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We consider a system of particles which perform branching Brownian
motion with negative drift and are killed upon reaching zero, in the near-
critical regime where the total population stays roughly constant with ap-
proximately N particles. We show that the characteristic time scale for the
evolution of this population is of order (log N )3, in the sense that when time
is measured in these units, the scaled number of particles converges to a vari-
ant of Neveu’s continuous-state branching process. Furthermore, the geneal-
ogy of the particles is then governed by a coalescent process known as the
Bolthausen—Sznitman coalescent. This validates the nonrigorous predictions
by Brunet, Derrida, Muller and Munier for a closely related model.
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1. Introduction. Branching Brownian motion is a stochastic process in

which, at time zero, there is a single particle at the origin. Each particle moves
according to a standard Brownian motion for an exponentially distributed time
with mean one, at which point it splits into two particles. Early work on branching
Brownian motion, going back to McKean [54], focused on the position M (¢) of the
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right-most particle. Bramson [16, 17] obtained asymptotics for the median of the
distribution of M (¢), and Lalley and Sellke [47] found the asymptotic distribution
of M(t).

In 1978, Kesten [43] introduced branching Brownian motion with absorption.
This process follows the same dynamics as branching Brownian motion except that
the initial particle is located at x > 0, the Brownian particles have a drift of —pu,
where u > 0, and particles are killed when they reach the origin. Kesten showed
that there exists a critical value p. = +/2 such that if u > i, then the process dies
out almost surely, while if & < ., the process survives with positive probability.
More recent work on this process can be found in [38] and [39].

Our interest in branching Brownian motion with absorption comes from its pos-
sible interpretation as a model of a population undergoing selection. To see this
connection, imagine that each individual in a population is represented by a po-
sition on the real line, which measures her fitness. The fitness of an individual
evolves according to Brownian motion due to mutations, and initially the fitness of
a child is identical to the fitness of the parent. Selection progressively eliminates
all individuals whose fitness becomes too low; we effectively imagine selection as
a moving wall with constant speed w. Every individual whose fitness falls beyond
the current threshold is instantly removed from the population.

To obtain asymptotic results as the population size tends to infinity, we consider
a sequence of branching Brownian motions with absorption. For each positive in-
teger N, we have a branching Brownian motion with absorption (X (¢),t > 0).
We consider the near-critical case, where the drift 4 depends on N and for N > 2,

o _ 2m?
m= (log N +3loglog N)Z

We also start the process with many particles, rather than just one, at time zero,
and we make some rather technical assumptions on the initial conditions, which
are given later in Proposition 1. While (1) and the initial conditions may seem
unnatural, they are necessary to ensure that the number of particles in the system
stays of order N on the time scale of interest, so that the process can be viewed as
a model of a population of size approximately N.

We focus on understanding the genealogy of a sample from the population af-
ter a large time. We show that the time to the most recent common ancestor of a
sample behaves like (log N)3. Moreover we identify the limiting geometry of the
coalescence tree of a sample, which we show is governed by a coalescent process
(IT1(#),t = 0) known as the Bolthausen—Sznitman coalescent. The Bolthausen—
Sznitman coalescent, which is defined precisely in Section 1.3, is a coalescent
process that allows many ancestral lines to merge at once. This result is in sharp
contrast with the standard case of the Moran model or the Wright-Fisher model,
where random genetic drift leads to a characteristic genealogical time of N gener-
ations and a genealogical tree given by Kingman’s coalescent, which permits only
pairwise mergers of ancestral lines.
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The main result of this paper can thus be stated as follows. Fix ¢ > 0. Choose
n particles uniformly at random from the population at time (log N)3f, and label
these particles at random by the integers 1, ..., n. For 0 <s < 2xt, define I1y(s)
to be the partition of {1, ..., n} such that i and j are in the same block of Iy (s)
if and only if the particles labeled i and j are descended from the same ancestor at
time (r — s/27)(log N)3. This is the standard “ancestral partition” of the sample.
Then, with our initial conditions, we have the following result, which is stated
precisely later as Theorem 3.

MAIN RESULT. The sequence of processes (Ily(s),0 <s < 2mt) converges
in the sense of finite-dimensional distributions as N — oo to the Bolthausen—
Sznitman coalescent (I1(s),0 <s <2mt).

The reason for the multiple mergers is that when a particle gets very far to the
right [in fact, at position %(logN + 3loglog N 4+ O(1))], many descendants of
this particle survive for a long time, as they are able to avoid being killed at zero.
They quickly generate a positive fraction of the population. As a result, when a
sample of particles is taken far into the future, many of their ancestral lines get
traced back to this particle and coalesce at nearly the same time. Our result is
accompanied by Theorem 2, which gives the evolution of the total number of par-
ticles My (¢) in the system. Under the same assumptions, My ((log N )31) /2 N)
converges in the sense of finite-dimensional distributions toward a continuous-state
branching process with branching mechanism W (u) = au + 2 %ulogu for some
constant a € R.

