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Abstract
This paperrevisits the problemof optimal learn-
ing anddecision-makingwhendifferentmisclassi-
fication errorsincur differentpenalties. We char-
acterizepreciselybut intuitively whena cost ma-
trix is reasonable,andwe show how to avoid the
mistake of defininga costmatrix that is economi-
cally incoherent.For the two-classcase,we prove
a theoremthatshowshow to changetheproportion
of negative examplesin a training set in order to
makeoptimalcost-sensitiveclassificationdecisions
using a classifierlearnedby a standardnon-cost-
sensitive learningmethod.However, wethenargue
that changingthe balanceof negative andpositive
trainingexampleshaslittle effect on theclassifiers
producedby standardBayesianand decisiontree
learningmethods.Accordingly, the recommended
way of applyingoneof thesemethodsin a domain
with differing misclassificationcostsis to learn a
classifierfrom the training set as given, and then
to computeoptimal decisionsexplicitly using the
probabilityestimatesgivenby theclassifier.

1 Making decisionsbasedon a costmatrix
Given a specificationof costsfor correctand incorrectpre-
dictions, an exampleshouldbe predictedto have the class
that leadsto the lowestexpectedcost,wheretheexpectation
is computedusing the conditionalprobability of eachclass
given the example. Mathematically, let the

���������
entry in a

costmatrix 	 be thecostof predictingclass
�

whenthe true
classis

�
. If

��
��
then the predictionis correct,while if��
��

thepredictionis incorrect.Theoptimalpredictionfor
anexample� is theclass

�
thatminimizes� � � ������
������������ � � 	 ���������! (1)

Costsarenotnecessarilymonetary. A costcanalsobeawaste
of time,or theseverity of anillness,for example.

For each
�
,
� � � ����� is asumoverthealternativepossibilities

for thetrueclassof � . In thisframework, theroleof alearning
algorithm is to producea classifierthat for any example �
canestimatetheprobability

���"�#� � � of eachclass
�

beingthe
true classof � . For an example � , making the prediction

�
meansacting as if

�
is the true classof � . The essenceof

cost-sensitivedecision-makingis thatit canbeoptimalto act
as if one classis true even whensomeother classis more
probable. For example,it can be rational not to approve a
large credit card transactioneven if the transactionis most
likely legitimate.

1.1 Costmatrix properties
A cost matrix 	 always has the following structurewhen
thereareonly two classes:

actualnegative actualpositive
predictnegative 	 ��$%��$&�'
)(!*+* 	 ��$%�-,.��
/(!*10
predictpositive 	 �2,&��$&�'
)(302* 	 �2,&�-,.��
/(30+0

Recentpapershave followed the convention that cost ma-
trix rows correspondto alternative predictedclasses,while
columnscorrespondto actualclasses,i.e. row/column=

�
/
�

=
predicted/actual.

In our notation, the cost of a falsepositive is
(302*

while
the costof a falsenegative is

(!*!0
. Conceptually, the costof

labelinganexampleincorrectlyshouldalwaysbegreaterthan
the cost of labeling it correctly. Mathematically, it should
alwaysbe the casethat

( 0�*54 ( *+*
and

( *!064 ( 0�0
. We call

theseconditionsthe“reasonableness”conditions.
Supposethatthefirst reasonablenessconditionis violated,

so
(!*+*879(302*

but still
(!*!0 4 (30+0

. In this casethe optimal
policy is to labelall examplespositive. Similarly, if

(:0�* 4 (!*+*
but
(30�0;7<(!*10

thenit is optimalto labelall examplesnegative.
We leave the casewhereboth reasonablenessconditionsare
violatedfor thereaderto analyze.

Margineantu[2000] haspointedout thatfor somecostma-
trices,someclasslabelsarenever predictedby the optimal
policy asgivenby Equation(1). We canstateasimple,intu-
itive criterion for whenthis happens.Saythat row = domi-
natesrow > in acostmatrix 	 if for all

�
, 	 � = �����?7 	 � > �@�A� .

