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Abstract The symmetrized invariant formulae for the 
calculation of Fresnel zones or volumes are derived. It 
is assumed that an inhomogeneous medium with curvi­
linear interfaces is located between the source and/or 
the receiver and along the central ray within the Fres­
nel zone or volume. In the vicinity of the zone centre, 
the medium is considered locally homogeneous. 

The formula for the leading term of the field of a 
wave scattered by a bent body immersed in the above­
mentioned medium is obtained by the Kirchhoff ap­
proximation. With the help of this formula and the 
expressions for the Fresnel radii for a particular case, 
the formulae for the Fresnel zones in the general case 
considered are obtained on the basis of the reciprocity 
relation. The formulae for the Fresnel zones are used to 
obtain the expressions for the Fresnel volumes. · 

The physical consequences of the derived formulae 
with respect to the validity of the ray formulae and the 
resolution of seismic methods etc. are discussed. 

Key words: Area essential for reflection (propagation) -
Symmetrized invariant formulae - Validity conditions 
- Resolution. 

Introduction 

The Fresnel diffraction theory has occupied a central 
position in optics and in the theory of wave propaga­
tion in general since 1818, when a well-known Fresnel 
memoir appeared. In 1882, Kirchhoff gave the Fresnel 
diffraction theory a rigorous mathematical foundation; 
since that time the explanation of diffraction and wave 
propagation has been based essentially on the Fresnel­
Kirchhoff theory. The concept of Fresnel zones plays 
an important role in this theory and is continually 
being developed and generalized. 

This problem has been examined in many books 
and articles and it is impossible to review them all here. 
We shall mention only the works of Al'pert et al. 
(1953), Bertoni et al. (1971) and Kravtsov and Orlov 
(1980) in which special attention is paid to the consid­
eration of regions essential to the formation of fields of 
reflected and transmitted waves 1 . This problem was 

Let us note, by the way, that there is no conventional 
terminology for an area essential for wave propagation. 
Bertoni et al. (1971) call it the 3-D Fresnel zone and Kravt­
sov and Orlov (1980), the Fresnel volume. We use the 
terminology of the latter 

investigated in depth in the book by Kravtsov and 
Orlov (1980). The following points connected with the 
Fresnel volume are considered on a heuristic basis: an 
area of ray localization, a finite thickness of physical 
ray, an area of applicability and resolution of the ray 
method. 

In the seismic literature, a certain amount of atten­
tion is paid to the question of computation of the 
Fresnel zones and their connection with the resolution 
of the seismic method (see, for example, Hagedoorn, 
1959; Hilterman, 1970; Sheriff, 1980; Sheriff and Gel­
dart, 1982; Kleyn, 1983). However, only the simplest 
cases are considered while, in practice media of a rath­
er complicated structure are generally encountered. 
However, as far as we know, the formulae for com­
putation of the Fresnel zones and volumes for the case 
of a sufficiently complicated structure have not been 
given, although many formulae for the Fresnel zones 
for various particular cases are presented in the litera­
ture (Tatarsky, 1967; Flatte, 1979; Kravtsov and Orlov, 
1980). 

The aim of the present paper is to derive sym­
metrized invariant formulae for the computation of 
Fresnel zones and volumes for media of complex struc­
ture 2. In this paper it is assumed that an inhomo­
geneous medium with curvilinear interfaces is located 
between the sources and/or the receiver and the centre 
of the zone or volume. There is one restriction: in the 
vicinity of the zone (or volume) centre the medium is 
considered locally homogeneous. 

In order to show how the notion of the Fresnel 
zones appears in the Fresnel-Kirchhoff theory, we first 
consider the problem of the scattering of a wave on a 
body of arbitrary shape. This consideration is also the 
basis for determining the Fresnel volume. Since the 
techniques of evaluation of integrals obtained in the 
Fresnel-Kirchhoff theory are well known (Keller, 1957; 
Bleistein and Handlesman, 1975; Born and Wolf, 1980; 
Felsen and Marcuvitz, 1973), the computational scheme 
with some improvements concerning the smooth con­
tinuation of a surface beyond the body contour (Gel­
chinsky, 1982a) is presented in a very brief form. 

In conclusion, some physical consequences of the 

2 A formula has an invariant form if the quantities included 
in it do not depend on the choice of the coordinate system. 
We say that a formula is written ir a symmetrized form if 
the reciprocity principle follows enlicitly from the written 
form 
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Fig. 1. Ray path for considered model (a 2-D ray scheme is 
shown for simplicity). c+ is the point of emission; c- is the 
point of observation; S is the scattering surface; et and 80 
are angles of incidence in positive and negative directions; C0 

is the specular point 

derived formulae are discussed. We try to present this 
discussion so that readers unfamiliar with the deriva­
tion of the formulae obtained can, at least, understand 
their consequences. 

