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Abstract

Recently Ohsawa (Lett Math Phys 105:1301-1320, 2015) has studied the Marsden—
Weinstein—-Meyer quotient of the manifold 7*R" x T*R2" under a O(2n)-symmetry
and has used this quotient to describe the relationship between two different parametri-
sations of Gaussian wave packet dynamics commonly used in semiclassical mechanics.
In this paper, we suggest a new interpretation of (a subset of) the unreduced space as
being the frame bundle F(T*R") of T*R". We outline some advantages of this inter-
pretation and explain how it can be extended to more general symplectic manifolds
using the notion of the diagonal lift of a symplectic form due to Cordero and de Le6n
(Rend Circ Mat Palermo 32:236-271, 1983).
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1 Introduction
1.1 Motivation

The Gaussian wave packet ansatz is frequently used in the study of the time-dependent
Schrddinger equation and its semiclassical limit. In particular, the wave function
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parametrised by (¢, p) € T*R", ¢, 8 e Rand A+iB e X, = {W e M,(C) | WT =
W,Im W > 0}, is well known to be an exact solution of the Schrédinger equation for
quadratic Hamiltonians, provided the parameters satisfy certain ODEs [6].

Faou and Lubich [4,9] have shown that these parameter ODEs constitute a Hamil-
tonian system, and recently, Ohsawa and Leok [13] have clarified the symplectic
structure underlying these Hamiltonian dynamics. Their main observation is that X,
is a symplectic manifold, the well-studied Siegel upper half plane [17].

In [5], Hagedorn introduced another parametrisation of Gaussian wave functions,
by replacing A+ i3 € X, by PQ~!, where Q, P € M, (C) satisfy certain algebraic
relations. In this parametrisation, the ODEs governing the parameter evolution are
somewhat simpler. In [12], Ohsawa explained how to interpret the relation between
Q, P and A + iB as an instance of symplectic reduction on the symplectic manifold
T*R" x T*R" under a certain right O(2n)-action. The matrices Q, P are seen to be
coordinates on a level set of the momentum map corresponding to the O(2n)-action,
and symplectic reduction at this momentum level gives the Siegel upper half plane X,.
The dynamics in the unreduced and reduced spaces are then related by the quotient
map in the usual way, explaining how the Hagedorn ODEs can also be interpreted as
a Hamiltonian system.

1.2 Main results and outline

The purpose of the present paper is to reinterpret Ohsawa’s results and to suggest some
possible extensions. Specifically, we interpret an open subset of Ohsawa’s unreduced
space T*R" x T*R2" as the frame bundle F (T*R") >~ T*R" x GL(2n, R) of T*R"
and give an intrinsic description of the symplectic structure on F(7*R"). There are
several advantages to this picture:

— there exists a dual pair structure on GL(2n, R), generated by left multiplication
by Sp(2n, R) and right multiplication by O(2n) . The existence of this dual pair
allows one to realise the symplectic reduced space of F(T*R") at all values of
O(2n)-momentum in terms of adjoint orbits of sp (27, R). An understanding of all
reduced spaces will be important in any attempt to deduce the semiclassical theory
described here using ideas from geometric quantisation. !

— the physical picture of moving frames on 7*R” is intuitive and gives insight into
the definition of the Hamiltonian on the unreduced space. Through it, we see that
the dynamics of the semiclassical wave function are determined by the underlying
classical dynamics in two ways: The variables z := (¢, p) € T*R" in the semi-
classical wave function evolve according to an underlying classical Hamiltonian
H on T*R", modified by an order /4 correction for non-quadratic Hamiltonians.

Meanwhile, the variables E = Re O Im Qi| € GL(2n, R) evolve according

ReP ImP
to the linearisation of the Hamiltonian flow due to H about z. This view of the

1 Although we consider one particular adjoint orbit in this paper, it should be possible to associate semi-
classical wave functions with arbitrary integral adjoint orbits. We hope to explore this possibility in future
work.
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E-dynamics as linearised symplectic flow depends crucially on the interpretation
of E as parametrising the possible frames at z.

— the picture described in the previous point also has overlap with other work on
semiclassical mechanics, in particular the nearby orbit approximation of Littlejohn
[7].

— the frame bundle picture allows a natural interpretation of the conserved quantity
associated with the O(2n)-invariance of the theory as simply the collection of
symplectic products {wg2 (E4, Ep) | 1 < a, b < 2n} corresponding to the frame
E = [E 1 Er ... Ezn] € GL(2n, R). In particular, reduction at the particular value
of momentum considered in this paper leads to conservation of symplectic frame.

— the frame bundle picture can be extended to more general symplectic manifolds
than T*R", using the results of Cordero et al. [3] on the lifting of symplectic
structures to frame bundles.

We now outline the structure of the paper. In Sect. 2, we describe a symplectic
structure on the set My, (R) of 2n x 2n-dimensional real matrices, demonstrate that
the obvious left Sp(2n, R)- and right O(2n)-actions are Hamiltonian, and calculate the
corresponding momentum maps and their Lie algebra-valued counterparts. In Sect. 3,
we review some properties of dual pairs that will be needed in the sequel. In Sect. 4, we
restrict our symplectic manifold to GL(2n, R) C My, (R) and demonstrate that the two
group actions give a dual pair structure on this restricted space. In Sect. 5, we discuss
reduction of GL(2n, R) under the O(2n)-action at a particular value of momentum,
use the results of Sect. 3 to describe the reduced space as an adjoint orbit in sp(2n, R),
and give a geometric description of this adjoint orbit as the set of wp2.-compatible
complex structures, where wp2. is the canonical symplectic structure on R In Sect. 6,
we use the standard isomorphism of wp2.-compatible complex structures with the
positive Lagrangian Grassmannian to introduce coordinates on the adjoint orbit, and
demonstrate that in these coordinates the symplectic projection and reduced symplectic
form agree with those obtained by Ohsawa. In Sect. 7, starting with the cotangent
symplectic structure w = Y » _, dq® Adp, and an arbitrary Hamiltonian H on T*R",
we describe the fi-diagonal symplectic structure $2” and A-lifted Hamiltonian H" on
F(T*R"), which agree with those defined by Ohsawa on their common domain. We
give a geometric interpretation of H™, demonstrate that for quadratic H one obtains
the dynamics of Hagedorn, and emphasise that the O(2n)-invariance of H h leads to
conservation of symplectic frame. We also describe the dynamics on the reduced space
and show it reproduces those of Heller. Finally in Sect. 8, we explain how the results
of Cordero et al. [3] can be used to extend the construction of a symplectic structure
on the frame bundle to arbitrary symplectic manifolds.

