Revista Matematica Complutense (2021) 34:239-296
https://doi.org/10.1007/s13163-020-00350-2

®

Check for
updates

The fourth power mean of Dirichlet L-functions in [Fg[T]

Julio Cesar Andrade'® - Michael Yiasemides'

Received: 14 June 2019 / Accepted: 24 January 2020 / Published online: 13 February 2020
© The Author(s) 2020

Abstract

We prove results on moments of L-functions in the function field setting, where the
moment averages are taken over primitive characters of modulus R, where R is a
polynomial in IF,[T']. We consider the behaviour as deg R — oo and the cardinality
of the finite field is fixed. Specifically, we obtain an exact formula for the second
moment provided that R is square-full, an asymptotic formula for the second moment
for any R, and an asymptotic formula for the fourth moment for any R. The fourth
moment result is a function field analogue of Soundararajan’s result in the number field
setting that improved upon a previous result by Heath-Brown. Both the second and
fourth moment results extend work done by Tamam in the function field setting who
focused on the case where R is prime. As a prerequisite for the fourth moment result,
we obtain, for the special case of the divisor function, the function field analogue of
Shiu’s generalised Brun—Titchmarsh theorem.
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1 Introduction

The study of moments of families L-functions is a central theme in analytic number
theory. These moments are connected to the famous Lindeldf hypothesis for such
L-functions and have many applications in analytic number theory. It is a very chal-
lenging problem to establish asymptotic formulas for higher moments of families of
L-functions and until now we only have asymptotic formulas for the first few moments
of any given family of L-functions. However, we do have precise conjectures for higher
moments of families of L-functions due to the work of many mathematicians (see for
example [2] and [3]). In this paper the focus is on the moments of Dirichlet L-functions
associated to primitive Dirichlet characters.
In 1981, Heath-Brown [4] proved that

—1)3

1 a —p »
L(32)[ = a0 )]"[ o loga)* + 02 Vg dogq)’). (1)

5

x mod g

where for all positive integers g, Z; mod g Tepresents a summation over all primitive
Dirichlet characters of modulus ¢, ¢*(q) is the number of primitive characters of
modulus ¢, and w(g) is the number of distinct prime divisors of ¢ and L(s, ) is the
associated Dirichlet L-function.

In the equation above (1), in order to ensure that the error term is of lower order

than the main term, we must restrict g to

loglog g — 7logloglog g

<
@(@) = log2

Soundararajan [8] addressed this by proving that
* 1 4 B ) 4
L) = a-ply
> e(50x) 2ﬂ2¢><>]"[ 1 loed)
x mod g

(1 + 0(‘”(") —)) + 0(q(logq)?).

loggV ¢(q)

Here, the error terms are of lower order than the main term without the need to have
any restriction on q.

In a breakthrough paper, Young [11] obtained explicit lower order terms for the case
where ¢ is an odd prime and was able to establish the full polynomial expansion for
the fourth moment of the associated Dirichlet L-functions. In other words, he proved
that
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4
¢>*1(61) Z* L(% X>‘4 =Y cillogg)' + 0(q~5%°),

x mod g i=0

where the constants ¢; are computable. The error term was subsequently improved by

Blomer et al. [1] who proved that
1 * 1 4 . 1

(=, )‘ =Y ¢ (logq) + O (g~ 2+).

peToy > (2 X Y cilogg)’ + Oc(q~ )

x mod g i=0

4

In the function field setting Tamam [9] established that

1 ‘L(lx)r:degQ—i- : (1— 2 )
¢(Q) 2’ (q? —1)? 1017 + 1

mod Q
XF#X0
and
1 L\ _g-1 4 3
¢(Q)Xm0dQ‘ (2 )‘ 12¢q
XF#X0

as deg Q — oo. Here, Q is an irreducible, monic polynomial in F, [7] with IF,; a finite
field with g elements; xq is the trivial character (in this case, of modulus Q); and, for
non-trivial characters of modulus Q,

deg A<deg QO

where M is the set of monic polynomials F,[T'].

In this paper we prove the function field analogue of Soundararajan’s fourth moment
result, which is also an extension of Tamam’s fourth moment result. In order to accom-
plish this we prove, along the way, a function field analogue of a special case of Shiu’s
Brun-Titchmarsh theorem for multiplicative functions [7]. We also obtain an asymp-
totic main term for the second moment. This generalises Tamam’s result in that her
result is for all primitive characters of prime modulus, whereas our result is for prim-
itive characters of any modulus. Note, however, that Tamam’s result is exact. By
considering only square-full moduli, we also obtain an exact formula.

2 Notation and statement of results
Let ¢ € N be a prime-power, not equal to 2. We denote the finite field of order g by

[F,. We denote the ring of polynomials over the finite field IF, by A := F,[T]. Unless
otherwise stated, for a subset S C A we define S,, := {A € S : degA = n}. We
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242 J. C. Andrade, M. Yiasemides

identify Ag with IF,. Also, if we have some non-negative real number x, then range
deg A < x is not taken to include the polynomial A = 0.

The norm of A € A\{0} is defined by |A| := ¢9°€4, and for the zero polynomial
we define |0] := 0.

We denote the set of monic polynomials in A by M. For a € F} we denote the
set of polynomials, with leading coefficient equal to a, by a M. Because A is an
integral domain, an element is prime if and only if it is irreducible. We denote the set
of prime monic polynomials in A by P, and all references to primes (or irreducibles)
in the function field setting are taken as being monic primes. Also, when indexing,
the upper-case letter P always refers to a monic prime. Furthermore, if we range over
polynomials E that divide some polynomial F', then these E are taken to be the monic
divisors only.

Suppose f, g : ® — C are functions from the domain ® to the complex numbers,
where either ® € Aor® C C, and f and/or g may be dependent on ¢q. We take
fx)=0 (g (x)) to mean: There exists a positive constant ¢ such that for all ¢ and
all x € © we have | f(x)| < c¢|g(x)|. Now suppose that we have some variable € (not
equal to the variable ¢) taking values in a set €, which f and/or g may depend on. Then,
we take f(x) = O (g (x)) to mean: For each € € €, there exists a positive constant
ce such that for all ¢ and all x € © we have | f(x)]| < ce|g(x)|. We take f(x) <K g(x)
and g(x) > f(x) tomean f(x) = O(g(x)), and we take f(x) < g(x) to mean that
both f(x) <« g(x) and f(x) > g(x) hold. Similarly, we take f(x) <. g(x) and
g(x) >¢ f(x) tomean f(x) = Oc(g(x)).

Definition 2.1 (Dirichlet Characters) Let R € M. A Dirichlet character on A with
modulus R is a function y : A —> C* satisfying the following properties. For all
A B e A:

L. x(AB) = x(A)x(B);
2. If A= B(mod R), then x (A) = x(B);
3. x(A) =0if and only if (A, R) # 1.

Due to point 2, we can view a character y of modulus R as a function on A\RA.
This makes expressions such as x (A~") well-defined for A € (.A\R.A)*.

We can deduce that x (1) = 1 and [x(A)| = 1 when (A, R) = 1. We say that x is
the trivial character of modulus R if x (A) = 1 when (A, R) = 1, and this is denoted
by xo. Otherwise, we say that x is non-trivial. Also, there is only one character of
modulus 1 and it simply maps all A € A to 1.

It can easily be seen that the set of characters of a fixed modulus R forms an abelian
group under multiplication. The identity element is x¢. The inverse of y is ), which is
defined by x(A) = x(A) forall A € A. It can be shown that the number of characters
of modulus R is ¢ (R).

A character x is said to be even if x(a) = 1 foralla € IF;. Otherwise, we say
that it is odd. The set of even characters of modulus R is a subgroup of the set of all
characters of modulus R. It can be shown that there are q%lqb(R) elements in this

group.
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The fourth power mean of Dirichlet L-functions in Fg[T] 243

Definition 2.2 (Primitive Character) Let R € M, S | R and x be a character of
modulus R. We say that S is an induced modulus of x if there exists a character x; of
modulus § such that

x1(A) if (A, R) =1
x(A) = .

0 otherwise.
X is said to be primitive if there is no induced modulus of strictly smaller norm than
R. Otherwise, x is said to be non-primitive. ¢*(R) denotes the number of primitive
characters of modulus R.

We note that all trivial characters of some modulus R # 1 are non-primitive as
they are induced by the character of modulus 1. We also note that if R is prime, then
the only non-primitive character of modulus R is the trivial character of modulus R.
We denote a sum over primitive characters of modulus R by the standard notation

Z;ﬁ( mod R*

Definition 2.3 (Dirichlet L-functions) Let x be a Dirichlet character. The associated
L-function, L(s, x), is defined for Re(s) > 1 by

A
L(s, x) = Z )|(IE\|S)'
AeM

This has an analytic continuation to either C or C\{1}, depending on the character.
In this paper, we will prove the following three main results.
Theorem 2.4 Let R € M. Then,

1 s 1 N2 (R
¢*(R)XZ L( )‘z

mod R |R|

5 X deg R + O(logw(R))

Theorem 2.5 Let R be a square-full polynomial. That is, if P | R then P* | R. Then,

> Je(z)f
- X
x mod R 2
R)3

IRP (¢ 1

$(R)  $(R) 1 2)
- +2 |- .
)2( IR|? IR|2 fl;[e |P|§)

Theorem 2.6 Let R € M. Then,

IR g, (1—|pPI7hy? s o(R)
L(E’X)’ =" ® ] ( 1+ P >(degR) <1+0< degR>>'

x mod R P prime
P|R
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244 J. C. Andrade, M. Yiasemides

Furthermore, in order to prove Theorem 2.6 we are required to prove a specific case
of the function field analogue of Shiu’s generalised Brun—Titchmarsh theorem. This
allows us to estimate sums of the form

> dN)

NeM
deg(N—X)<y
N=A(mod G)

given certain conditions on X, A, G € M and y > 0.

3 Function field background

We provide some definitions and results relating to function fields that are needed in
this paper. Many of these results are well known and so we do not provide a proof.
Some proofs can be found in Rosen’s book [6], particularly chapter 4.

Definition 3.1 (Mobius Function) We define the Mobius function, p, multiplicatively
by u(P) = —1 and pu(P€) = O for all primes P € A and all integers e > 2.

Definition 3.2 (w Function) For all R € A\{0} we define w(R) to be the number of
distinct prime factors of R.

Definition 3.3 (£2 Function) For all R € A\{0} we define £2(R) to be the total number
of prime factors of R (i.e. counting multiplicity).

Definition 3.4 (¢ Function) For R € A with deg R = 0 we define ¢ (R) := 1, and for
R € Awithdeg R > 1 we define

$(R) :=#A € A:degA <degR, (A, R) = 1}.
It is not hard to show that

¢(R) = [RI[J1—1PI7h).

P|R

Definition 3.5 For all R € A with degR > 1 we define p_(R) to be the largest
positive integer such that if P | R then deg P > p_(R). Similarly, we define p4(R)
to be the smallest positive integer such that if P | R thendeg P < p1(R).