1.1. Related models and conjectures. Our inspiration for this model comes
from the work of Brunet et al. [21, 22] concerning the effect of natural selection
on the genealogy of a population. They considered a model of a population with
fixed size N in which each individual has a fitness. They assumed that each in-
dividual has k > 2 offspring in the next generation, and that the fitness of each
offspring is the parent’s fitness plus an independent random variable with some
distribution p. Of the kN offspring, the N with the highest fitness survive to form
the next generation. This process repeats itself in each generation. Brunet et al.
[21, 22] gave a detailed and intricate, but not mathematically rigorous, analysis of
this model and arrived at the following three conjectures:

(1) If L,, is the maximum of the fitnesses of the N individuals in generation m,
then L,,/m converges almost surely to some limiting velocity vy. Furthermore,
the limit voo = limy_, o vy exists, and there is a constant C such that

C

2) Uw—UN“W-
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(2) If two individuals are sampled from the population at random in some gen-
eration, then the number of generations that we need to look back to find their most
recent common ancestor is of order (log N )3.

(3) If n individuals are sampled from the population at random in some gen-
eration, and their ancestral lines are traced backwards in time, the coalescence of
these lineages can be described by the Bolthausen—Sznitman coalescent.

This model is similar to a branching random walk in which the positions of the
particles correspond to the fitnesses of the individuals. Indeed, this model would be
precisely a branching random walk if all individuals were permitted to survive. The
limiting velocity v, that appears in the first conjecture is the limiting velocity of
the right-most particle in branching random walk, which was studied in the 1970s
by Kingman [44], Hammersley [37] and Biggins [10]. Interest in variations of the
branching random walk in which the number of particles stays fixed is more recent.
Bérard and Gouéré [3] recently proved the first conjecture in the form stated above,
in the case k = 2, under suitable regularity conditions on w. Their proof builds on
previous work of Gantert, Hu and Shi [34] and Pemantle [58]. See also the work of
Durrett and Mayberry [29], who considered a model very similar to this one while
studying predator-prey systems, and Durrett and Remenik [30].

The analysis of Brunet et al. involves studying solutions u(x, t) to the noisy
FKPP equation

du  9%u 2 u(l —u)
+u—u+ ., —W(x,1),

3 u_o
) ot 9x? N

where W (x, t) is space—time white noise. If the noise term were removed, this par-
tial differential equation would be the well-known FKPP equation, which was in-
troduced in 1937 by Fisher [33] and by Kolmogorov, Petrovskii and Piscunov [46]
and is one of the simplest nonlinear partial differential equations that admits travel-
ing wave solutions. The link between the FKPP equation and branching Brownian
motion has been known since the work of McKean [54], who showed that if M ()
denotes the position of the right-most particle at time ¢ for branching Brownian
motion with variance parameter 2 and u (¢, x) = P(M (t) > x), then u is the unique
solution to the FKPP equation with the initial condition u(0, x) = 1{y<y. In [39],
Harris, Harris and Kyprianou use branching Brownian motion with absorption to
give a probabilistic analysis of solutions to the FKPP equation.

The first conjecture above can also be expressed as a conjecture about the ve-
locity of solutions to equations such as (3). This form of the conjecture goes back
to the work [19] of Brunet and Derrida, who refined their analysis and simulations
in [18, 20]. In this form, the conjecture states that the velocity of traveling wave
solutions to the original FKPP equation exceeds the velocity of solutions to equa-
tion (3) with the noise term by a quantity that is of the order 1/(log N)?. Recently
Mueller, Mytnik and Quastel [55] proved this result.
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With the first conjecture having been largely settled, the purpose of the present
paper is to provide rigorous versions of the second and third conjectures. As ex-
plained above, the model that we work with is not exactly the model studied in
[21, 22]. Instead, to simplify the analysis, we replace branching random walk by
branching Brownian motion, and rather than keeping the population size exactly
fixed, we control the population size by killing particles that drift too far to the left.
Note in particular that with our choice (1),

2

~ V2(logN)?

as N — oo, which matches precisely (2) in Conjecture 1 above. Models with non-
constant population size where already discussed by Derrida and Simon in [25, 65]
using nonrigorous methods. Although they do not study genealogies, their analysis
strongly suggests that a result similar to ours may be expected.

Another question of interest related to these nearly critical branching particle
systems (in the sense that the drift u of particles is slightly above the critical value
pe = +/2), concerns asymptotics for the survival probability. This is a topic that
has attracted a considerable amount of attention in recent years; see, for example,
[1,3,4,32,34,39,41]. In [5], we use the techniques developed here to derive fairly
sharp estimates for the survival probability of nearly critical branching Brownian
motion.