Derivation of a formula for the field 
of a scattered wave in the Kirchhoff approximation 

Let a time harmonic wave with frequency w fall on the 
surface S of a body and let the time dependence exp 
( -iwt) be ignored. The field of the scattered wave 
U (M) at the point M can be determined by the Green 
formula (often known as the Kirchhoff formula in the 
case of a scalar wave equation): 

V(M)= H {vcq oG(M, c) 
oN 

oV(C)} G(M, C)-0- dS(C), 
N (1) 

where G(M, C) is the Green function with the source at 
point M and the receiver at point C on S, and o/oN 
denotes differentiation with respect to the normal N to 
the surface S. 

Since the shape of the contour limiting the surface 
S, and also the type of the point source, does not 
influence the parameters of the Fresnel zone or volume, 
we limit ourselves to the consideration of scattering of 
a wave excited by a point source in the form of the ?>­
function, at a general curvilinear surface having the 
form of a bent rectangle. 

In the following, we will use the reciprocity relation, 
changing the source and the receiver at the fixed points 
c+ and c-. In this way the wave motion in the posi­
tive direction (the path c+ ... C0 ... c-) as well as in 
the negative one (the path c- ... C0 •.. c+) will be con­
sidered (Fig. 1). When the wave scattering in the posi­
tive (negative) direction is treated, the field of the in­
cident wave will be denoted as V0 (C+, C) or u0+(C) 
[U0 (C-, C) or U0 (C)], where the point C is loc!'lted on 
the surface S. Under the given conditions, the Green 
function G( c<v! C) [ v = +or - ] and the incident field 
Vbv>( C) are equal. The leading part of these fields can 
be written in the form: 

Vbv>( C0) = V0 ( c<v~ C) = G( c<v~ C) 

=J<;>(C)exp{iwr<;>(C)}, (v=+ or-), (2) 

where 1<;>(C) is the amplitude and r<;>(C) is the time of 
propagation (eiconal) of the incident wave from the 
source at the point c<v) to the point c. 

It is assumed that the front ( r<v> =constant) of the 
wave moving in the v-th direction is of arbitrary shape. 
This means that an inhomogeneous medium with cur­
ved interfaces could exist between the source (or the 
receiver) at the point c<v) and the point of observation, 
C. In the vicinity of the point C on the scattering 
surface S, the medium is considered to be homo­
geneous. 

It is known (Alekseev and Gelchinsky, 1959; Cer­
veny and Ravindra, 1971) that, in the Kirchhoff ap­
proximation, the amplitude of the scattered wave on 
the surface S at the point C is determined by the 
relation: 

JM(C)={K(80 , w)J<;>(C) in the lit area 

0 in the shadow' 
(3) 

where K (8 0 , w) is the coefficient of reflection (trans­
mission) depending on the angle of incidence 80 and 
the frequency w. The leading part of the scattered field 
U (M) at the point M in the vicinity of the surface S 
may be represented by the formula: 

u<v>(M)=J(v)( C){dI:(M)}t exp {iw [r(v)( C)+~]} (4) 
dI:(C) v ' 

where LI I= CM is the ray path between the point C 
and the nearby point M, v is the propagation velocity 

f h d d {dI:(M)}t . h . l 
o t e scattere wave an dI:(C) 1st e geometnca 

spreading function of the scattered wave. 
If we now consider the scattering of a wave moving 

in the positive direction 3 and substitute the expressions 
of the field U(c+, C) and the Green function G(c-, C) 
and of its derivatives according to formulae (2H4) in 
Eq. (1), we obtain the following integral: 

U(c+, c-)= H F(C) exp {iwr(C)} dS, 

where 

-iw 
F(C)=-4- J\.i+>(C) J\.i->(C) K {8-(C)}, 

r( C) = r( c+, C, c-) = r\.i+ >( C0)+ r\.i->( C0 ). 

(5) 

(6) 

(7) 

Since the function F( C) can usually be considered to be 
a slowly varying function 4, the approximate value of 
the integral (5) can be obtained by the well-known 
method of stationary phase (MSP) (Keller, 1957; Felsen 
and Marcuvitz, 1973; Bleistein and Handlesman, 1975). 
The results of computations can be presented in the 
form (Gelchinsky, 1982a): 

(8) 

3 If a wave moves in the positive direction, the source is at 
the point c+ and the point of observation coincides with 
the receiver c-

4 We shall later recall some of the physical conditions under 
which the function F can be considered as a slowly varying 
one 



Fig. 2a and b. The Fresnel zone on the curved rectangle, S: a 
Real point of reflection (lit area). b Fictitious point of re­
flection (shadow part of half-shadow area). rj1 > and rj2> are 
half-axes (radii) of the curved Fresnel zone; p and q are 
distances from C0 to the nearest edge of the rectangle; 2.d p 
and 2.d q are the length and width of the rectangle, respective­
ly; .r+ is the front of the wave incident in the positive 
direction 

where uray is equal to the leading part of the reflected 
wavefield calculated according to the formulae of the 
ray method (Alekseev and Gelchinsky, 1959; Cerveny 
and Ravindra, 1971) as if the surface S were unboun­
ded. 