Lemma 3.6 (Orthogonality Relations) Ler R € M. Then,

> x(AX(B) =

x mod R

¢(R) if (AB,R) =1and A = B(mod R)
0 otherwise.
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and
Z (A)7(B) q%lqb(R) if (AB, R) = 1 and A = aB(mod R) for some a € Fq*
X X =
y mod R otherwise.
X even

Lemma3.7 Let R € M andlet A, B € A. Then,

. Y. pr—g W(EYP(F) if (AB,R) =1
Y x(ME(B) = | TFIA-B)
0

5 mod R otherwise

and

qlTIZ EF=R MW(E)$(F) If(AB,R) =1
F|(A—aB)

> x(MiB) = =

x mod R 0 otherwise
X even

Proof The case where (AB, R) # 1is trivial. So, suppose (AB, R) = 1. We have that

o oawad =Y S (). )

x mod R EF=R xmod E

Recall the Mobius inversion formula tells us that if g, f are functions on M satisfying

gR) = Y f(E)

EF=R

for all R € M, then

f(R) =Y wE)g(F)

EF=R

for all R € M. By applying this to (2) and making use of Lemma 3.6 we obtain the
first result. The second result follows similarly to the first. O

Corollary 3.8 For all R € M we have that

¢ (R) = > w(E)$(F).

EF=R

Proof This follows easily from Lemma 3.7 when we take A, B = 1. O
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246 J. C. Andrade, M. Yiasemides

For a character y we will, on occasion, write the associated L-function as

L(s, ) =Y La()g™",

n=0

where we define

L) = Y x(A)

AeM
deg A=n

for all non-negative integers n and all characters .
Suppose yx is the character of modulus 1 and Re(s) > 1. Then, L(s, x) is simply
the zeta-function for the ring A. That is,

Lis, )= )

AeM

1
Ap TA(s).

We note further that

1 1
fa) =y —=—r.
i |Al l1—g¢q

The far-RHS provides a meromorphic extension for ¢ 4 to C with a simple pole at 1.
The following Euler product formula will also be useful

ca) = [T (—1p17%) 7"

PeP

for Re(s) > 1.
Now suppose that yq is the trivial character of some modulus R and Re(s) > 1. It
can be shown that

L(s, x0) = ( []1- |P|—S>;A<s>.

PeP
P|R

So, again, the far-RHS provides a meromorphic extension for L(s, xo) to C with a
simple pole at 1.

Finally, suppose that x is a non-trivial character of modulus R and Re(s) > 1. It
can be shown that

A
L(s, x) = Z x( ).

AlS
AeM Al
deg A<deg R
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This is just a finite polynomial in ¢ %, and so it provides a holomorphic extension for
L(s, x)toC.

Theorem 3.9 (Functional Equation for L-functions of Primitive Characters) Let x be
a primitive character of some modulus R # 1. If x is even, then L(s, x) satisfies the
function equation

deg R

(¢" =)L 0 =W0o0g > (¢~ = 1)(¢)** 'L - 5.7

and if x is odd, then L(s, x) satisfies the function equation

deg R—1

L, ) =WGo0g 2 (¢7°)* " 'La—s, 70

where |W ()| = 1.

A generalisation of the theorem above appears in Rosen’s book [6, Theorem 9.24
Al.

Lemma 3.10 Let x a primitive odd character of modulus R. Then,

tpaf=2 ¥ HIEraw.

deg AB<deg R
where we define
x(A)Xx(B)
o)==y, =
A, BeM |AB|?

deg AB=deg R—1
Proof The functional equation for odd primitive characters gives

deg R—1 deg R—1

— deg R—1 _ndes R—1 o -
L= Y LaOOa ™ =WGog 2 (¢7)**" 30 LaGog "™
n=0 =
dee R Idengl
_ deg R~ o L
= W(x)q 2 Z Ln(X)CI(l 5)(deg R—1-n)_
n=0
That is,
deg R—1
Ls.x)= Y. LaGg™ 3)
n=0
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248 J. C. Andrade, M. Yiasemides

and

deg R—1

_dengl . _ 1
Lis,)=W()g~ 2 Y Ly(g! vert=m, 4
n=0

Taking the squared modulus of both sides of (3) and of (4), we see that

2deg R—2

LG, 0P =) ( > Li(x)Lj(Y))q_’” )

n=0 0<i,j<deg R

i+j=n
and
2deg R—2
IL(s, )P = g~ %R+t 3~ ( > L,»(x)Lj(7>>q<“”<2deg""2‘”>.
n=0 0<i,j<deg R
i+j=n

(6)

By the linear independence of powers of ¢ ~° we can see that |L(s, )2 is equal
to the sum of the terms n = 0, 1,...,deg R — 1 on the RHS of (5) and the terms
n=0,1,...,deg R — 2 on the RHS of (6). That is,

deg R—1

IL(s. x)I* = Z( > Li(x)Lj(7)>q_’”
n=0 0<i,j<degR
i+j=n
deg R—2

+q_degR+l Z ( Z Li(X)Lj(7))q(1_S)(2degR_2_n)~

n=0 0<i,j<degR

i+j=n
Hence,
1 2
L(3%)
‘ 2 *
deg R—1 deg R—2
= Z( > Li(x)L,»<7)>q‘z+ Z( > Li(x)Lj(7)>q‘
n=0 0<i,j<degR n=0 0<i,j<degR
i+j=n i+j=n
x(A)x(B) x(A)x(B)
-2y XD 5 IO
A.BeM |AB|> A,BeM |ABI>
deg AB<deg R deg AB=deg R—1
as required. O

@ Springer

n
2



The fourth power mean of Dirichlet L-functions in Fg[T] 249

Lemma 3.11 Let x a primitive even character of modulus R # 1. Then,

L(5.0)| =2 > % e,

deg AB<deg R
where
AX(B)  2q7 (A)X(B)
q X X q X X
ce(X) =~ 2 Z T 1 Z T
(g2 -1  aBom  |ABIZ  qr—1 . %om  |AB|2
deg AB=deg R—2 deg AB=deg R—1
1 (A)x(B)
T 2 Z z X; :
(@2 =17 agem |AB|2
deg AB=deg R

Proof The functional equation for even primitive characters gives us that

deg R—1

(@ =D)L =(¢""=1) Y L.Gg™
n=0
deg R—1

—Wo0q F (@ - 1)@ )Y Lot @)
n=0
deg R—1

_degR _ _ _ 11—
— W(X)q 5 (ql s q) Z Ln(X)q(l s)(deg R—1—n)
n=0

For any primitive character x; of modulus R # 1, we define L_1(x;) := 0 and
recall that Lgeg r()1) = 0. If we define

M;i(x1) == qLi—1(x1) — Li(x1)
fori =0,1,...,degR, then (7) gives us that
deg R
(@' =1Lt = ) Ma0g™ ®)
n=0
and
deg R

deg R
(¢ = DLG0 ==WG0og™ 2 Y MaCg Vet ()
n=0
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250 J. C. Andrade, M. Yiasemides

Similarly as in the proof of Lemma 3.10, we take the squared modulus of both sides
of (8) and (9), and use the linear independence of powers of ¢ —*, to obtain

deg R

— 2 — —
(@' = 1)’ ILGs, 01 = Z( > Mi(x)Mj<x>)q "
n=0 "0<i,j<degR
i+j=n
deg R—1

+g ek Z( > M,-(x)M,-(i))q“*“““"’g"*").

n=0 0<i,j<degR

i+j=n
We now take s = % and simplify to obtain
! 1 ) deg R—1
1 2 ) -z
@ -)e(z) =2 X ( > Mi(x)Mj(x))q :
n=0 0<i,j<degR
i+j=n

. _degR

+ > MiGOM;Dg” T .
0<i,j<degR
i+ j=deg R

Now,
deg R—1

Z( > Mi<x)M,,~<7>>q—’5

n=0 0<i,j<degR

i+j=n
deg R—1
= > qz( > Lil()()le(Y))q_g
n=0 0<i,j=degR
i+j=n
deg R—1
- > q( > L,~_1(><>L,»(7>)q‘3
n=0 Og{,jgdeg R
i+j=n
deg R—1
- > q( > L,»<x>L,,~_1(7))q’5
n=0 Og{,jgdeg R
i+j=n
deg R—1

- Z( > L,-(x)Lj(7>>q‘3

n=0 0<i,j<degR

i+j=n
deg R—3
= q( > Li(x)Lj(7)>q_2
n=0 0<i,j<degR—1
i+j=n
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deg R—2
1 — _n
- qz( > Li(x)Lj(x))q :
n=0 0<i,j<deg R—1
i+j=n
deg R—2

=

- Y. 4q ( > L,-<x>Lj(7>)q"z‘
n=0

0<i,j<deg R—1
i+j=n
deg R—1
+ Z( > Li<x)Lj<7>)q2
n=0 “0<i,j<deg R—1
i+j=n
1 2 x(A)Xx(B) x(A)X(B)
oy MR,y AT
aBem  |ABI?

1
A,BeM |AB|2
deg AB<deg R deg AB=deg R—2

1 x(A)x(B)
+ (292 —q) > —_,
A,BeM |AB|>
deg AB=deg R—1

and similarly,
. _deR
> MiGOMG0g

0<i,j<degR
i+j=deg R

A)x(B 1
L,y e

1 x(B)x(A) x(A)x(B)
T 2q > —+ ) T
A,BeM |AB|> A, BeM |AB|> A,BeM |AB2
deg AB=deg R—2 deg AB=deg R—1 deg AB=deg R

Hence,

L ! ’
LGzl

Ly Yy ATB g

x(A)Xx(B)
1 1 2 Z 1
A,BeM |AB|2 (q2 - 1) A,BeM |AB|2
deg AB<deg R deg AB=deg R—2
1
2q? A)x (B 1 A)x (B
q x( )X(l ) + : . Z x( )X(1 )
92 =1 4 Bem |AB|?2 (@2 =17  ABem |AB|?
deg AB=deg R—1 deg AB=deg R

as required.

O
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252 J. C. Andrade, M. Yiasemides

It is convenient to define

ceo(x) if x iseven
c(x) = { X T X (10)
co(x) if x is odd.

4 Multiplicative functions on F4[T]

In this section we state and prove some results for the functions u, ¢ and w that are
required for the proofs of the main theorems. We will need the following well-known
theorem.

Theorem 4.1 (Prime Polynomial Theorem) We have that

" 3

n n

where the implied constant is independent of q. We reserve the symbol ¢ for the implied
constant.

We will also need the following two definitions.

Definition 4.2 (Radical of a Polynomial, Square-free, and Square-full) For all R € A
we define the radical of R to be the product of all distinct monic prime factors that
divide R. It is denoted by rad(R). If R = rad(R), then we say that R is square-free.
If for all P | R we have that P? | R, then we say that R is square-full.