We also emphasize that the Bolthausen—Sznitman coalescent describes pre-
cisely the ultrametric structure that is expected to emerge in the low-temperature
regime of mean-field spin glass models such as the well-known Sherrington—
Kirkpatrick model. This is perhaps not a coincidence, as the model which we study
here may be seen as a degenerate form of spin glass models, with the position of the
particles being approximately given by a Gaussian field with a covariance structure
which is closely related to their genealogy.

4) He — L

1.2. Continuous-state branching processes. A continuous-state branching
process is a [0, oo]-valued Markov process (Z(t),t > 0) whose transition func-
tions p;(x, -) satisfy

pr(x+y,)=pi(x,)* pe(y,-) forall x,y > 0.

That is, the sum of independent copies of the process started from x and y has
the same law as the process started from x + y. Continuous-state branching pro-
cesses were introduced by Jirina [42]. Lamperti [48] showed that continuous-state
branching processes are precisely the processes that can be obtained by taking
scaling limits of Galton—Watson processes. Lamperti [49] and Silverstein [64] ob-
served a one-to-one correspondence between continuous-state branching processes
and Lévy processes with no negative jumps, by showing that it is possible to obtain
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any continuous-state branching process through a time change of the correspond-
ing Lévy process; see also [23] for a very readable account of this theory and
proofs.

If we exclude processes that can make an instantaneous jump to infin-
ity, continuous-state branching processes can be characterized by a function
W : [0, 00) — R of the form

o0
() = au + Bu’ +/ (e =14 uxlyy<ny)v(dx),
0
where « € R, B > 0 and v is a measure on (0, 00) satisfying [5°(1 A xHv(dx) <

oo. The function W is called the branching mechanism. If (Z(¢),t > 0) is a
continuous-state branching process with branching mechanism W, then for A > 0,

(5) E[e™**®|Z(0) =a] = e ™),

where the function 7 — u; (1) is a solution to the differential equation
0

(6) Euz(?») =—W(u; (1)), uo(r) = A.

Neveu [57] studied the continuous-state branching process with W (1) = u logu.
We will be interested, more generally, in a continuous-state branching process
(Z(t),t > 0) whose branching mechanism is of the form W (u) = au + bulogu,
where a € R and b > 0. In this case (see, e.g., page 256 of [7]), there exists a real
number ¢ such that

o
W(u) =—cu+ b/ (e7 — 14+ uxlj<yy)x 2 dx.
0
Also, it is not difficult to solve (6) to obtain
(7 (L) = ke*b’ea(e*bul)/b_

Because fés 1/W(u)du = oo for all § > 0, the process does not explode. That is,
almost surely Z(¢) < oo for all . Because faoo 1/W¥(u) = oo for all § > 0, the
process does not go extinct, that is, almost surely Z(¢) > 0O for all 7. Proofs of
these facts can be found in [36].

1.3. The Bolthausen—Sznitman coalescent. In mathematical population genet-
ics, it is standard to represent the ancestral relationships among a sample of n
individuals using a coalescent process (I1(¢),t > 0), which is a continuous-time
Markov process taking its values in the set of partitions of {1, ..., n}. Here I1(0)
is the partition of {1, ..., n} into n singletons, and blocks of the partition merge
over time. The merging of blocks of the partition corresponds to the merging of
ancestral lines when the ancestral lines of the n sampled individuals are traced
backwards in time. The standard coalescent model is Kingman’s coalescent. King-
man’s coalecent was introduced in [45] and is now the basis for much work in
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mathematical population genetics. Kingman’s coalescent has the property that only
two blocks of the partition ever merge at a time, and each transition that involves
two blocks merging into one happens at rate one.

Within the last decade, alternative models of coalescence, allowing for multiple
ancestral lines to merge at once, have been studied in some depth. These coalescent
processes, known as coalescents with multiple mergers or A-coalescents, were
introduced by Pitman [59] and Sagitov [62]. If A is a finite measure on [0, 1], then
the A-coalescent has the property that whenever there are b blocks, each transition
that involves merging k blocks of the partition into one happens at rate

1
Ak =/ 721 — )P A(dx).
0

Kingman’s coalescent is the special case of the A-coalescent in which A is the
unit mass at zero.

If A is the uniform distribution on [0, 1], then the A-coalescent is known as
the Bolthausen—Sznitman coalescent. The Bolthausen—Sznitman coalescent was
introduced in [14] in the context of Ruelle’s probability cascades. The Bolthausen—
Sznitman coalescent has been studied extensively, and has been found to be related
to stable subordinators [9] and random recursive trees [35]. It also shows up in
Derrida’s generalized random energy model [15]. Properties of the Bolthausen—
Sznitman coalescent have been worked out, for example, in [2, 27, 59].

