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ABSTRACT

We study the dynamics of a class of interval translation map on three
intervals. We show that in this class the typical ITM is of finite type
{reduce to an interval exchange transformation) and that the complement
contains a Cantor set. We relate our maps to substitution subshifts.
Results on Hausdorff dimension of the attractor and on unique ergodicity
are obtained.
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1. Introduction

In the last years there has been an increased interest in the study of piecewise
isometries; see, e.g., [AKT, ACP, G, L, LV, M, V1, V2] and the references therein.
Classically, invertible piecewise isometries have been studied in one dimension;
these are the so-called interval exchange mappings (IETs for short), which can
appear for example as first return maps of geodesic and billiard flows. A natural
generalization of IETs to the noninvertible case, interval translation mappings
(ITMs for short), has been recently introduced by Boshernitzan and Kornfeld
[BK]. ITMs have been studied for their topological dynamics in [ST], and for their
invariant measures and complexity in [BH]. Many 0-entropy maps of the interval
are (semi)conjugate to I'TMs [BH]. In [BK] several very interesting questions were
asked, which we answer in this article for a special class of interval translation
mappings.

We define a class of ITMs which can be viewed as translations of two intervals
on the circle. The example given in [BEK] is a special member of our class. This
example was the first one for which a Cantor attractor for an ITM was observed.
We define an inducing procedure similar to Rauzy induction for interval exchange
mappings [R, V1]. It defines a map G in parameter space which plays the same
role as the well-known Gauss map for circle rotations; we call G the Gauss map
for our class of ITMs. Whether the induction procedure can be extended to all
ITMs is a very interesting open problem.*

Using the Gauss map, we prove that almost every map in our class is of finite
type (i.e., its attractor is a union of intervals rather than a Cantor set), giving a
partial answer to a question posed in [BKI. If the ITM has a Cantor attractor, we
specify an isomorphism to a shift space generated by a chain of substitutions. We
give an upper bound on the dimension of the attractor. Although the attractor
is “dynamically defined”, it is interesting to note that its upper box dimension
need not be equal to its Hausdorff dimension. Hausdorff measure, whether finite
or not, is always T-invariant. Finally, we give sufficient conditions for mappings
in our class to be uniquely ergodic, and a sufficient condition preventing unique
ergodicity.

In a companion paper, J. Cassaigne shows that the (subword) complexity p(n)
of the subshift describing our system is linear, in fact p(n) < 3n [C2]. This yields
a partial answer to another question posed in [BK]. Cassaigne’s original technique
[C1] is designed for substitution subshifts. In [C2], he extends the method for

* Recently Suzuki et al. have defined an induction procedure similar to ours for a
somewhat larger class of ITMs [SAI].
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the chain of substitutions developed in our paper.

2. Statement of results

Let 0=8o< B <...<Br=11T=1[01)and, fori=0,....r, B; ¥ [Bi_1, 5).

An interval translation mapping is an interval map 7: I — I given by
T(x) 244 ifzeB,

where v; are fixed numbers such that T maps I into itself. We also define the
image of 1 by T'(1) def lim,_,;- T'(x).

Define Qg = I and Q, = T(2,,—1). The set def Nr$, is called the attractor
of the ITM. We say that T is of finite type if Q,, = Q4 for some n. In this case,
the attractor 2 = Q,, is a finite union of intervals, and T'|g is an interval exchange
transformation (IET). If Q,,4, is strictly smaller than Q, for each n, then Q is a
Cantor set or the union of a Cantor set and a finite collection of intervals. The
latter only happens when T is reducible; orbits do not visit both the Cantor set
and the intervals. We will ignore this reducible case, and concentrate on the case
that © is a Cantor set; T is said to be of type oo in this case. For convenience,
we will often consider ) instead of  to be the attractor, and assume that Tlﬁ\Q
is (re)defined by continuity from the left.

Our first result is a general structure theorem about the topological dynamics
of ITMs. In fact, this theorem is a consequence of results from [HR], but since
that proof requires extensive machinery and is spread out over several papers,
we prefer to give a direct proof for our case, which is more in the spirit of the
well-known results for IETs, see [KH].

THEOREM 1: If Tg is transitive, then this restriction is minimal.
It follows from [ST] that €2 is a Cantor set when T is of infinite type. We have
THEOREM 2: Let d be the Hausdorff dimension of . The Hausdorff d dimen-

sional measure Hy on Q is T-invariant.

Remark: This theorem is a new result for ITMs of infinite type. In general we
do not know if 0 < Hy(Q) < oo. In fact, if d = 0 then Hy(Q) is infinite. Examples
of ITMs for which d = 0 are produced in Theorem 10.

The main results of this article are on interval translation maps of a special
form. Consider U % {(, 8): 0 < B < < 1}, L {(a.8): 0<a<B+1 <1}
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and R ¥ UUL. For (a0, B) in the interior U® of U consider the ITM T =

Tap: {0,1) = [0,1) defined by (see Figure 1)

ot r+a for z € [0,1 - @),
Tx) S z+4 forxel-ea,1-p),
z+8-1 forzell-p1).

—

AT

-+

o

Figure 1. The map T, g.

By identifying the points 0 and 1 we get an interval translation map of the
circle with two intervals. In the three-parameter class of all ITMs on the circle
with two intervals, the condition that lim, _, - T(y) = B3 lets us consider this two
parameter subfamily. A special example of an ITM of this form was considered
in [BK].