Definition 4.3 (Primorial Polynomials) Let (S;);ez._, be a fixed ordering of all the
monic irreducibles in A such that deg S; < deg S; 4 for all i > 1 (the order of the

irreducibles of a given degree is not of importance in this paper). For all positive
integers n we define

We will refer to R,, as the n-th primorial. For each positive integer n we have unique
non-negative integers m, and r, such that

Rn=< I1 P)(HQ:’)’ (11
deg P<my, i=1

where the Q; are distinct monic irreducibles of degree m, + 1. This definition of
primorial is not standard.

Now, before proceeding to prove results on the growth of the w and ¢ functions,
we note that
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The fourth power mean of Dirichlet L-functions in Fg[T] 253

WE) _yr,_ ]
2w L= 1

E|R PIR

and

,u(E)degEZ_< - 1 >< deg P ) 13
Z |E® l_[ [P PXI;|P|S—1 ()

E|R P|R

for all R € A\{0} . The first equation holds for all s € C. The second holds for all
s € C\{0} and is obtained by differentiating the first with respect to s.
Also, for all square-full R € A\{0} we have that

GG LI T RTLY,

= IFP A [El IRF — R] L= [EI= IR
(14)
and
w(E)p(F)deg F ¢(R) 1 deg P
= l———— ) degr-Y ————),
Z |F|‘Y |R|S l_[ |P|l—s e Z |P|l—s -1
EF=R P|R P|R
(15)

The first equation holds for all s € C. The second holds for all s € C\{1} and is
obtained by differentiating the first with respect to s.

Lemma 4.4 For all positive integers n we have that
log, log,|Ry| = my + O(1).
Proof By (11) and the prime polynomial theorem, we see that
my+1

log, |Ry| = deg R, < ( > g+ 0<q£)) < g™t
i=1

and
mp .
logq|Rn| =degR, > (Zq’ + 0<q2>) > g™
i=1
By taking logarithms of both equations above, we deduce that
log, 1og,|Ru| = m, + O(1).

O
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Lemma4.5 Let R € M. We have that

degP
> o1 O(logw(R)).
P|R

Proof 1t suffices to prove the claim for the primorials. Indeed, if this is true, then taking
n := w(R) gives

deg P deg P
< 1 =1 R).
Z|P|—1_Z|P|—1<<Ogn ogw(R)
PIR PIR,

To prove the middle relation above, we first recall that the prime polynomial theorem

gives#P,, = L + o ( ) From this, we can deduce that there is a constantc € (0, 1),

which is mdependent of g, such that #P—,, > cq 7 for all positive integers m. In
particular, if we take m = | 2 log %], then #P<,, > n . So,

logg
log %+1 log Z+1 .
10gq logq .
deg P deg P i q
< —— < logn,
Py Y Ty tem
P|Ry P prime i=1
deg P=i
where the second relation follows from the prime polynomial theorem again. O

The following four results well-known (at least, their analogues in the number field
setting are), and their proofs follow the same method as Lemma 4.5 above: Prove
the claim for the primorials by using the prime polynomial theorem and perhaps
Lemma 4.4, and then generalise to all R € M.

Lemma 4.6 We have that

log, log,|R
lim sup a)(R)gq—gq|| =
deg R—o00 1qu|R|

Lemma4.7 Forall R € A with deg R > 1 we have that

~YIR 1
oR) = — B agd (16)
log, log,[R| + O(1)

and for infinitely many R € A we have that

e_V|R| bq_%
1ogq 1ogq|R| +0()

¢(R) =< , 7)

where a and b are positive constants which are independent of ¢ and R.
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Lemma 4.8 Forall R € A with deg R > 1 we have that

- _1
pRyz — O e
log, log,|R| + O(1)

’

and for infinitely many R € A we have that

T 2L B
~ log, log, R[4+ O(1)

where ¢ and d are positive constants which are independent of q and R.

Lemma 4.9 Let k be a non-negative integer. For R € M,

1 1 o
Mz = [ ()

P|R PIR
1
[1l-——==I]t-1P%
P|R L+ 1Pt PIR
k

(]‘[1- |P|—1) o(R) > 1;

P|R
(]_[ 1— |P|1>w(R) > Jo(R) > logw(R).

P|R

Note, the fourth result follows easily from the third
We end this section with three more lemmas.
Lemma 4.10 We have that
1 E)?
Y _=( 3 _HLE) )x+0(1).
é(N) $(E)|E]|

NeM EeM
deg N<x

Proof For all N € A we have that

EIN PIN PIN

So,

w(E)? 1 1 [N]
Z #(E) l—[ * |P|—1 H 1—[PI71 o)
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1
2

NeM
deg N<x
_ZLM_ZLzL’f)z_ZﬂzL
S INTOWN) — (e INTE= 6(B) e #(E) (N
deg N<x deg N<x deg E<x deg N<x
EIN
E)(x —degE E)?
Z u( )(TE Eeg ):<Z MI(E)E)X+O(1)'
S bDIE] S HDIE]
deg E<x
O
Lemma4.11 We have that
2
N
> e
Nem ¢ (N)
deg N<x
Proof For square-free N we have that
1 1 ( i\t 1 1 1
= T1(1=pP ) =—]_[(1+—+—2+...>
o)~ INI ¢ NI gy \ T IPT TP
- ¥ o
MeM IM]
rad(M)=N
and so
2 1 1
e D D M) T
NeM ~NeM MeM MeM
deg N<x N is square-free rad(M)=N deg M <x
deg N<x
[m}

While it is not a result on multiplicative functions, the proof of the following lemma
uses several results from this section.

Lemma4.12 Let R € M and let x be a positive integer. Then,

5 1 ‘7’|(TR‘)x+O(logw(R)) ifx > degR
A %$x+cmmgwR»+c(2§Z) ifx <degR’
deg A<x
(A,R)=1
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Proof For all positive integers x we have that

1 1 1
> s AEZM Tl > wE)=)Y wE) Y T

AeM E|(A,R) E|R AeM
deg A<x deg F<x deg A<x
(A,R)=1 E|A
E 1 E
-y H(E) Y =3 HE) (o degE)
E|R |E| AeM |A| E|R |E|
deg E<x deg A<x—deg E deg E<x
E E
=ZM(x—degE)— 3 HE) g E).
zr |El zr | El
deg E>x

By (12), (13), and Lemma 4.5, we see that

B (¢ deg )y = 2Ry 0(¢|(RR|)

IE] IR] IOg”(R))'

E|R

When x > deg R, it is clear that

1(E) 3
% W(x —degE) = 0.

deg E>x

Whereas, when x < deg R, we have that

E E)|degE  x 20(B)
3 ME) o _deg E) < 3 M«—x Y B <€ —
zr Bl R |E] AT q
deg E>x deg E>x deg E>x
The proof follows. O

5 The second moment

We now proceed to prove Theorems 2.4 and 2.5.

Proof of Theorem 2.4 By using the functional equation for Dirichlet L-functions, we
have that

1 *
o*(R), 2

mod R

1 2 2 * x(A)X(B)
L(E’X)‘ = ¢*(R) Z Z 1
xmodR A,BeM |AB|2
deg AB<deg R

B > el

x mod R

+
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For the first term on the RHS, by Lemma 3.7 and Corollary 3.8, we have

X(AX(B)

2

2 * 1
e DS = SR 2 MERE) ) T
¢ (R)XmodR A,BeM |AB|2 ¢*(R) EF=R A.Bem |ABJZ

deg AB<deg R deg AB<deg R
(AB,R)=1
A=B(mod F)
1 2 1
=2 Z m+¢*(R) Z H(E)$(F) Z 1
AeM EF=R A,BeM |AB|2
degA<%degR deg AB<deg R
(A,R)=1 (AB,R)=1
A=B(mod F)
A#B
By Lemma 4.12, we have that
L~ ¢(R)
2 — = ——degR+ O(1 R)).
2 Ta = Ry deeREoleee®)
AeM
degA<%degR
(A,R)=1

For the off-diagonal terms, let us consider the case where deg AB = z and deg A >
deg B. Then, deg B < 5 and we can write A = LF + B for monic L with deg L =

7z —deg B —degF. So,

Z 1

T )

ABem  |AB|2 BeM
deg AB=z deg B<3
deg A>deg B
(AB,R)=1
A=B(mod F)

3 1 3
SiH L m g

FI & 1Bl 2[F]

deg B<3

|B|2

1 1
2 :
LeM ILF]2

deg L=z—deg B—deg F

The case where deg A < deg B is similar. For the case deg A = deg B, we have
degB = 35and A = LF + B for L € AwithdegL < deg B —deg F. So,

1
> Loy
ABem  |AB|2 BeM_
deg AB=z deg B=5
deg A=deg B
(AB,R)=1
A=B(mod F)
A#B
> &
<<|q?I > 1=‘1|F|.
BeM
deg B=3%
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Hence,
1 deg R-1 |R|2 deg R
> L«
A,BeM |AB|2
deg AB<deg R
(AB,R)=1
A=B(mod F)
A#B
and so
2 1 |R|2 deg R ¢(F)
oy > WEF) Y ; B >l B
EF=R A.Bem |ABI|2 EF=R
deg AB<deg R
(AB,R)=1
A=B(mod F)
A+#B
20(R)|R|2 deg R 1
S K |R|™3.
$*(R)
Hence, we have that
A)x (B R
¢*(R) oy KA ¢’|(R|)degR+0(1ogw(R)).
xmodR A,BeM |AB|2
deg AB<deg R
Finally,
LS = ¥ wn+ ¥ ek
= C C
$*(R) R oM o

x mod R x mod R

x odd

x mod R
X even

1
:W( D o+ Y. ceoo—co(x)).

x mod R

x mod R
X even

By similar methods as previously in the proof, we can see that the above is O (1). The

result follows.

Proof of Theorem 2.5 We have that

PIUCE) PO

mod R x mod R A,BeM

m}

X(A)X(B)
|AB|2

deg A,deg B<deg R

= Y wE(F)

EF=R

Z 1

1
A,BeM |AB|2

deg A,deg B<deg R

(AB,R)=1

A=B(mod F)
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1 1
=D WEE) Y, — Y —
EF=R aem  |A1Z peag  IBI2
deg A<deg R deg B<deg R
(A, R)=1 B=A(mod F)

The second equality follows from Lemma 3.7. For the last equality we note that if R

is square-full, EF = R, and u(E) # 0, then F and R have the same prime factors.

Therefore, if we also have that (A, R) = 1 and B = A(mod F), then (B, R) = 1.
Continuing,

> ez

x mod R

=Y uEE Y - Y uG Y

EF=R aem A2 giar BeMm |IBl2
deg A<deg R deg B<deg R
B=A(mod F)
1 1
= D wEWEY WG Y — ) —
EF=R GIR Aem A2 peam  IBI2 (18)
deg A<deg R deg B<deg R
G|A B=A(mod F)
= Y wEPF) Y uG)
EF=R G|R
1 1
> (T 9 T )
KeA AeM |A]2 BeM |B|2
deg K <deg F—deg G deg A<deg R deg B<deg R
o A=GK (mod F) B=GK (mod F)

The last equality follows from the fact that F and R have the same prime factors, and
s0,if w(G) # 0,then G | F.Hence,if G | A,then A = GK(mod F) forsome K € A
withdeg K < deg F —degG ork = 0.

