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In this paper, we firstly investigate the successive applications of three elementary gauge transformation oper-
ators T; with i = 1,2,3 for the mKP hierarchy in Kupershmidt-Kiso version, and find that the gauge transfor-
mation operators 7; can not commute with each other. Then two types of gauge transformation operators Tp
and 77 constructed from 7; are proved that they can commute with each other. In particular, 77 is introduced
for the first time in the literature. And the successive applications of 7p and 7; in the form of T(mk)  which
is the product of n terms of Tp and k terms of 77, are derived in three cases for different n and k. At last, the
corresponding successive applications of Tp and 7; on the eigenfunction ®, the adjoint eigenfunction ¥ and
the tau functions 7 and 7; are considered.
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1. Introduction

The modified Kadomtsev-Petviashvili (mKP) hierarchy is a system of nonlinear differential equa-
tions satisfied by the tau functions introduced in the early 1980s in [14, 15]. There are several
versions of the Lax representations for mKP hierarchy. All the definitions are trying to trans-
fer the relationship between KdV and mKdV to the KP situation. The first one is known as the
nonstandard integrable system, developed by B. A. Kupershmidt and K. Kiso [16-18,26], which
is defined through the modification of the KP hierarchy (“standard case”) d, L = [(L")>0,L] to
d,,L = [(L")>1,L] (see Section 2 for more details) . The second one is defined by the factoriza-
tion of the Lax operator of the KP hierarchy [6, 19]. The last one has the representation in terms
of differential-difference equations [8, 31, 32]. In this paper, we only consider the first one, i.e.,
Kupershmidt-Kiso version, since it is comparatively easier to discuss the gauge transformation in
the first version than other ones. The mKP hierarchy in Kupershmidt-Kiso version is the particular
case of the coupled modified KP hierarchy [32], which are proved that there are two tau functions T
and 7). These two tau functions bring much difficulty in the study of the mKP hierarchy, compared
with the KP case [7] only owning a single tau function.

The gauge transformation [2, 26, 27], also called Darboux transformation, provides a sim-
ple way to construct solutions for integrable hierarchies. By now, the gauge transformations
of many integrable hierarchies have been studied, for example, the KP and mKP hierarchies
[1-3,9,26,27,29,30,34], the BKP and CKP hierarchies [4,10,12,25], the discrete KP and modified
discrete KP hierarchies [13,20,21,24,28], the g-KP and modified g-KP hierarchies [5,11,22,23,33]
and so on. Here in this paper, we will investigate the gauge transformation of the mKP hierarchy
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in Kupershmidt-Kiso version. There are three elementary gauge transformation operators 7; with
i=1,2,3 (see Section 3 for more details) for the mKP hierarchy [26, 29, 30]. Here we find that T;
with i = 1,2,3 can not commute with each other and therefore they are inconvenient in the appli-
cation. Thus two types of gauge transformation operators 7p [26] and 7; constructed from 7; (see
Section 4 for more details) are introduced, which are proved that they can commute with each other.
And in particular, as far as I know, 77 is introduced for the first time in the literature. These gauge
transformation operators can not only construct various solutions, but also provide the understand-
ing of the inner structures of the mKP hierarchy, for example, the explicit forms of the tau functions
for the mKP hierarchy in Kupershmidt-Kiso version. The main content of this paper is devoted to
the successive applications of Tp and 7;.

In the KP case, there are two elementary gauge transformation operators, denoted by 7; and 7;.
As for the successive applications of n terms of 7; and k terms of T, it is enough to only discuss
two cases of n > k and n = k in the KP hierarchy [9], since the case k > n can be derived from the
commutativity of 7; and 7;, and also the fact that the inverse of the conjugation of 7 is 7; and vice
versa. However in the mKP case, the inverse of the conjugation of 7p is not equal to 7; and vice
versa. Therefore in the mKP case, if we denote the product of n terms of 7Tp and k terms of 7; as
7% all three cases for different n and k should be considered in the successive applications of 7j
and T;. Thus the derivation of 7("*) in the case of k > n can not be avoided, which is one of the major
differences from the corresponding results in the KP hierarchy. In addition, we give the detailed
derivations of the assumption of the form of 7). But just knowing the assumed form of T (k)
is not enough in the derivations of explicit form of 7% Actually, besides the similar conditions
of Tp and 7; (see (4.3)) to the KP case, the additional conditions (see (4.4)) are very crucial in this
paper, which is another difference from those in the KP case. At last, the corresponding successive
applications of Tp and 77 on the eigenfunction ®, the adjoint eigenfunction ¥ and the tau functions
Tp and 7 are considered. And some examples of 7y and 7| are given.