PROPOSITION 3: If T, s is aperiodic then its restriction to ! is minimal. If
a single orbit of T, g is finite, then every orbit is eventually periodic and the
restriction to the attractor is isomorphic to a rational circle rotation.

PROPOSITION 4: The map T, s is of finite type if and only if there is an interval
J such that T, s induced on J is an interval exchange of two intervals, i.e., T, g
is isomorphic to a circle rotation. If T, g is aperiodic and of finite type, then it
is uniquely ergodic.

We remark that if « = 1 or o = 8 then T is a circle rotation, while if 3 =0
then T is a noninvertible ITM on two intervals and in this case the identity on
its attractor.
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Proof of Proposition 4: We begin by proving the if statement. By Proposition
3, if T has a periodic point then it is of finite type. Thus we assume that T is
aperiodic and therefore minimal on © by Proposition 3. Let J be an interval
such that the induced map Ty on J is an interval exchange of two intervals. We
have J C Q and thus T is of finite type since for any transitive ITM of infinite
type © must be a Cantor set [ST].

We prove the only if statement by contradiction. Consider the first return map
T = Ta, of T, 4 to the interval A; := [1 — a,1). Clearly we have Tl[l_a,l_/g) =
T|{1—a,1-p)- There are two cases for the interval [1 - 3,1).

(i) The whole interval [1— 3, 1) returns at the same time. In this case the map
T is an interval translation map on two intervals. Thus T is an interval exchange
of two intervals.

(ii) There are two different return times, that is, there is a positive integer k
such that the left part of the interval returns in & steps and the right part of the
interval returns in k — 1 steps. In this case the map 7 is of the form T, g where

¢y def def (B B—1 1
@ @.8) ¥ 6 p) ¥ (3, =+ [2]).
where k= |1].

Repeating the inducing procedure we either are always in case (ii) or at some
time step we reach case (i), and then there is a subinterval J such that the first
return map on J is an interval exchange of two intervals. If we are always in case
(ii) then the induced map to A, := [1 - [['= a4, 1) (where (04, 8;) % Gi(a, 8))
is not invertible. This means that for each n the set A, is not contained in 2.
Since QN Ap = U Th, (2N Apgy) this implies that Q cannot contain any
interval and thus T is of infinite type.

Aperiodic circle rotations are always uniquely ergodic. Since the Kakutani
tower of T, g over the induced map is finite, the map T, g is uniquely ergodic if
and only if the induced rotation is uniquely ergodic. 1

Equation (1) defines the Gauss map G: U° — R. To understand the action
of this map consider the region U def {(a,B) €U : k—h <a< %}, see Figure 2.
For each k € N, G maps U, into R in the following way: the right boundary of U},
is mapped onto the top boundary of R, the left boundary of U}, is mapped onto
the bottom boundary of R, the bottom boundary of i), is mapped onto the left
boundary of R and the top boundary of i, is mapped onto the right boundary

of R. Note that if (o, 8) € 0l for some k, then Tg(, 5y € I(R), thus of finite
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type and consequently T, g is also of finite type. Let
AE N 6o,
n>0

see Figure 3.

U ! E G

Uy,

Figure 2. The action of the map G.

COROLLARY 5: T, g is of infinite type if and only if (a, 3) €

Isr. J. Math.

‘R=UUL

Proof: If (o, 8) ¢ A then at some step of the inducing procedure G*{(a, ) €

L gU and the induced map is an ITM on two intervals.

If (o, B) € A then the inducing procedure can be repeated indefinitely and thus

T is of infinite type by the proof of Proposition 4. |

THEOREM 6: The set A has Lebesgue measure 0. In particular, for Lebesgue
almost every (a, 3) € U the map Ty g is of finite type and aperiodic.

Let N={1,2,3,...}. The starting result of the analysis of our family of ITMs

is:

THEOREM 7: The set A is uncountable and is naturally indexed by

K% (k= koky...;ki € N ky; # 1 inf. often and kasyy # 1 inf. often}.
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For any sequence k, the map T, gl Is isomorphic to the shift space (£, 3,0)
generated by the chain of substitutions Xk, © Xk, © Xk, © - - Where

def 1-2,
Yk = < 2 31k,

3 — 31%-1,

Figure 3. Approximation of the set A based on an iterated function
system with 10,000 pixels. The black should reach up to the top
right corner (1, 1), but does not because this is a neutral fixed point
of G (see Proposition 15).

We will call an ITM self-similar if there exists one and hence infinitely many
subintervals A # I such that the induced mapping Ta: A — A differs from T
only by affine scaling.

PROPOSITION 8: The set of periodic points of G is countable and dense in A.
The set § is self-similar for any («, ) which is G-periodic.

For each x € 2 define the itinerary e(x) def eo(z)er(x) - - - where ex(x) = 5
iff T%(x) € B; = [Bj-1.8;). Let T = ¢(Q2). The subshift ¥ is called adic if
it is generated by a sequence [, where | = lim, 0y 0 03 0... 0 o,(a), and the
substitutions ¢; are primitive and taken from a finite collection.
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PROPOSITION 9: Let (a, 3) € A. If the G-orbit of (a, ) does not accumulate at
the points (0,0) or (1,1) then T, 3 is adic. This set of (o, ) is uncountable and
dense in A.

Write dimy, dimp and dimpg for Hausdorff dimension and upper resp. lower
box dimension.