In thiscasethecostof predicting> is nogreaterthanthecost
of predicting = , regardlessof what the trueclass

�
is. So it

is optimal never to predict = . As a specialcase,the opti-
mal predictionis always > if row > is dominatedby all other
rows in a costmatrix. Thetwo reasonablenessconditionsfor
a two-classcostmatrix imply that neitherrow in the matrix
dominatestheother.

Givena costmatrix, thedecisionsthatareoptimalareun-
changedif eachentryin thematrix is multipliedby apositive
constant. This scalingcorrespondsto changingthe unit of



accountfor costs. Similarly, the decisionsthat areoptimal
areunchangedB if a constantis addedto eachentry in thema-
trix. Thisshifting correspondsto changingthebaselineaway
from which costsaremeasured.By scalingandshifting en-
tries,any two-classcostmatrix thatsatisfiesthereasonable-
nessconditionscanbetransformedinto a simplermatrix that
alwaysleadsto thesamedecisions:

0
(1C*10

1
( C 0+0

where
(-C*!0 
D�E( *10GF ( *�* ��HI�E( 02*JF ( *�* �

and
(1C 0�0 
K��( 0+0�F( *+* �+HI��( 0�*�F ( *�* �

. Fromamatrixperspective,a2x2costmatrix
effectively hastwo degreesof freedom.

1.2 Costsversusbenefits
Althoughmostrecentresearchin machinelearninghasused
theterminologyof costs,doingaccountingin termsof bene-
fits is generallypreferable,becauseavoiding mistakesis eas-
ier, sincethereis a naturalbaselinefrom which to measure
all benefits,whetherpositiveor negative. Thisbaselineis the
stateof the agentbeforeit takesa decisionregardingan ex-
ample. After the agenthasmadethe decision,if it is better
off, its benefitis positive. Otherwise,its benefitis negative.

Whenthinking in termsof costs,it is easyto posit a cost
matrix that is logically contradictorybecausenot all entries
in the matrix aremeasuredfrom the samebaseline.For ex-
ample,considertheso-calledGermancreditdatasetthatwas
publishedaspartof theStatlogproject[Michie et al., 1994].
Thecostmatrix givenwith this datasetis asfollows:

actualbad actualgood
predictbad 0 1

predictgood 5 0

Hereexamplesarepeoplewho applyfor a loanfrom a bank.
“Actual good” meansthat a customerwould repay a loan
while “actual bad” meansthat the customerwould default.
Theactionassociatedwith “predict bad” is to deny the loan.
Hence,the cashflow relative to any baselineassociatedwith
this prediction is the sameregardlessof whether “actual
good” or “actualbad” is true. In every economicallyreason-
ablecostmatrix for this domain,bothentriesin the “predict
bad” row mustbethesame.

Costsor benefitscanbemeasuredagainstany baseline,but
the baselinemust be fixed. An opportunitycost is a fore-
gonebenefit,i.e. a missedopportunityratherthanan actual
penalty. It is easyto makethemistakeof measuringdifferent
opportunitycostsagainstdifferent baselines.For example,
theerroneouscostmatrixabovecanbejustifiedinformally as
follows: “The costof approving agoodcustomeris zero,and
thecostof rejectinga badcustomeris zero,becausein both
casesthecorrectdecisionhasbeenmade.If agoodcustomer
is rejected,thecostis anopportunitycost,theforegoneprofit
of 1. If a badcustomeris approvedfor a loan,thecostis the
lost loanprincipalof 5.”

To seeconcretelythat thereasoningin quotesabove is in-
correct,supposethatthebankhasonecustomerof eachof the
four types.Clearlythecostmatrixaboveis intendedto imply
that the netchangein theassetsof thebankis then

F
4. Al-

ternatively, supposethatwehavefour customerswhoreceive

loansandrepaythem. The net changein assetsis then+4.
Regardlessof thebaseline,any methodof accountingshould
give a differenceof 8 betweenthesescenarios.But with the
erroneouscostmatrix above, the first scenariogivesa total
costof 6, while thesecondscenariogivesa total costof 0.