2 The symplectic geometry of M5, (R)
In this section, we outline the symplectic structure on My, (R), describe two natural

symplectic group actions on My, (R) and calculate the momentum maps associated
with these actions.
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2.1 The symplectic form on M, (R)
Take R?" with its canonical symplectic structure

w2 (v, W) 1= v Jw,

where J := |: O? (I)" . The 2n-fold direct sum of (R?", wgas ) is naturally isomorphic
—1In n
to the space My, (R) of real 2n x 2n matrices with the symplectic form
2n
Q(E.F) =) wpu(Eq. Fy) = Te(ET JF),
a=1

where E, denotes the ath column of £ € M»,(R), considered as a vector in R2,
We can consider (£2, My, (R)) as a symplectic manifold, using the canonical isomor-
phism TEMj, (R) >~ My, (R), and we denote the induced symplectic form by 2 also.
Explicitly, if Vg = j—t |z:0(E +tV) for V € My, (R) etc., then

Qe(Vg, Wg) := Q(V, W) =Tr (V' IW).

2.2 Commuting symplectic actions

Let Ls : My, (R) — My, (R) denote left multiplication by S € Sp(2n, R), and
Ro : M2, (R) — My, (R) denote right multiplication by O € O(2n). Using the
expressions for the differentials of these actions

TeLs(VE) =(SV)sg and  TgRo(Vg) = (VO)ko,

it is straightforward to check that L and R define left and right symplectic actions,
respectively, i.e. for any E € My, (R),

(L;Q)EZQE and (RB.Q)EZ.QE

The momentum maps corresponding to these two symplectic actions have a standard
form.

Proposition 2.1 (i) The momentum map Jsp : Mo, (R) — sp(2n, R)* corresponding
to the left Sp(2n, R)-action is given by

1
(Jsp(E). ) = EQ(KE, E).

(ii) The momentum map Jo : My, (R) — 0(2n)* corresponding to the right O(2n)-
action is given by

1
Jo(E). §) = 5 82(E§. E).
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Proof Both results follow from the general expression for the momentum map of a
linear symplectic action on a symplectic vector space—see, for example, [11, Section
12.4, Example (a)]. |

Remark 2.2 Both momentum maps are easily seen to be equivariant,
Jsp(SE) = Ad 1 (Jsp(E)) and  Jo(EO) = Ady(Jo(E))

(again, a general result for linear symplectic actions).

2.3 Lie algebra-valued momentum maps

For any (real) Lie subalgebrag C gl(N, C), consider the trace form ({-, -)) : gxg — C
defined by

1
((6.0)) == ETr(EO-

If g is invariant under conjugate transpose, then ((-, -)) is non-degenerate, as is its real
part, since

((6.6") = Re((5.67)) > 0for #0.
In particular, it is non-degenerate and real-valued on sp(2n, R) and o(2n). Using the

trace form to identify Lie algebras with their duals, we can write down Lie algebra-
valued versions of the momentum maps discussed in the previous section.

Proposition 2.3 (i) Thesp(2n, R)-valuedmomentummapjsp : My, (R) — sp(2n, R)
corresponding to Jsp is given by

jsp(E) = —EE"]J.

(i1) The o(2n)-valued momentum map jo : M, (R) — 0(2n) corresponding to Jo is
given by

jo(E) = —E"JE.

Proof (i) Denoting the natural pairing of sp(2n, R)* with sp(2n, R) by (-, -), we have
that for ¢ € sp(2n, R),

1 1 T,T
(Jsp(E), ¢) = ES?(CE, E)=5T(E ¢ JE)

= %Tr(EET;“TJ) = —% Te(EE'J¢)  since ¢ € sp(2n, R)

= ((=EE"I, ¢)).
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Also
(—EE"D)"I+I(—EET]) =JEE"]J - JEE"'] =0.

So—EET] e sp(2n, R), and the result follows.
(i) Similar. O

Remark 2.4 Again, the Lie algebra-valued momentum maps are equivariant

Jsp(SE) = Ads(jsp(E))  and  jo(EO) = Adp-1(jo(E)).

3 Mutually transitive actions and dual pairs

In Sect. 4, we will demonstrate that the left Sp(2n, R)-action and right O(2n)-action
define a dual pair structure on a suitable subset of My, (R). In anticipation, we here
introduce the notion of mutually transitive actions. We then explain how mutual tran-
sitivity allows us to view reduced spaces of one action as coadjoint orbits of the other.
Finally, we indicate the relation of mutual transitivity to the more standard notion of
a dual pair.

A fuller treatment of dual pairs and related concepts can be found in [8, Section
IV.7], [14, Chapter 11], and [2]. We also refer to [18] for a more thorough discussion
of mutual transitivity.

3.1 Mutually transitive actions

Let (N, £2) be a symplectic manifold, andlet @ : G| XN — Nand ®; : Go x N —
N be symplectic actions. We assume N, G| and G, are all finite-dimensional.

Definition 3.1 We say the actions @1, @; are mutually transitive if the following three
properties hold:

— @1 and @, commute,

— @1 and @, are Hamiltonian actions, with corresponding equivariant momentum
maps J; and Jp,

— each level set of J; is a G,-orbit and vice versa, i.e. forany x € N,

7' 01(x) =G2-x and 1, (h(x) = Gy - x.

Denoting the coadjoint orbit in g through ; by O,,;, we then have

Proposition 3.2 Let @1, @, be mutually transitive actions. Then for all x € N,

1705 () = 151 (O, 0)-
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Proof

Jfl((’)Jl(x)) =Gy ~Jf1(J1 (x)) since Jj is G| -equivariant
= G- (Gy-x) since @, is transitive on the fibres of J;

= G, - (G - x) since the actions @| and @, commute
=Gy - J2_1 (Jo(x)) since @ is transitive on the fibres of Jp

= ng(OJz(x)) since J is Gp-equivariant.

]

Corollary 3.3 ([2, Theorem 2.8(i)]) There exists a one-to-one correspondence between
coadjoint orbits in J1(N) and Jo(N) given by

Oy > 107 (O )= 1207 (1))
or equivalently

Oy,0) = Ogyxy  forx e N.

3.2 The relation between coadjoint orbits and reduced spaces

From now on, we assume that all group actions @; are both free and proper (see [18]
for a discussion when these conditions do not hold).