Bertoin and Le Gall [7] showed how to define precisely the notion of the ge-
nealogy of a continuous-state branching process. They found that the genealogy of
Neveu’s continuous-state branching process is given by the Bolthausen—Sznitman
coalescent. These results were extended in [13], where it was shown that the ge-
nealogy of any continuous-state branching process whose branching mechanism
is of the form W (u) = au + bulogu can still be described by the Bolthausen—
Sznitman coalescent. This connection between the Bolthausen—Sznitman coales-
cent and Neveu’s continuous-state branching process played a central role in
Bovier and Kurkova’s analysis of Derrida’s generalized random energy model [15].
A survey of this material can be found in [6].

1.4. Main results. Recall that for each positive integer N, we have a branching
Brownian motion (X (t), t > 0). We denote by My (¢) the number of particles at
time #, and we denote the positions of these particles by X1 y(¢) > Xo (1) >
-+ > Xpym).n (). We further define the process (Zy(t), t > 0) by setting

— 1L
() L_ﬁ(logN+310glogN)

and then letting

My (1)
. . (7 Xin(1)
) Zn(t) = Z eHXin @ sm(ilL )I{Xi,N(l‘)SL}'
i=1
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Note that only particles to the left of L contribute to Zy (), and the level L depends
on N. As we will see later, Zy () is a good measure of the “size” of the process
at time ¢, in the sense that it predicts the number of particles shortly after time ¢.
Also let
My (1)
(10) Yn)y= Y etXin®,
i=1

We will see that as the branching Brownian motion evolves, most particles stay
well to the left of L, and as long as this is the case, the number of particles changes
little. However, occasionally a small number of particles get very far to the right.
Because the descendants of these particles are able to avoid the barrier at zero,
the number of particles increases rapidly. Indeed, the increase in the number of
particles is so rapid that when we take the scaling limit as N — oo, we get a
process with jumps. The proposition below shows that this limiting process is a
continuous-state branching process.

PROPOSITION 1.  For all positive integers N, define the process (Vy(t),t > 0)
by

(11) Vv = Zn((log N)*1).

1

(log N)?
Suppose as N — 00, the distribution of Vy(0) converges to v, where v is a prob-
ability distribution on [0, 00). Suppose also that Yy (0)/N(log N)3 converges to
zero in probability as N — 00. Then there exists a constant a € R such that as
N — o0, the finite-dimensional distributions of the process (Vy(t),t > 0) con-
verge to the finite-dimensional distributions of the continuous-state branching pro-
cess with branching mechanism ¥V (u) = au + 2m%u log u started with distribution
V at time zero.

The condition on Vy (0) ensures that the number of particles in the system is of
order N, as shown below with the scaling in Theorem 2. The condition on Yy (0)
ensures that no single particle at time 0 is likely to have descendants that constitute
a large fraction of the population a short time later. If we begin with N particles
in what is a relatively “stable” configuration, then the initial conditions will hold.
Furthermore, as shown in Proposition 3 of [5], if there is initially a single particle
near L, then these conditions will be satisfied after a time of order L?.

Note that because the processes (Vy(t),t > 0) for fixed N can increase very
rapidly in a short time but do not have large jumps, the sequence of processes
(Vn, N = 1) is not tight, and convergence in the Skorohod topology does not hold.

The theorem below converts this result about the scaling limit of (Zy (¢), t > 0)
to a result about the number of particles. This convergence result holds only for
t > 0. The hypothesis at time ¢ = 0 still involves the processes (Vy(¢),t > 0),
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which may not imply convergence of the number of particles at time zero. The
result needs to be stated in this way because it is the value of Zy (¢) rather than
My (t) that predicts the number of particles that will be alive a short time later.

THEOREM 2. Assume the hypotheses of Proposition 1 hold. Then as N — o0,
the finite-dimensional distributions of the process

1 3

converge to the finite-dimensional distributions of the continuous-state branching
process with branching mechanism Y (u) = au + 2w >ulog u started with distribu-
tion v at time zero, where a is the constant from Proposition 1.

The next result shows that if we pick n particles at random from branching
Brownian motion with absorption at some time and trace back their ancestral
lines, the resulting process, properly scaled, converges to the Bolthausen—Sznitman
coalescent. This is a precise formulation of the result stated in the Introduc-
tion. Choose n particles uniformly at random from the My ((log N)3t) particles
at time (log N)3¢, and label these particles at random by the integers 1, ..., n.
Fix ¢t > 0. For 0 < s < 27¢, define [1y(s) to be the partition of {1,...,n} such
that i and j are in the same block of 1y (s) if and only if the particles labeled
i and j are descended from the same ancestor at time (¢ — s/2m)(log N )3, Let
(TT1(s), 0 <s < 2mt) be the Bolthausen—Sznitman coalescent run for time 27 ¢ and
restricted to {1, ..., n}.

THEOREM 3. Assume the hypotheses of Proposition 1 hold, and assume that
v({0}) =0. Then as N — 00, the finite-dimensional distributions of (Il (s),0 <
s < 2mt) converge to those of (Il(s), 0 <s <2nt).