THEOREM 10: There exists r = 0.84955--- < 1 such that for all (a, 8) € A,
dimp (. 5) <

There exist maps T, g such that dimg(Qq,5) = dimp(Qa 5) = 0, as well as maps
where 0 = dimy(Qq 5) < dimp(Qa,s)-

Results of Boshernitzan imply that dimy(p) > % for any T-invariant Borel
probability measure for almost every a, 3 and for any «, 8 which are algebraic
[Bol]. The Hausdorff dimension of {2 has been computed before in [BK] for one
particular example. Let

(2) Piz)=x3 -2 —kx+ 1

Denote the roots of P, by r;, < rix < 7. One can check that r;, =~ —Vk+ %,
re = 1/k and 7p = \/E+% for large k. If ap = i, then (ak,a?) is a fixed
point of G, and the Hausdorff dimension of ﬁak,ai equals —log(7x)/ logry. For
the case k = 3, the details have been worked out in [BK]. If & -» oo, then
dimﬂ(ﬁa‘“ai) — %

As we have seen in Proposition 4, every T, g of finite type is isomorphic to a
circle rotation, and therefore uniquely ergodic. If T, g satisfies the hypotheses
of Proposition 9 then unique ergodicity is relatively easy to prove. Fluctuations
combined with large values in the sequence (k;) complicate a general analysis.

Both cases occur:

THEOREM 11: Let T, s be of type infinity, with sequence (k;) as in Theorem 7.
If for some A > 1, k; > Ak;—; for all ¢ sufficiently large, then T, g is not uniquely
ergodic.

THEOREM 12: Let T, g be of type infinity, with sequence (k;) as in Theorem 7.
Let Lo; = min{r > 15 kg;4, # 1}. If

k-1 [ 1
) Z; koo \ KziaLa
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or

kai
(4) ——— =0
il;]l: kai1+ -
(or either condition holds with 2i replaced by 2i — 1), then T, g is uniquely
ergodic.

Conditions (3) and (4) have a non-empty symmetric difference. For instance,
if kg; = 2%, kg;_1 = 3%, then (4) applies and not (3), while the case k; = i + 1 is
covered only by Condition (3). Theorem 12 allows a corollary on the abundance
of uniquely ergodic ITMs in our class.

COROLLARY 13: The set Ayg = {(a,8) € A| Tu,p is uniquely ergodic} is a
dense Gg set in A, i.e., for each compact set K C A, Ayg N K Is dense G5.

The method for proving that the map T, 5 is uniquely ergodic or not has the
same flavor as the method that Keane [K] used for certain IETs. In fact, it gives
also a way to estimate the number of ergodic measures, and so we retrieve a
result proven in more generality by Buzzi and Hubert [BH].

COROLLARY 14: Each map T, 3 has at most two ergodic invariant measures.

3. Transitive implies minimal
In this section we give a direct proof of Theorem 1.

Proof of Theorem 1: If T is of finite type, i.e., if T|q is an IET, minimality is
a well known consequence of transitivity (see for example Corollary 14.5.11 in
[KH}). So assume that T is of type co. Let y € Q be such that Q0 is w(y), the
omega limit set of y.

CLAIM 1: There exists 0 < i < r and an interval J C I such that JNQ # @ and
JNQ Cw(B).

Note that 8y and 3, are not discontinuity points of the map T and therefore
not necessary in Claim 1.

Start with i = 1l and J; = I. Clearly 1 NQ # 0. If 1 nQ C w(B1)s
then we are finished. Otherwise, there exists an interval J> C Ji, intersecting
Q, such that w(#) N Jo = §. Next check if /,NQ C w(Bs). If so, then we
are finished. Otherwise, there exists an interval J3 C .Jo, intersecting €, such
that w(B2) N J3 = . Continue this way. Since there are only finitely many
discontinuity points, we arrive at some interval .J,, intersecting € but disjoint
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from w(/3;) for all 0 < ¢ < r. But this implies that J, C €, for all n, and T
cannot be of type cc.

CLAIM 2: There exists 0 < i < r such that Q = w(f;).

Let i and J be from Claim 1. Since orb(y) is dense in Q, there exists T*(y) € J.
Therefore w(3;) D w(T*(y)) D Q.

CramM 3: Q =w(B;) foreach 0 < i < r.

Let ip be the ¢ from Claim 2. Let X; = {8;50 < j < rand B; € w(B)}.
Clearly, X;, = {B1,-..,Br—1} N Q. Note that if B; € X;, then X; C X;, and also
that X; # 0. Indeed, if X; = 0, then there exists a neighborhood U of T(8;) such
that TH(U) # B; for any 0 < j < r and any k > 0. This implies that any €,
contains an interval of length > |U], contradicting that T is of type oc.

To prove the claim, we need to show X; = X, for each ¢. Assume by contra-
diction that X, is the/a largest set strictly smaller than X;,. Find ¢ > 0 such
that |T*(8;) — B;| < ¢ implies 3; € X;. Find 8 € orb(;,) and z € orb(y) such
that |3 — z| < /2 and iterate these points. Whenever some 3; € (T*(3), T*(2))
(in particular, 8; € X;,), continue iterating with 7%(z) and j3;. We get that
each point in orb(z) is no more than /2 away from some iterate of some point
Bj € Xi,. Since orb(z) approximates every point in X, arbitrarily closely, it
follows that X;, = X;,.