In generalthe amountin somecells of a cost or benefit
matrixmaynotbeconstant,andmaybedifferentfor different
examples.For example,considerthecreditcardtransactions
domain.Herethebenefitmatrixmight be

fraudulent legitimate
refuse $20

F
$20

approve
F � 0.02�

where � is the sizeof the transactionin dollars. Approving
a fraudulenttransactioncoststhe amountof the transaction
becausethebankis liable for theexpensesof fraud.Refusing
a legitimatetransactionhasa non-trivial costbecauseit an-
noysacustomer. Refusingafraudulenttransactionhasanon-
trivial benefitbecauseit maypreventfurtherfraudandleadto
the arrestof a criminal. Researchon cost-sensitive learning
anddecision-makingwhencostsmaybeexample-dependent
is only just beginning[Zadrozny andElkan,2001a].

1.3 Making optimal decisions
In thetwo-classcase,theoptimalpredictionis class1 if and
only if theexpectedcostof thispredictionis lessthanor equal
to theexpectedcostof predictingclass0, i.e. if andonly if�����G
/$#� � �2(302*MLN�����G
O,�� � �2(30+0P �����G
/$#� � �2(!*+*MLN�����G
O,�� � �2(!*10
which is equivalentto�Q, FSR �2(302*ML R (30+0 P �2, FTR �2(1*�*ML R (1*!0
given

R 
U���"�G
O,A� � � . If this inequalityis in factanequality,
thenpredictingeitherclassis optimal.

Thethresholdfor makingoptimaldecisionsis
R�V

suchthat�2, FTR V �2(302*ML R V (30+0W
O�Q, FSR V �Q(!*+*ML R V (!*10X 
Assumingthe reasonablenessconditionsthe optimalpredic-
tion is class1 if andonly if

R 7 R V
. Rearrangingtheequation

for
R V

leadsto thesolutionR V 
 ( 02*WF ( *+*(30�* F (!*+*MLN(!*10 F (30+0 (2)

assumingthe denominatoris nonzero,which is implied by
thereasonablenessconditions.Thisformulafor

R V
showsthat

any 2x2 costmatrix hasessentiallyonly onedegreeof free-
domfrom adecision-makingperspective,althoughit hastwo
degreesof freedomfrom a matrix perspective. Thecauseof
theapparentcontradictionis thattheoptimaldecision-making
policy is a nonlinearfunctionof thecostmatrix.

2 Achieving cost-sensitivity by rebalancing
In thissectionweturn to thequestionof how to obtainaclas-
sifier thatis usefulfor cost-sensitivedecision-making.

Standardlearningalgorithmsare designedto yield clas-
sifiers that maximizeaccuracy. In the two-classcase,these
classifiersimplicitly makedecisionsbasedon theprobability



threshold0.5.Theconclusionof theprevioussectionwasthat
weneedY aclassifierthatgivenanexample� , sayswhetheror
not

���"�<
Z,A� � �[7 R V for sometarget threshold
R V

that in
generalis differentfrom 0.5.How canastandardlearningal-
gorithmbemadeto producea classifierthatmakesdecisions
basedon ageneral

R V
?

The most commonmethodof achieving this objective is
to rebalancethe trainingsetgivento the learningalgorithm,
i.e.to changethetheproportionof positiveandnegativetrain-
ing examplesin the training set. Although rebalancingis a
commonidea,thegeneralformula for how to do it correctly
hasnot beenpublished.Thefollowing theoremprovidesthis
formula.

Theorem 1: To make a targetprobability threshold
R V

cor-
respondto a given probability threshold

R%*
, the numberof

negativeexamplesin thetrainingsetshouldbemultipliedbyR V, FSR V , FTR *R%*  
While the formula in Theorem1 is simple, the proof of its
correctnessis not. We defer the proof until the end of the
next section.

