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Abstract 

The qualitative and quantitative relationship o f  numerical simulation to the 
physical phenomena being modeled is of paramount importance in compu- 
tational physics. If the phenomena are dominated by irregular (i.e., nonsmooth or 
disordered) behavior, then pointwise comparisons cannot be made and statistical 
measures are required. The problem we consider is the gas curtain Richtmyer- 
Meshkov (RM) instability experiments of  Rightley et al. [13], which exhibit 
complicated, disordered motion. We examine four spectral analysis methods for 
quantifying the experimental data and computed results: Fourier analysis, struc- 
ture functions, fractal analysis, and continuous wavelet transforms. We investigate 
the applicability of  these methods for quantifying the details of fluid mixing. 

l Introduction 

Our  principal experimental basis is the gas  curtain Richtmyer-Meshkov 
experiment of  Rightley et al.  [l31 This experiment involves impulsively 
accelerating a curtain of  SF6 with a Mach 1.2 shockwave and examining the 
subsequent fluid mixing driven by the deposition of  baroclinic vorticity in the 
gas curtain. We simulate the experiment with the adaptive mesh code RAGE [ l ]  
and the research code CUERVO [ l  l ] .  Both codes use Godunov-type methods, 
although they differ significantly in the details. 

Both the experiment and the calculations produce complicated, disordered 
motion. Given the sensitive dependence on the initial conditions for these 
f lows,  one cannot  perform pointwise comparison o f  the  flowfields. 
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Therefore, we examine the data and results with generalized spectral anal- 
ysis methods. In addition to  the standard Fourier analysis, we calculate 
second-order structure functions, fractal analysis characteristics, and con- 
tinuous wavelet transforms. 

The experimental configuration is discussed in further detail in $2. A 
brief description of the codes is provided in $3. The analysis techniques are 
described in some detail in $4. Results are provided in $5, followed by a 
summary in 56. 

2 The gas curtain Richtmyer-Meshkov experiment 

The experiments referred to here have been described in detail in [l31 and 
references therein. We will describe them briefly and focus on aspects that 
are relevant to our current discussion. 

The experimental apparatus is a 5.5 m shock tube with a 75 mm square 
test section. The driver section is pressurized before the shot, and the rup- 
turing of a polypropylene diaphragm produces a Mach 1.2 planar shock. In 
the test section, a vertical curtain of SF6 is injected through a nozzle in the 
top, and removed through an exhaust plenum at the bottom. Interchange- 
able nozzles containing different contours impose perturbations on the cross 
section of the curtain, which has a downward velocity of N 10 cm/s. A 
photograph of the experimental facility is shown in Fig. l. 

Figure 1: Photograph of the shock tube experimental facility in which the 
gas curtain experiments are performed. 

The evolving flow is imaged by a horizontal laser light sheet. A tracer 
material consisting of glycol fog (with a typical droplet dimension of 0.5pm) 
is added to the curtain to  greatly improve the dynamic range of the images, 
which are captured by CCD camera. A detailed discussion of the experi- 
mental apparatus, including a discussion of the flow tracking ability of the 
glycol fog and experimental error analysis, is given by Rightley et al. [l31 

One aspect that is central to this work is the fidelity of the experimental 
images. Many high-speed flow instability experiments do not achieve the 
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image resolution that is obtained with the gas curtain apparatus. This res- 
olution enables a substantive comparison of physical time and space scales 
with those computed. As a consequence, we seek to make deeper observa- 
tions regarding the capacity of numerical simulations to  model reality. 

3 Numerical simulations 

We use the images of the experimental initial conditions to initialize the 
computations. These images are corrected for noise by using a speckle filter 
that has a threshold intensity value equal to that of the CCD camera; the 
denoised images are used in the analysis of the experimental data. The 
denoised initial condition is subsequently smoothed with a Gaussian filter. 
These smoothed data are interpolated onto the computational grid, with 
the initial computational zone size equal to the pixel size of the image. We 
impose reflective boundaries a t  the top and bottom of the computational 
domain. 

Our computations are done primarily with two hydrocodes: RAGE, 
an adaptive grid Godunov method [l], and CUERVO, a Godunov code for 
investigating more advanced algorithms [ll]. Neither of these codes includes 
explicitly modeled viscous terms; however, preliminary simulations with 
equations containing viscous terms indicates no substantial difference in 
the computed results. 