Now, we note that if K € A\M, then

1 1 1
) D s DD ;
i AP [ ILF+GKJ} f ILFIE
deg A<deg R deg L <deg R—deg F' deg L <deg R—deg F'
A=GK (mod F)

o <|R|% 1)
gi —1\IFl ps /)

Whereas, if K € M, then

1 1 1
Z = Tt Z T
AeM |A]2 IGK|2 LeM ILF + GK|2
deg A<deg R deg L<deg R—deg F
A=GK (mod F)
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1
1 1 /IR 1
= T+ - A
1 1 |F| 1
|GK |2 q? —1 |F|2
Hence,

> (z ol 2 o)

1 1
KeA AeM |A|2 BeM |B|2
deg K <deg F—deg G deg A<deg R deg B<deg R
KOLO A=GK(mod F) B=GK (mod F)
1 RZ 1 \?
- 2 o 1 Z 1
7 |F F|2
(q2 1) |F| KeA
deg K <deg F—deg G
or
K=0
1
2 R|2 1 1 1
+ 1 (|F| - 1) 1 Z 1
g7 —INEL PGl R K1
deg K <deg F—deg G
1 1
o & W
KeM
deg K <deg F—deg G
R <|R| ) IR|2 I: ) deg F degG
(q2 —1)>\IFGl "|FjG)z Gl |F|2|G)2 G| IG|

By applying this to (18), and using (12) to (15), we see that

> (30
= X
x mod R 2

¢(R)’ 1 ( (R $(R) 1 z)
= deg R + — +2 1-— .
R T T R T R ,1,1( |p|5)

6 The Brun-Titchmarsh theorem for the divisor function in [Fg[T]

In this section we prove a specific case of the function field analogue of the generalised

Brun-Titchmarsh theorem. The generalised Brun-Titchmarsh theorem in the number

field setting was proved by Shiu [7]. It gives upper bounds for sums over short intervals

and arithmetic progressions of certain multiplicative functions. We will look at the case

where the multiplicative function is the divisor function in the function field setting.
The main results in this section are the following two theorems.

Theorem 6.1 Suppose «, B are fixed and satisfy 0 < a < % and 0 < B < % Let
X € M and y be a positive integer satisfying Bdeg X < y < deg X. Also, let A € A
and G € M satisfy (A, G) = 1 and deg G < (1 — «)y. Then, we have that

@ Springer



262 J. C. Andrade, M. Yiasemides

q” deg X
d(N) Lyp —.
> dN) Lap 2G)

NeM
deg(N—X)<y
N=A(mod G)

Intuitively, this seems to be a good upper bound. Indeed, all N in the sum are of
degree equal to deg X, and so this suggests that the average value that the divisor
function will take is deg X. Also, there are g~ ﬁ ~ qyﬁ possible values for N in
the sum.

Theorem 6.2 Suppose «, B are fixed and satisfy 0 < a < % and 0 < B < % Let
X € M and y be a positive integer satisfying Bdeg X < y < deg X. Also, let A € A
and G € M satisfy (A, G) = 1 anddeg G < (1 — «)y. Finally, leta € Fz Then, we
have that

Ydeg X
Z d(N) <o, CI(PTg)
NeA
deg(N—X)=y
(N-X)e M
N=A(mod G)

Our proofs of these two theorems are based on Shiu’s proof of the more general
theorem in the number field setting [7]. We begin by proving preliminary results that
are needed for the main part of the proofs.

The Selberg sieve gives us the following result. A proof is given in [10].

Theorem 6.3 Let S C A be a finite subset. For a prime P € A we define Sp =
SNPA={AeS: P | A}). We extend this to all square-free D € A: Sp = SNDA.
Furthermore, let © C A be a subset of prime elements. For positive integers 7 we

define Q. =[] peg P. Wealso define Sg ;. := S\ Up|g, Sp.
deg P<z )
Suppose there exists a completely multiplicative function w and a function r such

that for each D | Q, we have #Sp = %#SD +r(D) and 0 < w(D) < |D|. Also,

define  multiplicatively by W (P) = % — land y(P€) = 0fore > 2.
We then have that

#S0., 1= #(3\ Upio, sp) —#HAecS:(P|Aand P € Q) = deg P > )

#S
S amt 2 Ir(D.ED)
Z FeM 5 (F) D,EeM
deg F<z deg D,deg E<z
F|Q; D.E|Q;

Corollary 6.4 Let X € M and y be a positive integer satisfying y < deg X. Also, let
K € M and A € A satisfy (A, K) = 1. Finally, let 7 be a positive integer such that
deg K + z < y. Then,
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> = g ole)
NeM ¢(K)z
deg(N—-X)<y

N=A(mod K)

P-(N)>z

Proof Let us define
S={NeM:deg(N—X) <y, N=A(mod K)}
and
Q = {Pprime:degP <z, P{K}.

Then, we have that

#59 . = Z L,
NeM
deg(N—X)<y
N=A(mod K)
p—(N)>z

which is what we want to bound.
For D | O, with deg D < z we have that

qy

#Sp = #{N € M :deg(N — X) < y, N = A(mod K), N = 0(mod D)} = XD

This follows from the fact that K and D are coprime and that deg K + deg D <
deg K + z < y.For D | Q, with deg D > z we have that
y

#Sp =
P~ 1k D

+cp

where |cp| < 1. Therefore, we have w(D) = 1 and |r(D)| < 1 forall D | Q,. We
also have that ¥ (D) = ¢ (D) for square-free D.
We can now see that

n*(F) W(F)?
2 Y(F) 2 P(F)’

FeM FeM
deg F<z deg F<z
F|Q; (F,K)=1

and we have that

3 W)~ (B 3 w(F)?
$(F) £ $(E) ~ $(F)

FeM E|K FeM
deg F<z deg F<z

(F,K)=1

@ Springer



264 J. C. Andrade, M. Yiasemides

To this we apply Lemma 4.11 and the fact that

W(E)? [ 7 K]
Z<¢>(E)_1_[1+|P|—1_H(l_“p' ) T oK)

E|K PIK PIK

to obtain

3 WE? 9K
$(F) ~ K|

FeM
deg F<z
(F.K)=1

Also, we have that

2
> Ir([D,E])|§< > 1) < q*.

D,EeM DeM
deg D,deg E<z deg D<z
D,E|P,
The result now follows by applying Theorem 6.3. O

The proof of the following corollary is almost identical to the proof above.

Corollary 6.5 Let X € M and y be a positive integer satisfying y < deg X. Also, let
K € M and A € A satisfy (A, K) = 1. Finally, let 7 be a positive integer such that
degK +z <y, andleta € IFZ Then,

q” 2
D O<q Z).
NeA ¢(K)z
deg(N—X)=y
(N—X)eaM
N=A(mod K)
p—(N)>z

Lemma 6.6 We have that

Z 1 q q" q2
= + 0(_>

— 2 2

deg P<w deg P q 1 (w+1) w

In particular, we can find an absolute constant 0 such that

1 q"”
Z dec P =0,
deg P<w g w
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Proof By using the prime polynomial theorem, we have that

> g Li(Lro(h)) =L ho(k)

deg P<w

The proof follows by noting that

iﬂ LA W O iﬂ_ﬂ +0(£)
—~ 2 q—] — n2 n2 qg—1 (n+12 n? w3
w
3

n=1 n=1
q q" q
S L
g—1(w+1)2 w
[m}
Lemma6.7 Let0 <, B < %, let 7 > q be an integer, and let
w(z) == logq z
Then,
Z 1 < qﬁ@
NeM
deg N<z
p+(N)<w(z)
as 7 — 00, where 0 is as in Lemma 6.6. In particular, this implies that
Y <l
NeM
deg N<z
p+(N)=w(z)
(under the condition that 7 > q).
Proof Let§ > 0. We will optimise on the value of § later. We have that
doo1=g® Y INT =g ) N
NeM NeM NeM
degN=z degN=z p+(N)=w(z)
p+(N)<w(z) p+(N)<w(z)
=q¢ ] (1 +IPI+ 1P+ )
deg P<w(z)
1 1
— 8z 1 + < 8z ex ( )
o ( |P|8—1)—q Il ( PP =1
deg P<w(z) deg P<w(z)
1
< 8z ex ( )
=¢" ] P\stogiPl/ )
deg P<w(z)
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where the last two relations follow from the Taylor series for the exponential function.
Continuing,

Y 1 =exp((Slogg)z+ : > :
X — —
=P gz élogg eg P

d
NeM deg P<w(z)
deg N<z
p+(N)<w(z)

1 og»®
< 51 s
=P (( gzt Slogq w(z)2>

where the last inequality follows from Lemma 6.6. By using the definition of w(z),
we have that

qu(Z) 0z

w@? ~ (log, )%

and if we take

5= Vo
~logz’
then
Z | < exp(ﬁl(logq)z n Vo(logz)z 2) - Sy
Ne 0gz (logg)(log, z)
deg N<z
P+(N)<w(z)

Lemma 6.8 Let z and r be a positive integers satisfying r log, r < z. Then,

d(N rlogr
Z %«zzexp(— 9g )
NeM
degN=>%
p+(N)=3

Proof Let % < § < 1. We will optimise on the value of § later. We have that
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Z d(N) ~ ,6-13 Z d(N) 6=} Z d(N)
iN| =1 iNp =1 NP
NeM NeM NeM
degN>3 degN>% P+(N)=5
p+(N)<% pr(N)<%
. 2 41
< 4013 IR
=9 1_[ +|P|8+Z|p|18
deg P<Z =2
< exp( (lo )(3—1) +2 Z + > Zl+1
= exp g4 |P|15
degP_f deg P<%
(19)
where the last relation uses the Taylor series for the exponential function.
Note that
[+1 _ I+1 3 1\
Z Z |P|18 - Z |P|2(SZ |P|18 - Z |P|25<1—L>
deg P<% I=2 P prime P prime |P\5
* ) (20
—3 % ( ) — o),
P prime
where the last relation uses the fact that § > %. Also, we can write ﬁ = ﬁ +
1-§
m(1P11 = 1).
We have that

r

Z |p| Z%( +0( ))SIOgZ—IOgr-FO(l)§log(z)+0(1),

deg P<% n=1

21
and that
S (o y L@z aeery
_|P] - _|P] n!
dengi dengf n=1

>, (1-8)"((logg)2)"™! (log ¢) deg P
<> Y — o —

n! ] |P|
n=1 deg P<3

>\ (1—8)"((logg)%)" :
< (1+C)Z( ) (rf’()gq)r) =(1+c)q(1_5)7,

n=1

(22)
where the second-to-last relation follows from a similar calculation as (21).
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We substitute (20), (21), and (22) into (19) to obtain

Z d(N) < 2exp <logq(8 — 1)% +2(1+ c)q(‘”f).

N
NeM IN]
degN=>%

P+(N)<%

1
We can now take § = 1 — _ qu

that % < § < 1, as required). Then,

(by the conditions on r given in theorem, we have

d(N) rlogr 1 5 rlogr
Z W<<z p<— 2 +2(1+c)r4><<z exp| — 9 .