Now we can finish the proof. Take x € Q arbitrary. No neighborhood U 3 T(z)
can be iterated indefinitely without being cut, or otherwise T is not of type co.
Therefore there exists 0 < j < r such that 3; € w(z). By Claim 3, w(z) D Q.
]

Proof of Proposition 3: Theorem 2.4 of [ST] states that T,, s|g is minimal when
it is aperiodic.

If there is a finite orbit, then there is an interval of periodic orbits. Let n be the
period. We consider T as a mapping of the circle, thus the point 1 — 3 is a point
of continuity of T. Let [a, b) be a maximal interval such that T is continuous on
[a.b) for i = 1,2,...n and T™ is the identity. Let By := U;:Ol T%[a, b); the set
By consists of n-periodic points. By maximality, the points 1 — a and 1 must be
right end points of two of the intervals which make up By. Thus, it follows that
T has no other periodic points.

Let B :=J;oq T™¢Bo and C := I\ B. The set B is the basin of attraction of
the periodic component A; it consists of a countable union of half open intervals.
The set C is T-invariant.
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Suppose that the second statement in the proposition is not true, i.e., the set
C is non-enmipty.

The proof of this proposition is now a modification of the proof of Theorem 2.4
of [ST}. This theorem gives a sharp upper bound on the number of minimal sets for
an aperiodic ITM. We remind the reader of the notation. Let D := {80, ..., 8r—1}
and for an interval J let D(J) := {5; € D: T"3; € int (J) for some n > 0}. We
called an interval J a minimal interval if D(J) # 0 and D(J) = D(J;) for all
subintervals J; of J. In the proof of Theorem 2.4 it was shown that under the
assumption of aperiodicity minimal intervals induce a partition of D and that
there is no minimal interval J for which D(J) counsists of a single 3;.

If we drop the assumption of aperiodicity, then the same proof shows that
minimal intervals induce a partition of those 3; € D whose orbit is not periodic
or preperiodic. Furthermore, in our case since 1 — g is a point of continuity we
can assume D := {0,1 — a}. However, one of these two points must be the left
endpoint of one of the intervals making up By, thus it has a periodic orbit. Thus
no minimal interval can exist since for every minimal interval D{(J) consists of
at least two points. 1

4. Properties of the Gauss map (Rauzy induction)

In this section we collect some metric properties of the map G and describe the
structure of the set A.

PROPOSITION 15: The second iterate of the map G is uniformly expanding out-
side any neighborhood of the neutral fixed point (1,1).

Proof: The map G is infinite-to-one. Away from its singularities the Jacobian
of G is

:l; 1
DG = ( 101/3 cf )
o? a

with determinant —a~3. The eigenvalues of DG are

werl (a2 fa AT

o 2a 20 a)
The point (1,1) is the only nonexpanding fixed point of G: it is elliptic with
eigenvalues £1. The eigenvalue +1 does not occur at any other point in R (it

occurs on the curve 3 = a~! +a —a?), while the eigenvalue —1 occurs exactly on
the intersection of the curve 8 = o2 + @ — o~ ! with R. Because of the influence
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of this curve we consider the map G*((«, 8)) = (¢, 8”) where

(@",8") = (%.(1+ [%EJ).*_/B;I’Q,BB—I +%l1;aJ + la;ﬁj)

The Jacobian of G? is

pe- (F0rl=]) #lel=])+ 3
+ 5[]
1

are

A def 1+a(l—k)+Bkx+/(1+a(l —k)+Bk)?-43
252 )
For k = 1, we get A* = 1/8% and A~ = 1/3. Note also that A~ = 1/« on the
line o = 3. For the general case, the equation A~ > 1 is equivalent to

[(1 4 (1 = k) + Bk) — 287> > (1 — a(1 — k) + Bk)* — 45,

which follows from 1+ 8% > B(1 — a(l — k) + Bk). Since 8 < a < 1/k this is
easily checked to be true for all 3 € (0,1). Hence G? is hyperbolic expanding
outside a neighborhood of the fixed point (1,1). ]

Proof of Theorem 6: Let V & U°nG=1U°. Clearly A = (,5,G~2*(V). Fixa

small neighborhood N, of the point (1, 1). Consider the first return map F; to the
set U \ N.. Consider A, €' ., F-2"(Uy \ N.). We have A= (1,1) UU,50 4e
since the elliptic point (1,1) is weakly repelling for G. Since F? is uniformly
expanding the set A. has zero measure, and thus A has zero measure as well.

It immediately follows that T, s is of finite type for Lebesgue a.e. (, 3).
However, among the finite type parameters, the (eventually) periodic ones form
a countable union of smooth curves, so T, s is aperiodic for a.e. (o, 3). |

Proof of Theorem 7: We can give symbolic dynamics for the set A. The sets
Uy, from Figure 2 form a Markov partition for the map G|a. If (o, 8) € OUy for
some k, then T, g is of finite type. Indeed, if (a, 3) € Uy is on the bottom or
left boundary (excepting the points (0,0) and (1,0)) then G(a,5) € U, so the
code of (a, 3) is not defined. On the other hand, if (&, 3) € 9U is on the top or
right boundary then G(a, 3) belongs to either the upper boundary or the right
boundary of the triangle U and G permutes these two sets. Hence the code of
(a, B) will eventually have a 1 at every other position. It follows that the image
of A under the coding map is indeed K, and hence uncountable.
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If (o, B) € ANY; then G(a, B) can be interpreted symbolically as the substitu-
tion x; in the following sense: Let T be the ITM and F be the first return map
to the interval [1 — a,1).