RAGE solves the Euler equations with an operator split Godunov method 
that is implemented in Lagrange-remap fashion with a linearized two-shock 
Riemann solver. The code has multimaterial capability with the assumption 
of local thermal, pressure, and momentum equilibrium. enforced. RAGE 
also has an adaptive mesh refinement (AMR) feature, which we used to al- 
low the smallest computational zones to  decrease to  one-half the size of the 
initial condition, with the code output interpolated onto the original mesh. 

CUERVO is a single material research code that is primarily used to 
investigate advanced numerical integration techniques. CUERVO uses un- 
split differencing (both spatial and temporal) and an adaptive quadratic 
two-shock Riemann solver. CUERVO does not presently have genuine mul- 
timaterial capability. Additionally, other physics can be added to  the code 
without difficulty, a case in point being the diffusive terms (or, e.g., simple 
turbulence models). 

4 Spectral analysis methods 

Since pointwise comparison of the evolving unstable flow is not meaning- 
ful, we turn to  spectral analysis techniques to quantify the sub-integral 
scale behavior. In all cases, we use measures with which we can directly 
compare quantitatively, over some range of length scales, experimental ob- 
servations and computational results. We first briefly review Fourier anal- 
ysis, then discuss structure functions, fractal analysis, and the continuous 
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wavelet transform, each of which provides a unique measure of the scale- 
dependent properties. The literature on each of these topics is voluminous; 
the references we cite are those that we have found to be most useful. 

Fourier methods form the foundation of data and image analysis. We 
define the 2-D Fourier transform .F of a function f and its inverse 3 - I  as 

m m 

( k X l  kg) / dx / dy / (X,  y) ei2"kzx e ' 2 " k g ~  - - fl(kxl k,) with (1) 

m m 

~ r l ( s ~  f = S_?, h, f (kx ,  k,) e-iZTkzx e - t Z T k u ~ .  (2) 

We use the complex multidimensional NIST FFT package [g], which does 
not require that  the number of data be a power of two. The spectral energy 
E and spectral energy density & (often called the "Fourier spectrum") are 
calculated as functions of the wavevector magnitude k according to 

1 d 
E (k )  = 5 lf(k')12 and &(k) = -E (k ) .  

Ikll<k 
d k 

One often-cited Fourier spectrum result is for homogeneous, isotropic, in- 
compressible turbulence in the limit of infinite-Reynolds number, for which 
the celebrated Kolmogorov scaling (so-called K41 theory) is E ( k )  k-5/3 [4]. 

Perhaps the simplest statistical measure to  calculate is the second order 
autocorrelation, i.e., the second-order structure function. The second-order 
scalar structure function of the data f is defined as: 

where e is the magnitude of vector C, and the expectation operator (.)  is the 
sample mean. In this study, we compute the isotropic structure function, 
i.e., we consider all orientations of the vector C. We compute this quantity 
over a range of length scales, i.e., for a range of C; we then calculate the 
best-fit to the scaling exponent d, in eqn (4), and compare data sets via 
these exponents. 

Fractal analysis has been used extensively to characterize, both theoret- 
ically and experimentally, turbulent fluid phenomena [14]. Of the numerous 
ways to approximate the fractal dimension, we consider two: (1) box count- 
ing for a contour, and (2) the variation nlethod for a surface. 

For box counting [S], we consider a range of volume-fraction contours, 
and evaluate the fractal dimension of each contour. The following pseu- 
docode algorithm approximates the fractal dimension d f b  

Loop over a l l  contour values f,, nz = 1,. . . , M  
Loop over a l l  s c a l e s  Cl, l = 1, .  . . , L  

Determine t h e  minimum number of boxes N,(el), each 
of l i n e a r  dimension L ,  requi red  t o  cover t h e  contour 

Compute a power law f i t  t o  N, = C,e-dfb 
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There are subtle implementation details in determining whether a given 
contour value is contained in a given box. Additionally, calculating the 
minimum covering number of boxes can be computationally intensive, but 
is required to numerically approximate the fractal dimension. Also, the 
fractal dimension is rigorously defined as the value of the exponent d f b  

in the limit of vanishingly small box size; obviously, this limit cannot be 
realized for digitized quantities of finite resolution. 