W is the so-called weakening function which takes 
account of the influence of the restricted size of the 
surface S on the scattered field. When S is a bent 
rectangle, the function W can be presented in the form 
of the product of two Fresnel integrals (Gelchinsky, 
1982a): 

W={(2i)t J. exp(inX
2
/2)dX} 

{ 

1/2 } 

· (2i)t J exp(in:X2/2)dX , 
111 

(9) 

where: 

(10) 

The arguments, (10), of each of the integrals (9) are 
dimensionless ratios of certain distances, p(CJ) and 2LJ p 
- p (2LJ CJ -q), and of a certain characteristic size, r}1 > 

(r( 2 >). The geometrical sense of these quantities is ex­
p{ained in Fig. 2. The quantity p(q) is the distance from 
the specular point C 0 , computed by the Jaws of 
geometrical optics when the positions of the points c+ 
and c- are fixed, to the closest edge of the rectangle. 
This distance is measured along the surface S parallel 
to the corresponding side of this rectangle; 2LJ p - p 

(2LJ CJ -CJ) is the distance to the opposite side of the 
rectangle. 

The quantities r}1 > and r}2> are the radii (half-axes) 
of the Fresnel zones on the surface S with the centre at 
the specular point C

0 
(Fig. 2). The position of C0 
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(when the points c+ and c- are fixed) is determined 
by the condition of stationary phase (Snell's law): 

or or . 
o¢

1 

= o¢
2 

=0 at the pomt C0 , (I I) 

where ¢ 1 and ¢2 are curvilinear coordinates on the 
surface S. 

In Fig. 2 two cases are shown: the first when the 
point C0 is located in the lit area and the second when 
it is in the so-called half-shadow, where the point C 

0 
is 

located not far from the edge of S at a distance smaller 
than the respective Fresnel radius. In particular, the 
point C0 can be located beyond the body's contour on 
the so-called smooth continuation of the surface S (a 
detailed description is given in Gelchinsky, 1982a). This 
is a fictitious specular point. 

The quantity p}il (i = I , 2) is determined by the ex­
pression: 

~={l a+ /3-( - l);[(o:-/3)2 + y2]t l}t 

ry> 2 ' 

where a, /3 and y are second derivatives of eiconal r 

w o2 r 

a=;o¢i' 
2w o2 r 

y=---­
n 0¢ 1 0¢ 2 

at point C0 

( 12) 

(13) 

in an orthogonal curvilinear coordinate system where 
¢1 =¢

11 
and ¢2 =¢1 , when the origin is located at the 

specular point, the tangent to the line ¢ 
11 

at the point 
C

0 
is in the plane of incidence E

11
, and the tangent to 

the line ¢ 1 is perpendicular to E 
11

• 

It is easy to show for a fixed ray c+ ... c 0 ... c­
using the expression: 

(c) (c ) 
na ;:2 YJ/3 •2 n y;: , 

r =r 0 + -2 "'II +-2 <;l + - "' II <;1 
(1) w w 

= r (Col+~ t,.f1~)2 + (r}2~)2} (14) 

that the closed line, the coordinates of which, p* and 
q*, satisfy the expression 

n [ p2 CJ1 ] T 
r(C) - r(Co)= (;" (r}1~) 2 +( 1 }2~)2 =2 ( 15) 

where Tis the period of wave, determines the boundary 
of the first Fresnel zone on the surface S. It is easy to 
see from Eq. ( 14) that the axes of the Fresnel zone 
coincide with the axes of the orthogonal curvilinear 
coordinate system p, q. The angle between the tangents 
to the lines ¢ 

11 
and p is determined by the relation: 

(16) 

In some cases, it is convenient to introduce the so­
called image plane Q, tangent to surface S at the re­
flection point C 

0 
(Fig. 3). On this plane the coordinate 

system x, y is considered where the coordinate line x 
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Fig. 3a and b. Images of the curved rectangle S and of the 
Fresnel zone in the image plane Q: a Real point of reflection 
(lit area). b Fictitious point (shadowed area) 

(or y) is tangent to the line p (or q) at the point C0 . On 
the plane Q the Fresnel zone is an ellipse with centre at 
the specular point C0 and the surface S is imaged into 
a planar rectangle with sides 2Llp and 2Llq (see Gel­
chinsky, 1982a). 