e The left branch of F is identical to the middle branch of T. We denote this
symbolically as 1 — 2.

e Assuming that 1/(k+ 1) < a < 1/k we get that the middle branch of F
involves one iterate of the third branch of T' followed by k applications of
the left branch of T: 2 — 31%.

o Still assuming that 1/(k+1) < « < 1/k we get that the middle branch of F
involves one iterate of the third branch of T' followed by & — 1 applications
of the left branch of T: 3 — 31%~1,

Take k, = j if G™((a, B)) € U;. Let A, be the n-th inducing interval, and
assume we want to code orbits of the first return map Ta, according to the
natural partition into branch domains, using symbols {1, 2, 3}. Following the
above pattern, we see that if £ € A, has itinerary u for Ta,, then i, _,(u) is
the itinerary of x for Ta__,. By induction, the limit

§= 505182 ++- = lim x, 0---0 X'ki(3)
11— 00

gives the itinerary of the point 1. Recall that, since 1 ¢ [0,1), we defined
T(1) = lim, ;- T(x). Thus T, ;(T(1)) € By if and only if s; = j. Let
Ya,3 = {0(s) : i > 0} be the corresponding shift space. Then the above cod-
ing extends to a map h: § = S, 3 which is continuous and one-to-one, except
possibly at the countable set | J; Ta_;a({l —a,1-p3}). |

Proof of Proposition 8 The map G|4 is coded by the full shift on a countable
alphabet. Thus there are countably periodic codes. Since G|4 is non-uniformly
expanding (see Proposition 15), each periodic code corresponds to a single point
and the periodic points lie dense in A.

We turn to the self-similarity assertion. Let (o, 3;) = G¥(a, 8). Let A, :=
[1 -1 @i,1). The map G rescales the induced map to be defined on a interval
of length 1, thus T and Ty, differ only by scaling for all ¥ € N if and only if
(o, B) is a G-periodic point with period n. 1

Proof of Proposition 9: Let O be the set of points (e, 3) € A such that
G ((a,8)) ¢ UjsiUj for all i > 0. The set Oy is a subshift of finite type (in
fact, the full shift on k symbols), thus it is uncountable. Clearly the set | J, O is
dense in A. By Theorem 7, for (a, 8) € Ok, Ta s is isomorphic to the shift space
Ya,3- The substitutions xj are primitive for all k¥ > 2. By assumption, (1,1)
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is not an accumulation point of orb(a, 8), so the substitution x; appears only
in blocks of bounded length, and each “block” x7 o x,, 2 < r < k, is primitive.
Hence X, g is adic. Note that it is uniquely ergodic as well, but this holds more
generally; see Theorem 12. [

5. Dimension results

Proof of Theorem 10: We will compute upper bounds for the box dimension
by finding suitable covers of Q. Let (a4, 8;) = G¥(a, 8) for ¢ > 0. The map
G* computes the parameters of the ITM that results from the first return map
Ta, to the interval A; := [1 — m;,1) where m; := H;;%) aj, so mp = 1. The
map Ta, consists of three branches, the left branch of Ta, is defined on an
interval of length m; ; = 7;(1 — ¢;), the middle branch is defined on an interval
of length m; 5 = m;(a; — B;), while the length of the right branch is 7;5;. Also
put m; 3 = ma;. Let k; = [a%J Then the intersection of Q and the domain of
the left branch can be covered by k; — 1 intervals of length m;8; = #4153 and one
interval of length m;(8; — @;Bi+1) = mi+1.2. The domain of the middle branch is
an interval of length m;(a; — 8;) = m;+1,1 and the interval A, 4, is the union of
an interval of length m;(¢; — 8;) = m;41,1 and an interval of length m;5; = 741 3.
This is illustrated in Figure 4.

Ti+1,1 Ti+1,3
Ti4+1,3 Ti+1,3 Ti+1.2
[ I ! |
T L L 1
l—ﬂ'i 1—7I‘i+1 1—7Ti+2 1

Ti(ir1 — Biv1) Tibigr

Figure 4. Cover of [1 — m;) N with intervals 7;41 ; for k;pp = 3.

The map T pushes the interval A; and its subintervals of length m; ; around
through [0, 1). The first return map to any image T*(A;) has the same structure
as Ta,, and hence T*(A;)NQ is covered by the same number of intervals of length
m;; as A;. Similarly, any interval of length 7; ; can be replaced by a number of
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intervals of length m;, j-, according to the scheme:

m;q 15 covered by 1 X mipq1.2 and (ki1 — 1) X mig1.3;
;2 is covered by 1 X m41.1;

7i3 18 covered by 1 x ;11 and 1 X m41.3.

If we denote the number of such intervals by [; ;, then the computation of their
increase can be performed using a matrix:

litia 0 11 li1
(5) livi2 | = 1 00 lio
liy13 kiyp—1 01 i3

The upper box dimension of € is bounded by

5 log(lii + L2 + s
dimp () < limsup og(lit +liz + lig)
i —logm;

Let p = log(7s)/log2 = 0.84955 - - -, where 73 is the leading root of P, defined
by Equation (2). One can verify that 7, < &k for all k£ > 1. Therefore we get for
arbitrary (a, 3) € A:

— 5 log(lin +lig+ 1
dimp (4 5) <limsup og(tis + Lo + L)
i - lOg v
log(C T _o .
< limsup 8(ClL=0 ;) Hf_o )
i log [ [0 %;
Z;‘=O log T, <

= lim sup —=
i Z;‘:o log k;

This proves the upper bound.