O

Proof of Theorem 6.1 We will need to break the sum into four parts. First, we define
7 := {5y. Now, for any N in the summation range, we can write

N =P .. PP P (23)
where deg P; < deg P, < --- <deg P, and j > 0 is chosen such that
deg (P11 P} <z < deg (P .. P Pyyy 1),
For convenience, we write

By = P ... Pjej,
Dy = Pj_;,_lejH AL

We will consider the following cases:

L. p—(Dy) > 32;

2. p_(Dy) < %z and deg By < %z;

3. p—(Dy) < w(z) and deg By > %z;

4. w(z) < p—(Dy) < %z and deg By > %z;

where

1 ifz<gq

w(z) ;=
@ log,(z) ifz>gq.
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Case 1: We have that

> dNy= > d(Bwn)d(Dy)

NeM NeM
deg(N—X)<y deg(N—X)<y
N=A(mod G) N=A(mod G)
p—(DN)> 32 p-(DN)>}2z

Y. 4 > d(D),
BeM

DeM
deg B<z deg(D—Xp)<y—deg B
(B,G)=1 D=Ag(mod G)
p—(D)>32

IA

where X p is a monic polynomial of degree deg X —deg B such that deg (X —BX B) <
y, and Ap is a polynomial satisfying Ap B = A(mod G).
We note that

2(D) =

and so d(D) < 2%70 . Hence,

Y. AN <L Y, d(B) > L.

NeM BeM DeM
deg(N—X)<y deg B<z deg(D—Xp)<y—deg B
N=A(mod G) (B,G)=1 D=Ag(mod G)
p—(Dy)>3z p—(D)>1z

We can now apply Corollary 6.4 to obtain

> aw P > 1B 4 > dB)

NeM ¢(G)z BeM |B] BeM
deg(N—X)<y deg B<z deg B<z
N=A(mod G) (B,G)=1 (B,G)=1
p-(Dy)>32

2q” d(B
5( © ”k) >
¢ < BeM |B]
deg B<z
(B,G)=1
2qY Yz Ydeg X
5( 1 +6121)z2 « L= T|E g
$(G)z #(G) #(G)

where the second-to-last relation uses the fact that deg G < (1 — &)y and z = 5.

Case 2: Suppose N satisfies case 2. Then, the associated P; (from (23)) satisfies
Pj 19+ | N,deg Pj41 < %z, and deg Pj4 1%+ > %z. For a general prime P with
deg P < %z we denote ep > 2 to be the smallest integer such that deg P¢? > %z. We
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will need to note for later that

1 1 1
< A < g i
Z |p|eP - 4 Z |P|2 4q
deng%z deng%z %z<degP§%z

Let us also note that for N with deg N < deg X we have that

d(N) La,p |N|80 < |X|8() <gq %Y = qéz'

So,
Yoooawm = Y Z d(N) €ap 45 Y Z 1
NeM degP z degP Z
deg(N—X)<y _2 deg(N X)<) _2 deg(N X)<y
N=A(mod G) P.G)=l N= A(mod G) P.6=l N A(mod G)
p-(DN)<3z N=0(mod PP) N=0(mod P°P)
deg By<iz

1 1
< g38% Y o(l
<q% ) (q |GPeP|+ ())

degPs%z
(P,.G)=1

1 1 5
<gq —qsz + 0 qu
|G| Zl | Per| ( )
dengjz

1 1 1
< q'—q “$7 40 qSZ L q¥—q 3%,
|G| (@%) |G|
(25)

where the last relation follows from the fact that z = {5y and deg G < (1 — a)y.

Case 3: Suppose N satisfies case 3. For the case where z < g we have that w(z) = 1,
meaning that the only possible value N could take is 1. At most this contributes O (1).

So, suppose thatz > ¢, and so w(z) = log, z. Case 3 tells us that %z <degBy <z
and

p+(By) = p—(Dn) < w(z).

Hence,
1 1

D AN <ap g¥ ) 1=q¥ )] Z !

NeM NeM BeM
deg(N—X)<y deg(N—X)<y —z<degB<zdeg(N X)<y
N=A(mod G) N=A(mod G) (B,G)=1 N=A(mod G)
e,(DN)<w(z) e,(DN)<w(z) p+(B)<w(z)N =0(mod B)
§z<dchN§z §z<degBN§z
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1, q” 9> 3, 9,
=i T (idmron)= (gt X 1)l

BeM BeM
%z<deg B=<z %z<deg B=<z
p+(B)<w(z) p+(B)<w(z)
< <qy 31in> +0(¢¥) « Lg ¥ (26)
IGI |G|

as z —> 00, where the second-to-last relation follows from Lemma 6.7, and the last
relation uses the fact thatdegG < (1 —«)y and z = f‘—oy.

Case 4: The case z < 1 is trivial, and so we proceed under the assumption that z > 1.
We have that

> dNy= Y d(B) > d(Dy). (27)

NeM BeM NeM
deg(N—X)<y %z<degB§z deg(N—X)<y
N=A(mod G)1 (B,G)=1 N=A(mod G)I

w(Z)<p-(Dn)=<5z w(@)<p-(Dn)=<52z
By=B

1
>z<deg By <z
2 p_(DN)=p+ (By)

We now divide p_ (D) into the blocks le < p-(Dy) < %z forr =2,3,...,r

where
r o= L%J

For Dy satisfying 1Z < p—(Dy) < z we have that

deg X deg X IO(r + 1) 20r

—(DN) gz = ap 05,3

2(Dy) <

and so

20r
d(Dy) <2 =d’,

20
where a = 29B.
So, continuing from (27),

> dN)<> d" > d(B) > 1

NeM BeM NeM
deg(N—X)<y Lz<deg B<z deg(N=X)<y
N=A(mod G) (B,G)=1 N=A(mod G)

w(Z)SP—(DN)S%Z p+(3)5%z N=0(mod B)

1 1
deg By> 1}z re<pP-(DN)=;z
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=

=D D d®) > 1, (28)
r=2 BeM DeM
yz<deg B=z deg(N—Xp)<y—deg B
(B,G)=1 NEAB(mO(liG)
p+(B)<}z p—(D)> 472

where X p is a monic polynomial of degree deg X —deg B such thatdeg X —BXp < v,
and Ap is a polynomial satisfying Ap B = A(mod G).
Corollary 6.4 tells us that

g’ r+1 2 g’ r+1
) i M LAV S G
5 ¢(G)|B| z ¢(G)|B| z
deg(N—Xp)<y—deg B
N=Ag(mod G)
p—(D)= 7z

where the last relation follows from the fact that deg B < z, z = l‘x—oy, and deg G <
(1 — «@)y. Hence, continuing from (28):

70 1 , d(B)
d(N) € ——— 1 —.
Y. AN« ¢(G)Z;(r+ aoyo B

NeM BeM
deg(N-X)<y %z<deg B<z
U<p,(DN)§jZ P+(B)§%Z
deg BN>%Z

Finally, we wish to apply Lemma 6.8. This requires that r log, r < z. Now, when
1 < z < g we have that w(z) = 1 and r; = z. Hence, rlogqr < zlogqq = z.

When z > g we have that w(z) = log,z and r| = Lﬁj Hence, rlog, r <
@(logq z —log, log, z) <z, since z > ¢. Hence,

Y& rlogr
Z d(N) < ?G)ZZ(r+l)a’exp<— 9g )
NeM ¢ r=2
deg(N—X)<y
N=A(mod G)
v<p_(Dy)<}z
degBN>%z
y y
1 KL 1

AT RNTE)

deg X. 29)

The proof now follows from (24), (25), (26), and (29). O
Proof of Theorem 6.2 The proof of this theorem is almost identical to the proof of

Theorem 6.1. Where we applied Corollary 6.4, we should instead apply Corollary 6.5.
Also, the calculations
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y y
Yoooui=—L Lo and Y=L 1o
NeM G Per| NeM G B
s s o
= mo = mo
N=0(mod P°P) N=0(mod B)
should be replaced by
q’ q’
1= + O(1) and 1=——+4+0(),
% |G Per| g |G B|
—_X)e —X)ea
NEA(motcl:l G) N=A(mod G)
N=0(mod P°P) N=0(mod B)
respectively. O

7 Further preliminary results

Lemma 7.1 Let ¢ be a positive real number, and let k > 2 be an integer. Then,

c+iooysd _ 0 ifO§y<1
. S_k s = 2mi (10 k—1 : > 1 .
c—ioo =11 gy) ify >
Proof See [5, 4.1.6, p. 282] O

Lemma7.2 Forall R € Aandall s € C withRe(s) > —1 we define

1— |P|—s—l
fr(s) == 1_[ W

PIR
Then, forall R € Aand j = 1,2, 3, 4 we have that

1—|P|!

() J
0 log, 1 R | | _—
R ( ) < ( qu qu| |) 1+ |P|71

P|R

Remark 7.3 We must mention that, in the lemma and the proof, the implied constants
may depend on j, for example; but because there are only finitely many cases of j
that we are interested in, we can take the implied constants to be independent.

Proof First, we note that
fr(s) = gr(s) fr(s), (30)

where

. 1 l
gr(s) := 2210g|P| P+ 1 + |P|25+2 — 1)
PIR
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We note further that

1) = (886 + 8- () fr ().
76 = (6D +3gR)ZR(E) + 87 O)) fr(5),

7/() = (8RS +630(5) gk () + 4gR()SR () + 38R () + 8H()) fr(s).

3D
Forall R € Aand k = 0, 1, 2, 3 it is not difficult to deduce that
k+1
k) OgIPl)
0 32
x 0 < Z Pl=i (32)

. k1 . - .
The function % is decreasing at large enough x, and the limit as x —> oo is 0.