The formulae (12) for the Fresnel radii are not con­
venient for qualitative physical considerations as ~ell 

as for computations since they include second deriva­
tives, Eq. (13), of the eiconal r( C) (in Eq. (7)] which are 
rather difficult to compute numerically in the case of 
complex media. 

Derivation of invariant symmetrized formulae 
for second derivatives of the eiconal 

In order to obtain the invariant formulae for second 
derivatives of the time of wave propagation, one can 
use the various methods developed for derivations of 
the formulae for the geometrical spreading function or 
for the curvature of the wavefront (see, for example, 
Gelchinsky, 1961, 1982; Deschamps, 1972; Hubral, 
1980; Hubral and Krey, 1980). However, these methods 
of derivation are rather cumbersome and, therefore, in 
our problem we wish to apply the reciprocity relation 
and the formulae obtained for second derivatives of r 
in a more particular case than that considered here. Let 
us note, by the way, that the reciprocity principle is 
often applied in the theory of diffraction when the 
known formulae for the field of a wave moving in one 
direction are used to obtain or to generalize the ex­
pressions for a wave moving in the opposite direction. 

Later on the formulae for the second derivatives of 
r derived in the paper by Gelchinsky (1982a) are used. 
These formulae are valid when a wave with a front of 
arbitrary shape is scattered by a curved body and the 
receiver at point M and the specular point C0 on the 
scattering surface are located in a homogeneous me­
dium (Fig. 2). The formulae are also applicable to the 
case of converted waves (the velocities of the incident 
and reflected waves are not equal), as well as to the 
cases of reflection or refraction. 

The following relations: 

_ t{cos2 0ri cos 2 00 _1_ (cos Ori cos00)} 
rx-go i+ + + 1-z +R A.+ ± A_- ' 

11. rll 11. II 

i{ 1 1 1 (cosOt cos00)} 
f3=go A.+r_t+A._l+R_j_ ~±----;:=--- ' 

= t{(coset sin2<V) (2- _ _!_) 
y go A_+ r,+ r+ 

1 2 

(17) 

+sin 2<P (-1 ___ 1_) (cos Ori_ cos00)} 
R1 Rz A_+ A_-

were derived in the above-mentioned paper (see Eq. 
(28) in Gelchinsky, 1982a) for the second derivatives of 
the eiconal r in Eq. (13). 

Besides the notation introduced earlier, the follow­
ing notation is used: A_<•> (v = + or - ) is the wavelength 
of the wave incident in the v-direction; r\vl and r~> (R 1 

and R 2) are the curvature radii of the principal normal 
sections of the wavefront r<•> (of the surface S); r<1r> and 
riv> (R 11 and R j_) are the curvature radii of the normal 
sections of the wavefront r<•> (of the surface S) corre­
sponding to the planes E 11 and Ej_ (Ej_1-E 11 ); ¢<v>(<P) is 
the angle between the plane of incidence EI/ and the 
first principal normal section of the front r v) (of the 
surface S). 

The curvature radius R .(r~v>) U = 1, 2 or II or 1-) is 
considered to be positive if the normal section of the 
surface S (of the front r<v>) is a convex curve from the 
side of the incident wave. The quantity l is the distance 
between the point C0 and point M: 

(18) 

The quantity g0 is the determinant value for the metric 
tensor of the surface S in the special orthogonal curvi­
linear coordinate system p, q, determined by the follow­
ing local condition at the point C0 : 

t = (ar(p, q))2 = (ar(p, q))2
, 

go ap aq (19) 

where r(p, q) is the radius vector to the specular point 

Co. 
To generalize the obtained formulae to the case 

where there are intermediate surfaces between the re­
flection point C0 and the point of observation c-, we 
consider the formulae for the field, Eq. (8), from the 
reciprocity principle standpoint (or of the symmetry 
with respect to the direction of the wave propagation). 
It is easy to see that the formulae (8) and (9) and the 
position of the reflection point C0 are symmetric in this 
sense. Only the formulae (17) for the second derivatives 
of the eiconal are not symmetric. Let us try to sym­
metrize them. 

We begin by considering rx. The formula for rx con­
tains the values characterizing waves incident in both 
the positive and negative directions. For example, 
06(00) and .A_+(.A_-) are the angle of incidence and the 
corresponding wavelength for propagation in the posi­
tive (negative) direction. At the same time, the quan­
tities rt and I are similar but not identical characteris­
tics, as both are curvature radii. The difference between 
them is easily explained as follows: the front r+ of the 
wave incident on S in the positive direction is not, 
generally speaking, spherical while the front of the 
wave incident on S from the point M is spherical 
because formulae (17) were derived for this case. To 
generalize the expression for rx in the more general case 
where the front r- is of arbitrary shape, we have to 
substitute the curvature radius r~ of the normal section 
of r- in the plane of incidence E 11 instead of the 
quantity I. 