This paper is organized in the following way. In Section 2, some basic facts about the mKP hier-
archy are introduced. The successive applications and the commutativity of the elementary gauge
transformation operators 7; with i = 1,2, 3 are discussed in Section 3. Then in Section 4, the succes-
sive applications of the gauge transformation operators 7p(®) and 7;(W) are investigated in three
cases for different n and k. Further the application on the (adjoint) eigenfunctions and the tau func-
tions are obtained in Section 5. At last in Section 6, some conclusions and discussions are given.

2. the mKP hierarchy

The mKP hierarchy in Kupershmidt-Kiso version [16-18,26] is defined as the following Lax equa-
tion

o, L=[(L")>1,L}, n=1,2,3,-- 2.1)

n

with the Lax operator L given by the pseudo-differential operator below
L=0+uy+uid ' +upd 2 +uz0 > +---, (2.2)

Here 0 = d, and u; = u;(t; = x,tp,---). The algebraic multiplication of 9’ with the multiplication
operator f is given by the usual Leibnitz rule

df=Y (;) oI ez, (2.3)

=0
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where f(/) = %. For A =Y;a;0', Asy = ¥ a;0" and Ay = ¥ a;0". The name of the mKP
hierarchy comes from the fact that (2.1) contains the mKP equation

Qite = (txex — OU 1) 5 + 3utyy + Oty + Oty / uydx. 2.4)

In this paper, for any (pseudo-) differential operator A and a function f, the symbol A(f) will
indicate the action of A on f, whereas the symbol A f will denote just operator product of A and f,
and x stands for the conjugate operation: (AB)* = B*A*, * = —d, f* = f. Note that there is the
term ug in the Lax operator L (see (2.2)) of the mKP hierarchy, which is different from the case of
the KP hierarchy.

Similar to the case of the KP hierarchy, the Lax operator L for the mKP hierarchy can be
expressed in terms of the dressing operator Z,

Lkp = 20771, (2.5)
where Z is given by
Z:zO—i—zl&’l+z28*2+~--(zalexists). (2.6)
Then the Lax equation (2.1) is equivalent to

A Z=— ( ;KP) Z= (za"z*l) Lz 2.7)

Define the wave and the adjoint wave functions of the mKP hierarchy in the following way:

wit,A) = Z (eém) — (1, 1)eE D), 2.8)
wH(t,A) = (27191 (e_é(”’l)) — W (1, M)A "8 0A), 2.9)
with
E(t,A) =xA+6HA%+15A3+ -, (2.10)
W(t,A) =z0+21A T A2 2.11)
Wt A) =20 AT BT (2.12)

Then w(t,A) and w*(z, 1) satisty the bilinear identity [32] below
res; w(t', L)w*(t,A) =1, (2.13)
which is equivalent to the mKP hierarchy. Here resy ¥, ;A" = a_.
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It is proved in [32] that there exist two tau functions® 7; and 7y for the mKP hierarchy in
Kupershmidt-Kiso version such that

— -1

w(t,A) = ’Wei(hl)7 (2.14)
-1

wh(e,A) = 2T D) (t;z([?) D j-1,-600), (2.15)

By comparing (2.11) with (2.14), one can find

=20 35 ). (2.16)

() 20

The eigenfunction @ and the adjoint eigenfunction ¥ of the mKP hierarchy are defined in the
identities below,

Dy, = (L")1(P), W, =—(L")%, (V). (2.17)

3. Elementary Gauge Transformation

In this section, we will investigate the elementary gauge transformation of the mKP hierarchy. For
the mKP hierarchy (2.1), suppose T is a pseudo-differential operator, and

LY =117, (3.1)
such that

L] (3.2)

still holds for the transformed Lax operator L{!), then T is called a gauge transformation operator
of the mKP hierarchy. According to (3.2), one can easily obtain the lemma below.

Lemma 3.1. [fthe pseudo-differential operator T satisfies
(TL'T Y5y =T(L")> T '+ T, T, (3.3)
then T is a gauge transformation operator of the mKP hierarchy.

Before the construction of the gauge transformation, the following basic identities on the
pseudo-differential operator are needed.

4Please note that the mKP hierarchy that we consider is the Kupershmidt-Kiso version, which is different from from those
in L. A. Dickey’s work about mKP hierarchy [8]. The existence of 7; and 7y makes the mKP hierarchy in Kupershmidt-
Kiso version become a relatively separate system, just like the KP hierarchy.
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Lemma 3.2. For any pseudo-differential operator A and arbitrary functions f, f1, f>, g g1 and g
, one has the following operator identities:

(fT'Af)s1 = f A f = 1 AS()), (3.4)
(f 19407 fi)o1 = £ 1 9A107 = £ (A1 (f)), (3.5)
(07 'gAg '9)s1 =0 'gAs 18710 — 9 g AL, ()0, (3.6)
(Afo~ )<0:A>0(f)8_1+A<0f8_1, 3.7
(07'gA)co=0""A%(g) + 0 'gA, (3.8)
A7 910 g2 = 1 /glfzdx-a*gz—fla*/glfzdx-gz. (3.9)

Proof. (3.4), (3.5), (3.7) and (3.8) can be found in [26,27]. (3.9) can be obtained by direct compu-
tation. Therefore, we only prove (3.6) here. By using (3.8)

(07 'gAg '9)=1 = (97 'gAs187")=00
=9 'gAs187'0— (0 'gAs187 ") <00
=9 'gAs1g7'9 -0 g7 AL (g)0.

