a t  i t  h as  a f la tte n e d  nose a n d  ta il, b u t  th e  d irec tio n  of f la tten in g  a t  the  

nose is a t  r ig h t angles to  th e  d irec tio n  a t  th e  ta i l  a n d  each  is a t  45° to  th e  axes 

of y  a n d  2. T he a sy m m e try  is, in  fa c t, t h a t  possessed b y  a  te tra h e d ro n  abou t 

th e  line  jo in in g  th e  m id -p o in ts  of opposite  edges. I f  a  b o d y  of th is  shape is
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Forces on Body placed in Curved Stream of . 281

placed in  a  converg ing  s tre am  of flu id  i t  g ives rise to  a  va lue  of /  equal to  

\b'XJaz, so th a t
L  =  — 7rE6,U a3. (44)

In  th e  converging p a r t  of th e  a p p a ra tu s  show n in  fig. 4 E  is negative, so 

th a t  L  is positive. The rea c tio n  b e tw een  th e  flu id  a n d  th e  b o d y  is  th e refo re  

such th a t  th e  b o d y  te n d s  to  tu rn  in  th e  d irec tio n  of inc reasing  nam ely , t h a t  

shown b y  th e  a rrow  in  fig. 5a .

Since th e  w ind  is blow ing dow nw ards in  th e  a p p a ra tu s  show n in  fig. 4, 

figs. 5a  an d  5b  show  th e  co n to u rs  of th e  b o d y  w hen  seen from  below. The 

positions of th e  glass p la te s  in  th e  a p p a ra tu s  of fig. 4 a re also show n in  figs. 

5a  and  5b  : i t  will be seen from  th e  d irec tio n  of th e  a rrow  in  fig. 5a  t h a t  in  th e  

converging channel th e  b o d y  te n d s  to  se t itse lf so t h a t  th e  fla tten ed  low er end  

is parallel to  th e  glass p la te s  w hile th e  f la tten ed  u p p e r  end  is pe rp en d icu la r 

to  them . This is  a  position  of s tab le  equilib rium . A n o th e r s tab le  position  

can ev iden tly  be found  b y  ro ta t in g  th e  b o d y  th ro u g h  180° ro u n d  th e  w ind 

d irection, an d  th ese  are  tw o  in te rm ed ia te  u n s tab le  positions of eq u ilib rium  a t  

righ t angles to  th em .

A perspective sketch  of th e  b o d y  r =  

I f  th e  bod y  is  low ered th ro u g h  th e  p o in t of m ax im u m  co n str ic tio n  of flow 

in to  th e  d iverg ing  p a r t  of th e  ch an n e l in  th e  a p p a ra tu s  show n in  fig. 4, E  

changes sign. T he s tab le  p ositions of equ ilib riu m  becom e u n stab le  an d  

unstable positions becom e s tab le . T he b o d y  should  the refo re  ro ta te  th ro u g h  a  

righ t angle as i t  passes from  th e  converg ing  to  th e  d ive rg ing  p a r t  of th e  channel.

These p red ic tions w ere com pletely  verified. The b o d y  u sed  w as n o t, in fac t, 

a +  b'sin  2 co cos 0, because th e  

flow ro u n d  bodies w hich  a re  n ea rly  spherica l is know n to  be 

quite unlike th e  flow co n tem p la ted  in  h y d ro d y n am ical th eo ry .