For ;1 € g7, let (G1),, denote the coadjoint stabiliser of 111 and N, the quotient
space Jl_l (11)/(G1)y, at py. Itis well known that N, may be given a smooth structure
making oy :J 1_1 (u1) — Ny, asubmersion and asymplectic structure {2y, ~satisfying

i;l.Q = U]*QNlH , 3.1
where i, : Jl_l(m) — N is the inclusion (see, for example, [14, Theorem 6.1.1
(1)]). The pair (N, £2 Ny, ) is called the reduced space or Marsden—Weinstein—Meyer
quotient.

For mutually transitive actions, it turns out that the reduced space under one action
is symplectomorphic to a coadjoint orbit of the other action:

Proposition 3.4 ([2, Theorem 2.8(iii)]) Let @1, @2 be mutually transitive actions on
N. Then any reduced space under the G1-action is symplectomorphic to a coadjoint
orbit in Jo(N) C g5 and similarly with I and 2 interchanged. Explicitly, for x € N,

Nyj) = O N = Oy,

via a resp. G- and G1-equivariant symplectomorphism.

In fact, the symplectomorphism from Ny, (x) to Oy, (x) has a simple interpretation:
Since the G- and Gj-actions on N commute, the Ga-action drops to the reduced
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space Ny, (r). The resulting momentum map J5 : Ny, vy — Oy, () makes the following
diagram commute

7 a)

% & (3.2)
I

Ny x) Or(x)

and can be shown to be a symplectomorphism (in particular, Jais G,-equivariant).

3.3 The relation to dual pairs

In this subsection, we make contact with the notion of dual pair (in the sense of
Weinstein [19]).

Definition 3.5 ([1, Appendix E]) Let N be a symplectic manifold and P;, P, the
Poisson manifolds. A pair of Poisson maps

JPELEy VI
is called a full dual pair if J1, J, are submersions, and
(kerTID¥ =kerTJ,.

Proposition 3.6 If @1, @, are mutually transitive and free, then their momentum maps
J1, 1o form a full dual pair.

Proof Let x € N. The identity G| - x =1 ! (Jo(x)) implies that

g1 - x = T (05 (T2 (0))).
A standard result says that the former equals (ker 7, J 1)9 . Also freeness of @, @,
implies that Ji, Jo are submersions onto their images [14, Corollary 4.5.13]. Then
Iy ! (J2(x)) is an embedded submanifold [14, Section 1.1.13], and so,
T.(J; ' B2 (x)) = ker i Js .

The result follows. O

4 The dual pair structure on GL(2n, R) ¢ M3, (R)
The subset GL(2n, R) of M, (R) is open, and hence, §2 restricts to an non-degenerate
form on GL(2n, R). Denote the restriction of §2 and the momentum maps to GL (27, R)

by the same symbols for simplicity.
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With this restriction, we can demonstrate that the left Sp(2n, R)- and right O(2n)-
actions are mutually transitive (Definition 3.1). For this, it is more convenient to work
with the equivalent double fibration

GL(2n, R)

jSp \g\

sp(2n, R) 0(2n)

Proposition 4.1 (i) The left Sp(2n, R)-action acts transitively on the fibres of jo.
(ii) The right O(2n)-action acts transitively on the fibres of js,.

Proof (i) Using Proposition 2.3, we have that for any E, E’ € GL(2n, R),

jo(E") = jo(E)

— —(E'JE' =-E"JE

—= (E'EHIEEH=1]

&= E'=SE forsome S € Sp(2n, R).
(ii) Similar. O
Proposition 4.2 The left Sp(2n, R)-action and right O(2n)-action are free and proper.
Proof We prove the result for the Sp(2n, R)-action only; the O(2n) case is sim-
ilar. Freeness is trivial. To prove properness, suppose we have two convergent

sequences (Ex) and (Sk - Ex) in GL(2n, R) with Ex — E and Sy Ex — E. Then
Sy = SkExE;' — EE™' = 1. o

Remark 4.3 For any E € Mj,(R), it remains true that £ - O(2n) C JS_[’I (sp(E))

and Sp(2n,R) - E C jal(jO(E)). However, restriction to GL(2n, R) C My, (R) is
necessary to get equality in the second inclusion. For example,

o ! (0) = {E € My, (R) | span E is an isotropic subspace of RZ"},

and this is not simply an orbit of Sp(2n, R) (since, for example, the Sp(2n, R)-action
preserves the dimension of span E). It is, however, possible to prove that E - O(2n) =
isp (isp(E)) for all E € M, (R).

With the restriction from Mj, (R) to GL(2n, R), the momentum map jSp acquires
a nice interpretation. As before, let E, denote the ath column of E, so {Eq, ... E2,}
defines a basis of R?*. Let g (E) denote a metric on R?" with respect to which the basis
{E,} is orthonormal. Then any basis related to E by the right O(2n)-action defines
the same metric, i.e.

g(E-0)=g(E) forall O € O(2n),
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and in fact, the set of metrics on R%" is in one-to-one correspondence with the O(2n)-
orbits of GL(2n, R). We then have the following result:

Proposition 4.4 The metric g(E) and canonical symplectic form wgan are related by
wgn (u, v) = g(E)(jsp(Eu, v).

Proof If {s,} is the standard basis of R2" (so E, = 212,”:1 Epasp), the definition of
g(FE) implies that

8(E)(sars6) = [(EET) ™ ap.
From this, it follows that

g(E)(isp(E)u, v) = (s,(E)yn) " (EEN) v =u"(~EE'])"(EE") v

=u'Jv= g (U, V).

Inverting this identity to give
g(E)(u, v) = wga ((sp(E) ™ 'u, v),

we see that jSp(E) defines the metric g(E), and so essentially corresponds to it. In
the next section, we will consider this correspondence in the particular case that the
ordered basis (E,) forms a symplectic frame of (R?", WR2).

5 Reduction

Following Ohsawa [12], we consider in this section the Marsden—Weinstein quotient
for the right O(2n)-action at a particular value of momentum. Using the correspon-
dence between reduced spaces and coadjoint orbits provided by the dual pair structure,
we will give a geometric characterisation of this space. Using this characterisation,
we will explain how to naturally introduce a global coordinate chart on the reduced
space, reproducing Ohsawa’s description of the space as the Siegel upper half plane.