In addition, we change the rule for the sign of the 
curvature ra~ii r; and Kj U = ~, 2, + or - ) .. 1:he 
curvature radms R-:- or r-:- is considered to be positive 

./ J 



if the normal section of the surface S or of the front L.:­
is a convex curve from the side of the incident wave 
propagating in the negative direction. For . example, if 
we consider the transmitted wave and R/ >0, then 
Ri- <0. Thus, according to the new rule for the sign of 
the curvature radii of the surface S and of the front L.:- , 
there is only one sign in the corresponding parentheses 
in formulae (17). 

Now the expression for a takes a symmetrized form. 
If we consider the formu la for f3 in Eq. (17), it is easy to 
make an analogous generalization by substituting the 
curvature radius r_L of the normal section (in the plane 
E .L) of the front L.: - instead of the quantity I. 

Considering the expression of y in Eq. (17), we ob­
serve that its nonsymmetry is determined by the fact 
that, from the negative side, the incident front L.: - has a 
difference of the principal curvatures equal to zero. The 
generalization for the general case is easily carried out 
by addition to the formula for y of the term analogous 
to the first item in the expression for y. This additional 
term corresponds to the non-spherical wave incident on 
the negative side of the surface in the general case. 

We can now write the symmetrized formulae for the 
second derivatives of r: 

Thus we obtain formulae (12) and (20) for the radii of 
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The fronts L.:+ (A) and L.: - (A) arnvmg from the 
points M + and M _ to the point Ai are computed for 
the series of successive points ApA 2 , ... , A~ ... on the 
ray. We then assume that the front L.: (A) [and 
I _ (A)] coincides with the surface S. In this case the 
sizes of the curved Fresnel zones on the wavefronts 
L.:+ (A) and I_ (A) and of the Fresnel ellipse on the 
image planes Q(A) can be determined with the help of 
the formulae derived above. The surface of the Fresnel 
volume is obtained as an envelope of the Fresnel zones 
(or of the ellipses) calculated on the series of points 
Ah=l, 2,. .. ) along the central ray M+M _. In the 
case where the surface S coincides with the incident 
front [for example L,;+ (A)] , the following relations hold 

at the point A i : 

e; = e0 = <J>+ = <t> = o, ;, + = ;, - = ;,, 

r{=r t =Ri=Rt, ri=rf=R i =R j: . 
(21) 

Taking into account the relation (21), we can rewrite 
the expression (20) in the form 

g{; ( 1 I ) g{; ( 1 1 ) 
a=- - +- /3= - - +-

}, ri r ji ' }, r; r.L ' 

g{; . ( 1 1 ) 
y= - sm2L1</> --=- - --=- , 

A r
1 

r
2 

(22) 

where L1 </> is the angle between the two first principal 
normal planes of the fronts L,;+ (A) and I _ (A). 

If we now substitute the values of a, f3 and y from 
the relations (22) in the expression (12) for the Fresnel 
radii and use Euler's formula 

1 cos 2 
<f> sin2 

<f> 
- =--+--, (23) 
r11 r i r 2 

we obtain the following equations: 

l/r
1
<il = I [c - ( -1 )i d] l1, (24) 

the Fresnel zone in the general case when the incident where 
fronts L,;+ and I - are of arbitrary shape. 

c=2gt; (h + +h _)/A., 

The formulae for the Fresnel volume d = {g0 (L1 K~ + L1K~+2L1 K _ L1 K + cos2 2L1</>)/.:l2
} +, (25) 

Let the position of the source and of the receiver at 
points M + and M _ be given and the ray path M + M _ 
calculated (Fig. 4). The following procedure is then 
used to find the Fresnel volume surrounding the centre 
ray M +M_. 

Fig. 4. Plot showing the Fresnel zone construction: .r+ (E- ) 
is the front arriving at the point AY (y =I, 2, ... ) from source 
M + (receiver M _); Q is the cross-section of the Fresnel 
volume 

The symmetrized invariant expressions (24) and (25) 
determine the radii of the curved Fresnel zones on the 
fronts L.;+ and I - or of the Fresnel ellipse in the 
normal cross-section of the Fresnel volume (in this case 
g0 = I) at the point Ai (Fig. 4). 

