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Abstract

Let B be a Galois Azumaya extension of B¢ with Galois group
G; that is, B is a Galois extension of BE with Galois group G which
is an Azumaya CC-algebra where C is the center of B. Denote B¢
by D and the endomorphism ring Hom(pB, pB) of the left D-module
endomorphisms of B by 2. Then 2 is a Galois and a Hirata separable
extension of Q¢ with the inner Galois group G’ induced by G, but not
a Galois Azumaya extension of Q.
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1 Introduction

Let B be a ring with 1, G a finite automorphism group of B, C the center of
B, and BY = {b € B| g(b) = b for each g € G}. In [1], we call B a Galois
Azumaya extension of B¢ with Galois group G if B is a Galois extension of B¢
with Galois group G and B¢ is an Azumaya C'“-algebra. Many properties of a
Galois Azumaya extension were given in [1, 4, 7]. In [4], denote BY by D and
the endomorphism ring Hom(p B, pB) of the left D-module endomorphisms
of B by €. An expression of (2 is obtained in terms of a skew group ring and
the opposite ring of B respectively. The purpose of the present paper is to
show a Galois property of 2. Observing that G C €2, we shall show that € is
a Galois and a Hirata separable extension of Q¢ with the inner Galois group
G induced by the elements of G, but not a Galois Azumaya extension of Q.

2 Preliminary

Throughout the paper, we assume that B is a ring with 1, C' the center of
B, D a subring of B with the same 1. As given in [1, 3, 8, 10], B is called a
separable extension of D if the multiplication map: B ® p B — B splits as
a B-bimodule homomorphism. In particular, if D C C, a separable extension
B of D is called a separable D-algebra, and if D = C, a separable extension
B of D is called an Azumaya C-algebra. If B ®p B is isomorphic to a direct
summand of a finite direct sum of B as a B-bimodule, then B is called a
Hirata separable extension of D. It is known that an Azumaya algebra is a
Hirata separable extension. Let G be a finite automorphism group of B and
BY = {b € B| g(b) = b for each g € G}. If there exist elements {a;,b; in
B,i1=1,2,---,m for some integer m} such that ) " a;g(b;) = 01, for each
g € G, then B is called a Galois extension of B¢ with Galois group G, and
{ai, b;} is called a G-Galois system for B. A Hirata separable Galois extension
B of B® is a Hirata separable extension and a Galois extension of B®. If
B is a Galois extension of BY with Galois group G and B¢ is an Azumaya
C%-algebra, then B is called a Galois Azumaya extension of B¢ as studied in
11,4, 7].

3 Galois Endomorphism Ring

In this section, let B be a Galois extension of B®, denote B¢ by D and
Hom(pB, pB) of the left D-module endomorphisms of B by €. Observing
that g(db) = dg(b) for all d € D and b € B, we have G C Q. Denote the
inner automorphism f — ¢gfg~!' by ¢ for each ¢ € G and f € , and
G' = {J'|g € G}. We shall show that € is a Galois and a Hirata separable
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extension of Q¢ with Galois group G'. We begin with embedding the opposite
ring B° of B in {2 and show that G' = G.

Lemma 3.1 For any b € B, let uy, be the right multiplication map by b on
B, p(x) = xb for all x € B, and ug = {i|b € B}. Then B° = ug C .

Proof. 1t is straightforward to show that b — p, for b € B° is an isomorphism
from B to ug.

Lemma 3.2 Let G' = {¢'|¢'(f) = gfg~" forall f € Q}. Then G' = G such
that ¢' (1) = pgw) for allb € B° and g € G.

Proof. Let a: G — G’ by a(g) = ¢’ for all g € G. Then, for g, h € G, a(gh)

(gh)’; and so for each f € £, (a(gh))(f) = (gh) (f) = (gh)(f)(gh)™!