5.1 Reduction through a general point

It will be more convenient to work with the Lie algebra-valued momentum maps jq
and jg,. For§ € g, now let G¢ denote the adjoint stabiliser of & and O¢ C gthe adjoint
orbit through &. Writing N = GL(2n, R), the reduced space through E € GL(2n, R)
is

io' Go(E))

N g = 0 JO17Y
0B = 0@ i)
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Using the trace form to transfer the Poisson structure from sp(2n, R)* to sp(2n, R),
Proposition 3.4 tells use there exists a Sp(2n, R)-equivariant symplectomorphism

Jsp © Nipe) = Ojg, )
5.2 Reduction through the identity

We consider the reduced space for the left O(2n)-action through I = I, € GL(2n, R).
From Proposition 2.3(ii), we see that the level set of jq through 7 is the set

io' (o) = {E € GL2n,R)| — E'JE = —J} = Sp(2n, R),
which corresponds to the set of symplectic frames of (RZ”, wpR2n). Meanwhile,
0Q2n)j, ) =1{0 € O@2n) |Ado(—J) = —J} = Sp(2n, R) N O(2n) =~ U(n),

and we see that the reduced space Nj(y) is isomorphic to Sp(2n, R) /U(n), as originally
obtained by Ohsawa [12].

5.3 Geometricinterpretation of the adjoint orbit O; ()
As explained above, there is a Sp(2n, R)-equivariant map
Jsp * Nigt) = Ojg, (-

We now give an alternative geometric characterisation of Ojsp( 1) in terms of complex
structures on R?".

Definition 5.1 Let j : R? — R?" be a complex structure on R?”?, i.e. an R-linear
map satisfying j> = —I. The map j is called wgan-compatible if it satisfies the two
properties

(1) Jj is symplectic (i.e. j € Sp(2n, R)), and
(ii) the bilinear form g;(u, v) := wg2 (u, jv) is positive definite.

Denote the set of wg2:-compatible complex structures on R?" by 7 (R**, wgan).
Proposition 5.2 The adjoint orbit OjSp(l) Csp(2n, R) is precisely the set J (R*", WR2).

Proof An arbitrary elementof ¢ € OjSp(I) isof theform¢ = Ads[jsp(l)] = Adg[-J].

Since (—J])2 = —1I, we have {2 = —1, and since —J € Sp(2n, R), we have ¢ =

Ads(—J) € Sp(2n, R). Finally, writing ¢ = —SSTJ, we see that for u € R*" — {0},
gc(u,u) = ogan(u, Cu) = u' J(=SS T Hu=u" (STDH (ST DHu > 0.

So we have that Ojg (1,,) C J (R*, wpan).
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Conversely, suppose j € J (R2n, wp2n). Then
gj(]uv ]v) = wRZ"(ju’ ]2U) = U)RZn(M, ]U) = gj(us U),

the second identity following since j is symplectic. Hence, j is orthogonal with respect
to the metric g;. A standard theorem guarantees the existence of a real orthonormal
basis {ug, vo | = 1, ..., n} of R?" such that j(uq — ivy) = €% (uy — ivy). The
identity j2 = —1I implies that ¢!% = =i for all «, and by switching u, and v, if
necessary, we can choose e = i for all a. So

JUy = Vg, JUq = —Ugy.

It can be verified that (uy,...,u,,vq,...,v,) forms a symplectic basis for
(R?", wp2n ). For example,

w2 (g, V) = W2 (Ug, jug) = gj(Ug, Ug) = dup

by orthonormality. Taking £ = [u1 o Uy VY .. vn] € Sp(2n, R), the above rela-
tions can be written jE = — EJ, which implies

j=—-EJE™" = Adg[-]] = Adgljs, (D).

Thus J (R, wgan) C Ojg (1. .

Adapting diagram (3.2) to our case, we obtain

io!Go(I) = Sp(2n, R)

/ \K (5.1)
jSp

Nio ) Ojgp(n = TR wpan)

with jsp an Sp(2n, R)-equivariant symplectomorphism. An equivalent diagram was
recently obtained independently by Ohsawa and Tronci [15].

6 The upper half plane coordinates

As demonstrated in the previous section, the adjoint orbit Ojsp( /) can be naturally

viewed as the space of wg2n-compatible complex structures 7 (R>", wgan). It is a stan-
dard result that 7 (RZ”, wp2n) has another natural interpretation, that of the negative
Lagrangian Grassmannian G_ (C?, wp2n). In this section, we outline this correspon-
dence and explain how it can be used to introduce a coordinate system on Ojg (7).
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6.1 The negative Lagrangian Grassmannian
Consider the complexification (R?")@p C ~ C2" of R?". Real linear functions on R2"
extend to complex linear functions on C?" in the obvious way, and we will generally

use the same symbol to denote both a function and its complex extension.
Define a sesquilinear form s : C*" x C** — C by

s(w, z) = —iwga (W, 7).
Definition 6.1 The negative Lagrangian Grassmannian G_(C*", wp2n) 1s the set of

(complex) Lagrangian subspaces of C>" on which s restricts to a negative definite
form,

G_(C?", wyan) := {I" a subspace of C*" | I is Lagrangian, s| < 0}.

Proposition 6.2 ([16, Chapter II, Lemma 7.1]) There is a bijection between
J (Rzn,szn)and Q,((Czn,a)Rzn).

Proof (Sketch) For any j € J(R?", wgan), j symplectic implies that it is diagonalis-
able, and j> = —1I implies that its eigenvalues are &i. The —i-eigenspace is simply

|
r’=sa +ij)R™ C C*.
It is straightforward to verify that I” Jeg_ (CZ”, wp2n), and so, we obtain a map
I JR™, wga) — G_(C*", wgan).
Conversely, suppose I" € G_(C?", wg). For any w € I — {0}, the negative
definite condition impﬂes that —iw(w, w) < 0. Sin_ce I’ is Lagrangian, it follows that
w ¢ I'.Hence, ' N T = {0}, and C*" = I' @ T. Define the complex linear map

jr: Cc*n — ¢ by

. —iw wel
Jjr(w) =1, —.
iw wel

Since it commutes with complex commutation, j restricts to a real linear map jr :
R2" — R?" 1tis straightforward to verify that jr € J (R2”, wp2n ), and so, we obtain
a map

j. 1 G_(C*", wpa) — TR, wgan).

It may be checked that I : J (Rzn,a)RZ)l) — Q_((Cz”,a)Rzn) and j.
G_(C*, wpwm) = J (R2n, wp2n) are inverses of each other. O
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Following Proposition 6.2, we may extend the commutative diagram (5.1) to

iotGo (1) = Sp(2n, R)

,% \N 6.1)
jSp

T
Njo(l) OjSp(I) = j(R2n, szn) _— Q_ ((Czn, szn)

We note that for § € Sp(2n, R),
Co 1 1 1 .
rAdsi — FU+i Adg )R = ;U +iAdgj)SR” = § (5(1 + ij)R2”> =8I,

where we have used the invertibility of S to write R = SR> in the second equality.
Hence, I'" is Sp(2n, R)-equivariant with respect to the natural left action of Sp(2n, R)
on G_(C?, WR2).