As discussed earlier, this result is, of course, the analog for this model of the
third conjecture of Brunet et al. [21, 22] stated above. The (log N )3 time scaling
that appears here, as well as in Proposition 1 and Theorem 2, matches the second
conjecture stated above. If two particles are chosen at random, the time back to
their most recent common ancestor is of the order (log N )3.

1.5. Overview of the proofs. Because the proofs of Proposition 1 and Theo-
rems 2 and 3 are rather long, we outline the basic strategy here. The key idea is
to treat separately the particles that reach approximately the level L. These are the
particles that will produce a large number of descendants within a short time, lead-
ing to jumps in the population size when we look forward in time, and multiple
mergers of ancestral lines going backwards in time.

The first step, carried out in Section 2, is to collect some results that we need
pertaining to branching Brownian motion in a strip, which are important both for
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the proofs and for understanding the heuristics behind our choices of parameters.
Most importantly, we observe that if a branching Brownian motion is started with
a single particle at x, and particles are killed upon reaching O or L, then the ex-
pected number of particles in a set B at a sufficiently large time ¢ is approximately

[ pi(x,y)dy, where
2 T
(12 Prix,y) = Ze(l_MZ/Q_nz/ZLz)t e Sin(%) e W sin(%)-

From this formula, we can make several observations concerning the behavior of
the branching Brownian motion. First, note that the time parameter ¢ appears in
the formula only in the first exponential factor, so the population size should be
roughly constant over time provided that 1 — u?/2 —%/2L? = 0. Indeed, we have
chosen the parameters p and L above [see (1) and (8)] to satisfy this equation, as
this is the drift needed to stabilize the population size. Second, notice that the for-
mula is proportional to e”* sin(srx /L), which will equal Zy(¢) if we sum over
the positions of all particles at time ¢. Thus, it is Zy (¢) that predicts the number
of particles that will be in a given set at a later time, which is why Zx(¢) pro-
vides a useful measure of the “size” of the process. Third, notice that the formula
is proportional to e~ " sin(ry/L). Consequently, regardless of the starting con-
figuration, once ¢ is large enough for the approximation to be valid, the particles
will have settled into a “stable” configuration in which the “density” of particles
at position y is proportional to e ¥ sin(;ry/L). We will see in Lemma 5 that this
approximation becomes accurate when ¢ gets to be larger than (log N)?.

If we begin at time zero with N particles that are approximately in the stable
configuration, so that their “density” is CLe™ " sin(wy/L), where CL is a nor-
malizing constant, then the value of Zy (0) should be approximately

L T T
N/ et sin(—y> -CLe ™™ sin(—y> dy,
0 L L

which is of the order NL2. On the other hand, if we begin instead with a single
particle at L, then one can show typically the right-most descendant of this particle
will reach a level that exceeds L by only a constant. This is essentially true because
critical branching Brownian motion dies out, and can be seen from Proposition 16
below which shows that particles reach L at a much faster rate than they reach
any level that is much greater than L. Consequently, we can estimate the typical
contribution of the descendants of this particle at time ¢ by using (12) with L in
place of x and L 4 « in place of L, where o > 0 is a constant. This means that the
value of Zy (¢) should be of the same order as

L big 2 7L v
/ et sin(—y> . etk sin( >e”“y sin( Y )dy,
0 L L+« L+« L+«

which is of the order L~!e#L. We have chosen L so that particles that reach L
produce substantial increases in the population size. Indeed, note that L™ !¢~ and
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NL? are of the same order precisely when L is within a constant of the value in
(8).

In Section 3, we therefore define
(13) LAzﬁ(logN—i-MoglogN—A),

where A € R, and study the particles that stay to the left of L 4. That is, we con-
sider branching Brownian motion with particles killed at 0 and at L 4. Using (12),
it possible to estimate first and second moments of various quantities. In Section 3,
we apply these results to calculate the first and second moments of Zy (¢), condi-
tional on the process a time 6 (log N )3 earlier, where 6 is a small constant. The first
moment calculation is Lemma 11, while the variance bound appears in Lemma 12.
The variance bound is sufficient to establish that when A is large, there is a law
of large numbers, with the value of Zy () being close to its expectation. A similar
variance bound for the number of particles is given in Lemma 14. Such results
would not be possible without the truncation at L 4, because without truncation
the expected number of particles is dominated by rare events in which one particle
moves far to the right and produces a large number of surviving offspring. The
analysis in Section 3 is motivated by some of the arguments based on moment
bounds in [43].

In Section 3.2 we tackle the question of how many particles reach the level
L 4. An estimate of the expected number is given in Proposition 16. From this
result, one can deduce that if we start with N particles that are in approximately
the “stable” configuration described above, then the time that it will take before
a particle reaches L4 is of the order (log N)3, which explains the (log N)? time
scaling in our main results. To see heuristically why this scaling occurs, note that
if 8 > 0 is a constant, then the number of particles between L — 8 and L at time ¢
is of the order

L
N[ CLe™ sin(ﬂ) dy,

L—B L
which is of the order 1/(log N)3. Such particles have a positive probability of
reaching L between times ¢ and ¢ 4 1, but the calculation in Proposition 16 shows
that particles that are more than a constant distance from L at time ¢ are unlikely
to hit L by time 7 + 1. Thus, O (1/(log N)?) particles hit L per unit time.