The variation method [2] for computing the fractal dimension of a sur- 
face proceeds in an entirely different manner. For a given resolution EL,  one 
first calculates the upper (X) and lower (fl) envelopes of the data ( f )  in 
local &l-neighborhoods. The €-variation ~7.~1) is then computed as mean 
of the difference between these surfaces: 

1 Xmax Ymax 

v(€,) = 2 lmdy [ R x ,  Y) - fi(x1 Y) l 7 

where A = (X,,, - xmin)(ymax - ymin). This quantity is scaled to  give an 
approximation to the fractal dimension df, The following pseudocode uses 
the "pyramid algorithm" of Dubuc et al. [2] to approximate the variation 
fractal dimension df, for a surface with topological dimension D : 

- 
I n i t i a l i z e :  f l ( i , j )  = f ( i , j ) ,  i l ( i , j )  = f ( i , j )  
Loop over t h e  s ca l e  ind ices  1 = 2, .  . . , L  

Loop over a l l  points  i = l , .  . . , Ni, j = l , .  . . , Ni 

In this approach, the length of the lth scale is el = 21Az, where we assume 
that Ax = Ay; also, D = 2 for the case considered. This algorithm is more 
efficient than that for box counting, and is less complicated to code. 

Our fractal analysis software has been verified against images of known 
fractal dimension. The calculated (global) fractal dimension depends strong- 
ly on the range of scales used in the power law fitting process. For example, 
the box-counting algorithm gives results for the Sierpinski gasket (with ex- 
act fractal dimension log3/log2 = 1.585) of between 1.53 and 1.58. Simi- 
larly, the variation dimension results for a discrete fractal Brownian motion 
surface of known dimension 2.6 vary between 2.45 and 2.64. 

As these verification results suggest, numerical approximations to the 
fractal dimension suffer from a number of shortcomings [6]. For example, 
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the result can be biased by the nature of the curve fitting; therefore, one 
can calculate the local fractal dimension, which is the scaling exponent 
between each pair of box sizesllength scales data, i.e., the local log-log 
slope. Such complications do not prevent fractal analysis from being useful 
as a quantitative measure with which to compare images of data or numerical 
results that contain complex structure. 

The continuous wavelet transform (CWT) [3] is a spectral technique in 
which a given function or data set is projected onto dilated and translated 
versions of a basis function, known as the "mother wavelet". The CWT 
has many applications in image processing, including, e.g., quantification of 
images of turbulent flows [3, 151. The CWT method differs from the discrete 
wavelet transform (DWT) method [10], which has widespread application 
in signal processing, including, e.g., image compression. 

The CWT of the function f (X) = f (X, y) is defined as 

where $ is the mother wavelet, a is the scale, and b = (b,, b,) is the (2-D) 
translation. The set of admissible mother wavelets must satisfy both 

Because of these constraints, the CWT characterizes local behavior, unlike 
the Fourier transform, which quantifies global (or periodic) characteristics. 
The mother wavelet we consider is the isotropic Marr or "Mexican hat" 
wavelet given by $(X, y) = (2 - r2) exp(-r2/2)/f i ,  where r2 E x2 + y2. 

The CWT is basically a generalized convolution between the function of 
interest and a scaled version of the mother wavelet. We evaluate the CWT 
by using Fourier transforms, starting with the definition given in eqn (G), 
which is easily manipulated to obtain: 

dk ~ ( k )  f(-k) e-'2~*'(-b) , W, ,, (a, b )  = - 
a L 2  

where Q(k) is the Fourier transform of $(x/a). Therefore, the 2-D CWT 
with scale a and translation -b can be written 

where, for theAlast equality, we have assumed that f is an even function, so 
that f (k)  = f (-k), which is the Fourier transform of f (-X). The wavelet 
energy spectmm [3] can be defined in terms of the CWT as 
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The following pseudocode algorithm for evaluating the CWT of a scalar 
function of two arguments for isotropic mother wavelets is based on eqn (9). 

FFT t h e  da t a ,  obtaining f*(-k,, , -k,,) 
Assign and loop over a l l  s ca l e s  a l ,  l = 1,. . . , L  

Loop over a l l  po in ts  i = l, . . . , N, , j = l , .  . . , N, 
Assign t h e  scaled wavelet $(x,/al, y,/al) 

FFT t h e  sca led  wavelet t o  obta in  Q(k,,, k,,) 

Calcu la te  t h e  wave-space product a(k,, , k,,) f (-k,, , -kg,) 
Inverse-FFT and r e sca l e  t o  obta in  Wf,+(al, -bx, , -by,) 

Compute spec t r a  

The smallest scale a1 cannot be less than the zone size of the input data, 
which are required to be on a uniform grid. Similarly, the largest scale a~ 
cannot exceed the extent of the input grid. 