O

After the preparation above, one can find the following proposition [26, 29, 30] about the mKP
hierarchy by using Lemma 3.1 and Lemma 3.2.

Proposition 3.1. There are three elementary gauge transformation operators for the mKP hierar-

chy, that is,
T (®) =7 !, (3.10)
T (P) = d, 10, (3.11)
(W) =9y, (3.12)

where @ # 0 and WV are the eigenfunction and the adjoint eigenfunction of the mKP hierarchy (see
(2.17)) respectively, and in particular ® is not a constant in T.

Further, one can obtain the following proposition.

Proposition 3.2. Under the gauge transformation operator Ty (®), T»(®) and T3 (), the objects in
the mKP hierarchy are transformed in the way shown in Table 1.

Table I. Elementary gauge transformations mKP — mKP

Lokp— LY, z0) = o) = pV= (V= =
=o! o1z o1, DY, T ot
=o;'9  @;'9z07'  @'®), & [Widx 1 @, 77/

T =0 g 2~ 'wz9 f‘Pqudx (T]/‘P)x lPTg/Tl T

where ® and W, are the different eigenfunction and the adjoint eigenfunction of Lyxp from the
generating functions ® and Y of the gauge transformation operators.
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Proof. Here we only take 75 as an example and the others can be derived in the similar way. The
actions of 7> on Z, ®; and ¥ can be obtained by direct computation. Therefore we mainly focus
on the actions on 7y and 7;. Firstly, from

70 = 19207 =1 9(z0+219 " +--)0 "

=& 2+ @; Nz +21)0 4, (3.13)
one can get
=@z, 2V =@ (e t21). (3.14)
Then by (2.16), one can find
(1) 2V 21 20
—dnty ' = = = didnzo+ = = dyIn—. (3.15)
2 20 T

Therefore according to (2.16) and (3.14),

=Lloq, V=2 = , (3.16)

Remark: Note that in [29, 30], there is another gauge transformation operator T = d~! [Wdx- 0,
which can be viewed as the composition of 7> and T3, that is, T3(¥())T(®) = 9~ '¥(Ndg =
07! [Wdx- 9, with P(1) = T»(®)(P).

Denote the successive applications of gauge transformation operators 7; with i = 1,2,3 as

(@), ®,) 2 T (@) Ty (@) Ty (@) T3 (@1), 3.17)
T (@), @) 2 T(DF ) T (@) Ty (D) Ty (), (3.18)
(W, W) 2 TP ) (P T (W) T3 (). (3.19)

Here ®; and ¥; are the eigenfunctions and the adjoint eigenfunctions of the mKP hierarchy which
are different from each other, cI)](Cm) = Y}(m)(cbl oo, @) (Py) and ‘P,((m) = Ti(m)(‘Pl,--‘ s o) (P)-
The results of the successive applications of gauge transformation operators 7; with i = 1,2,3 are
listed in the proposition below.
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Proposition 3.3.

(1) 1@y, @) =D, (3.20)
q)lx q)n—l,x d
(o .. @)= 1 O ol g
(2) TZ (CI)17 7q)l’l) Wn+1(17q)17"',cbn) CI).I ' cI)r.lfl a ) (321)
o) o),
(1) (n-2) 51
1y g, il el ooty

3) (W, W,) = . (322)

W*l(lpla"',lp 71) : : : :
! T gl D) gong

where W, =W, (®,®P,,- - ,P,) is the Wronskian determinant of ®;, Dy, --- ,P,. And the deter-
minant of T3(”) is expanded by the last column and the functions are on the left-hand side.

Proof. (1)

— (q)lcp(zl)...q)n e =@ (3.23)

where we have used the following fact CI),((k_l)CDE.k) = cI>§.k_1), with CI)E.k) =T (d),((k_l))(cb‘s.k_w).