6.2 Coordinates on G_(C?", @p2n)

In order to introduce coordinates on G_ ((CZ” , wg2n), we first introduce the two complex
Lagrangian subspaces of C2"

I =spancfer,...,e,}  and I =spanc{e,t1, ..., en),

where {ey, ..., ex,} is the canonical basis of R2". Note that C** = I} @ I, and
denote the direct sum projections by p; : C** — TI';. We use the following lemma.

Lemma 6.3 Let I € G_(C?, wg2n). Then the projection p; : C2 — [ restricts to
a bijectionon I, fori =1, 2.

Proof Since all three are Lagrangian, I", I}, I; all have complex dimension n. So we
just need to prove that p;|r : I" — I is injective.

Suppose pj(w) = 0 for w € I'. Then w € I3, and so, w € T =T5%. Since I is
Lagrangian, we have that —iwg2 (w, w) = 0, i.e. s(w, w) = 0. But since s|r < 0,
this implies that w = 0.

The same argument shows that p>| : I" — I is a bijection. O

In light of Lemma 6.3, for any I" € G_(C?", wgan) we may define a map Wr
I — I> by

Wr = (palr) o (p1lr) ™"

Then for any w € I,
w=(p1+ p)lrw) =+ Wr)((pilr)(w)),
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demonstrating that
=+ Wp. (6.2)
It follows from identity (6.2) that the map I +— Wr is injective. We now use
this representation of G_ ((CQ”, wg2n) as linear maps to introduce coordinates on
G_(C*", wgan). The following lemma is straightforward to verify.
Lemma 6.4 ([16, Chapter II, Lemma 7.2°]) Let W : It — I be a linear map, and
define the matrix W € M,,(C) by

n
Wi(ey) = Z Wgo entp  fora=1,...,n.
p=1

Then
I+ W)l € G_(C, wpa) < W' =WandImW > 0.
The set
T, ={WeM,C)|W =W, ImW > 0}

arising in Lemma 6.4 is traditionally referred to as the Siegel upper half plane. It
has a well-known symplectic structure. In Sect. 6.5, we show this structure is the
pushforward of the usual Kostant—Kirillov—Souriau symplectic structure on Ojsp( N
under the bijection I of diagram (6.1).

6.3 The action of Sp(2n, R) in upper half plane coordinates

There is a natural action of Sp(2n, R) on G_(C?", wg2), given by (S, ") — ST'.
We wish to express this action in terms of upper half plane coordinates, i.e. to express
Wsr in terms of S and Wp.

Since It = spanc{ei, ..., e,}, we see from Eq. (6.2) that a basis for I €
G_(C?", wgan) is given by

n
e, = (I + Wr)eq =€Q+Z(Wf)ﬁaen+ﬁv a=1,...,n.
p=1

It follows that ST" has basis

n
enge&=S6a+Z(Wr)ﬂa Sentp, oa=1,...,n.
p=l
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.. A B .
Writing S = [C D:|’ this becomes

n

el = Z [(A4+ BWr)yqe, + (C+ DWr)yaensy], a=1,....n.
y=1

Now recall that the coordinates Wgr of SI" are simply the matrix elements of
Wsr = (palsr) o (pilsr) ™" : It — 2. We have
n
pl(eg) = Z(A + BWr)yaey

y=I1

= (pilsr) ' (es) = Y [(A+BWr) use],

a=1

= Wsr(es)=(palsr) ((pilsr) ™ () = YA+ BWr) ™ las(p2(e))
a=1

n
=Y UC+DWr)(A+BWr) 1ysenyy.
y=I1

A B
It follows that for S = |:C Di|,

Wsr = (C + DWr)(A+ BWr)~ L. (6.3)

6.4 The projection in upper half plane coordinates

Referring again to diagram (6.1), we have demonstrated the existence of an Sp(2n, R)-
equivariant map

50 5 Go (1) = G_(C?", wpan).
The set jal(jo(l )) € GL(2n,R) is simply Sp(2n, R), and we have shown that

the Siegel upper half plane provides a global coordinate chart on the manifold
G_(C?", wgan). Using the results of the previous section, we can derive an expression

for the projection I“J:SP(‘) in terms of the coordinates on its domain and range manifolds.
First note that IMse!) = %(1 + ijSp(I))]Rz" = %(I — i]DR?" has a basis

{eo +ienta|la=1,...n}.
It follows easily from Eq. (6.2) that

ersp(l) =il € M,,(C).
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By equivariance of 50 we have that s = sise() for any S € jS_pl (sp(1))s

01 02

and so, WI_,jsp(S) = WSI_,jSp(I). Writing § = [Pl P,

i| for the coordinates on

jis, Gisp(1)). and using Eq. (6.3), this becomes

W isysr = (P14 PaW igy0)(Q1 + QoW igy) ™' = (P1+iP2)(Q1 +iQ2) "

In summary, the projection written in (global) coordinates is
i [%1 IQDZ} > (P iP)(Q1+i02) 7 (6:4)
1 P2

6.5 Upper half plane coordinates on Ojsp(,)

Using I : Oj,ay — G_(C**, wgan) to pull coordinates back to Ojo(1)> We
may instead interpret (6.4) as the coordinate expression for the momentum map
. 1.

isp Jo Go) = O,

Jsp : [%11 %ﬂ > (P +iP)(Q1+i02) 7" (6.5)

This is in agreement with [12, Equation (21)], which was obtained by a method involv-
ing the Iwasawa decomposition of Sp(2n, R).

Forn € OjSp( 1), let Wy, € X, denote the corresponding coordinate. Then Eq. (6.3)
becomes

Wadgy = (C + DW,)(A + BW,)~". (6.6)

It was shown by Siegel (see, for example, [17, Chaptir 6, Section 3]) that X}, is a
Kihler manifold, with Hermitian form Hy, = Tr(B~'dW ® B~!dW) and symplectic
form 25, = Im H* je.

Qx, =Tr(B'dA® B 'dB - B 'dB @ B~'dA).

(We remind that A :== Re W, B := Im W.) Siegel also proves that the forms Hy,, and
so 25, , are invariant under pullback by the Sp(2n, R)-action W — (C + DW)(A +
BW)~ 1.

Correspondingly, the standard Kostant—Kirillov—Souriau symplectic form .Q(Jg on
the adjoint orbit (’)jsp( 1 = O_j, given by

(25)n(aden, aden) = ((n, (€, ¢1)),
forn € O_y, &,¢ € sp(2n, R), is invariant under the adjoint Sp(2n, R)-action.