There are subtle implementation considerations, regarding, e.g., alias- 
ing, frequency resolution, etc.; see [7] for a discussion of these topics as 
related to the CWT. One important implementation detail is that the argu- 
ment of the data (i.e., (xi, y j ) )  and the argument of the scaled wavelet (i .e. ,  
( x i l u l l  yj/al)) must be a t  the appropriate values for correct computation of 
the discrete (i.e., FFT-based) convolution. 

5 Results 

The initial volume fraction and the volume fraction a t  400ps after shock 
impact are shown in Fig. 2, which shows the experiment and two simula- 
t i o n ~ .  This figure reveals qualitative differences that are quantified with the 
application of the analysis techniques described above. 

In the following, we provide examples of these quantification measures 
for the t = 400psvolume fraction shown in Fig. 2. In each plot, the exper- 

Figure 2: The SF6 volume fraction pre-shock state (left) and a t  400ps after 
shock impact (right). In each set, the experiment is shown on the left, the 
RAGE calculation in the middle, and the CUERVO calculation on the right. 
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Figure 3: Lek: the FFT energy density spectrum of the SF6 volume fraction 
a t  4 0 0 ~ s .  Right: the CWT energy spectrum of the SF6 volume fraction at 
the same time. 

imental result is a solid line, the RAGE calculation a dashed line, and the 
CUERVO calculation a dotted line. 

Figure 3 contains plots of the Fourier spectrum, eqn (3), as a function of 
wavenumber k (left) and the CWT spectrum, eqn (10), as a function of scale 
length a (right) for the experiment and calculations. The CWT spectrum 
clearly reveals differences between the calculations (which have similar CWT 
spectra) and the experiment, as well as identifying different "dominant" 
length scales, i .e . ,  scales at which the (wavelet-dependent) energy of the flow 
is locally maximized. The FFT spectrum provides a less clear quantification 
of the flows. The FFT  results, however, do indicate a lower energy density 
in the experiment at intermediate wavenumbers; this result is consistent 
with (although less illuminating than) the CWT results. 

The second-order isotropic structure function, eqn (4) is shown as a 
function of length scale in Fig. 4. This plot suggests differences in the ranges 
of length scale over which (approximate) self-similar behavior occurs; such 
behavior is manifest as a straight line on this log-log plot. Fitting a power 
law curve to these results on the interval up to ! = 0.1 quantifies these 
scaling variations: for the experiment d, = 1.36,for the RAGE calculation 
d, = 0.75, and for the CUERVO calculation d, = 0.87. 

Figure 5 contains plots of the box-counting fractal dimension for a 
range of contours (left) and the local variation fractal dimension for a range 
of scales (right). The error bars in the box-counting results are the standard 
deviations obtained from fitting the power-law Ansatz. For the box-counting 
results, there is statistically significant difference between experiment and 
calculation at all but the highest volume fraction contours; moreover, the 
results for the two calculations are again similar. The local variation di- 
mension values exhibit a significant divergence of the experimental values 
from both calculated results over virtually the entire range of length scales. 
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a r-4 1~-3- 

0.01 0.1 1 
Length Scale 

Figure 4: The second-order isotropic structure function versus length scale 
for the SF6 volume fraction at 4 0 0 ~ s .  

Length Scale (cm) 

Figure 5: Left: the box-counting fractal dimension for a range of contours 
of the SFs volume fraction at 4 0 0 ~ s .  Right: the local variation fractal 
dimension for a range of local scales a t  the same time. 

6 Summary 

The gas curtain experiment provides experimental data with which to exam- 
ine sub-integral scale features of the Richtmyer-Meshkov instability in com- 
pressible flows. We presented measures-Fourier analysis, isotropic structure 
functions, fractal analysis, and continuous wavelets-with which to quantify 
the complicated mixing structures in this flow. We demonstrated that these 
methods are useful for quantifying numerical simulations of this experiment. 
These measures exhibit significant difference between calculated results and 
experimental data, with different dominant length scales (shown by the 
continuous wavelets) and different scaling behavior (shown by the structure 
function and fractal analyses). In a companion paper [12], we use these tech- 
niques to quantify, compare, and evaluate the effects of different numerical 
algorithms on the computed results. 
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