In the specialcasewherethe thresholdusedby the learn-
ing methodis

R�\ 
]$^ `_
and

( *+* 
�( 0+0 
�$
, thetheoremsays

thatthenumberof negativetrainingexamplesshouldbemul-
tiplied by

R V H^�2, F[R V �a
b(302*XH�(!*10: 
This specialcaseis used

by Breimanet al. [1984].

Thedirectionalityof Theorem1 is importantto understand.
Supposewe have a learningalgorithm

�
that yields classi-

fiers that make predictionsbasedon a probability thresholdR *
. Given a training set c anda desiredprobability thresh-

old
R V

, the theoremsayshow to createa training set c C by
changingthenumberof negative trainingexamplessuchthat�

appliedto c C givesthedesiredclassifier.
Theorem1 doesnot sayin whatway thenumberof nega-

tiveexamplesshouldbechanged.If a learningalgorithmcan
useweightson training examples,then the weight of each
negative examplecanbe setto the factorgiven by the theo-
rem.Otherwise,wemustdooversamplingor undersampling.
Oversamplingmeansduplicatingexamples,and undersam-
pling meansdeletingexamples.

Samplingcanbedoneeitherrandomlyor deterministically.
While deterministicsamplingcanreducevariance,it risksin-
troducingbias,if thenon-randomchoiceof examplesto du-
plicateor eliminateis correlatedwith somepropertyof the
examples. Undersamplingthat is deterministicin the sense
thatthefractionof exampleswith eachvalueof acertainfea-
tureis heldconstantis oftencalledstratifiedsampling.

It is possibleto changethenumberof positiveexamplesin-
steadof or aswell aschangingthenumberof negativeexam-
ples.Howeverin many domainsoneclassis rarecomparedto
theother, andit is importantto keepall availableexamplesof
therareclass.In thesecases,if wecall therareclasstheposi-
tiveclass,Theorem1 saysdirectlyhow to changethenumber
of commonexampleswithout discardingor duplicatingany
of therareexamples.

3 Newprobabilities givena new baserate
In this sectionwe stateandprove a theoremof independent
interestthathappensalsoto bethetool neededto proveThe-
orem1. The new theoremanswersthe questionof how the
predictedclassmembershipprobabilityof anexampleshould
changein responseto a changein baserates. SupposethatR 
d�����5
9,A� � � is correctfor an example � , if � is drawn
from a populationwith baserate e 
������f
d,:� positive ex-
amples.But supposethatin fact � is drawn from apopulation
with baserate e C . Whatis

R Cg
)�hC�����
i,A� � � ?
We make the assumptionthat the shift in baserate is

the only changein the population to which � belongs.
Formally, we assumethat within the positive and nega-
tive subpopulations, exampleprobabilitiesareunchanged:�hC�� � � ��
O,.�j
)��� � � ��
O,.� and

�hCE� � � �k
)$&�l
)��� � � �G
)$&� .
Given theseassumptions,the following theoremshows how
to compute

R C
asa functionof

R
, e , and e C .

Theorem2: In thecontext justdescribed,R C 
 e C R�FTR ee FSR e L e C R�F e-e C  
Proof: UsingBayes’rule,

R 
)�����G
�,A� � � is��� � � ��
i,:�Q������
O,:���� � � 
 ��� � � �G
O,.� e��� � �  
Because

�G
O,
and

��
)$
aremutuallyexclusive,

��� � � is��� � � �G
O,.�2�����G
�,.�mLn��� � � ��
)$&�Q������
)$&�1 
Let

(�
���� � � �f
d,:� , let o 
���� � � �[
�$&� , andlet p 
 o HX( .
Then R 
 ( e( e L o �2, F e � 
 ee L p �2, F e �  
Similarly, R C 
 e Ce C L p �2, F e C �  
Now we cansolve for p asa function of

R
and e . We haveR e L R p �2, F e �f
 e so p 
q� e F5R e �+HI� RrF5R e �1 Then the

denominatorfor
R C

ise C L p �2, F e C �j
 e C L e FSR eR�FTR e F e C e FTR eR�FSR e
 e FTR eR�FTR e L e C�s , F e FSR eR�FTR eut 
 e FTR e L e C R�F e1e CR�FSR e  
Finally we haveR C 
 e C R�FTR ee FSR e L e C R�F e-e C  
It is importantto note that Theorem2 is a statementabout
true probabilitiesgiven differentbaserates. The proof does
notrely onhow probabilitiesmaybeestimatedbasedonsome
learningprocess. In particular, the proof doesnot useany
assumptionsof independenceorconditionalindependence,as
madefor exampleby anaiveBayesianclassifier.