Therefore, there exist an independent constant ¢ > 1 such that for k = 0, 1, 2, 3 and
all A, B € Awithdeg A < deg B we have that

(log|A|)k+1 . (longl)k+l
lAl—=1 = [B|—-1

Hence, taking n = w(R), we see that

k+1 kL mytl my+1
(log|PI) (log| P|) - gl it S
2 Pl —1 2 Pl —1 <<27qr T
P|R P|R r=1 n=1
k+ k1
<(my + DM < (log, log, | Ra|) " < (log, log, IRI)*"
(33)
where we have used the prime polynomial theorem and Lemma 4.4.
So, by (30)—(33) and the fact that
RO g il
R = ——l’
PIR 1+ |P|
we deduce that
—1
(/) i1 l=12
f&’(0) < (log, log,|R|) HW'
PIR
O
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Lemma7.4 Let R € A, and define zg' := deg R — log, 99R) We have that

20 A=g O (rp1=1P"!
> (zr' —deg N)* = (]_[ ])(deg R)*
IV 12 pig LT 1P
deg N<zp'
(N,R)=1
+ 0 Hﬂ ((degR)3a)(R)+(degR)3logdegR) .
g LHIPIT

Proof Step 1: Let us define the function F for Res > 1 by

2a)(N)

F(s) = .
(5) NP

NeM
(N,R)=1

We can see that

2 2 2 2
ro= T1 (4 + ) = 1 (7= 1)

P prime P prime

PIR PR

I1 (1 + IPI_‘Y> I1 (1 - IPI_‘> _ tAGs)? I (1 - IPI_‘Y>
poime VL 1P e \LH P17 ) ca@s) g N1+ 1P

Now, let ¢ be a positive real number, and define yg := ¢*® '. On the one hand, we
have that

1 c+ioo s 1 Zw(N) c+ioo K
- Fl4s)hds=— Y / YR
Tl Je—ioo 53 Tl INI Je—ico INI's3
(N,R)=1
2@ (N) 2 2w(N)

= 2 Ty le(y) =teea? 3 SR - deN)

NeM NeM

deg N<zp' deg N<zp'

(N.R)=1 (N,R)=1

(34)

where the second equality follows from Lemma 7.1.
On the other hand, for all positive integers n define the following curves:

2n+ Dmi 2n + l)m']
- c

li(n) = [c )
logg logg
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r 2n+ Dmi 1 2n + mi
b = [e 4 BEDTL 2 Bt D]

L log g 4 log g

r 2n+ Dmi 1 2n 4+ Dmi
oy = [ = L @t mi 1 @nt b

L logg 4 logg

1
4
1 @n+ Dmi @2n+ Dmi
Ly = | =7 = o= ]

0gq logg
L(n) :=1(n) Uly(n) Ulz(n) Uls(n).

Then, we have that

1 c+ioco s
—,/ F(1+ )25 ds
Tl Je—ioo s

S

1 s §
=~ lim (f F(1+s)yi3ds—/ F(1 4922 ds
L =00 X JL(n) s L(n) s

N N
—/ F(l—i—s)yR3 ds—/ F(l—i—s)yL;ds). (35)
I3(n) s la(n) $

Step 2: For the first integral in (35) we note that F (1 4 s) t—’gy has a fifth-order pole at

s = 0 and double poles at s = % form = +1,£2, ..., £n. By applying Cauchy’s

residue theorem we see that

1 S
lim — [ F(+525ds
S

n—o00 1] L(n)

yRS yRS
=2Resg—o F(s + D=3 +2 ) Res_guns F(1+5)=5 (36)

mez
m=£0

Step 2.1: For the first residue term we have that

yRS
Ress—o F(s + 1) 3
s

4

Lim & (e + 02— I1 LIPI 37)
= — 11mm — N N .
2 g (4 Ca@s+2) i \TH[P[T R

If we apply the product rule for differentiation, then one of the terms will be

Ly 6+ 05— ] L= PN 4
— 11m —_— ;
a8l D o 1+ (P 1 ) ds* R

P|R

(1 — g Hlogg)? L—|PI7hy

- 24 1_[<1+|1r>|1>(””4
P|R
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(1 —g " logg)? 1—|p|7!
= 24 [1 <1+|P|—1)(degm4
P|R

|P|~!

+ 0<logq l_[ (W) (deg R)%)(R)).

P|R

Now we look at the remaining terms that arise from the product rule. By using the
factthat {4 (1+s) = T and the Taylor series for ¢ —°, we have fork = 0, 1,2, 3, 4
that

1 dk
lim ——M—— s =0( 38
ey (log g)*—1 dskg(s_i_ s 0, 8
Similarly,
. o d —1-2s
lim gt Cs 27! = lim (1 =) = 00, 7

By (38), (39), and Lemma 7.2, we see that the remaining terms are of order
(ogq)* [ ] Ll L (deg R)® log deg R.
pir NPT !

Hence,

_ 41 2 _ _
ZReSsoF(s—i—l) _ (=g~ H(logq) (1—[1 1P|

4
12 1+|P|—1>(degR)

PIR

_ -1
+0((log q)2<l—[ %) ((deg R »(R) + (deg R)? log deg R)). (40)
P|R

Step 2.2: Now we look at the remaining residue terms in (36). By similar (but simpler)
means as above we can show that

R P+ 928 — o L ogg)? L=IPITY oo

P|R
and so
> Res _ i F(1+s) = 0 (logq)? ]‘[Lﬂ_l deg R 1)
)?IJTI q 1+|P|—1 .
mez P|R
m#Q
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Step 2.3: By (36), (40) and (41), we see that

1 ' (=g Hlogg)* (1P 4
1 — FQ —ds = deg R
Jm [P n LT e
+ 0| (log¢)? 1_[ ﬂ ((deg R)}w(R) + (deg R)* log deg R) .
PIR 1+ |P|1

(42)

Step 3: We now look at the integrals over />(n) and l4(n). There exists an absolute
constant « such that for all positive integers n and all s € l>(n), l4(n) we have that
F(s 4+ 1)yr* < k|R|*t!. One can now easily deduce for i = 2, 4 that

. 1 yRY
lim |— F(1+ s)—3ds =0. 43)
li (n) s

n—oo | 1

Step 4: We now look at the integral over /3(n). For all positive integers n and all
s € I3(n) we have that

cals+ 1%

=0
ta2s +2) o

and

We can now easily deduce that

. 1 YR®
lim |[— [ Fa+92% a5 = o). (44)
I3(n) $°

n—oo | 7T

Step 5: By (34), (35), (42), (43) and (44), we deduce that

20 A—g¢H(rrl-1P"
—degN)? = deg R)*
N§4 @R = deg ) B (¥1+|P|_1)<eg )
deg N<zp'
(N,R)=1

@ Springer



The fourth power mean of Dirichlet L-functions in Fg[T] 279

_p—1
+ 0 (( 1_[ &> ((deg R w(R) + (deg R)? log deg R))
PIR

1+ P!
O
Lemma 7.5 We have that
20WN) -1 3g+1
S =q2 24 q2+ x+1=02).
e IV q q
deg N<x
Proof For s > 1 we define
2w(N)
F(s) = Z IN[H
NeM
We can see that
2 2 2
F(s) = 1_[ <1 + |P|s+1 + |p|2(s+]) + |p|3(s+1) +>
P prime
2
: 11— ——
P prime |P|s+1
1
_ l—[ - PRGTD C(s + 1)? _ (iq—ns>2<1 _q—1—2s)
N 2 r@2s+2) '
P prime (1 — |P|1°'+1) é‘( s +2) n=0
By comparing the coefficients of powers of ¢ —*, we see that
20(N) al 1/« —1 3g +1
)3 =<Zn+1)__(zn_1>=q2 el
NeM IN] n=0 4 n=2 4 q
deg N<x
O
Lemma7.6 Let R € M. We have that
20N < 1 2 1— P! 2
Z < l—[—l)(degR) x(l_[—])(degR) :
N |N| P|R1+2|P| P|R1+|P|
deg N<deg R
(N,R)=1
Proof We have that
2 (N) ro(E) ro(N) 5
< < (degR)".
( 2 |N|><Z |E|)— 2 Ty < (deeR)
NeM E|R NeM
deg N<deg R deg N<2deg R
(N.R)=1

@ Springer



280 J. C. Andrade, M. Yiasemides

where the last relations follows from Lemma 7.5. We also note that

zw(E) )22(0(E)

n(E
|E| =2 El

E|R

2
H1+m.

E|R PIR

This proves the first relation in the lemma. The second relation follows from
Lemma 4.9. o

Lemma?7.7 Let F, K € M, x >0, and a € Fy. Suppose also that %x <degKF <
%x. Then,

x.,2 1 @
Z d(N)dA(KF +aN) < q*x KF| Z |H|

dee NI e k HK
cg N=x—deg x—degKF
(N,F)=1 degH<———
Proof We have that,
> d(N)d(KF +aN)
NeM
deg N=x—deg K F
(N.F)=1
<2 ) Y d(KF+aN)
dee NS e K o,
x—deg KF
V)=t de G
< ) Y d(KF+aN)
CeMokr qean ek
degGS)‘* g eg N=x—deg
(G, F)=1 GIN
- Y Y Y dwreaw
e CMokr aean¥Makr
degH<X deg KF degG<x cg g X —deg
: G F)=1 GIN
(G.K)=H
= Z Z Z d(HK'F +aHN')
H|K GeM N'eM
deg H <*=de Kl dengF deg G<*=92KF deg N'=x—deg KF—deg H
(G, F)=1 G'IN'
(G.K)=H

where N’, G, K’ are defined by HN' = N, HG' = G, HK' = K. Continuing, we
have that
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> d(N)d(KF +aN)

NeM
deg N<x—deg KF
(N,F)=1
< oo dH) D > d(K'F +aN')
H|K GeM N'eM
degHg% degGg% deg N'=x—deg K F—deg H
(G,F)=1 G'|N’
(G,K)=H
< ) du ) > d()
H|K GeM ) MeM
degHg"_defg” degGS% deg(M—K F):)/c—degKF—degH
(G,F)=1 (M—K'F)eaM
(G,K)=H M=K'F(mod G’)
! d(H) 1
S IED DRy D DI
IKF] HI|K |H] GeM ¢(G)
deng% degGgmfg“
(G,F)=1
(G,K)=H
1 d(H)
2
L g xT—— S
KA 2
deg H<*0gKF

The third relation holds by Theorem 6.2 with § = % ando = % (one may wish to note
that (K'F, G') = 1 and that the other conditions of the theorem are satisfied because
%x <degKF < %x). The last relation follows from Lemma 4.10. O

Lemma7.8 Let F, K € M and x > 0 satisfy deg K F < x. Then,

d(H
> dWN)AKF+N)<q*'x> Y %
NeM H|K | |
deg N=x deg H<%5
(N,F)=1

Proof The proof is similar to the proof of Lemma 7.7. We have that

Y. dN)d(KF+N)<2 Y Y d(KF+N)

NeM NeM G|N
deg N=x deg N=x deg G<%
(N,F)=1 (N,F)=1 -
< > ) d(KF+N)
GeM NeM
deg G<3 deg N=x
(G,F)=1 GIN

— Z Z Z d(KF + N)

H|K GeM NeM

deg H<% degG=3 degN=x
(G,F)=1 GIN
(G.K)=H
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= > > > d(HK'F + HN'),

282

H|K GeM N'eM
deg H<% deg G<3 degN'=x—deg H
(G.F)=1 G'|N'
(G, K)=H

where N’, G’, K’ are defined by HN' = N, HG' = G, HK' = K. Continuing, we

have that

> dWN)d(KF+N)< Y d(H) Y > dK'F+N)
NeM H|K GeM N'eM
deg N=x deg H<3 deg G<% deg N'=x—deg H
(N,F)=1 (G,F)=1 G'|N’
(G,K)=H
Y am Yy Y o
H|K GeM MeM
degH<3 deg G5 deg(M—X)<x—deg H
(G.F)=1 M=K'F(mod G’
(G,K)=H

where we define X := T*~9€# We can now apply Theorem 6.1 to obtain that

1
S dNAKF +N) <q'x Y % > oo

NeM H|K GeM
deg N=x deg H<% deg G<75
(N, F)=1 (G, F)=1

(G,K)=H
d(H)
< Y A
H|K |H|
deg H<%

m}

Lemma7.9 Let F € M and z1, 7o be non-negative integers. Then, for all € > 0 we

have that
1+4€

< i(a7a) if 21 +22 < pdeg F

A,B,C,DeM < ¢(1F)quqZ2(Zl +22)° ifzi +z2 > % deg F.
deg AB=z;
degCD=z>

(ABCD,F)=1

AC=BD(mod F)

AC#BD

Proof We can split the sum into the cases deg AC > deg BD, deg AC < deg BD, and
deg AC = deg BD with AC # BD. The first two cases are identical by symmetry.
When deg AC > deg BD, we have that AC = KF + BD where K € M and

deg K F > deg BD. Furthermore,
2deg KF =2deg AC > deg AC +deg BD =deg AB +degCD = z1 + 22,

@ Springer



The fourth power mean of Dirichlet L-functions in Fg[T] 283

from which we deduce that Zlgzz <degKF <z1+ z2;and

deg KF +deg BD = deg AC +deg BD = z1 + 22,

from which we deduce thatdeg BD = z; +zo —deg K F.