Hence, if we can show that 25, and 525 are proportional at —J (corresponding to
coordinate W = iI), then they are proportional on the entire adjoint orbit O_j.
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To see this is the case, let £ = |:E“ 512] € sp(2n, R). From (6.6), we deduce

621 6»
d . . .
I Widewe (-0 = (21 +1622) — i(§11 + i612),
t t=0
implying that
de (=) = G2 +§ )i + 62 —§ )i (6.7)
adg = (612 + &2 94|, 2 — &1 98|, :

Note that "]+ J& = 0 = £, = &2, & = &1, &, = —&11, and so, both
coefficient matrices in (6.7) are symmetric.
We have that

(25)-1(adg (=), adg (=0)) = (=1, [£, ¢1))
= %Tr (=G21811 +862201) + Guidin +&1282) —(E < §)).  (6.8)
Meanwhile, at W = i1 the symplectic form on X, simplifies to
(25,)i1 = TrdA®dB — dB® dA);;,
and so, (6.7) gives
(25,)i1(ade (=1), ady (=0)) = Tr((612 + &21) (822 — ¢11) — (622 — 11 (C12 + £21)).

Comparison with (6.8) shows that (.{25), J= %(.Q x,)i1, and therefore,

1
QF=-0Q5 .
O 2 P

7 Dynamics
In this section, we finally come to the main point of the previous constructions, namely

to describe the dynamics of semiclassical Gaussian wave packets in terms of Hamil-
tonian dynamics on the frame bundle of 7*R", and its symplectic reduction.

7.1 The Gaussian wave packet ansatz

Consider the time-dependent Schrodinger equation on R”,

oY ?
ih—(x, 1) = —-—AY(x, 1) + V() ¥ (x, 1), (7.1)
at 2m
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where the potential V (x) is at most guadratic in x. Following [9], we recall here the
Gaussian wave packet ansatz, in both the Heller [6] and Hagedorn [5] parametrisations.
In Heller’s parametrisation, the wave function is written

det B(1)
(Th)"

1
1 T
Yx, 1) = ( )4 exp {;_i[f(x —q(®)) (A@) +iB")(x — q(1))

(7.2)
+ pOT(x —q@) + ¢(r>] }

with (¢, p) € T*R" ~ R?*, ¢ a real phase, and A + iB € X, with A, B real.
Substitution of the ansatz into Eq. (7.1) shows that it produces a solution provided the
following equations are satisfied

. P .
q:—’ p:—DqV,
m

A= _l(AZ -B)-D)V, B= —l(.AB-i- BA),
m m

p2

h = 1% hTB 7.3
¢=5-—Vig) -5 TrB. (73)

Here, D2V denotes the Hessian of V.
In Hagedorn’s parametrisation, the wave function is

1
= 7 c
(Th)T (det Q(1))>

+ p() T (x —q@) + S(r)} }

V(x, 1)

i1 T ~1
XP{E[E(X—QO)) PHO®) ™ (x —q(1)
(7.4)

for some appropriate choice of the square root in the denominator, with (¢, p) € R*",
S areal phase, and Q, P € M,,(C) satisfying

o'P—P'Q0=0 and OQ'P-P'Q=2il,.

Substitution into Eq. (7.1) yields

. P . . P 5 ) - p2
g=—p==—D4V,0=—P=-DVQ S=_—-V(. (15
m m 2m
The two parametrisations (7.2) and (7.4) are related by
1 h
W=PQ ', S=¢— Earg(det 0). (7.6)
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7.2 Description as Hamiltonian dynamics on the frame bundle

Given a symplectic manifold (M, w), recall that the a frame at z € M is an ordered
basis of T, M, and the frame bundle F (M) consists of all such ordered bases as z
ranges over M. F (M) is naturally a right principal GL(2n, R)-bundle, with group
action

2n 2n

2n
W1, ...,v0) - E = (Z Ve Eq1, Z veEa2, ..., Z vaEa,2n> . (7.7
a=1 a=1 a=1

We say that a frame (v,) at z € M is symplectic if
wZ(Uasvb)ZJab a,b=l,...,2n,

and a local section s : U C M — F (M) of the frame bundle is symplectic if s(z) is
a symplectic frame for each z € U.

Consider now the case when M = T*R" and w = Y » _, dq® A dpy is the usual
cotangent bundle symplectic form. We will write the natural coordinates on T*R" as
either (z1, ..., z2,) Or (ql, ..»q", p1,..., pn), depending on situation. The bundle
F(T*R") has a global symplectic frame s : T*R" — F(T*R"), given by

a a
e )G

aq!
which induces a global trivialisation A : T*R" x GL(2n, R) — F(T*R") of the
frame bundle, given by
Z)

We define the h-diagonal lifted symplectic form 2" on T*R”" x GL(2n, R) by

il
g

0
2 ap

0
T o

d
z aZZn

g o
z

B
024

2n 9
,---,ZEaZn_
z a=1 9z

a

2n
Az, E)=s() - E = (Z Eq
a=1

h
‘Q(E,E)((UZ’ Vi), (w;, WE)) = w;(v;, w;) + E.QE(VE, WEg). (7.8)

By analogy with [12], for any Hamiltonian H : T*R" — R we define the lifted
Hamiltonian on the frame bundle H" : T*R x GL(2n,R) — R to be

H"z,E):= H() + gTr(ETDfHE), (7.9)

where DfH denotes the Hessian of H evaluated at z.

We can give a more geometric interpretation to (7.9) as follows: For any E €
GL(2n, R), let g(E) denote the metric on T*R" with respect to which the global
frame A(z, E) = s(z) - E is orthonormal, i.e. the vector fields
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0
€a(z)=bX:;Eha@, a=l,...,2}’l,
form an orthonormal basis at each point. Explicitly

9 9 Ty-1
gE)\ 5 5 | = LEE ) ap. (7.10)
Za 3 b

Then the Laplacian Ag(gy : C(T*R") — C*°(T*R") associated with the metric
g(E) is given for H € C*(T*R") by

n 2n
92H
AgiyH =) ealea) = Y EpaEeay—— =Tr(E' D’HE).
a=1 a,b,c=1 Ze

and so, (7.9) can be alternatively written as

h
H"z,E) = H(z) + Z(Ag(E)H)(z). (7.11)

To find the Hamiltonian vector field corresponding to H™, note that

h h
de.pyH" = (1), <H + ZAg(E)H) + (d)E ( g()H(Z))

where d, d> denote the exterior derivatives in 7*R" and GL(2n, R), respectively. The
first term can be written

ix 0]
h
H+FAgmH

The second term satisfies

(d)E (h 8 >H(z)> (Ve) = (vTDfH E+E'DIH v)

Jﬁ‘l\)lmt\)lm -PIS*

T (ETD2H V)
Q2p((IDZH) - E, Vg)
2 (l'(JDZZH)‘EQE) (VE)‘
Here we have used the identity ¢ - E = (¢ E)g. Overall

d(z E)H = l(X

Q ’
Hiha g n @ (D7 H)-E)**(z.E)
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ie.
Xpn (e B) = (Xpyina (@, UD2H) - E). (7.12)

In the situation where H : T*R" — R is at most quadratic in the coordinates
(ql, ...»q", p1,..., pn), the Hessian DZ?H, and hence Agg)H, will be constant,
and the Hamiltonian vector field X ;5 simplifies to

Xz, B) = (Xp(2), AD2H) - E) = (ID.H, UDH) - E).