If a classifieryields estimatedprobabilities vR that we as-
sumearecorrectgivena baserate e , thenTheorem2 letsus



0
0.2

0.4
0.6

0.8p
0

0.2

0.4

0.6

0.8

1

b’

0
0.2
0.4
0.6
0.8

1

p’

Figure1:
R C

asa functionof
R

and e , when e Cg
)$^ `_ .
computeestimatedprobabilities vR C thatarecorrectgivenadif-
ferentbaserate e C . Fromthis point of view, the theoremhas
a remarkableaspect.It letsususea classifierlearnedfrom a
trainingsetdrawn from oneprobabilitydistribution on a test
setdrawn from a differentprobabilitydistribution. Thetheo-
remthusrelaxesoneof themostfundamentalassumptionsof
almostall researchonmachinelearning,thattrainingandtest
setsaredrawn from thesamepopulation.

The insight in theproof is the introductionof thevariablep that is the ratio of
��� � � �)
w$A�

and
��� � � �)
x,.�

. If we
try to computethe actualvaluesof theseprobabilities,we
find that we have morevariablesto solve for thanwe have
simultaneousequations.Fortunately, all weneedto know for
any particularexample� is theratio p .

Thespecialcaseof Theorem2 where
R C�
U$^ `_

wasrecently
workedout independentlyby WeissandProvost[2001]. The
casewheree 
U$^ `_ is alsointeresting.Supposethatwedonot
know thebaserateof positive examplesat thetime we learn
a classifier. Then it is reasonableto usea training setwithe 
y$^ `_

. Theorem2 sayshow to computeprobabilities
R C

laterthatarecorrectgiventhatthepopulationof testexamples
hasbaserate e C . Specifically,R C 
 e C R�FSR HXz,.H{z FSR HXz|L e C R�F e C HXz 
 RR L)�2, FTR �-�2, F e C ��H e C  
This functionof

R
and e C is plottedin Figure1.

Using Theorem2 as a lemma,we can now prove Theo-
rem1 with a slight changeof notation.

Theorem 1: To make a target probability threshold
R

cor-
respondto a given probability threshold

R C
, the numberof

negativetrainingexamplesshouldbemultiplied byR, FTR , FSR CR C  
Proof: We want to computean adjustedbaserate e C such
that for a classifiertrainedusingthis baserate,an estimated

probability
R C

correspondsto a probability
R

for a classifier
trainedusingthebaserate e .

We needto computethe adjustede C asa function of e , R ,
and

R C
. Fromtheproof of Theorem2,

R C e FrR C R e L R C e C RTFR C e1e C}
 e C RJF e C R e . Collectingall the e C termson theleft, we
have e C R~F e C R e F e C R C R L e C R C e 
 R C e F�R C R e , whichgivesthat
theadjustedbaserateshouldbee C 
 R C e FTR C R eRJFTR e FSR C R L R C e 
 R C e �2, FTR �R�FTR e FTR C R L R C e  
Supposethat e 
i,.H^�2,{L > � and e C#
�,.H^�2,{L > C�� sothenumber
of negativetrainingexamplesshouldbemultipliedby > C�H > to
gettheadjustedbaserate e C . We havethat > Cg
��2, F e C"�+H e C isRJFTR e FSR C R L R C e FTR C e L R C e RRJFSR e F�R C R L R C e R�FSR e FTR C R L R C eR C e �2, FTR �
 R �2, F e � FSR C R �2, F e �R C e �2, FTR � 
 R �2, F e �-�2, FTR C��R C e �2, FTR �  
Therefore> C> 
 R �2, F e �-�2, FTR C��R C e �Q, FSR � e, F e 
 R �Q, FSR C"�R C �2, FTR �  
Note that the effective cardinality of the subsetof negative
training examplesmust be changedin a way that doesnot
changethedistributionof exampleswithin this subset.