Since branching by particles close to L 4 may enable several particles to hit L 4
at nearly the same time, we also require the second moment estimate in Proposition
18 to establish that the expected number of particles that reach L 4 within a time
interval of length 6 (log N)3, conditional on at least one particle reaching L4, is
bounded by a constant. Then in Section 3.3, we show in Proposition 23 that a
“good” event on which the bounds in Sections 3.1 and 3.2 are valid occurs with
high probability.



538 J. BERESTYCKI, N. BERESTYCKI AND J. SCHWEINSBERG

In Section 4, we begin to consider the contribution from particles after they
reach the level L 4. The key to this analysis is Proposition 24, which comes from
[56]. This result states that if a particle starts at L4, and y is a large constant,
then the number of descendants of the particle that reach L4 — y is approxi-

mately y‘leﬁy W, where W is a random variable. Some analysis that involves
a Tauberian theorem leads to Proposition 27, which says that for large x, we have
P(W > x) ~ B/x. Conceptually, this result is the reason why the genealogy of the
population is described by the Bolthausen—Sznitman coalescent. The contribution
to the population of the particle at L 4 will be approximately proportional to the
number of descendants that hit y, if y is sufficiently large. The fact that a jump
of size greater than x results from a particle at L 4 with probability proportional
to 1/x implies that the Lévy measure of the limiting continuous-state branching
process will have a density proportional to x 2, which in turn leads to the duality
with the Bolthausen—Sznitman coalescent.

In Section 5, we show how to combine all of the previous estimates to get sharp
results for the behavior of the process (Zy(¢),t > 0). The key results are Propo-
sition 39, which bounds the expected change in Zy over a time interval of length
6(log N)* when there is no large jump, and Proposition 41, which estimates the
probability that Zy increases by at least r N (log N)? over a time interval of length
6(log N)>. These estimates on how the process behaves over a short time interval
can be matched with the infinitesimal generator of the continuous-state branching
process. This work is done in Section 6 and leads to a proof of Proposition 1. Once
Proposition 1 is established, we are able to prove Theorem 2 by arguing that the
value of Zy(¢) can be used to predict accurately the number of particles shortly
after time ¢.

The proof that the genealogy of the process converges to the Bolthausen—
Sznitman coalescent is completed in Section 7. We represent the genealogy of
the branching Brownian motion using a “flow of bridges,” a tool introduced by
Bertoin and Le Gall in [8]. Using Proposition 1 and Theorem 2, we establish con-
vergence to the flow of bridges associated with the continuous-state branching
process, which is known to correspond to the Bolthausen—Sznitman coalescent.

1.6. Notational conventions and index of notation. For the benefit of the
reader, we include in Table 1 an index of some of the notation.

Some constraints on the constants &, A and 6 are introduced at the beginning
of Section 3; see equations (32)—(35). Further constraints on these constants, as
well as the choices of the constants §, 1, y and ¢, are set out in Section 5.1; see
equations (95)—(106).

Throughout the rest of the paper, C will denote a positive finite constant whose
value may change from line to line. The constant C may depend on u and s, but
may not depend on N or on the seven constants ¢, A, 6, §, , y and {. We say a
sequence of random variables (Ry)%7_; is o(f(N)) if for any choices of the con-
stants u, s, €, A, 0, 8, n, y and ¢ satisfying the constraints mentioned above, there
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TABLE 1
Index of some of the notation that is used throughout the paper

A used to control the level at which particles are killed; see the definition of L 4.

GN.k event that Zy (1;) and Y (¢;) are sufficiently small for j < k.

Gy(e) event that Gy i occurs for all k.

h(N) slowly increasing function used to upper bound Yy .

L level, given by (8), such that descendants of a particle that get near this level
will likely constitute a significant fraction of the population in the future.

Ly level at which particles are killed, defined in (13).

My (1) number of particles at time ¢.

Ry number of particles killed at L 4 between ;1 and #.

s the process Zy is often studied between times u (log N )3 and (u + s)(log N )3.

t the process Z is frequently studied at the times 7.

u the process Zy is often studied between times u (log N)3 and (u + s)(log N)3.

Vn normalization of the process Z, defined in (11).

Xn(@) the branching Brownian motion at time ¢.

Xin@®) position of the ith particle from the right at time .

y large constant; the number of descendants of a particle at L 4 that reach
L 4 — y plays a central role in the paper.

Yn (1) weighted sum of particle positions at time ¢, defined in (10), such that a
particle at x contributes e#* to the sum.

Zn (1) measure of the “size” of the process at time 7, defined in (9), such that a
particle at x < L contributes e~ sin(rx/L).