Some physical consequences 

Now we shall consider some implications connected 
with the formulae obtained. If the following inequalities 
hold: 

Llp / rj1 > ~ I, Llq / rj2>~ 1, (26) 
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p / rJI>~ I, q / rj2>~ I, (27) 

where, as previously, L1 p and L1 q are the body sizes, p 

and q are the distances of the specular point C0 from 

the corresponding body edges, rJ:11 and r}2> are the radii 

(semi-axes) of the Fresnel zone lFigs. 2 and 3), then the 

weakening function, Eq. (9), in Eq. (8) is: 

W:::: I. (28) 

The relation (28) follows from the asymptotic formula 

for the Fresnel integrals in Eq. (9) (Abramovitz and 

Stegun, 1970). The equality of the weakening function 

W to unity means that the scattering by the body 

surface S is the "pure" reflection (refraction) occurring 

according to the laws of the ray method. The impact of 

the body edges (or of the diffraction effect) is then 

negligible, so that the reflection (refraction) takes place 

in accordance with the ray method if: 

a) the scattering body is large-scaled, i.e. its sizes 

are large as compared to the Fresnel zone [conditions 

(26)]; 

b) the source and receiver (points c+ and c - in 

F ig. 1) are located in the lit area, i.e. the corresponding 

specular point (point C0 in Fig. 2) is far from the body 

edges or from the boundary of the geometrical shadow 

[condition (27)]. 

From both physical and practical points of view, 

the inequalities (26) and (27), which follow from the 

conditions of validity of the asymptot ic formulae for 

the Fresnel integrals, are, however, too strict. Accord­

ing to the well-known Fresnel explanation, the leading 

part of the wavefield at some point is determined by 

the first Fresnel zone as the contributions of the follow­

ing even and odd zones extinguish each other. This 

physical interpretation of weak impact of the following 

Fresnel zones on the wavefield could easily be ex­

plained by the properties of an integral with a rapidly 

varying integrand, such as type (5). Therefore, the 

practical conditions for the pure reflection (refraction) 

can be written in the form: 

L1 p > rj-1 >, L1 q > rj2 >, 

pS:rj-1>, qS:rj2>. 

(29) 

(30) 

Conditions (29) and (30) are necessary, but they are 

not sufficient to provide the pure reflection. In addition, 

it is necessary that the factor F in the integrand of 

integral (5) be a slowly varying function. The conditions 

which provide this property of factor F can be written 

in different forms (Felsen and Marcuwitz, 1973; Blei­

stein and Handlesman, 1975). We will use the following 

approximate condition of validity of the method of 

stationary phase: 

l .i r > c lnF( ~ 1 ,~ 2 )-1'I 
2 r ~ :c "' , ( y = I , ), 

o-, , 
. (31) 

where F is the integrand of integral (5) without an 

exponential factor, ~ 
1 

= p and ~ 2 = q are the curvilinear 

coordinates on the body surface S or on the fronts 

..r+(A) and ..r - (A) (Figs. 2- 4). 
In the case of the plane Q tangent to S (Figs. 2 and 

Fig. 5. The Fresnel volume for the reflected wave transmitted 

through three intermediate interfaces 

3) or to ..r+ and ..r- (Fig. 4), the coordinate system 

~ 1' ~ 2 could be replaced by the Cartesian: 

(32) 

The conditions of Eq. (31) impose some restrictions on 

the speed of variation of the wavefield and of the 
medium parameters. We can rewrite them in the form: 

. a In I 
,.u >- - ~1 
r a ~. , 

• 1 

. a In v 
,.<1> -- ~l 
r a ~j 

( ·i J lnK 
r 1 -- ~ 1 r a~j , 

U= I, 2), 

(33) 

where I is the wave amplitude, K is the coefficient of 

reflection, v is the velocity of wave propagation. 

These conditions, Eq. (33), of validity of the method 

of stationary phase also prove to be too strict from the 
practical (physical) point of view. The comparison of 

data obtained by calculation according to asymptotic 

formulae (in particular in the Kirchhoff approximation) 

and according to the exact numerical or analytical for­

mulae, or by physical modelling, shows that the asymp­

totic formulae give a fairly good approximation when 

the conditions 

( .>Jin/~ ,.1 --<1 
r a ~. , 

1 

( .> J lnv~ 
r 1 --<1 
r a~ j 

n a In K ~ 
rJ ----ar-< 1, 

1 

U= 1, 2) 

(34) 

are met (Vainstein, 1957; Felsen and Marcuvitz, 1973; 

James, 1974; Zahradnik, 1977; Borovikov and Kinber, 

1978; Gelchinsky and Karaev, 1980). 