4 Effects of changingbaserates
Changingthetrainingsetprevalenceof positiveandnegative
examplesis a commonmethodof making a learningalgo-
rithm cost-sensitive. A naturalquestionis whateffect sucha
changehason the behavior of standardlearningalgorithms.
Separately, many researchershave proposedduplicatingor
discardingexampleswhenoneclassof examplesis rare,on
the assumptionthat standardlearningmethodsperformbet-
ter whentheprevalenceof differentclassesis approximately
equal[KubatandMatwin, 1997;Japkowicz, 2000]. Thepur-
poseof this sectionis to investigatethis assumption.

4.1 Changingbaseratesand Bayesianlearning
Given an example � , a BayesianclassifierappliesBayes’
rule to computethe probabilityof eachclass

�
as
������� � �h
��� � � ���Q��������HX��� � �1 Typically

��� � � ��� is computedby a func-
tion learnedfrom atrainingset,

���"���
is estimatedasthetrain-

ing setfrequency of class
�
, and

��� � � is computedindirectly
by solvingtheequation� � ������� � �j
i, .

A Bayesianlearning methodessentiallylearnsa model��� � � ��� of eachclass
�

separately. If thefrequency of aclassis
changedin thetrainingset,theonly changeis to theestimated
baserate

���"���
of eachclass.Thereforethereis little reason

to expect the accuracy of decision-makingwith a Bayesian
classifierto behigherwith any particularbaserates.

Naive Bayesianclassifiersare the most importantspecial
caseof Bayesianclassification. A naive Bayesianclassi-
fier is basedon the assumptionthat within eachclass,the
valuesof the attributesof examplesare independent. It
is well-known that theseclassifierstend to give inaccurate
probability estimates[DomingosandPazzani,1996]. Given



anexample � , supposethata naive Bayesianclassifiercom-
putes�h� � � � as its estimateof

���"�)
q,�� � � . Usually � � � �
is too extreme: for most � , either � � � � is close to 0 and
then � � � �[�9���"�/
�,A� � � or � � � � is closeto 1 and then� � � � 4 �����k
�,A� � � .

However, therankingof examplesby naiveBayesianclas-
sifiers tendsto be correct: if � � � �8� � ���^� then

�����i
,A� � �6�9�����/
�,�� �^�
. This fact suggeststhat given a cost-

sensitiveapplicationwhereoptimaldecision-makingusesthe
probability threshold

R V
, one shouldempirically determine

a differentthreshold �R suchthat � � � �S7 �R is equivalentto������
�,A� � ��7 R�V . This procedureis likely to improve
theaccuracy of decision-making,while changingthepropor-
tion of negativeexamplesusingTheorem1 in orderto usethe
threshold0.5is not.

4.2 Decisiontreegrowing
We turn our attentionnow to standarddecisiontreelearning
methods,which have two phases.In thefirst phasea treeis
grown top-down, while in thesecondphasenodesarepruned
from thetree.We discussseparatelytheeffecton eachphase
of changingthe proportionof negative andpositive training
examples.