Gh(Fh-1gt = g (W(1)) = (a(@))(@(k)(]). Also, let a(g) = V' the idenity
of €. Then a( ),ub =y for each b € B°. We have gu,g~' = . But for all
x € B, (gug™)(x) = g(g~ (@)b) = 2(9(b)) = ke (@), 50 ke (@) = p().
Thus jtge) = te; and so g(b) = b by Lemma 3.1. This implies that g = 1, the
identity of G. Therefore G = G’ such that for each b € B°, g € G, ¢' () =

Hg(b)-

By keeping the notations in Lemma 3.2, we next show a Galois property

of Q.

Theorem 3.3 Let B be a Galois extension of B¢ with Galois group G.
Then Q is a Galois and a Hirata separable extension of Q¢ with inner Galois
group G’ induced by and isomorphic with G.

Proof. Since B is a Galois extension of B with Galois group G, there exists
a Galois system {a;,b; € Bli = 1,2,--- ,m} for some integer m such that
Yo aig(b;) = b1 for each g € G. Then by Lemma 3.2, >, ¢'(ttp;) fta; =
Zi(:uaig(bi)) = H(Z; aigbi) = Hérg = dy/,q for each g € G'. Thus {,, pta;|i =
1,2,---,m} is a Galois system for 2 with Galois group G’ induced by and
isomorphic with G by Lemma 3.2. Moreover, since G’ is inner, €2 is a Hirata
separable extension of Q¢ ([8, Corollary 3]).

By Theorem 3.3, we derive an expression for Q and Q¢ respectively.

Corollary 3.4 Let Z be the center of 2, ZG the subalgebra generated by
the elements of Z and G, and Vo(ZG) the commutator subalgebra of ZG in
Q. Then,

(1) Q = upQ% generated by the elements of pg and QF, and

(2) QF = Vo (ZG), the subalgebra of all G-endomorphisms of 2.
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Proof.

(1) By the proof of Theorem 3.3, 2 contains a Galois system {up,, fta, |t =
1,2,--- ,m} contained in ug, so upQC is a Galois extension of Q¢ with Galois
group induced by and isomorphic with G’. Thus Q = Q%"

(2) Forany f € Q% ¢/(f) = fforallg’ € G',so gfg~' = f, gf = fg. Thus
for all z € B, gf(z) = fg(z) = f(g(x)); and so Q" C Vo(ZG). Conversely,
for any f € Vo(ZG) and g € G, fg(z) = gf(z), so fg = gf. Thus ¢'(f) =
gfg™t = f;and so f € Q. Therefore Q% = Vo (ZG).

4 Galois Azumaya Extensions

As defined in [2], let R be a commutative ring with 1, G a finite group and
f G x G — {Units of R} a factor set. Then the R-algebra RG; is called
a projective group algebra with factor set f if RGy = gec BUy which is an
R-module with a free basis {Uy|g € G} such that rU, = U,r for all r € R and
U,Up = Uy f(g, h) for all g, h € G. In this section, let B be a Galois Azumaya
extension of B¢ with Galois group G and C' the center of B. We shall show
that if G is inner, then C' = C¢ and B & BY @ CG; as Azumaya C-algebras.
This will lead to the main result of this paper that (2 is a Galois and a Hirata
separable extension of Q¢ , but not a Galois Azumaya extension. An example
is given to demonstrate this result.

Lemma 4.1 If B is a Galois extension of B with an inner Galois group G
such that g(b) = UgbU; " for some invertible element U, € B, then {U, € G}
are free over C' where C' is the center of B.

Proof. (|2, Theorem 6]).

Lemma 4.2 If B is a Galois Azumaya extension of B¢ with inner Galois
group G such that g(b) = UgbU;1 for g € G and for some invertible element
U, € B, then C = C% and B = B¢ @c CG; as Azumaya C-algebras.