As an example, if (o, 3) is the fixed point of G in Uy, k > 2, then B = o?
and a is the root ry € (437, 4] of the polynomial Py from (2). The char-
acteristic polynomial of the matrix in (5) is also P for k& = k;; recall that
Ty is its leading root. Then we find l;; = O(F}) for each j, and therefore
dimp(Q, 5) < —log(Fx)/log(rx). For k = 3 this bound equals 0.6635- - and
in [BK] (due to self-similarity) it is shown that if k; = 3, it is exact and equal
to the Hausdorff dimension. The same can be shown if k; = & is constant.
If k is taken very large, then 7r =~ vk + %, while @ = ry = 1/k. Therefore
% < dimg(Q4.5) < % + ¢ for sufficiently large k. This is in agreement with the
lower bound given in [Bol].
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Now to prove that dimy (Q2q,3) = 0 for some values of (o, 3) we argue as follows:
Let, as before, m; be the length of the domain of the i-th first return map Th,.
We can cover  with N; := li1+1i2+1; 3 intervals of length < m;. Given N; and
m;, choose a; and 3; (thus determining 8;4+1) so that

(6) Nil o + 1) (mi) M+ Ni| 5 (o) V1 < 1

This can be achieved as follows: write a; = 1/k; — ¢ and 3; = ke + &' for
0<e e« (k) %and 0 < ¢ < a; —kie. Then (6) follows from

. o ;1
Niﬂ;/z(ki+1)l+1/t€1/n+Ni7ri1_{—lﬁ_€_
i

CORAR N
which is easily satisfied for (¢,¢’) taken in an appropriate region near (0, 0).

By the above reasoning, the domain of the left branch of T, can be covered
by [EI;J intervals of length 7;3;. The domain of the middle branch of Ty, is the
domain of the left branch of Ta,,, and can therefore be covered by La,~1+1 =1
intervals of length m;;3;4+1. Finally, the domain of the right branch of Ta, is

a single interval of length 7;3;. Putting these things together, we derive that Q
is covered by N; [ai + 1| intervals of length =;8; and N; [%LJ intervals of length
7;0;8:41. Due to the choice (6), the corresponding “critical exponent” of this
cover is < 1/i. If (a, 8) is such that indeed (6) holds for infinitely many ¢, then
dimy (Qa,5) = dimp($2a,5) = 0.

In particular, if (a;, ;) is a sequence which alternates values satisfying (6)
with long blocks of k; := |1/a;] = 3, say, then we will find that the upper
box dimension dimp(Qq ) = 0.6635- - - is larger than the Hausdorff dimension

dimg (Qq4 ) = 0. This concludes the proof. ]

6. Invariant measures

In this section we prove Theorems 2, 11 and 12 as well as some related results.
Throughout the section, Ty s is assumed to be of type infinity, with corresponding
sequence (k;). Let us start with some notation. Let s = 59515253 - - be the fixed
point of Xk, © Xk, © - For a € {1,2,3}, write

1
freq(Tap) = () CHnzn iz ~#{k <i <k+nis;=a},
a N>1

where CH denotes the convex hull over all £ > 1 and n > N. Without the sub-
script a, freq(T, g) is the vector with three components. We say that freq(Tq g)
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exists if each component is a single point, which then satisfies freq,(To 3) +
freqy(Ta,p) + freqs(Ta,p) = 1.

LEMMA 16: If (a, 8) # (&, B), then freq(T, g) N freq(Ty 5) = 0.

In other words, the frequency vector freq uniquely determines the parameter

(o, B)-

Proof: Each substitution Yy, has an associated matrix A whose characteristic
polynomial is P; as in (2). Define the simplex

S={(a:,y,:)€R3 0< ry,zx+y+2=1}

the coordinates z,y, = will play the role of freq,(T, g), freqy(Ta,3), freqs(Tu ).
The matrix Ay, gives rise to a mapping Fy on S given by

1

Fi(x,y,2) = Myt toty

(k(y+ Z) - z,z,y+ ’:)
Pass to new coordinates { = r+yand n=y+ z. Since x +y+ 2 =1 on S, this

gives a new map

~ n 1

F, ] = (1 = 7 )7

k(&) & kntE

defined on the triangle S = {(£,7) : £,7 < 1,1 < £ +7}. The map F}, preserves
lines, and the images Fk(g) are triangles V} with corners (1,1), (k—;—l-, %) and
(75, 747)- These triangles have disjoint interiors and tile the triangle S. On
Vi, there is one inverse map

- ~_ 1
(7) Flm = ~(L+k(E=1).1-9).
The map F} has derivative

. 1 —
DF(&n) = N (_7}1 _i) )
eigenvalues

Az =

(k—nxv(k+n)?+ 4
(kn+£ )

and determinant —1/(kn + £)3. This determinant is less than or equal to 1 in
absolute value. Write

Zi,j = ij Oij+l o...OFki(g) and Zj = .lim Zi’j.
i—00
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Since F,  preserves lines but contracts area, Z; ; is convex, while Z; is a point or
a straight arc.