ZN.1 similar to Z, but with particles killed at L 4, defined in (36).

Z}\,’l similar to Z 1, with L 4 used in place of L in the sine function; see (37).

Zy number of descendants of a particle at zero that reach —y.

8 small constant used to bound the error in an estimate of a branching process

limit; see (96).

small constant used to bound Z, above by ¢~ 1 /2N(log N)2.

drift of the branching Brownian motion, given by (1).

small constant used to bound the difference between Zy and its limit.

small constant such that #; and f; 1 are s(log N )3 apart.

large constant chosen so that with high probability, descendants of a particle
at zero will have reached —y by time ¢.

NI T o

is a deterministic sequence (by)%_; tending to zero such that [Ry| < by f(N)
for all N. Note in particular that throughout this paper, the bounds implicit in the
notation o(1) or o( f(N)) are nonrandom and depend solely on the choices of pa-
rameters.

Also, if g is a function of some of the constants ¢, A, 6,5, n, y, ¢ and N, we will
occasionally use the notation O(g(¢, A, 0,8, 1n,y,¢, N)) to denote an expression
whose absolute value is bounded by Cg(e, A, 60,68, 1n,y,¢, N), where C is defined
as above.

2. Branching Brownian motion in a strip. Suppose (B;);>0 is Brownian
motion started at x, with 0 < x < K, and assume the process is killed when it hits
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0 or K. Then (see, e.g., page 188 of [50]) the density of the process at time ¢,
restricted to (0, K), is

T
'U[(X, )’) = E”;ﬂz/lﬂ(nx/KJT)’/K)

o0
_ 25 () g (M)
K =~ K K

Consider now branching Brownian motion in a strip in which each particle gives
birth at rate one, drifts to the left at rate ;v > 0, and is killed upon reaching 0 or K.
We will need to estimate the expected number of particles at time ¢ when ¢ is
large. Suppose there is initially a single particle at x. The density of particles at the
position y at time ¢ can be calculated using the well-known many-to-one lemma.
The density is a product of e, which represents the expected number of particles

(14)

at time ¢, a Girsanov factor e#**=¥)=#°1/2 re]ating Brownian motion with drift —
to ordinary Brownian motion, and the density of ordinary Brownian motion killed
upon reaching 0 or K. Therefore, the density of particles at time ¢ is

- + — 2 2,2 2 nix niy
15 , V)= (1=p?/Dt+px—y) | § : menct/2K* ; ( > . ( )’
( ) q,(x y) e . le SI{ —— ) sin{ ——

in the sense that if B C (0, K), then the expected number of particles in B at time

tis [pqi(x, y)dy.
When ¢ > K2, the first term in the sum in (15) dominates. We make this more
precise in Lemma 5 below. We first record the following trigonometric lemma.

LEMMA 4. IfO<y<mandn €N, then |sinny| <nsiny.

PROOF. We prove the result by induction. The result is trivial for n = 1. If it
is true for n — 1, then

|sinny| = [sin((n — 1)y) cos y + cos((n — 1)y) sin y|
< [sin((n — 1)y)||cos y| + |cos((n — 1)y)]||siny|
<|sin((n — 1)y)| + |siny| <nsiny,

where the last step uses the induction hypothesis. [J

By applying Lemma 4 to each term in the sum on the right-hand side of (15),
we easily get the following estimate. Note that p;(x, y) is simply the n =1 term
in the expression for ¢;(x, y). The error term D;(x, y) is small when 7 > K2 and
is bounded above by a constant when ¢ > C1 K 2 for some constant Cj.



GENEALOGY OF BRANCHING BROWNIAN MOTION 541

LEMMA 5. Consider branching Brownian motion in a strip in which each
particle gives birth at rate one, drifts to the left at rate . and is killed upon reaching
0 or K. Suppose there is initially a single particle at x. Let

2 2 22 L (TX _ . [Ty
pi(x,y)= ?e(l W5 [2=m 72K | ppux sm(?> e sm<?>.

Then for all x,y € [0, K], define D;(x, y) by

qr(x,y) — 14 D,(x. y).
pr(x,y)
Then
oo 2 —mn?t)2K?
(16) Dy (x, y)| < =222 °

e—J‘rzz‘/ZK2

Therefore, if B is a Borel subset of (0, K), then the expected number of particles
in B at time t may be written as ([ p;(x, y)dy)(1+ D;(x, B)), where |D;(x, B)|
is bounded by the right-hand side of (16).

Using these densities, we can estimate the expected values of certain functions
of branching Brownian motion. Lemma 6, which is Lemma 2 of [38], gives a mar-
tingale for branching Brownian motion in which particles are killed only at zero.
Lemma 7 estimates the expected values of three specific functions of branching
Brownian motion in a strip.