Proof. Since B is a Galois extension of BY with inner Galois group G, B is
a Hirata separable extension of BY ([8, Corllary 3]). Denote the commutator
of B¢ in B by Vg(B®). Then Vi(Vp(B%)) = BY ([8, Proposition 4-(1)]).
This implies that C = CY. Moreover, B is a Galois Azumaya extension of
BY by hypothesis, so B is an Azumaya (C%-algebra; and so both B and
BY are Azumaya C-algebras. But then B = BY @¢ Vp(B%) as Azumaya
algebras (([3, theorem 4.3]). Since g(b) = U,bU, " for each b € B and g € G,
g(b) = UgbU; " = b for each b € BY and g € G. Thus Uyb = bU, for each
b € BY. Therefore, > 9ec CUy C Vp(BY). Noting that > gec CUy = CGy by
Lemma 4.1 and Theorem 6 in [2], we have CG; C Vg(B®). Next we claim
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that Vp(BY) = CGy. Since B is a Galois and a Hirata separable extension of
BY Vg(BY) =& >_gec Jg Where Jy is a rank one projective C-module for each
gin G, J, = {b € Blbx = g(z)b} for all x € B ([8, Proposition 4-(2)]). Since
Uy € Jy, CGy C DY s Jy- But the order of G is a unit in B ([8, Proposition
4-(3)]), so ®>_ cqJy 18 a separable C-algebra and is equal to Ve(BY) ([6,
theorem 1]). Since Vz(BY) is an Azumaya C-algebra, the separable subalgebra
CGy is a direct summand of &), J,. Hence @3 ,J, = CGy & M for
some C-module M. Since rankc(J,) = 1 = rankc(CUy) for each g € G,
rankc(M) = 0. Thus M = (0). Therefore Vp(BY) = CGy; and so B &
B¢ @c CGy as Azumaya C-algebras.

Next we show the main result.

Theorem 4.3 If B is a Galois Azumaya extension of BS with Galois group
G, then Q is a Galois and o Hirata separable extension of Q¢ with inner
Galois group G' induced by and isomorphic with G, but not a Galois Azumaya
extension.

Proof. Since B is a Galois extension of BY with Galois group G, Q is a Galois
and a Hirata separable extension of Q¢ with inner Galois group G’ induced
by and isomorphic with G' by Theorem 3.3 where G' = {¢'|¢'(x) = gzg™'}
for all x € 2 and g € G. Next we claim that € is not a Galois Azumaya
extension of Q¢ with Galois group G’. Assume to the contrary that Q is a
Galois Azumaya extension of Q. Since ¢'(z) = gxrg™' for all z € Q and
g € @G, the factor set f : G' x G’ — {units of the center of Q} is trivial.
That is, f(g',h') = gh(gh)™ = 1 for all ¢',;’ € G'. On the other hand, by
Theorem 5 in [8] or Theorem 3.4 in [4], the center of Q is C“ which is the
center of BY, so = Q ®¢e CYGy as Azumaya algebras by Lemma 4.2.
Since f is trivial, C’GG’f = CYQG which is a group algebra of G over C¢. Thus
Q= 0% ®cc C’GG’f = Q% @cc CCG as Azumaya C%-algebras. But the center
of a group algebra C“G is not CY, so CYG is not an Azumaya C%-algebra.
Therefore we have a contradiction; and so € is not a Galois Azumaya extension.

We conclude the present paper with an example to demonstrate the main
results as given by Theorem 3.3 and T'heorem 4.3.

Ezample. Let My(Z) be the matrix ring of order 2 over the ring of integers
Z,B=MyZ)® My(Z) and G ={1,g|g(x,y) = (y,z)} for (z,y) € B. Then,

(1) B is a Galois Azumaya extension of BY where BY & M,(Z);

(2) BY is an Azumaya C%-algebra where C' = Z @ Z which is the center of
B, and C¢ =~ 7,

(3) Denote B by D and Hom(pB, pB) by Q. Then  is a Galois and a
Hirata separable extension of Q¢ with inner Galois group G’ induced by and
isomorphic with G' by Theorem 3.3; and
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(4) Since the group algebra ZG is not an Azumaya Z-algebra, Q) is not a
Galois Azumaya extension of Q" by Theorem 4, 3.
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