This consideration together with conditions (29) and 

(30) form the basis of the assertion that the Fresnel 

volume (zone) is the area essential for propagation (re­

flection). In other words, the Fresnel volume (zone) is 

the domain in which the wavefield coming from the 

source M + to the receiver M _ is formed (Figs. 2 and 

4). From this fact in particular, it follows that the 

resolution of the seismic method is determined by the 

sizes of the Fresnel volume and the Fresnel zones sur­

rounding the ray M + M _ (Fig. 5). 



Let us now consider the structure of the formulae 
(12), (22), (24) and (25) for the radii of the Fresnel zone 
and volume. The important peculiarity of the formulae 
obtained is their locally invariant form, i.e. that all the 
quantities included in them are characteristics of the 
medium and fronts at the centre of the zone (point C0 

or Ai on Figs. 2-4) and are independent of the choice 
of coordinate system. 

The formulae (20) and (25) include the value g0 . 

This quantity is the determinant value for the metric 
tensor of the scattering surface S [or the fronts J:+(Ai) 
or 1:-(A i)] in the special coordinate system (p, q) at the 
specular point C0 (Fig. 2) [or at the considered point 
A. on the centre ray M + M _ - Fig. 4]. The directions 
of the coordinate lines at the origin C0 (or A.) are 
tangent to the corresponding Fresnel areas (?ig. 2); 
owing to the local conditions, Eq. (18), this coordinate 
system can be called the quasi-Cartesian. Thus, the 
orthogonal curvilinear coordinate system (p, q) is de­
termined by the orientation of the Fresnel zone on the 
surface S (or i;+ or i:-) and by the geometry of S (or 
J:+ or 1:-). 

The formulae (20) and (25) for the Fresnel radii 
have a symmetrized form, i.e. they do not change if the 
source and the receiver exchange places at the fixed 
points A+ and A-. These formulae include three types 
of terms: the first depends on the geometrical charac­
teristic of the front J:+, on its velocity and on the 
orientation of the plane of incidence E 11 ; the second 
depends on the characteristics of the 1:-, v and E 11 ; and 
the third on the geometrical characteristics of the scat­
tering (reflecting) surface and on E 11 • 

The formulae obtained are essentially simplified in 
particular cases. For example, if the plane of incidence, 
E 11 , coincides with the principal normal sections of the 
fronts J:+, I;- and the scattering surface S at the specu­
lar point C0 , then the radii of the Fresnel zone are 
determined by the expressions: 

1 i I (cos2 e+ cos2 e- cos e+ cos e-) It 
-;:crr=go A_+r+ + A.-r- +A_+ R+ +A_- R-
f 1 1 1 1 

1 i I ( 1 1 1 1 ) It 
rj2> =go A.+ rt+ A_- r2 +A.+ Rt +A_- R2 ' 

where 

r (v)_r(v) 
1 - II• 

R (v)_R(v) 
1 - 11 • 

r~>=r1'>, 

R~>=R~>, (v= + or -). 

(35) 

(36) 

The analogous formulae for the Fresnel volume (Fig. 4), 
in the case where the angle A <f> between the first prin­
cipal normal section of the fronts J:+ (A) and i:-(A) is 
equal to zero, take the form: 

r<\> =Ir~ + r~ I· 1 I 1 1 I (37) ---+-r< 2> - r- r- · 
f 1 2 f 1 2 

It should be noted that the level of difficulty in the 
calculation of the Fresnel radii rJ> (i = 1, 2) according to 
formulae (12), (20), (24) and (25), is of the same order as 
that for the computations of the radii of curvature of 
the fronts J:+ and 1:-. The procedure for the calculation 
of the curvature of wavefronts is described in various 
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Fig. 6. Sketches of the cross-sections of the considered models 
in the plane of incidence E 11 : v1 "."2,500 m/s; v2 =4,000 m/s; 
CC 1 =1,500 m; C 1 C2 =500 m; R~>(N) is the N-th version (N 
=0, 1, 2, 3, 4) of the principal radius of curvature of the in­
terface S; (i=l,2) in the plane E 1 =E 11 ; R~>(O)=oo; R~>(l) 

=4,000 m; R~l(2)= -4,000 m; R~l(3J=500 m; R~l(4)= 

-500m 

works (see, for example, Gelchinsky, 1958, 1961; Cer­
veny and Ravindra, 1971; Deschamps, 1972; Shah, 
1973; Hubral, 1980). Particularly useful in this sense is 
the work by Hubral and Krey (1980) in which these 
procedures are treated systematically in the context of 
solving the general problem of seismic prospecting. 

We now present the numerical illustration of the 
results obtained. The model under consideration is the 
two layers on the half-space (Fig. 6). The principal nor­
mal planes E 1 to both interfaces S1 and S2 coincide. 
The 25 versions of the model corresponding to the five 
values of the radius of curvature, R~>, of the principal 
normal section to each interface S; (i = 1, 2) in the plane 
E 1 were considered (Fig. 6). It was also assumed that 
the radius of curvature, R~> of each interface in the 
plane E 2 (E2 _l_E 1 ) was the same for all versions of the 
model and was equal to infinity. 

