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Abstract

In this paper, we deal with two families of conditional sequences. The
first family consists of generalizations of the Fibonacci sequence. We
show that the Gelin-Cesaro identity is satisfied. Also, we define a family
of conditional sequences {un} by the recurrence relation u, = atn—1+
buy,—2 if nis even, u, = cun—1+dun—2 if n is odd, with initial conditions
uo = 0 and w1 = 1, where a,b,c and d are non-zero numbers. Many
sequences in the literature are special cases of this sequence. We find
the generating function of the sequence and Binet’s formula for odd
and even subscripted sequences. Then we show that the Catalan and
Gelin-Cesaro identities are satisfied by the indices of this generalized
sequence.

Keywords: Generating function, Fibonacci sequence, Conditional sequence.

2000 AMS Classification: 05 A 15, 11 B 39.

1. Introduction

The sequence F), of Fibonacci numbers is defined by the recurrence relation F, =
Fn_1 + F,_2 with initial conditions Fp = 0 and Fy = 1. This famous sequence ap-
pears in many areas of mathematics. The Fibonacci sequence has been generalized in
many ways. Fibonacci and generalized Fibonacci identities have been studied by many
mathematicians for many years. For example, the Gelin-Cesaro identity [1] states that

Fp — Foo1FyoFyi1 Fppo = 1.

Also, Melham et. al. and Howard obtained generalizations of the Gelin-Cesaro identity in
[7] and [4] respectively. In this paper, we deal with two families of conditional sequences.
The first family consists of the sequences denoted by {g.} and studied in [2]. We show
that the Gelin-Cesaro identity is satisfied by the sequence {¢,}. Also, we define a family
of conditional sequences {ux } by the recurrence relation u, = aun—1+bun—2 if n is even,
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Up = CUn—1 + dun—2 if n is odd, with initial conditions up = 0 and u; = 1, where a, b, c
and d are non-zero numbers. Many sequences in the literature are special cases of this
generalized sequence. We find the generating function for the sequence {u,} and Binet’s
formula for even indices of {u,}. Then we show that Catalan and Gelin-Cesaro identities
are satisfied by even indices of this generalized sequence.

2. The first family of conditional sequences

Recently, the authors introduced in [2] a further generalization of the Fibonacci se-
quence, namely the generalized Fibonacci sequence defined by

aqn—1 + gn—2, if n is even,
0 =0 qa=1 g = .
bgn-1 + gn—2, if nis odd,

for any two non-zero real numbers a and b.

2.1. Theorem. [Catalan Identity for {g.}] For any nonnegative integers n and r, we
have

(a7 v = (V) = OO ()

0, if m is even,

where p (m) = {1 if m is odd

Proof. See [2]. O

2.2. Theorem. [Gelin-Cesaro Identity] For any non-negative integers n, we have

n)— _ n a\ wn)
@M gl e n—1Gnt1gnre = (—1)"T (Z) gn (ab—1) +a”

Proof. For r =1 and r = 2, we get respectively
n)— - n n (@ #(n)
qn—1Q4n+1 = g m =Tyt )Q72L+(_1) (Z)
and

1

_ 2 n—1 2
Gn—2qn+2 = qn + (=1)"" " a bm

by using Theorem 2.1 and the property p(n) = u(n — 2). So,

n)— _ n nfa w(n)
n—2Gn-1qn+1qnt+2 = (az“( ITptEe I g2y (1) (3) )

2 n—1 2 1
x (q" +(=1) a bau(n)blﬂt(n)
_ a2u(n)71b172;¢(n) 4

an

_ (_1)n+1 qi <a1+,u,(n)b17,u,(n) _ (%)H(n) ) _ a2.

We define
A= (grrmpi-nm _ (2)“(")
5 .
If n is even then A = ab—1, else A = a® — % = % (ab—1). So we can rewrite the product

dn—24n—-1qn+1Qqn+2 aS

n)— —_ n n a /J,(?’L)
qn—2qn—1qn+1qn+2 = a? = 1p! 2( )q;t - (—1) i q72L (g) (ab - 1) —a”.
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As a result,

a2t G G 1 Qe

(n)
= (—1)" (%)” @ (ab—1) +a’. O

Note that when a = b = 1 the above result reduces to the Gelin-Cesaro identity for
the Fibonacci numbers:

Fp — FpoFy 1 Fyi1Foys = 1.