(2) Assume Tz(") =Y" , a;d". Since Tz(")(CID,-) =0,i=1,2,---,n—1and TQ(") (®,) = 1, one can obtain
the following linear equation group,

;l:]aiq)](j):o, ]{:]727...1/1_17

(3.24)
o adl) =1
Thus
CI)lx o CI)n—l,)c
) 1 (I)(ifl) . (1)(’ )
a;j=(—1)"" n-1 (3.25)

1 _
WnJrl(laq)la""q)n) CDEH_I) q),(flljll) '

The substitution of (3.25) for T.") = ¥, ;0" leads to (3.21).
(3) Firstly, we can prove that T3(") has the form of TS(") = ;’Zlbia_l‘l—‘[ with b, = (—1)"*! by
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M ey =y b WY with b, = (—1)". Then

induction. In fact, we can assume T3("_1) (P57,
according to (3.9) and Proposition 3.2, one can find

(n
" =1

= Z (bi/‘Pgl)dx-a_l‘Pl —bia_l/lpl(l)d)Lqﬁ)
i=2

= Z (b,/‘Pl(l)dxal‘Pl —bi81‘Pi>
i=2

still holds with the term (—1)" "9~ 1¥,,.

Then by comparing the fact T3(n) = 0_,0~" + (lower order terms) with the form of 7

above, one can obtain the following linear equation group,

n b¥M =0, k=0,1,2,--n—2,

by = (—1)""1.

Therefore
E SUEEE S
(_l)iJrl lPIX

Wt (W1, Waot)

bi =

1 i—1

which leads to (3.22).

Wiy o
: \Pifl,x lPiJrl,x

D) D wed)
pi=2) gl )IPEH)...

D) e wy) = Y b o,
i=2

(3.26)
(n) given
(3.27)
ke
an,x
: , (3.28)
lpg;—z)
O

Assume L be the Lax operator of the mKP hierarchy, ®; and @, be two nonzero independent
eigenfunctions, and ¥; and ¥, be two independent adjoint eigenfunctions. we consider the follow-

ing diagram

I:a CIA)ZalAPZ

Figure 1. The Bianchi diagram for 7;, i = 1,2, 3.

where i = 1,2,3 and

d, i=1,2
A"_{\P, i=3
L=T(ANLT(A) ", ©2=Ti(A1)(
L=T(A)LTi(A)"", @1 =Ti(A)(P1), ¥ =
L=TA)LT(A) ", L=T(A)LT(A)™!

(3.29)
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The question is whether this diagram will commute, i.e.,
T2 (@1, @) = 1% (@, @), i=12,
7 (9, W,) = T2 (9,,9)). (3.30)
In fact, according to Proposition 3.3,
T(Z)(q) 16> _T(Z) _ ol _em1
| 1,$2) =T, (P2, @) =P, — D] #0, (3.31)
() (2) 1 Qi+ Py 9
T, (®1,P) — T, (Pr,P|) = ——————
2 ( b 2) 2 ( » ]) W3(17q>]7q)2) q)lxx+q)2xxaz
T (W), %)) — T2 (W, %)) = (o /W) + 1)07 ") — (W, /W, + 1)0 " P, £0.  (3.33)

£0, (3.32)

Therefore, the Bianchi diagrams for 7;, i = 1,2,3 does not commute. Further, according to Proposi-
tion 3.2, one can also find that

71 (DT (@) # To(\) Ty (@), (3.34)
T (@)1 (W) # (P71 (), (3.35)
(@) T3() # T3(P) T (D). (3.36)

So T; with i = 1,2,3 can not commute with each other, that is,
LT AT, i,j=1,2.3. (3.37)

This fact tells us that the gauge transformation operators 7; with i = 1,2,3 are not convenient when
solving the mKP hierarchy. Thus we must seek the other kinds of gauge transformation operators
which can commute with each other in the mKP hierarchy, that is, 7p(®) and 7;(¥).

4. Gauge Transformation operators 7p(®) and 7;(¥)

Since 1 is the eigenfunction of the mKP hierarchy (see (2.17)), one can define

(1>

Tn(P)
Ti(¥)

LT (@) = (@ ) 1od!, 4.1
T (10 Ty (W) = (/‘de)’lc?’l‘l‘. 4.2)

(1>

Here Tp is introduced in [26], while as far as I know 77 is presented for the first time in the literature.
Then by the direct computation similar to Proposition 3.2, one can obtain the following proposition.

Proposition 4.1. Under the gauge transformation operator Tp(®) and T;(\W), the objects in the
mKP hierarchy are transformed in the way shown in Table I1.