Since (e, 8) # (&, 3) and G2 is (non-uniformly) expanding (see Proposition 15),
(k;) and (lll) are not the same. Therefore Z; o(T, g) and Zi,O(T(’i’B) are not the
same for some ¢. If they are disjoint, then also Zo(Ta,5) # Zo(Ty 5). Trans-
forming back to the coordinates x,y, 2, we obtain that the frequency vectors
freq(Ta,s) # freq(T, 4)-

If Z;,0(Ts,5) and Z;o(T, 3) meet in their boundaries for all i > 1, then k; =
IEj =1 for all ¢ > ig. Note that 13’1, under iteration, contracts the triangle S
to the left upper corner (0,1). Therefore Z;,(Ta,3) = Z;, (T, 5) = (0,1). Since

47

ki # k; for some i < ip, we get that Zo(T, 3) # ZO(T&,B) after all. ]

LEMMA 17: Let Ty g be of infinite type. Then Zy(T, g) is a single point if and
only if T, g is uniquely ergodic.

It is clear that freq(Ta ) exists if and only if Zy(T, ) is a single point.

Moreover, Zo(To,g) is a single point if and only if Z;(T, ) is a single point
for some i > 0.

Proof: By Theorem 7, (Q,T,3) is isomorphic to a shift space £,z via
an “isomorphism” which is one-to-one except on the countable set
U, T :3({1 — a,1 — 8}). This set supports no invariant probability measure.
So it suffices to determine when (X, g,¢) is uniquely ergodic.

First assume that Z; is a singleton. Let ¢ > 0 be arbitrary and C =c¢p---cp
be any word. Each ¢t € X, is a concatenation of words of the form W(i) =
Xko ©°* © Xky (1), for 4 € {1,2,3} and some fixed N. More precisely,

t=WW(3E)W (i)W (is)---
where W is a suffix (possibly empty) of W(ip). Let us say that an occurrence
of C in t N-overlaps if t[ yyp = C and k < [WW(iy)---W(i,)| < k + M for
some r. By taking N sufficiently large, we can assume that
1
limsup —#{i; C = t[; ;4.0 and N-overlaps} <,

n n

uniformly over all ¢t € £, 3. Therefore

lim l#{0 <i<n:C =t} p and does not N-overlap}
n n

differs from v(C, ¢) := lim,, 2#{0 < i < n;C = t{; 4 M)} by no more than e.



Vol. 137, 2003 INTERVAL TRANSLATION MAPPINGS 143

Since Zo(Ta.p) is a singleton, there exists freq € S, such that for each &/ > 0
there is M > N such that for each word V(b) = xgpyy, © 0 Xy (0),

#{0 <j < VB V(b); =a}
[V (0)]

CI
“oe

— freq,

for a,b=1,2,3. For each @ € {1,2,3}, let Cy, be the number of occurrences of C
in the word W(a). Then

21 Ca (freq, +O(£))
Yo_, W (a)l(freq, +O(e'))

Since ¢ and &' are arbitrary, we see that v(C,t) is independent of the string ¢.
Thus unique ergodicity follows.

v(C,t) = O(e).

Conversely, if Zo(T,.3) is not a single point, it has diameter diamZp := 6 > 0.
It follows that diamZ; (T, g) > & for every i € N. The extremal points of Z; o
are the images under Fy, o ---o Fy. of the corners of §. For simplicity, we can
assume that the vertical height of Z; o > §/2. Recall that the variables 2,y and 2
give the frequencies of the symbols 1,2 and 3 in words of ¥, g, and that z = 1—1.

There exists a,b € {1,2,3} such that for infinitely many j, we find that the
frequencies of the symbol 1:

1
#{symbols 1 in xp, 0 Xk, © - Xk; (@
|Xko°Xk1°“‘°ch,-(a)| { ° ' )}
and 1
#{symbols b in xx, 0 Yk, 0 Xk (b
|XkooXk10"'°in(b)| { Xko * ()}
differ by at least /2. Hence I, g is not uniquely ergodic. |

Proof of Theorem 11: According to Lemma 17 we need to show that com-
positions Fi, o F}, o --- do not contract the simplex S to a single point. The
composition of two maps F has the form

- A s 1 kn+€
Fien) = FooFen = (- o e P e - 0r v )

The map Fy,,_, o Fy,, acts on the second component as

kam +§
koi—1+ (k2 —Ln+ €

hi:nH

We will show lim; o b1 0 hg o --- 0 h;([0,1]) is a non-degenerate interval.
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Let 7 = 1/{A—1) and 7' = 1-1/A. Take 4o so large that k; > Ak;_; foralli > 4p
as well as 7 < 7'kg;,—2. Obviously, h; is an increasing Mobius transformation on
[0,1). Assume that 2¢ > ig + 2. Then

/

hi(r') > ki ST
: —in//\-f-T'(in—l)-!-l_1//\+7‘I_

It follows that h;([7',1]) C (7', 1), and hence

jl—i-glohio o] hi0+1 0-++0 hJ(l) > T

On the other hand, if < 7/ky;, then

147 147 T
hi(n) < < = .
) ka1 = Akgi_2 koi-2

By induction we find lim;_,o sy © hig41 0 -+ -0 h;(0) < 7/kgi,—2. Therefore
[p,q] :=jl-i_)n;1O hiohgo---oh;([0,1])

=h1 (o) h2 O+ 0 hio_l(jli)rgo hio o] hi0+1 O:-+0 h]([O, l]))

Dhy ohzo..-ohio_l([zzil;,'r']).