3. The second family of conditional sequences

There exists a generalization of the sequence {¢n} in the literature (see [8]). Here, we
define a new generalization of this sequence. Let us denote this sequence by {un} which
is defined recursively by

AUn—1 + bun—2, if n is even,
u =0, ur =1, up = . .
CUn—1 + dun—2, if nis odd,

where a,b,c and d are indeterminates. For example, the first six terms of the sequence
are
{0, 1, a, ac+d, a’c+ ad + ab, a*c® + 2acd + abe + dz}.

For a = b =c =d =1, we get the ordinary Fibonacci sequence, when a = ¢ = 2,
b = d = 1, we have the Pell sequence, when a = ¢ = k, b = d = 1, we obtain a k-
Fibonacci sequence, etc. Also, when b = d = 1, we get the sequence which is defined in
(2].

In this study, first we obtain the generating function and then Binet’s formula for the
even indices of the sequence {u,}. Finally, we show some properties, for example, the
Catalan identity, divisibility and the gcd property, etc. are satisfied by the even indices
of the sequence.

Generating functions are very useful as a means of counting, but they can also be used
in proofs. To find the generating function of the sequence {u, }, we need some properties
of this sequence. We give these properties in the following lemma.

3.1. Lemma. For the sequence {un}, the following properties are satisfied

(1) uzn+1 = (ac+ b+ d)uzn—1 — (bd)uzn—3,
(11) U2 = (ac +b+ d)Uanz — (bd)UQn74.

Proof. (i) Since 2n + 1 is odd, we get
U2n+1 = CU2n + dU2n—1
by the definition of the sequence. Since uzn = auzn—1 + buzn—2 (2n is even), we get
Uznt+1 = c(aUzn—1 + buzn—2) + duzn—1
= (ac + d)uzn—1 + bcuzn—2.

Substituting cusn—2 = u2n—1 — duzn—3 (by the definition of the sequence) in above
equality, we obtain the desired result as follows:

Uznt1 = (ac+ d)uzn—1 + b(uzn—1 — duzn_3)
= (ac+ b+ d)uzn—1 — bduzn—_3.

(ii) The proof is similar to (i). O
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Indeed, Lemma 3.1 reduces the odd and even subscripted sequences to the kind of
generalized Fibonacci number studied in [3], [5] and [6].

Now, we can give the generating function of the sequence.

3.2. Theorem. [Generating function] The generating function for the sequence {un} is

1:(1—|—a:c—b:c2)

F = .
() 1—(ac+b+ d)z? + bdz*
Proof. Let
F(z) =uo+uz+upa’ + - +uz’ +-- = upa™,
m=0

which is the formal power series of the generating function for u,. We know that

o0 oo oo

m 2m 2m—+1
E UmT = E Uam T + E U2m+1T .
m=0 m=0

m=0

Now let us define

> oo
fi(z) = Z Uz z”™ and fo (z) = Z Upmi1 2™ L
m=0

m=0
So, if we can find fi(z) and f> (z), we get the desired generating function F' (z).
Note that,

oo
2m 0 2 2m
U2mT™ = uox + u2xr” + E U2m T,

m=2

)

fi(z)

3
Il
(=}

(ac+b+d) U222

NgE

(ac+ b+ d)x2f1 (z) =
m=2

So,
(1= (ac+b+d) z + bd:c4) f1(x)

=azx?+ Z (u2m — (ac+ b+ d) uzm—2 + bduzm—a) z2m.
m=2
we have uz, — (ac+ b+ d)uzn—2 + (bd)uzn—a = 0 by lemma 3.1, so we get
2

ax
fulz) = 1— (ac+b+d)x2 + bdz?’
Similarly, we can get
x — ba®
fa(z) = 1— (ac+b+d)x2 + bdz?’

As a result, we can obtain the generating function as follows
F(z) = fi(z) + f2 (z)
B x (1 +azx — b:cz)
 1—(ac+b+d)z? + bdzxt
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In fact, we can give Binet’s formula for even indices of the sequence as follows.