Table II. gauge transformations Tp(®P) and T; (V)

Loxp — L, 20 = o\l = w( — T -
Tp(P) Tp(®)Zo~!  (®1/®) /(7)) (P71, [P¥idx D7 —®,177 /1
7 (‘) T;(¥)Zo W& dx/ [Ydx (¥1/¥), [Wdx Y3 /1 To- [Wdx
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According to Table II, one finds that

Tp(®)(®) =0, (T:(¥)") (¥) =0, (4.3)
To(@)(1) = 1, TH(¥)(1) = 1. (44)
It can be proved that 7p(®) and T; (W) are commute with each other, i.e.,
To(@5)Tp(@1”) = To(®}) T (@), (4.5)
Tp(@) T (P0) = (¢ 1p (@), (4.6)
L) = T (8T (). “7)

Therefore, Tp(®) and T; (W) are more applicable in the case of the mKP hierarchy.
Consider the following chain of the gauge transformation operators 7p(®) and 7; (V)

(@), 1) D@ @) Ly

n ntk—
) (nrk—1) T(EY)

ni(¥)") Ll

L(n+1) L(n+k) )

Denote
TR = (D) () (@) - T (@) T (@), 4.8)

Next, we will compute the explicit form of 7"%) in terms of ®; and ;. Before this, the lemma
below is needed.

Lemma 4.1. 7O gnd 79 have the following form
k
0H =Y a0, (4.9)

(1"~ =Y @07 . (4.10)
i=1

Proof. This lemma can be proved by induction. Here we only prove the first identity, since the
second one is almost the same. Assume this lemma holds for k — 1, then according to (3.9) and
Table IT

k
TON = Y oo~ 1wl (/‘P]dx)’l 9w,
=2

k
_ Zoc,-'/ <‘P§1)(/‘P1dx)l> dx-9~w,
=2
k
—Za,-al-/<w§”(/\yldx)l> dx ¥,
i=2

k
=Y (¥;/¥10" "W — 0", 4.11)
=2
by noting that
/(TE‘)(/\Pldx)*)dx-lPl —y, (4.12)
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O
The generalized Wronskian determinant [9] is needed in the next propositions, which is defined
in the following form
Win = Wi y(Yie, Y1, , Y151, -+, Py)

fCD]‘Pkdx fCIDZ‘Pkdx cee fCDn‘I’kdx
fCI)l\Pkfldx fq)zlykfldx cee fCI)n\Pkfldx

[®\Widx  [@,Pdx - [P,V dx

d, d, e D,
(I)lx q)Zx T (I)nx
k-1 ( ;kfl) . k-t
In particular,
IWO,n:Wn(q)lanZa"'aq)n)? (413)
which is Wronskian determinant of ®;,®,,---,®P,,.

Proposition 4.2. When n > k, T"% and (T"X))~1 have the following forms
Tk — !
Went1 (P, Wi—1, -+, P15@1, -, Py, 1)

fq)l‘Pkdx j'CDQ‘Pkdx fq)n‘Pkdx 8*1‘1‘;(
[ @Y 1dx [DyWr 1dx -+ [P, Wi 1dx "Wy

[®Widx [D,Wdx - [®,Widx 7'

D, @, o D, 1 4.14)
q)lx q)2x ce q)nx d
q)gnfk) q)gnfk) ¢£n7k) an,k

and

ne 1 Wit (W, W1, -, P13 @1, -+, Py, 1)
Wi (Wi, i1, P13 Py, -+, D)2

107! [V Didx - [V Dydx Dy - DY

0! [V Dodx -+ [V Drdx Dy - DY

(1)~ = (=1)

(4.15)
07! [P Dydx - [ W Dudx D, - DY

Here the determinant of T "% is expanded by the last column and the functions are on the left-hand
side. And when computing (T "))~ the determinant of (T"¥))~" is expanded by the first column
and the functions are on the right-hand side, and also the coefficient function before the determinant
should be placed after the operators ®;0~'.
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Proof. When n > k, according to (4.8) and the commutativity of Tp and 77 given in (4.5)-(4.7), one

can rewrite T as
k) — A7(0k) — B—IT(n,O)’
where

— n n -1
B = (Trf ™ e )

Then by using Lemma 3.2 and Lemma 4.1, and also the fact (7*%))~! = (T(=0)=1) |

(TR = (ATOR))_ AZ(x, o7y, _ ZA )0~ ",

()7t = () Z@a 'B:B) Zcba 'B*(By).

Thus 7% and (T%))~! have the following forms

n—k

Za8’+ Z a;0 " 'w_;,

i=—k

(70 Zcb 0~ 'b;,

where a; and b; are the functions that will be determined below.
Then from Table II, one can find

TR (@) =0, TMR(1) =1, i=1,2,--- ,n,
that is
Y a4 T a [ @idx=0, j=1,2,-,n,
ag+ Y Lai [Y_idx=1,

where (4.21) is used. By solving this equation, (4.14) can be proved.
On the other hand, (4.21), (4.22) and Table II can lead to

oo

((T("J‘))_l)* _ Z(_l)l-i-l Z qu)y)a—l—l7
=

=0
(TN =1y = (—=1)"*a ' 97" 4 (lower order terms),
)\ —1\*
(T"9)~1)"(¥)) =0,
Co-published by Atlantis Press and Taylor & Francis
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Thus
b [OYdx=0, j=kk—1,--- 1,
,f’:lbid)l(j)zo,j:0,1,2,~--,n—k—2, (4.28)
L = = e e e

which gives rise to (4.15). ]

By the same manner as the case n > k, one can show that 7*") and (7))~ have the similar
forms

—1
T =ag+ Y a0 "W, (4.29)

i=—n

(T(n,n))fl _ aal + Z q)jailbj, (4.30)
=1

and thus have the following proposition.