In  order th a t  th e  ac tu a l flow m ay  resem ble a t  all closely th e  

theo retical irro ta t io n a l flow, th e  bod y  m u st be sm oo th  an d  

elongated. A ccording ly  a b o d y  w as m ade  in  w hich th e  essen tial 

featu re  of th e  sym m e try  a b o u t th e  w ind  d irection , or ax is  of x, 

of th e  body rep resen ted  b y  (43) w as p reserved, b u t th e  leng th  

was six tim es th e  m ax im um  d iam ete r. Th is bo d y  w as m ade b y  

flattening th e  tw o ends of a c ircular cylinder in to  tw o knife 

edges a t  rig h t angles to  one ano ther , as show n in  fig. 6. I t  

was th en  rounded  off carefully so th a t  th e re  were no sharp  

edges to  spoil th e  flow excep t th e  knife edges a t  th e  nose an d  ta il. I t  

was suspended b y  a silk  th re a d  a t  S an d  hung in  th e  w ind tun n e l show n

x  2

F i g . 6 .
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2 8 2  Forces on B ody placed in Curved Stream o f Fluid.

in  fig. 4, so t h a t  i t  w ould  be  ra ised  or low ered th ro u g h  th e  cen tral p a r t of 

th e  channel.
W h en  a  d ra u g h t w as c rea ted  b y  app ly in g  a  v acu u m  sw eeper to  th e  lower 

en d  of th e  channel, th e  b o d y  se t itse lf so t h a t  th e  u p p e r  knife  edge w as per­

p en d icu lar to  th e  glass p la te s  w hen  i t  w as in  th e  u p p e r converging p a r t ; bu t 

i t  tu rn e d  th ro u g h  a  r ig h t angle w hen  low ered th ro u g h  th e  p o in t of m axim um  

co n stric tio n  in to  th e  d iverg ing  p a r t  of th e  channel.

I t  ap p ea rs , th e re fo re , t h a t  th e  p red ic tio n s  of m a th em atica l th e o ry  as to  the 

effect of tw o  ty p e s  of a sy m m e try  in  th e  flow on  co rresponding  ty p es  of 

a sy m m e try  in  th e  b o d y  are  com ple te ly  verified  b y  ex p e r im en t.

I t  is w ell kn o w n  th a t  th e  flow of flu id  p a s t  a  b o d y  differs considerab ly  from 

t h a t  c o n tem p la ted  b y  ir ro ta t io n a l th e o ry  even  in  th e  case of e longated  bodies, 

b u t  th e  flow a t  th e  fo rw ard  en d  is fa r  m ore like  th e  th eo re tic a l flow th a n  th a t 

b eh in d  th e  m id-sh ip  section . I n  o rd er to  sep a ra te  th e  effects of asym m etry

of th e  flow a n d  th e  b o d y  a t  th e  fo rw ard  en d  from  those 

a t  th e  a f te r  end, th e  b o d y  show n in  th e  perspective 

sk e tch  (fig. 7) w as m ad e . One en d  w as c u t to  a  knife 

edge like  th e  b o d y  p rev io u sly  described, w hile th e  other 

en d  w as tu rn e d  to  a  p o in t in  a  sym m e trica l ogival shape 

like  th e  nose of a n  a irsh ip . T he re  w ere no  sh a rp  edges 

ex cep t a t  th e  nose a n d  ta i l  of th e  body .

■When h u n g  in  th e  converg ing  channel w ith  its  po in t 

dow nw a rds a n d  kn ife  edge upw a rds, th is  b o d y  se t itself 

w ith  i ts  k n ife  edge p e rp en d icu la r  to  th e  glass plates. 

W h en  h u n g  in  th e  converg ing  channel w ith  th e  p o in t on 

to p , th e  k n ife  edge a t  th e  b o tto m  se t itse lf pa ra llel to  the 

glass p la te s . I t  ap p ears , th e re fo re , t h a t  th e  agreem ent 

b e tw een  th e o ry  a n d  ex p e r im en t ex ten d s  to  th e  ta il  end 

of th e  b o d y  w hen  th e  b o d y  is  of th e  “ easy ” shape

show n in  fig. 7. I|| ^

Fig . 7. — Body with b od y  cu t in to  th e  shape of h alf a m agnify ing lens.

lo°w” ; a n d  h u n g  fro m  th e  m iddle  p o in t of i ts  cu rved  edge 

finishing in  a p o in t«, se t  itse lf p e rp en d icu la r to  th e  glass p la tes  in  th e  con- 

“ r , o t Ptr '  u p p S  ve rg ing  p a r t  a n d  pa ra llel to  th e m  in  th e  diverging

half w ith  knife-edge ^  T he tw o  positions of th is  bod y  are show n m 
on  top . *

fig. 4.