The Fresnel zones and volumes for the frequency v 

=40 Hz and for the central normal ray of waves re­
flected from S 2 were calculated. The thickness CC 1 or 
C 1 C 2 of each layer in the normal direction does not 
change, therefore the zero time and the average velocity 
for the wave reflected from S 2 remain the same in each 
version considered. In the situation under consider­
ation, the plane of incidence E 11 coincides with the 
principal normal plane E 1 for S1 and S2 , so that for­
mulae (35) and (37) for the Fresnel zone and volume 
are valid. 

Sizes computed for the half-axes, r< 1>, of the Fresnel 
ellipses in E 11 for the interfaces S 1 and S 2 are presented 
in Tables 1 and 2. 

Table 1. The radii of the Fresnel ellipses on plane Q tangent 
to the interface S 1 in the plane E 11 

R~ 2 > (m) R\1> (m) 

00 4,000 -4,000 500 -500 

00 250 242 269 183 580 
4,000 210 204 248 174 769 

-4,000 298 263 312 206 306 
500 201 193 208 165 291 

-500 128 126 131 102 170 
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Table 2. The radii of the Fresnel ellipses on plane Q tangent 
to the interface S2 in the plane E 11 

R\2> (m) R\1> (m) 

00 4,000 -4,000 500 -500 

00 268 258 285 216 587 
4,000 231 224 240 194 690 

-4,000 335 312 368 246 357 
500 136 134 138 116 164 

-500 208 201 190 236 159 

c c c c 

a b c d 

Fig. 7a-d. Examples of the cross-sections of the Fresnel vo­
lumes in E 11 for some of the models shown in Fig. 6: a Cross­
section for model with R\1>(0)=R\2>(0)=oo; b Cross-section 
for model with R\1 l(O) = oo; R\2>(3) = 500 m; c Cross-section 
for model with R\1>(4)= -500 m; R\2>(2)=4,000 m; d Cross­
section for model with R\1>(3)=500 m; R\2 >(4)= -500 m 

In all versions the Fresnel radii rj2> in the plane E2 =E1-
are equal to 250 m for S 1 and 268 m for S 2 . 

The four examples of the calculated cross-section of 
Fresnel volumes in the plane E 11 are shown in Fig. 7. 
The calculated data show that the Fresnel zones and 
volumes can be essentially different for waves with a 
fixed central ray in the models with fixed values of 
interval velocities and time of wave propagation along 
the ray. The essential changes in the Fresnel zones and 
volumes can take place when the ray path crosses the 
interface with a large curvature. In the theory of wave 
propagation, it is accepted that the presence of in­
homogeneities with large curvature (or with large gra­
dients) along the ray results in essential decreases in the 
Fresnel zone (Tatarsky, 1967; Flatte, 1979). The data 
presented show that the intersection of the central ray 
with the surface of large curvature could lead to an 
increase or decrease in the Fresnel zones and volumes 
as compared to the case of smooth interfaces. The re­
sults obtained can be explained as the effects of strong 
focusing or defocusing of rays intersecting the interfaces 
with large curvature - for example, the Fresnel volume 
in Fig. 7c is essentially larger than that in Fig. 7a. · 

Such a decrease in the Fresnel zone is caused by 
strong defocusing of rays transmitted through the first 
surface S 1 with large curxature (R\1> = - 500). It is use­
ful to note that the essential changes considered in the 
Fresnel zones and volumes are not isolated effects, but 
are also accompanied by strong variations in the kine-

matic and dynamic properties of the wavefield. In par­
ticular, the RMS velocities are also altered in these 
cases, although the zero time and average velocity re­
main constant. 

In conclusion, it should be noted that the Fresnel 
radii are also important characteristics in cases where 
scattering by a body differs essentially from reflection 
(refraction). Generally speaking, this problem is the 
subject of special consideration and we wish only to 
point out here that in some of these cases [e.g. when 
the reflection (refraction) properties change rapidly over 
the leng;th of the Fresnel radii, rJ>], the complex param­
eter, pj>, characterizing the variation of a wavefield 
could be introduced (Gelchinsky, 1982b). This parame­
ter is called the Fresnel parameter: its imaginary part is 
equal to the corresponding Fresnel radii, rj>, and its 
real part characterizes the speed of variat10n of the 
reflection properties. The behaviour and resolution of 
the wavefield depends on the relation between the 
imaginary part and the real part of the Fresnel parame­
ter. 
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