Proposition 4.3. When n =k, T and (T "))~ have the following forms

Tnn) — !
IWn,ll-Q-l(anaan—ly"';lpl;q)ly"'?q)ml)
[@ ¥, dx [PW,dx - [®,W,dx 7',
[ @1, 1dx [®W, 1dx - [@,F, 1dx 'Y,
E : : : : ; (4.31)
[@WPidx  [PWdx - [P,Pidx OTY
®, d, d, 1
and
(T =1 W1 (P, Wt PPy Py 1)
Wn(Pp, W1, P11, -+, Dp)?
-1 ¥, Y, ¥,
@107 [V, D1dx [V, Pidx - [V Ddx
07! [, Drdx [V, | Podx - [WDPrdx | (4.32)

D0 [W,Dpdx [Py 1Ppdx -+ [P Dydx

Here the determinant of T"*) is expanded by the last column and the functions are on the left-hand
side. And when computing (T"*))~\, the determinant of (T"*))~" is expanded by the first column
and the functions are on the right-hand side, and also the coefficient function before the determinant
should be placed after the operators ®;0~'.

As for the case n < k, one has the proposition below.
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Proposition 4.4. When n < k, T"X and (T"*))~1 have the following forms
(_ 1 )kfl

IWn+1,k(l7(bn7q)nfla"'7(bl;lpla"'7lpk)
[ @ dx - [®Wdx P, - P 91y,
'®, Wadx &\ Wadx ¥ \P“‘ =2 5y
1.2‘112 2. . 2, (4.33)
[®,dx - f@l‘Pkdx ‘Pk lP,(f*”*z) oy,
and
(T(n,k))—l _ IWnJrl,k(l?q)l’l?q)l’l—l:"' ,¢1;\P17-.- 7lPk)
Wi (B, By, -+, P11, Wi)?
—®,0"! [ D, ‘Pldx - [®, ‘Pkdx
—<I>18 fCD]‘I’ldx fCD]‘Pkdx
1 ¥ Y . (4.34)
_a lPlx lka
e wlen) ken
(=) W

Here the determinant of T"™%) is expanded by the last column and the functions are on the left-hand
side. And when computing (T "))~ the determinant of (T"¥))~" is expanded by the first column
and the functions are on the right-hand side, and also the coefficient function before the determinant
should be placed after the operators ®;0~" and 9'.

Proof. Firstly when n < k, T("%) and (7)1 have the following forms

k
K — Zaia_llph (4.35)
k—n
(1) =Y 9/b; + Z ®;0"'b_j, (4.36)
j=0 j=

which can be obtained in the same way as the case n > k. Then by using Table II

TR (@) =0, TR (1) =1, (4.37)

k ; .
Tk = q, 9" % + (lower order terms) = Z (-1) Za,-‘PEJ)Q*I*]. (4.38)
=0 =

Therefore

YX i [Wdx=1,
YE a [Pi®idx=0, j=nn—1,-,1, (4.39)
Yo la‘P’ 0,j=0,1,- k—n—2.
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By solving this equation, (4.33) can be derived. And also by using

k
g = Y (—1) " Hhrgapt ), (4.40)
i=1

one can obtain
IWn,k(q)nyq)n—la e 7(b1;‘P17' e 7‘Pk)

i = (—=1)" ) (4.41)
nk ( ) IW/nJrl,k(lacI)nacI)nflv'” acI)l;lplv"' 7lPk)
On the other hand, from (4.38), (4.41) and Table II,
() 1) (2) =0, i=1,2,+- (4.42)
_ W1 1 (1,®, @y, -, P13 Wy, -+, )
bpn=0 ! = (—1)"—2Lo T A ALY 4.43
kon = Gy = (1) IW, 1 (P, 1, , P13 W, W) (345)
Then
Y (1) b — T b [0 jdx =0, j=1,2, K,
(4.44)
b _ (_l)nIWnﬁ»l.k(laq)mq)n—lx,“'7(131;‘{‘17“'7‘{"1()
k=n = W, (B @1, 1P )
which leads to (4.34). ]

5. Applications of 7 ("%

In the last section, the explicit forms of 7"*) have been obtained. In this section, we will investigate

the applications of the above explicit formulas.
Firstly, let’s consider the applications of 7'
of the mKP hierarchy. We summarize the corresponding results in the next proposition.