A  b o d y  sh ap ed  like  a  w hole m agn ify ing  lens o r disc sets itself in  th e  same 

p o sitio n  as t h a t  assum ed b y  th e  h a lf d isc. I f  th e  flow w ere accu ra te ly  the
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Decomposition of Ammonia by High-Speed Electrons. 283

irro ta tio n a l flow co n tem p la ted  b y  th eo ry , th e  s tream  shou ld  ex e r t no d irective  

effect on a  bod y  w ith  th is  k in d  of sy m m e try . F a ilu re  of th e  s tream  lines to  

close in  a t  th e  a fte r  end  of th e  b o d y  in  m an n e r  in d ica ted  b y  irro ta t io n a l th eo ry  

would, how ever, w eaken  th e  neg ativ e  d irec tive  effect of th e  re a r  p o rtio n  com ­

pared  w ith  th e  p ositive  effect of th e  fro n t p o rtion . I t  seems clear th a t  th is  

is th e  reason  for th e  observed  o rien ta tio n  of a  len ticu lar-sh ap ed  b o d y  h u n g  

from  a p o in t in  its  cu rved  edge. A n ob la te  sphe ro id  w ith  one of its  m axim um  

diam eters a long th e  w ind  d irec tio n  behaves in  th e  sam e w ay. T he expe ri­

m ents here described a re  v e ry  easy  to  ca rry  o u t w ith  a  dom estic  v acu u m  cleaner, 

b u t in  m ak ing  a  b o d y  like th a t  show n in  fig. 7 g re a t care has  to  be exercised 

to  keep i t  sym m e trica l a n d  to  h an g  i t  sym m e trica lly . I n  m y  experim en ts 

I  controlled i t  w ith  a  m agnet, in se rtin g  a  sm all m ag n e t in  th e  b o d y  pe rpend icu la r 

to  th e  axis. W hen  th e  flow w as estab lished  I  rem oved  th e  contro l.

In  conclusion I  shou ld  like to  express m y  th a n k s  to  Mr. W . S. F a rre n  fo r 

p reparing  th e  th re e  pe rspec tive  sketches of figs. 2, 5c an d  7, an d  to  S ir E rn es t 

R u the rfo rd  fo r facilities fo r m ak ing  th e  experim en ts.

On the Decomposition of Ammonia by High-Speed Electrons.

B y P rof. J .  C. Mc Le n n a n , F .R .S ., and Gi l b e r t  Gr e e n w o o d , M.Sc .,

U n iv e rs ity  of T oronto .

(Received June  28, 1928.)

Introduction.

D in ing  recen t years a  know ledge of th e  am m onia equilib rium  has a tta in ed  

a g reat technical im po rtance. The fac t th a t  am m onia  decom poses u nde r th e  

action of an  elec tric spa rk  or on  passing th ro u g h  a  red -h o t tu b e  w as know n 

as long ago as in  th e  tim e  of P riestly . I t  was, a t  th is  tim e, regarded  as a  com ­

plete decom position. The first ind ica tion  of a  ce r ta in  q u a n tity  of th e  am m onia  

rem aining undecom posed, an d  th u s  of th e  balanced  n a tu re  of th e  action , was 

obtained b y  Deville* in  1805. M easurem ents on th e  v aria tio n  of th e  

equilibrium  w ith  tem peratu re , a t  atm ospheric pressure, were m ade b y  H abei 

and O o rd t.f They found th a t  a t  1020° C. th e  equilib rium  m ix tu re  con ta ined

* • C. R .,’ vol. 60, p. 317 (1866). 

t  * Z. f . anorg Chem.,’ vol. 44, p. 341 (1905).
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