When deg AC = deg BD, we must have that deg AC = deg BD = % (in
particular, this case applies only when z; + z» is even). Also, we can write AC =
KF + BD, where deg K F < deg BD = %522 and K need not be monic.

So, writing N = B D, we have that

Z 1<2 Z Z d(N)d(KF + N)

A,B,C,DeM KeM NeM
deg AB=z, 1+<2<degKF<zl+szegN ZH'ZZ deg KF
deg CD=z> (N,F)=1
(ABCD,F)=1
AC=BD(mod F)
AC£BD
+ ) > d(N)d(KF + N) (45)
KeA N Ne/\”/(+"
deg K F <552 deg N="12

(N,F)=1

Step 1: Let us consider the case when z; + z2 < % deg F. By using well known
bounds on the divisor function, we have that

Z > d(N)d(KF + N)
KeM NeM
deg N= 21+22 degKF
(N,F)=1
<. (21 zz) Z Z 1
KeM

NeM
41+z2 <deg K F<z1+2> deg N (Zl+FZ)2 1degKF

1+5 1
< (qquz) Z XF]
KeM
<deg K F<z1+z2

< (qZIqZZ) |F| e (q11q22> m

21tz +~2

As for the sum

> > d(N)d(KF +N),
KeA NeM
deg K F <132 deg N=T1122
(N.F)=1

we note that it does not apply to this case where z; +z2 < % deg F becausedeg K F >
deg F > % 4%2 which does not overlap with range deg K F < 232 in the sum.
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Hence,

I+e 1
Z 1 <e (qzlqzz) ?
A,B,C,DeM ¥l
deg AB=z)
degCD=z2>
(ABCD,F)=1
AC=BD(mod F)
AC#BD

Step 2: We now consider the case when z1 + z2 > % deg F.

Step 2.1: We consider the subcase where % <degKF < W. This allows us
to apply Lemma 7.7 for the first relation below.

> > d(N)d(KF + N)
KeM NeM
zﬁzrzz <degKF§3(Z':zz) degN:é\l]:sz)zz—ldegKF
1 1 d(H)
< qq2 (@ + )7 — > — > —
7 KeM K] HIK |H
—ZIJ{Q <deg KFSLZIIZZ) deg Hfizlﬂz_zdchF
1 1 d(H
<@t — Y. — 4D
Fl &, 1K & TH]
deg K <z1+z2
1 d(H) 1
SCC@ERE 2 T L g
HeM KeA
deg H<z1+z2 deg K<z1+22
HIK
1 d(H
<@t — Y ( 2)
Fl & 1H]
deg H<z1+z2
1
< q1q™ (a1 + )
|F|

Step 2.2: Now we consider the subcase where W <degKF < z1+272. We have
that

) > d(NYA(KF + N)
3 KeM NeM
% <deg KF<z1+2 deg N=(Z/\1/:F]§)2=—]cleg KF
- Z Z d(N)d(KF + N)
NeM KeM
deg N <272 deg KF=z)+zp—degN
(N,F)=1
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< > dW) > d(M)

NeM MeM
deg N< # deg(M—X(n))<z1+z2—deg N
(N,F)=1 M=N (mod F)

where we define X () = T21+z22—deg N
We can now apply Theorem 6.1. One may wish to note that

3 319
y=2z1+z2—degN > Z(Zl-l-zz)Z ZmdegF
and so
deg F < 20 (1—a)
e —y=(1-—
gl =55y o)y

where 0 < o < % as required. Hence, we have that

> > d(N)d(KF + N)
KeM NeM
M <deg K F<z1+z 98 N=(§\1]:i-;)2:—lcleg KF
1 d(N
Lqq? (1 + 2) 5 > ﬁ
NeM
degNS#
(N,F)=1
. 1 1)\?
SCI'IQ'Z(zH—zz)d)(F) Z vl
NeM
deg N<z1+z2
1
<L q9q%2 @+ 22—
(F)
Step 2.3: We now look at the sum
> > d(N)d(KF +N).
KeA NeM
degKF<¥ degN:Zl_;Z2
(N,F)=1
By Lemma 7.8 we have that
> > d(N)d(KF + N)
KeA NeM
degKF<‘/‘l_§z2 degN:—zl';22
(N.F)=1
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24z d(H
<q T (@ +2) Z Z S

H
KeA  HIK H
degKF<$

_ 1 1 d(H)
< gt g + )t — Z — ) —
FI = TKI & 1]

degKF<¥

1
<q¥ (7 + Zz)3m,

where the last relation uses a similar calculation as that in Step 2.1.
Step 2.4: We apply steps 2.1, 2.2, and 2.3 to (45) and we see that

> 1 € q%q% @1 +22)°

A,B,C,DeM ¢(F)
deg AB=z;
degCD=z;
(ABCD,F)=1
AC=BD(mod F)
AC#BD

forzl—i-zzz%degF. O

In fact, we can prove the following, more general Lemma.

Lemma7.10 Let F € M, z1, z2 be non-negative integers, and let a € IFZ. Then, for
all € > 0 we have that

<. L (g% e ifzi+20 < Bdeg F
1 €|F‘qq 1 2 = 1p9eg

A,B,C,DeM < ¢(1F)quqzz(Zl + 12)3 ifz1+ 20 > % deg F,
ngAB:zl
degCD=z>
(ABCD,F)=1
AC=aBD(mod F)
AC#BD

Proof The case where a = 1 is just Lemma 7.9. The proof of the case where a # 1
is very similar to the proof of Lemma 7.9. In fact it is easier, because the the case
where deg AC = deg B D cannot exist: We would require that AC and B D are both

monic, but also require that at least one of AC and B D have leading coefficient equal
toa # 1. O

Proposition 7.11 Let R € M and define zg := deg R —log, 2°®). Also, let a € F.
Then,

1 3
> w(EY(F) > ———— < |R|(degR)’.
EF=R A.B.C.Dem |ABCD|2
deg AB<zp
degCD<zp
(ABCD,R)=1
AC=aBD(mod F)
AC#BD
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Proof We apply Lemma 7.10 with € = % to deduce that

1
T
A.B.C.Dem |ABCDI|2
deg AB<zg
degCD<zp
(ABCD,R)=1
AC=aBD(mod F)
AC#BD
1 oz Lte 1 g 3
<z X () ) R )
|F| 21,22=ZR ¢(F) 21,22=ZR
zl+zz<%degF %degF<z1+zz<2dch
1 q 2 1 1 3
(degR) > > g7 <<17+f61”(degR)’-
|l ¢<F> si=2r 1<k Flo=2  IF]

So,

DN G T D ——

EF=R A.B.C.Dem |ABCD|2
deg AB<zp
degCD<zp
(ABCD,R)=1
AC=BD(mod F)
AC#BD

< g (degR) Y B+ Y In <E>|—)
EF=R EF=R
<« ¢ (deg R)*2°® 1 |R| < |R|(degR)’,

where the second-to-last relation uses the following.

p (E>|I "1( L. D ()G (F)

EF=R EF=R
1 1
=e® 3 Iut >|(11_71[5 |P|><£‘[E |p|_1>
P2|R PR
! ! IR|
K E 1 = ¢(R)——— = |R].
< ¢( )E;Rm( >|1];£|P|_ = ¢(R )ﬂ oy =R s = IR

8 The fourth moment

We now proceed to prove Theorem 2.6. In the proof we implicitly state that some
terms are of lower order than the main term and that is easy to check. We do not give
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the justification explicitly, although all the results one needs for a rigorous justification
are given in Sect. 4.

Proof of Theorem 2.6 Let x be a Dirichlet character of modulus R. By Lemmas 3.10
and 3.11, we have that

‘LG’X)F:Z Z M+C(x)=2a(x)+2b(x)+6(x),

1
A,BeM |AB|?
deg AB<deg R

where

zg :=deg R —log, (20D,

A)x(B

aly) = Z x( )X(] )7

ABem  |AB|?

deg AB<zp

A)x (B
b(x) := Z x( )X(l ),
A.BeM |AB|>
zr<deg AB<deg R

and c() is defined as in (10). Then,
NG| = X (2ato +2600 +et0)

x mod R x mod R

We will show that Z; mod rla( x)|? has an asymptotic main term of higher order
than Z; mod IPCOI? and Z; mod rlGO)|?. From this and the Cauchy-Schwarz

inequality, we deduce that Zj‘( mod rla( x)|? gives the leading term in the asymptotic
formula.
Step 1: We have that

S aGoP=Y" Y XAOXBED)

1

x mod R xmodR A,B,C,DeM |ABCD|2
deg AB<zp
degCD<zp

- Y — Ly moxmD

A,B,C,DeM |ABCD]| j)( mod R
deg AB<zp
degCD=<zp

1
= Y —— Y B,
A.B.CpeM |ABCD|2 ppZp
deg AB<zp F|(AC—-BD)
degCD=zp
(ABCD,R)=1
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where the last equality follows from Lemma 3.7. Continuing,

Sl = Y wmer Y ——

1
x mod R EF=R A,B,C.pem |ABCD|2
deg AB<zp
degCD<zp
(ABCD,R)=1
FI(AC—BD)

1

= Y wEWFE) Y

1
EF=R A,B,C.Dem |ABCD|2
deg AB<zp
degCD<zp
(ABCD,R)=1
FI(AC-BD)
AC=BD

+ Y WE}FE) Y S —

1
EF=R A.B.C.pem |ABCD|2
deg AB<zp
degCD<zp
(ABCD,R)=1
FI(AC-BD)
AC#BD

=( > M(E)¢>(F)>< > ;)

1
EF=R A.B,C.pem |[ABCD|2
deg AB<zp
degCD<zp
(ABCD,R)=1
AC=BD

1
+ ) wEFE) Yy, ——. (46)
EF=R A.B.C.DeM |[ABCDI2
deg AB<zp
degCD<zp
(ABCD,R)=1
F|(AC—BD)
AC#BD