k) on the eigenfunction and adjoint eigenfunction

(”’k), the eigenfunction ® (which is

Proposition 5.1. Under the successive gauge transformation T
not proportional to ®1,--- ,®, in T"X)) and the adjoint eigenfunction ¥ (which is not proportional

toW,--- Wy in T"™K)) of the mKP hierarchy will become into

o whenn >k,

Wit (P, Y1, 13Dy, -+, Dy, D)

@tk — (5.1)
Wini1t (i, Pr—1,- -, P13 Py, -, Py, 1)
k) _ (_1)n+1IWk,n+l(lPk>lPk—la"' W1 @p, e, Py, 1) 5.2)
Wi (Wi, Pr—t1,- -, P15 Py, -+, D)2
XIWk+17n(lP,lPk,'-- ,lpl;(bl,'-- ,(bn) (53)
o whenn==xk,
q)(”""”) _ IWn,n—«—l(anaan—ly"' 7‘111;(1)17"' achacD) (54)
IWn,n-‘rl(‘Pman—l?'” 7‘Pl;q>17"' aq)nal)
pntn) _ (_1)ﬂ+IIWn,n+1(anv‘Pn—1>'" 1P Py 1)
IWn,n(‘Pn7an—17'” lel;q)h'” 7cI)l’l)2
XIW,,7”+1(<I)1,'-‘ ,q)n;‘P,‘Pn,'” ,T]). (5.5)
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o whenn <k

(n+k) _ IWn+l,k(q)7q)n7"' aq)l;lpla"' 7lPk)

® Wk (1, @, PP, ) 60
k) _ W1k (L, Py, Py P W, W)
IW, (P, @i, -+, P13y, -+, Pp)?
XIWn7k+1(CI)n,"- ,(I)l;\P,lPl,-" ,\Pk). (57)

Proof. These results can be obtained by substituting (4.14), (4.15), (4.31), (4.32), (4.33) and (4.34)
into the following expressions

*

q)(nJrk) _ T(nJc) (CI)), \P(lH»k) _ ((T(n,k))fl) (\P) (58)
]

Proposition 5.2. Under the successive gauge transformation T"%) the tau functions T and t| of
the mKP hierarchy will be changed into

o whenn >k,

. —k
T(gn+k) _ IWk,n(lPka\Pkfla'"ni‘:ill’q)l?'” , ®u) T} 7 (5.9)
T
0
Wit (B Wy g WDy - D, 1) R
Tl(n+k) _ k,n+l( ky Tk—1, 7n71k 1 il (2] ) 1 ; (5.10)
To
o whenn <k
vt Wi By By, 1 W T
‘L'(g +k) _ n,k( ny Pn—1 nikill 1 k)l 7 (5.11)
To
i —1"IW. 1,0, ®,_{,-- ,P;¥, -, ¥ gkt
Tl( +k) _ ( ) n+1,k( ) XNy EN 1:17]( ) * 1 1, ) k) 1 . (512)
To

Proof. Here we only give the proof for the case of n > k, since the proof in the other case is almost
the same. For this, assume

TWR — o 0" o, o 9" (5.13)
Then through (4.14) and (4.31), one can find

_ IWk,n(lkalPk—b"' alPl;q)b"' aq)n)
Wit (P, Wity PPy, Py, 1)
ax<IWk,n(lPk7‘Pk—]7"' 7‘Pl;q)17"' 7q)n))
Wit (P, Prot1, -, PPy, -, Py, 1)

C—k

(5.14)

Oy—k—1 =
Further from the transformation
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one can obtain

Z(()n+k) = 0 —kZ20,
k
Zg’H )= iz + (n— k) 0ty—20x + Oly—k—120- (5.16)

Then according to (5.14) and the relation between 7y and 7; given in (2.16), one can find

(n+k)
—ol (ntk)y _ 2 _ <1 —k)d,In(z Oy —k—1
n(zy ) 40 T % + (n—k)d:In(zo) + -

— —dudn(to) + (n— k)In(z0) — dIn (zwk,n(lpk,lpk_l e WDy ,cp,,)) :
Therefore by (2.16), (5.14) and (5.16),

L) _ Wi (s, P13 @1, -, D) T0 _ IWin(Pp,- -, W13 @, -, D) T K

0 n—k n—k—1 ’
2y To

k ,
(n+k) _ Té’” ) Wit (P, Wkt PPy, By, 1) T ki

T =
1 n+k n—k
zé ) T

O

In order to obtain the explicit examples of 7Ty and 7;, we start from the zero solution, i.e., LO) =
d, which satisfies (2.1). One can easily find that in this case, the mKP hierarchy in Kupershmidt-
Kiso version coincides with the usual KP hierarchy. Denote

0 = exp(&(r, 00)) + aexp(& (1, B)), i=1,2,++,m, (5.17)
\Pgo) = GXp(—&(r,}’j)) +bjexp(_§(t75j))7 J=12,--k, (5.18)

where o, B;, 7; and 0; are distinct complex numbers for different i or j, and a; and b; are constants.