A splitting criterion is a metric applied to an attribute
that measureshow homogeneousthe inducedsubsetsare,if
a training set is partitionedbasedon the valuesof this at-
tribute.Consideradiscreteattribute � thathasvalues� 
)� 0
through� 
/�A� for some= 7<z

. In thetwo-classcase,stan-
dardsplittingcriteriahave theform� � � �j
 ���1� 0 ��� � 
/� � ���u� R � �-, FTR � �
where

R � 
����"�i
�,A� � 
q� � � and all probabilitiesare
frequenciesin the training set to be split basedon � . The
function

�u� R �-, F[R �
measuresthe impurity or heterogeneity

of eachsubsetof training examples. All suchfunctionsare
qualitatively similar, with auniquemaximumat

R 
/$^ `_
, and

equalminimaat
R 
/$

and
R 
i,

.
Drummondand Holte [2000] have shown that for two-

valued attributes the impurity function
z^� R �Q, FSR �

sug-
gestedby KearnsandMansour[1996] is invariantto changes
in theproportionof differentclassesin thetrainingdata. We
prove herea moregeneralresult that appliesto all discrete-
valuedattributesand that shows that relatedimpurity func-
tions,includingtheGini index [Breimanetal., 1984], arenot
invariantto baseratechanges.

Theorem 3: Suppose
�u� R �-, F�R �k
��M� R �Q, F�R �Q���

where� 4 $
and � 4 $

. For any collection of discrete-valued
attributes, the attribute that minimizes

� � � � using
�

is the
sameregardlessof changesin thebaserate

������
�,.�
of the

trainingsetif � 
/$% _ , andnot otherwisein general.

Proof: For any attribute � , by definition� � � �j
)� ���!� 0 ����� � �Q�����k
�,�� � � � � ������
/$g� � � � �
where

�^0
through

� �
are the possiblevaluesof � . So by

Bayes’rule
� � � ��H�� is� � ����� � �-� ����� � � ��
i,:�Q�����G
�,:������ � � � � � ����� � � ��
)$&�2���"��
/$&����E� � � � �  

Groupingthe
���E� � � factorsfor each� givesthat

� � � ��HX� is� � ����� � � 0���� � �E����� � � ��
i,:�2���"��
O,:�2���E� � � �G
U$A�2�����G
/$A�Q� �  
Now thebaseratefactorscanbebroughtoutsidethesum,so� � � � is

� �}0 �����G
O,.� � �����G
U$A� �
timesthesum� � ����� � � 0!�#� � ����� � � ��
i,:� � ����� � � ��
)$&� �  (3)

Because
� ��0 ���"��
 ,:� � ������
¡$A� �

is constantfor all at-
tributes,theattribute � for which

� � � � is minimumis deter-
minedby the minimum of (3). If

z � 
y,
then(3) depends

only on
���E� � � �G
�,.� and

���E� � � �G
/$A� , which donot depend
onthebaserates.Otherwise,(3) is differentfor differentbase
ratesbecause����� � �l
U����� � � ��
i,:�Q�����G
�,:�¢Ln���E� � � �G
U$&�Q�����G
/$A�
unlessthe attribute � is independentof the class

�
, that is����� � � ��
i,:�'
)����� � � ��
)$&� for

, P � P = .
Thesum(3) hasits maximumvalue1 if � is independent

of
�
. As desired,thesumis smallerotherwise,if � and

�
are

correlatedandhencesplittingon � is reasonable.
Theorem3 impliesthatchangingtheproportionof positive

or negative examplesin the training sethasno effect on the
structureof thetreeif thedecisiontreegrowing methoduses
the

z � R �2, FTR �
impurity criterion. If the algorithmusesa

differentcriterion,suchastheC4.5entropy measure,theef-
fect is usuallysmall,becauseall impurity criteriaaresimilar.

The experimentalresultsof DrummondandHolte [2000]
andDietterichet al. [1996] show that the

z � R �Q, FSR �
crite-

rion normally leadsto somewhat smallerunpruneddecision
trees,sometimesleadsto moreaccuratetrees,andneverleads
to muchlessaccuratetrees.Thereforewecanrecommendits
use,andwe canconcludethatregardlessof the impurity cri-
terion, applyingTheorem1 is not likely to have have much
influenceon thegrowing phaseof decisiontreelearning.

4.3 Decisiontreepruning
Standardmethodsfor pruningdecisiontreesarehighly sen-
sitive to the prevalenceof different classesamongtraining
examples.If all classesexceptonearerare,thenC4.5often
prunesthedecisiontreedown to a singlenodethatclassifies
all examplesasmembersof thecommonclass.Sucha clas-
sifier is uselessfor decision-makingif failing to recognizean
examplein a rareclassis anexpensiveerror.