In this case, motion on the frame bundle consists of classical motion on the base
space T*R" and the corresponding induced linearised motion on the frame. This
picture of semiclassical wave mechanics has much in common with the nearby orbit
approximation discussed by Littlejohn [7, Section 7]— semiclassical motion consists
of the classical motion, plus motion of a frame moving along the classical trajectory,
and describing to first order the classical flow relative to it.

In particular, taking the standard Hamiltonian

2

H(q.p) = f—m +V(g)

and writing £ = [%1 %2] yields the first four equations of the Hagedorn equations
1 P

(7.5).

In the general case (7.12) where H is not quadratic, there is an additional correction
term in the motion on the base space, leading to a deviation from strictly classical
motion. This deviation has recently been proposed as a means of introducing quantum
tunnelling into semiclassical quantum mechanics [13].

7.3 O(2n)-invariance and conservation of symplectic frame

The right GL(2n, R)-action (7.7) on the bundle F(T*R") >~ T*R" x GL(2n, R)
restricts to a right O(2n)-action, and the lifted Hamiltonian H is easily seen to
be invariant under this restricted action. By Noether’s theorem, the corresponding
momentum map jg oz : T*R"” x GL(2n, R) — 0(2n) is conserved under the dynam-
ical evolution corresponding to H, i.e.

jo(E) = —E'JE
is conserved. In particular, the previously considered level set
io' o) = (E € GL2n,R) | — ETJE = —J)

simply corresponds to the collection of symplectic frames at a point, and conservation
of jg says that such a frame remains symplectic under dynamical evolution.
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7.4 Description in the reduced space

Since we have a Hamiltonian H" that is invariant under the right O(2n)-action, the
dynamics on F(T*R™) will drop to the symplectic quotient. Taking the symplectic

quotient at momentum jo (/) = —J, and using the notation of diagram (6.1), gives
. —1y: —1,:
1 1
lio o™~ i) _ yagn , J0' o) _ g,y
0(2}’1)]'0(1) O(zn)jo(l)

and we have the corresponding extension of diagram (5.1)

id xjg,

T*R" x Nion) T*R" x OjSp(l)'

The map id xjsp is a symplectomorphism, and so, we can equivalently describe the
reduced dynamics on 7*R" x (’)jsp( - Rewriting Eq. (7.9) as

h h
H"z,E)=H@) + 1 Tr(—EE"J*D}H) = H(z) + 7 Trlsp(E) IDZH),
we see that
H" = H" o (id x jg,).
where H" : T*R" x Ojs,(n — Ris the reduced Hamiltonian
R h 2
H"(z,¢) = H(z)+ZTr(§.,]IDZH). (7.13)
In fact, from the expression (7.10) for the metric g(E), we see that
(E) ( L ) = [Gisp(E)D) "1
8 aZa ’ sz - Sp abs
and so, the metric g (E) drops to a metric ¢(¢) on T*R", depending on ¢ € sp(2n, R),
. a 0 _
8(%) (— —> = [ ap-
0zq 0zp
Then the reduced Hamiltonian (7.13) can be written, analogously to (7.11), as
“h . h
H"(z,¢) = H(Z)+Z(Ag(g)H)(Z). (7.14)
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Since H" = H"o (id x Jsp)s and id X jg, is a Poisson map, the Hamiltonian vector
fields

2
Xyn(z, E) = (XH+%Ag(E)H(z), (IJD2H) - E)
and
Xpn(z,8) = (XH+§A§(OH(Z)’ adJDZZ_Hg)
are (id x jsp)-related,
T(id X jsp) 0 Xgn = X gy o (id X jgp).
Again specialising to quadratic Hamiltonians, these (id x jg,)-related vector fields are

Xyn(z, E) = (Xp(2), JDZH) - E)
and

Xpn(z,¢) = (Xp(2), adyp2 ¢).

The unreduced dynamics, generated by X ;;» and reproducing the Hagedorn equa-
tions (7.5), will drop to the reduced dynamics generated by X ,;, and these will
reproduce the Heller equations (7.3), by virtue of the relationship (6.5) expressing jg,,

in coordinates on j61(io(1)) and Ojg (1)

8 Generalisation to other symplectic manifolds

Now that we have outlined the construction of a Hamiltonian system on the frame
bundle of T*R", an obvious question is whether this construction can be extended
to more general symplectic manifolds. In this section, we suggest a generalisation by
employing the results of Cordero and de Ledn [3]. Essentially they show that the frame
bundle can be provided with a symplectic structure if it has a trivialisation compatible
with the symplectic structure, encoded in the form of a symplectic connection. Their
construction may be seen as the symplectic analogue of the Sasaki-Mok metric on the
frame bundle of a Riemannian manifold [10].

8.1 The almost-symplectic form on the frame bundle
Let (M, w) be an arbitrary 2n-dimensional symplectic manifold, and let 7 : F(M) —

M denote its frame bundle, which is a principal right GL(2n, R)-bundle in the usual
way. For a frame e = (ey, ..., ez,) € F(M), and & € gl(2n, R), define
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e &= % e-exp(sé&) € Vo F(M) C TeF(M),
s=0

where V, denotes the vertical space at e € F(M). Given a connection 1-form
A € Q¥ F (M), gl(2n, R)), Cordero and de Leén [3] define two natural lifts of the
symplectic 2-form w to the frame bundle F(M):

— the vertical lift ®¥" = 7*w;

— the horizontal lift »"°", given by
2n
W} (Xe, Ye) = (EB w) (€ Ae(Xe), e Ac(Xe)).
a=1 e

In the definition of the horizontal lift, we have used the canonical isomorphism
@21 T.M =~ V,F (M) (for z = (e)) given by