Then one can easily check that 61350) and ‘PE»O) satisfy (2.17), and thus dJEO) and ‘Pﬁo) are the corre-
sponding (adjoint) eigenfunctions of the mKP hierarchy in Kupershmidt-Kiso version or the usual
KP hierarchy with respect to L), And in particular, 1 is also the eigenfunction of the KP hierarchy

corresponding to L(?). As for the tau functions in this case, one can easily find that
V=1 V=1 (5.19)
Then according to Proposition 5.2 and [9], one has the following results

Proposition 5.3. Starting from the zero solution of the mKP hierarchy, i.e., L) = 9, the tau pair

(‘L’é“k), Tl(Hk)) of the mKP hierarchy is showed as follows.

o whenn >k,

T(gnJrk) = IWk,n(q]](¢0)7\Pl(<()_)17' o 7‘}‘50);(1320),‘ a ’q)’(l()))7 (520)

T1(n+k) = IWk,n-l—l(lP]((O):lP](((?IV o 7T§O);q)§0)v e 7(1)510)7 1); (521
e whenn <k

T(gnJrk) = IWn,k(qDISO);q)El(l)lv' o acIJEO);lPSO)v e 7lPk)7 (522)

11(n+k) = (=1)"IW,p14(1,Pp, @y, , P15 Wy, i) (5.23)
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n-+k) (n+k)

Thus T(g and T, can be viewed as the tau functions of the KP hierarchy.

Corollary 5.1. Starting from LO) =9, the tau pair (T(gn) , ‘L'l(n)) of the mKP hierarchy is listed below,

T(gn) = Wn ((I)(l())v T ’q)r(l()))v (524)
T](n) = WH-H (q)g())? Tt 7q)§l0)7 1)’ (5.25)

which are also the tau functions of the KP hierarchy.

Remark: the above results can help us to understand the tau pair (7y, ;) of the mKP hierarchy in
Kupershmidt-Kiso version.

6. Conclusions and Discussions

The elementary gauge transformation operators 7; with i = 1,2, 3 (see Proposition 3.1) are discussed
in Section 2. The actions of 7; on the dressing operator, the (adjoint) eigenfunctions and the tau
functions are presented in Proposition 3.2. Then the successive applications of gauge transformation
operators 7; are shown in Proposition 3.3. At the end of Section 2, 7; are proved that they can not
commute with each other (see (3.37)), which reflects that 7; are not easy to carry out for the mKP
hierarchy.

Therefore Tp and 7; (see (4.1) and (4.2) ) are introduced in Section 3. And in particular, as far
as I know, T is introduced for the first time in the literature. After that, how the objects of the mKP
hierarchy are transformed under Tp and 7; are listed in Proposition 4.1. And further based upon the
results in Proposition 4.1, Tp and 7; are shown that they can commute with each other (see (4.5)
-(4.7)) and hence they are more applicable in the mKP hierarchy than 7; with i = 1,2,3. Then the
main part of Section 3 is devoted to the successive applications of 7p and 7;. And the products of n
terms of Tp and k-terms of Tj, denoted as T*%) are given in Proposition 4.2 for n > k, Proposition
4.3 for n = k and Proposition 4.4 for n < k. At last, the actions of T ") on the eigenfunction ®, the
adjoint eigenfunction ¥ and the tau functions 7y and 7; are presented in Proposition 5.1 and 5.2.
Also the explicit forms of tau functions 7y and 7; are given in Proposition 5.3 and Corollary 5.1.

Compared with the KP hierarchy, there are several differences in the mKP hierarchy, which
brings much difficulty to the study of the mKP hierarchy. 1) There is the second high order term
in the Lax operator of the mKP hierarchy (see ug in (2.2)), which leads to the extra condition (see
(4.4)) to determine T (k) 2) The inverse of the conjugation of 7p is not 77 and vice versa. Therefore,
the case k > n must be discussed in the derivation of T In fact, it is more difficult in the case
k > n than the cases n > k and n = k, because it is very hard to determine the form of 7(*%) in
the case k > n. 3) There are two tau functions 7y and 7; in the mKP hierarchy. Usually, it is more
inconvenient to study the integrable systems with two tau functions than those with only one single
tau function. Hence, additional methods must be developed in the discussion of the tau functions
under the successive applications of Tp and 77 for the mKP hierarchy.

At last, the results in this paper are hoped to be generalized to the constrained mKP hierarchy.
Also these results may be helpful to discuss the inner integrability of the mKP hierarchy such as the
additional symmetries and the squared eigenfunction symmetries.
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