In particular, p < ¢. Lemma 17 implies that X, 3 and therefore T, 3 are not
uniquely ergodic. |

Proof of Theorem 12: According to Lemma 17, we need to show that Zy (or
equivalently Z;) is a single point. The first component of F2(¢,7) contracts the
interval to a single point because the derivative with respect to £ is < 1 with
equality only if k = k' = 1 and € = 0. Hence Zy has “width” 0. For the “height”,
we need the second component of F2(¢,7), for which we will use the maps h;
from the proof of Theorem 11. The compositions H; = hj o... o h; are Mobius
transformations represented by the matrix-multiplications

51 boo
_{ ke & N e &
ky—1 ki1+& ko —1 kai1+&)°

where the &; € [0,1]. Since

H;([0,1)) C [Hi(o)v"ango H;(n)] = [b3,2/b5 2, b} 1/b5.4],
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it suffices to show that B; contracts the cone C := (Rx¢)? to a one-dimensional
subcone as 1 — oo. In order to do this, we use the Hilbert metric on C: Given
v,w € C, define

’ _ inf{g; pv — w € C}
(v, w) = log (sup{)\; w— v € C})

In fact, © is a semi-metric, because O(v,w) = 0 if and only if v is a mul-
tiple of w. Let T : C — C be a linear map. It is shown in, e.g., [B] that
O(T(v), T(w)) < tanh(D/4)8(v,w) for D = sup,s ey O(v',w'). In particu-
lar, T is a contraction if T maps 9C \ {0} into the interior of C.

In our setting, the transformations T' are represented by matrices of the form

k 3
k-1 K+€)

and we can easily check that D is assumed by taking v’ = (1,0)T and w’ = (0,1)7,

S0

oy FE +E)

Hence the contraction factor is

ofk(k'+E) W—Il)e
tanh (__) _V k=D k(E )
4 4/ k(k'+€) 48 (k—1)¢
(k=1)¢ k(T FE)

_VEE +8 - (k1)

VEE +8&) +/(k-1)¢

_1_ o VEE-D)F + 8¢ - (k—1)¢/2
N kk! + &

k-1 [¢
<l1—4—-/=.
- k K
The variable £ is the result of iterating h:& 1— m, the first component
of F2. The image h(£) > % unless k = k' = 1. f k= k' =1, then £ = 0 is an
indifferent attracting fixed point, and h"(1) = 1/(n+1). Therefore, in the above
calculation, we can estimate £ > 1/L;. Hence, the height of Zj is less than

k2i —1 1
Htanh(Di/4) <exp( -4 Z P \/;I )

The assumption on (k;) gives that Z; is indeed a single point. This finishes the
proof of the theorem with condition (3).
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For condition (4), as in the proof of the part with condition (3), the width of
the Z; is 0. The compositions of Mdbius transformations H; = hyohgo---0h;

|H:([0,1])| = / H!(0) - H!(1) < H/(0 <Hh’0),

where the last inequality follows because each h; is increasing with decreasing

satisfy

derivative. We compute

kajkoj_1+§&
(k2] 1+(k2] —1)77+£)

and therefore 7} (0) < ky;/(kgj—1 + 1/Lg;). It follows that

h(n) =

kas

diamZ; < hmH 0,1)) < hm L
L < lim Hi([0, 1)) < H o
<j<i 23

=0.

Lemma 17 yields unique ergodicity. ]

Proof of Corollary 13: Note that the coding map (a, 8) — k € K is continuous
on A. Hence it suffices to consider the space K. For any cylinder

Cepe, ={k€EK|ki=¢e;, i=1,...,n},

let um —{kEICI ki =€, i=1,...,n,knys = 2, i = 1,...,m}. Clearly

€1+ €n
=Up Ue,...c,, Uel...c,, is open and dense in K. Moreover, for each keU

€1 €n
koi — 1 1 m— 2
> ,mot
LY kai1Loi = 4¢/2

Therefore ), U™ is a dense G set of sequence k satisfying condition (3). This
proves the corollary. 1

we have

Proof of Corollary 14: The maximum of two ergodic measures corresponds to
at most two extremal points of the sets Zy in the proof of Lemma 16; see [K].
This also follows immediately from the result of Buzzi and Hubert, [BH]. ]

The next result gives a candidate (modulo finiteness) of an invariant measure.

Proof of Theorem 2: Let V be a cover of €2 by the intervals forming £2,, satisfying
JNQ # 0. The map T induces a multivalued map + of the J’s by ¥(J) = J' if
T(J)N J' # 0. Thus ¢ has one value at J if T|; is continuous, otherwise it has
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two values provided = is sufficiently large. As a result, at most r of the J's can
have more than one ¥-preimage, where r is the number of discontinuity points.

Take ¢ > 0 so small that any two J, J' € V are at least ¢ apart. Let i % {U:}
be an open cover of Q with the diameters of the U; all less than €. Suppose .J is an
interval such that (J) has exactly one preimage. If the subcover of i covering J
gives a good approximation of Ha(J), 1.e., 311,749 diam(U;)? = Hy(J), then the
translated subcover {T(U;) }v,ns0 satisties 3 ;. 7.9 diam(T(U;))? ~ Hy(T(J)).
Since there are only finitely many intervals J such that ¥ (J) has more than one
preimage, the union of these intervals is negligible as the n — oo (and hence
€ — 0). So when minimizing over all e-covers U, we can restrict ourselves to

T-invariant e-covers and find that Hausdorff measure is T-invariant. |
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