2n d
W1.....v) e P TM %

a=1

(e1 + 5V1,...€ +5v2,) € Vo F(M),
s=0

and here, e - A.(X,) is the infinitesimal generator at e € F (M) corresponding to
Ac(Xe) € gl(2n, R). We then define the hi-diagonal lift o™ of the symplectic form w
by

h
a)h — VT + zwhor'

This is essentially the diagonal lift defined in [3], up to a factor of g‘

Denote the horizontal lift of a vector field X € X(M) to F(M) by X" and the
infinitesimal generator on F (M) corresponding to & € gl(2n, R) by £7(ar. Then itis
straightforward to verify

— l(xhor yhory — (X, Y) o,
- o"(Z"", &7 ) = 0 and

A 2n
" &), CFan)(©) = 5 Y w:((e - E)a, (¢ Oa)
a=1

2n
h
= 5 Z wz(eb, ec) Epalea-

a,b,c=1

Using the non-degeneracy of w to infer that w;(ep, e.) is an invertible matrix in the
last identity, it follows that the 2-form olis non-degenerate, and so defines an almost-
symplectic form on F(M).
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8.2 Conditions for the lifted form to be closed

In order for the almost-symplectic form w” to be a symplectic form, it must satisfy
the additional condition dew™ = 0. The conditions for this to be the case are computed
in [3].

Proposition 8.1 ([3, Proposition 6.1])

(i) dol(xhor yhor zhory — (ju(X,Y,Z))on;

(ll) da)h(Xhor, Yhor, Ef(M)) — %‘vaer(FA (Xhor, Yhor)]-—(M)9 g]-—(M));
(i) do™(X"", £y, CF M) = %(Vﬁw)ver(éf(/w), CFM))s
(iv) do™Ermmy. Sramy. XFun) = 0.

Here, FA € Q2(F(M), gl(2n, R)) denotes the curvature 2-form of A, and V4 denotes
the covariant derivative associated with A.

Corollary 8.2
do" =0 & do=0, F*=0, Vi =0,

i.e. o™ is closed if and only if w is closed and A is a flat, symplectic (i.e. w-preserving)
connection.

8.3 Consequences of the condition

Assuming the conditions in Corollary 8.2 hold, the frame bundle (M) has a partic-
ularly simple description. Firstly, F4 = 0 implies that the horizontal distribution on
JF (M) is involutive and hence integrable. If we further assume the absence of mon-
odromy,” this implies the existence of a global horizontal section s : M — F(M)
through any point of F(M). Since the connection A is symplectic, the frames
5(z) = (51(2), ..., 52,(2)) are such that w,(s,(z), sp(z)) is independent of z. Let
us arrange for these frames to be symplectic, i.e.

w;(54(2), $5(2)) = Jap.

Then F (M) is trivial, and we have a bundle morphism A : M x GL(2n, R) — F(M)
given by

Az, E) =5(2) - E.
We use A to pull back the symplectic form w”. Firstly,

2V = A*0Y = (1 0 A)*w = 7w,

2 This is the case, for example, if M is simply connected—if not, we can always go to universal cover.
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where 1 : M x GL(2n,R) — M is projection onto the first factor. Also, defining
Qhor .= A*@hor " and using

T A, VE) = T;s(vy) - E+5(2) - V,
we get

20 (2, Vi), (w2, Wg)) = ol p(s) - V. 5(2) - W)
since 75 (v;) - E is horizontal

2n

= D 0:((6). 5¢(2)) ViaWea

a,b,c=1

=Tr(V'IW).
Thus we have shown
h . oh
A" = 2" =7} 2,

where 7y : M x GL(2n, R) — GL(2n, R) is projection onto the second factor and
£2 is the symplectic 2-form on GL(2n, R) defined in Sect. 2.

Overall, we obtain the symplectic form 27 := A*w" on M x GL(2n, R), given
explicitly by

h h h
QEZQW+§9W=nm+Eﬁ9=w@EQ

ie.
A h
Q(Z,E)((UZ7 VE)9 (wZ7 WE)) = a)Z(UZ9 wZ) + E‘QE(VEv WE)
(8.1)

h
= w,(v;, w;) + > Te(V T IW).

We see that Eq. (8.1) agrees with Eq. (7.8), which corresponds to applying the above
construction with A the obvious global flat connection on 7*RR", and global horizontal

section
5(z) = (i ) .

aq!

d
b aqn

0
. 9p1

d
T

z’ '
8.4 The frame bundle Hamiltonian
Again assuming the conditions in Corollary 8.2 hold, and given a Hamiltonian H :

M — R, definition (7.11) of the lifted Hamiltonian carries over directly. To recap,
a choice of connection A € QL(F(M), gl(2n, R)) and global horizontal section s :
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M — F(M) induces a global bundle morphism A(z, E) = s(z) - E. For every
E € GL(2n,R), we define g(E) to be the metric on M with respect to which the
frame A(z, E) is orthonormal. The lifted Hamiltonian H he M x GL2n,R) — Ris
then defined by

A h
H"(z,E) :=H(@) + 1 (A H) (2).
As before, this may also be written
h
H"@ E) := H@) + 3 Tr(ET DHE),

where now D?>H : M — gl(2n, R) is given by
(D2H)ap = 54(2) (spH) .
Note, however, that by contrast to Eq. (7.9), here D?>H is not necessarily symmetric,

since sp, is also a function of z. Using a similar analysis to that in Sect. 7 gives the
Hamiltonian vector field generated by H" as

Xyn(z, E) = <XH+§Ag(E) (2), %J(DZZH +(D2H)T) - E) . (8.2)

Symmetry of D>H may be recovered by imposing a further condition on the con-
nection A, viz. that it be torsionless. For then, applying the torsionless condition to
the individual (covariantly constant) vectors of the global frame s yields

0=Vsy — Visa—[sa.55] => [sa.56]1 =0,
and it follows that
(D2H)ap = 54(2) (spH) = 5p(2) (saH) = (D H)pa.
Hence, Eq. (8.2) reduces to Eq. (7.12).

From here on, the analysis is identical to Sect. 7. In particular, A intertwines the

right O(2n)-actions on the frame bundle F (M) and M x GL(2n, R)
Az, E)- 0= (s(2)-E)- 0 =5(2)- (EO) = Az, EO),

and the latter action has a momentum map jg : M x GL(2n, R) — 0(2n) as before.
Also the (s-dependent) left Sp(2n, R)-action

S-(s(z)-E)=s-(SE)

is intertwined with the left Sp(2n, R)-action on M x GL(2n, R) and gives a momentum
map jsp : M x GL(2n, R) — sp(2n, R) as before.
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