Step 1.1: We will look at the first term on the far-RHS. Since AC = B D, we can write
A=GU,B=GV,C=HV,D = HU, where G, H, U,V are monic and U, V
are coprime. Let us write N = UV, and note that there are 2°™) ways of writing
N = UV with U, V being coprime. Then,

1 1 rNN)( 1 )2
BRI oL it (D D
4 B.Cpem |ABCD|Z G piyen IGHUVI Nem NI GeM Gl
deg AB<zp U, v)=1 deg N<zpg dengM
deg CD=zp deg G>UV <zp W, R)=1 (G.R)=1
(4BCD.R)=1 deg HXUV <z
= (GHUV,R)=1
20(N) 1\? 20(N) 1)*
= Z IN| Z ﬁ + Z IN| Z ﬁ ’
NemM GeM NemMm GeM
deg N<zp' degGszkfgegN zr'<deg N<zg degngR’gegN
W, Ry=1 (G, R)=1 W, Ry=1 (G, R)=1

(47)

@ Springer



290 J. C. Andrade, M. Yiasemides

where 7z’ := deg R — log, 9*®.
Let us look at the first term on the far-RHS of (47). We apply Lemma 4.12. When

— w(R
X = m and deg N < zg/, we have that 2 ;x)" = O(1). Hence
ORI )
NeM IN| GeM G
deg N<zp' deggfw
. R)=1 (G,R)=1

?(R)\? 20N i
_ <_> Z <ZR —deg N + O(Ing(R)))
NeM

2|R| IN|
deg N<zg’
(N.R)=1
D(RI\2 2 (N)
— (L) Z <(ZR/ — deg N)2 + O(deg Rloga)(R))>
2|R| vew IV
deg N<zp’
(N.R)=1
3
1—¢7! (1—1P7Yy 4
_ - U7 VdegR
48 l—[ ( TR A
P prime
PIR
3
(1-1P17") 3 3
+0<< ]‘[ W)((degm o(R) + (deg R) 1ogdegR)>, 48)
P prime
PIR

where the last equality follows from Lemmas 7.4 and 7.6.
Now we look at the second term on the far-RHS of (47). Because zg' < deg N < zg,

we have that deg G < log, (%)w(m. Using this and Lemma 4.12, we have that

1 1 R
> Gl = > G < %a)(R).
Ge/\/ld v Ge/\(/( (R))
deg G< R8T deg G<log, (3"
G.p=1 (G,IIQ):\/IE

Also, by similar means as in Lemma 7.5, we can see that

2@ (N) 2@ (N)
Z N < Z N K w(R)deg R.
NeM NeM
7R’ <deg N<zp zr'<deg N<zR
(N,R)=1
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Hence,
2w(N)
) |N|( ) |G|) <<(‘ﬁ;|>) (@(R) deg k. (49)
NeM GeM
7g'<deg N<zg degGgw
(N.R)=1 (G, R)=1

By (47), (48) and (49), we have that

(Zu(E)as(F))( ) ;)

EF=R A.B,C.pem |[ABCD|2
deg AB<zp
deg CD=<zp
(ABCD,R)=1
AC=BD

1
¢ ® [] ( 1+|P'| 1) )(degR)“

P prime
P|R

1— (P~
(0] <¢* (R)( 1_[ (1—|-||—P||1)) ((deg R)3cu(R) + (deg R)3 logdeg R))

P prime
PR

Step 1.2: For the second term on the far-RHS of (46) we simply apply Proposition 7.11.
From this, Step 1.1, and (46), we deduce that

> T latoP

x mod R

P prime

( PI7)’ )(degR)“
1+ P!
PIR

1— P71y

+0 <¢* (R)( 1_[ %) ((deg R’ »(R) + (deg R)? log deg R))

P prime
PIR

Step 2: We will now look at Z* iR |b(x)|?. We have that
X Mo

STl < Y booP=¢® Y ——

xmod R x mod R A.B.C.Dem |ABCD|2
zr<deg AB<deg R
zr<deg CD<degR
(ABCD,R)=1
AC=BD(mod R)
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1
=R Y, ———H¢B® Y —
a.B.c.pem |ABCDI|> A.B.C.Dem |ABCDI?
zr<deg AB<deg R zr<deg AB<deg R
zr<deg CD<deg R zr<deg CD<deg R
(ABCD,R)=1 (ABCD,R)=1
AC=BD AC=BD(mod R)
AC#BD
(50)

Step 2.1: Looking at the first term on the far-RHS, we apply the same technique as in
(47) to obtain

#(R) Z ;

1
AB.CcpeM |ABCD|2

zr<deg AB<deg R
zgr<degCD<deg R
(ABCD,R)=1
AC=BD
2@ (N) 1\2
= 6(R) ( .
; IN| GZ G
deg N <deg R zg—deg N <deg G< deg R—deg N
(N,R)=1 2 (G.R)=1 2
2w (N) 1\2
0> Tl 2w
NeM GeM
deg N<zp L—gegN <deg G<w
(N,R)=1 (G.R)=1
2w(N) 1\2
+o(R — 51
w X w2 ) o
zg'<deg N <deg R degG<w
W, R)=1 (G, R)=1

where zg" := deg R — log, 9o(R),
‘We look at the first term on the far-RHS:

o) L \2
R -
0w A Py o)

NeM
deg N<zp' M<degG<M
(N.R)=1 Y GR=l
g (N) 1 1\?
LI MIES (D VR R D
NeM GeM GeM
deg N<zp’ degG<w degGSw
(N.R)=1 (G,R)=1 (G.R)=1
20N (4 (R) ’
<o®) Y 2R o (R) + log o (R)
oy [N [R|
deg N<zp'
(N.R)=1
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R\ 20)
<<|R|<M> (0@®)” >

IR] = NI
deg N<zg”
(N,R)=1
3 -1
¢(R)> 2< 1 —|P| ) 2
L |R|l —— ) (@w(R ——— |)(degR)",
| |<|R| (@(R) ﬂ1+|m—1 (deg R)
IR
where for the second relation we applied Lemma 4.12 twice. For the use of this
lemma one may wish to note that, because deg N < zg’, we have that w >
w > log, (%)w(R)’ and so when x = w orx = M we have
that 22%x _ O(1). For the last relation we applied Lemma 7.6.

qX

Now we look at the second term on the far-RHS of (51). Because zg’ < deg N <

deg R—deg N
2

deg R, we have that < log, 9%. Hence,

( 3 20(N) 3 1\’
#(R) < —>
IN| =, 1G]

NeM <
zg'<deg N <deg R degG<M
. R)=1 (G,R)=1
2w(N) 1 \2
<0 ¥ (T )
NeM GeM
deg N <deg R (R)
(N,R)=1 deg G<log, 92
(G,R)=1
SR’ > 20(N)
< |R|(— @) Y
IR] NeM IN]
deg N<zp’'
(N,R)=1
‘/’(R)>3 2( 1—|P|_1> 2
< |R w(R v dec R ,
| |( |R| ( ()) 11371[Q1+|P|_1 ( g )

where, again, we have used Lemmas 4.12 and 7.6.
Hence,

1 o(R)\’ > 1—|pP~! )

A,B,C.Dem |ABCD]z PIR
zr<deg AB<deg R
zr<deg CD<deg R
(ABCD,R)=1
AC=BD
3
1— P!
<¢*®( T[] (=1pr) 71) (deg R)*w(R).
RS
prime
P|R
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Step 2.2: We now look at the second term on the far right-hand-side of (50):

oR) Y —om) Y, —— Y

1 1
A,B,C,DeM |ABCD|2 ZR<Z1,22<deg R (QZH_ZZ)Z A,B,C,DeM
zr<deg AB<deg R deg AB=z
zr<deg CD<deg R degCD=z3
(ABCD,R)=1 (ABCD,R)=1
AC=BD(mod R) AC=BD(mod R)
AC#BD AC#BD
1 3+
=¢(R)—— > q 7 @+’
#(R)
Zr<z1,22<deg R
—1\3
3 * (1 — Pl ) 3
< |R|(degR)” < ¢ (R)( ]_[ Ty (deg R)>w(R).
P prime
P|R
The second relation follows from Lemma 7.9 with F' := R. This can be applied
because
w® _ 19
z1 +22 = 2zgp = 2deg R —2log, 2 >EdegR
for large enough deg R.
Step 2.3: Hence, we see that
A (1P’ :
Yo bGP <¢* B [ S )deg B0 (R).
; 14 |P|
x mod R P prime

PIR

Step 3: We will now look at Z’; mod R le(x)|*. We have that

S0P < Y 1ol = Y 1ol = Y GO+ Y e ol

x mod R x mod R x mod R x mod R x mod R
X even X even

Now,

Y oletPr= Yy XAOXED

1
 mod R xmodR AB.C.Dem  |ABCDI2
deg AB=deg R—1
deg C D=deg R—1
1
=R Y ————4e® Y ——
A.B,C.Dem |ABCD|2 A.B,.C.Dem |ABCDI]2
deg AB=deg R—1 deg AB=deg R—1
deg CD=deg R—1 deg CD=deg R—1
(ABCD,R)=1 (ABCD,R)=1
AC=BD AC=BD
AC#BD
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For the first term on the far-RHS we have that

Y s v (0 x ow)

T =
4.B.C.pem |ABCDI2 NeM
deg AB=deg R—1 deg N<deg R—1 degG:M
deg CD=deg R—1 2
(ABCD,R)=1
AC=BD
qo(N) 5
= < (degR)".
deg N<deg R—1
For the second term we have that
1 q [R| 3
) B o PO LA
|ABCD|z |RI @(R)
A,B,C,DeM A,B,C,DeM
deg AB=deg R—1 deg AB=deg R—1
deg CD=deg R—1 deg C D=deg R—1
(ABCD,R)=1 (ABCD,R)=1
AC=BD AC=BD
AC#BD AC#BD
where we have used Lemma 7.9.Hence,
_1\3
(=1r17h)

> leo(0P < |RI(deg R)? <<¢>*<R>( I1
x mod R P prime
P|R

e )(degR)3w(R).

Similarly, by using Lemma 7.10 for the even case, we can show, fora =0, 1, 2, 3,
that

D 3 X (AC)x(BD)

1

xmodR A.B.C.peM  |ABCDI|?
deg AB=deg R—a
deg CD=deg R—a

—1\3

3 (1—1PI7")

R|(deg R *(R _

< IRI(deg R)” < ¢"( )( [T S50

P prime

P|R

Z Z x(AC)X(BD)

1
xmodR AB.C.DeM  |ABCD|2
x even deg AB=deg R—a

deg CD=deg R—a

)(deg R (R),

(1—1P17)’°

<<|R|(degR)3 <<¢*(R)< 1_[ 1+ P!

P prime
PR

)(deg R w(R).
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Hence, by using the Cauchy—Schwarz inequality, we can deduce that

Yl < ¢>*(R>< I1 w)(degm%(m
x mod R P prime 1+|P|_1 .
PIR

Step 4: From steps 1 to 3, and the use of the Cauchy—Schwarz inequality (as described
at the start of the proof), the result follows. O
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