Severalpapershaveexaminedrecentlytheissueof how to
obtaingoodprobabilityestimatesfrom decisiontrees[Brad-
ford etal., 1998;ProvostandDomingos,2000;Zadrozny and
Elkan,2001b]. It is clearthatit is necessaryto usea smooth-
ing methodto adjusttheprobabilityestimatesat eachleaf of
a decisiontree. It is not so clearwhat pruningmethodsare
best.

Theexperimentsof BauerandKohavi [1999] suggestthat
nopruningis bestwhenusingadecisiontreewith probability



smoothing.Theoverall conclusionof Bradfordet al. [1998]
is that£ thebestpruningis eitherno pruningor what they call
“Laplacepruning.” Theideaof Laplacepruningis:

1. Do Laplacesmoothing:If > training examplesreacha
node,of which � are positive, let the estimateat this
nodeof

������
i,A� � � be
� � L/,:�+HI� > L8z{� .

2. Compute the expected loss at each node using the
smoothedprobabilityestimates,thecostmatrix,andthe
trainingset.

3. If theexpectedlossat a nodeis lessthanthesumof the
expectedlossesat its children,prunethechildren.

We can show intuitively that Laplacepruning is similar to
no pruning. In theabsenceof probabilitysmoothing,theex-
pectedlossatanodeisalwaysgreaterthanorequalto thesum
of the expectedlossesat its children. Equality holdsonly if
the optimal predictedclassat eachchild is the sameas the
optimal predictedclassat the parent. Therefore,in the ab-
senceof smoothing,step(3) cannotchangethemeaningof a
decisiontree,i.e. theclassespredictedby thetree,soLaplace
pruningis equivalentto no pruning.

With probabilitysmoothing,if theexpectedlossat a node
is lessthanthesumof theexpectedlossesat its children,the
differencemustbecausedby smoothing,sowithout smooth-
ing therewould presumablybeequality. Sopruningthechil-
drenis still only a simplificationthat leavesthe meaningof
the treeunchanged.Note that the effect of Laplacesmooth-
ing is smallat internaltreenodes,becauseat thesenodestyp-
ically � 4-4 , and > 4-4 z .

In summary, growing a decision tree can be done in a
cost-insensitive way. When using a decisiontree to esti-
mateprobabilities,it is preferableto do no pruning. If costs
areexample-dependent,thendecisionsshouldbemadeusing
smoothedprobabilityestimatesandEquation(1). If costsare
fixed,i.e. thereis asinglewell-definedcostmatrix, theneach
nodein the unpruneddecisiontreecan be labeledwith the
optimalpredictedclassfor that leaf. If all theleavesundera
certainnodearelabeledwith thesameclass,thenthesubtree
underthatnodecanbeeliminated.Thissimplificationmakes
thetreesmallerbut doesnot changeits predictions.

5 Conclusions
This paperhasreviewed the basicconceptsbehindoptimal
learningand decision-makingwhen different misclassifica-
tion errorscausedifferentlosses. For thetwo-classcase,we
have shown rigorouslyhow to increaseor decreasethe pro-
portionof negativeexamplesin atrainingsetin orderto make
optimal cost-sensitive classificationdecisionsusinga classi-
fier learnedby astandardnoncost-sensitive learningmethod.
However, we have investigatedthebehavior of Bayesianand
decisiontreelearningmethods,andconcludedthatchanging
the balanceof negative and positive training exampleshas
little effect on learnedclassifiers. Accordingly, the recom-
mendedway of usingoneof thesemethodsin a domainwith
differing misclassificationcostsis to learna classifierfrom
thetrainingsetasgiven,andthento useEquation(1)or Equa-
tion (2) directly, aftersmoothingprobabilityestimatesand/or
adjustingthe thresholdof Equation(2) empirically if neces-
sary.
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