3.3. Theorem. [Binet’s formula for the even indices of the sequence] For the even indices

of the sequence un, we have

a” — Bn

a—-p8"

where o and B are roots of the polynomial x> — (ac+ b+ d)x + bd, that is,
_ac+b+d+ vVa2c® + b2 + d? + 2abc + 2acd — 2bd
B 2

U2n = A

and

5= ac+b+d—+a2c2 + b2 + d? + 2abc + 2acd — 2bd
= 5 .

Proof. We shall prove Binet’s formula by induction, making use of the above form. First
we need to show that the formula holds for n = 0 and n = 1.

0_ 50
wp = a2 =P
a—f

=0

and

1 1
uy = o =8
a—f

=a

Then for any k£ > 1, assume that the formula holds for all n < k, in particular for n = k
and n =k —1. So,
k _ gk
o = a8~
a—p
and
_ akfl _ Bk71
Ug(k—1) = @ a—p .
By Lemma 3.1, we can write
U2(k+1) = (ac +b+ d) Uk — bduQ(k,l)
k k
a” —p «@
= (CLC“‘b"’d)aT_B —bdaﬁ
Now, we use the fact that o and 8 are roots of x> — (ac + b+ d) z + bd, which gives
(ac+b+d) = a+ B and bd = af. Hence
a(a—'—ﬁ) (ak—ﬁk) aaﬂ(akfl_/gkfl)
U = —
R (a=5) (a=5)

:a<ak+1_ﬁk+1>7
a—p

which is Binet’s expression for n = k + 1. This completes the inductive step and so
Binet’s formula holds for n € N. ]

k=1 _ gh-1

Similarly, if o and 8 are the roots of 22 — (ac + b+ d) x + bd, we can prove

an+1 _ /Bn+1 an _ /Bn
U2n+1 = - .

a—pf a—p

Note that the formula for uz,+1 gives auznt+1 = Uan+2 — buan.
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3.4. Theorem. [Catalan’s identity for {u,}| For any two nonnegative even integers m
and s, with m > s, we have

2 m—=s 9
Um — Um—sUm+s = (bd) 2 Ug.

Proof. Let m = 2n and s = 2r for nonnegative integers r and s. Using Binet’s formula
for the sequence uz,, we get

2 2
U, — Um—sUm+s = U2p, — U2(n—r)U2(n+r)

2 — —
an _ Aan an T _ Qn—r an+r _ n—+r
= (CL*’B) —a B a /8

a—f a—p a—p
_ 202" — 20" A" + g
- (o~ B)°
2 Q2" — T T _ gt gnr y g2n
(o= B)°

_ N (a27‘ 48— 2ar5r) |

(a—p)°

Since a8 = bd, we obtain the desired result as follows:
I (bd)™ ™" (" ; Br)z
(a—B)

— (bd)" "
= (bd) "7 2. O

The results obtained in [5] can be applied to {uz,} and {u2n4+1} due to Lemma 3.1.
For example, [5, Corollary 3.3] will give Catalan’s identity (with w, = u2y). Similarly, if
we use [5, Corollary 3.3] with w, = uzn+1, for any two nonnegative odd integers m and
s, with m > s, we obtain

m

Tl = vm_s ((ac+d) umts—1 — (bd) um+s-3),

Uz, — (bd)
where {v,} is defined by
vo =0,v1 =1 and v, = (ac+ b+ d) vp—1 — (bd) vp—2 for n > 2.

3.5. Theorem. [Gelin-Cesaro Identity] For any non-negative even integer m > 4, we
have

4 2 m=2 m—2
Uy — Um—aUm—2Um+2Um+4 = AUy, (a (bd)"Z 4 (ac+b+4d) (bd) 2 )
3 3m—6
—a”(bd)” T (ac+b+d).

Proof. For s =2 and s = 4 we get

m—1

Um—2Umt2 = qoy, — a” (bd)
and

U — 4 U4 = u,zn —a (bd)% (ac+ b+ d)
respectively, by Theorem 3.4. So we can find

U —4Um —2Um 4 2Um 44 = ufn — aufn (a (bd)% + (ac+b+d) (bd)mTiz)

3 3m—6
+a”(bd)” % (ac+b+d)
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with the aid of Maple. As a result, we get the desired result

uil — Um—aUm—2Um 4 2Um 44 = aufn (a (bd)msz + (ac+ b+ d) (bd) m;2)

3 3m—6
—a’(bd) 1T (ac+b+d).
|
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