LEMMA 6. Consider branching Brownian motion in which each particle gives
birth at rate one, drifts to the left at rate u and is killed upon reaching 0. Let M (t)
be the number of particles at time t, and denote the positions of the particles at
time t by X1(t),..., Xp)(t). Let

M)
V()= Z X; (t)eMXi(t)-F(Mz/z—l)f‘
i=1

Then (V(t),t > 0) is a martingale.

LEMMA 7. Consider branching Brownian motion in a strip in which each
particle gives birth at rate one, drifts to the left at rate . and is killed upon reaching
0 or K. Let M (t) be the number of particles at time t, and denote the positions of
the particles at time t by X1(t), ..., Xp)(t). Let

M) M(t)

Y(t)= Z eMXi(t)’ Z(t) = Z M Xi () Sin(n)z(t))

Then

2 K
(A7) EM@)] = e PRy D2y [ e sin( B Yay
0
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and

4 (=2 /2—72)2K%)t
(18) E[Y()]= e (1+ D2)Z(0),
where |D1| and | D>| are bounded by the right-hand side of (16). Also,
(19) E[Z(t)] = e\ =+ 127 12K 7).

PROOF. To prove (17), first suppose there is initially a single particle at x.
Lemma 5 gives

E[M ()] = (/ P, y)dy)<1+Dl>

2 Tx K
= ?e“*ﬂ«z/zﬂrz/zm)’(l + Dp)et* sin(F)/o e sm( e )dy,

where |D1]| is bounded by the right-hand side of (16). The result now follows by
summing over the particles at time zero.

Likewise, to prove (18), assume there is initially a single particle at x, and ob-
serve that Lemma 5 gives

K
Y01 = ([ e pitxndy )1+ Dy,
where | D»| is bounded by the right-hand side of (16). Using

f () o=
sin dy =—,
0 K b4

E[Y(t)]:; W2 [2=72 /2Kt i sm< )(1+D2)

we get

The result again follows by summing over the particles at time zero.
To obtain (19), note that if # is a positive integer, then

/Ksin T Y ain( 2N gy = K/2, ifn=1,
0 K k ) 7o, ifn>2.

If at time zero there is just a single particle at x, then
E[Z(1)]

[ ace i

00 K
— =/ D)tFux 2 Z e /2K> sin(—nnx) / sm<ny> sin(—nny> dy
K K 0 K K

n=1

— ohx s1n<7;(> (1=p?/t ,=m1/2K? _ (1=p? /272 2K juux sm<7;(—x>.
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As before, the result now follows by summing over the particles at time zero. [J

For the next result, we will need the Green’s function for Brownian motion in
a strip. Let (B, t > 0) be one-dimensional Brownian motion without drift. Define
the Green’s function G(x, y) such that if (B;, ¢ > 0) is Brownian motion started
from By =x € (0, K) and if t = inf{¢: B; ¢ (0, K)}, then for all bounded measur-
able functions g, we have

T K
E[/o g(Bt>dr}=f0 G(x. y)g(y)dy.

The Green’s function is given by (see, e.g., (4.4) on page 225 of [28])

_ | 2x(K = y)/K, if y >x,
(20) G(x’y)_{Zy(K—x)/K, if y <x.

To obtain this result from (4.4) in [28], observe that in the notation of [28], we have
¢(x) = x and m(x) = 1 for ordinary Brownian motion. If y < x, then 2y(K —
x)/K <2x(K — y)/K. Therefore, for all x, y € [0, K],

(21) G(x,y) <2x(K —y)/K.

To control the fluctuations, we will also need a result about second moments.
The following result, which is a slight extension of Lemma 3.1 of [43], will be a
useful tool.

LEMMA 8. Consider branching Brownian motion with particles killed at both
0 and K. Assume that at time zero there is just a single particle at x, and that the

particles at time t are denoted by X1(t), ..., Xp)(t). Let f:(0, K) — [0, 00) be
a measurable function. Then

M (1) 2 K
E[(Z f(xim)) }= fo FO)2qi(x, y)dy
i=1

Y K )
+2/0/0 q“(x’z)(/o f(y)%—s(z,y)dy) dzds.

PROOF. For a Borel set A C (0, K), let N4(¢) be the number of particles in
the set A at time ¢. Equation (2.8) of [63] gives

22) E[NA()] = /A i (x. y)dy,

while equations (2.11) and (2.12) of [63] give

t K
EINA()Np(D)] = E[NAng ()] +2 /O fo qs(x,z>< / qts(z,w)dw)

(23)
X (/ qt_s(z,y)dy> dzds.
B
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Suppose f is a simple function, so that

m
f)=) aily,.
i=1
where the A; are disjoint Borel subsets of (0, K) and the g; are positive real num-
bers. In this case, we have

M) 2 m m

E[( > fXi (z))) ] =D aiajE[Ns (N4, ()],
i=1 i=1j=1

It is now straightforward to check, using (22) and (23), that the conclusion of

Lemma 8 holds in this case. Since every nonnegative measurable function can be

approximated from below by simple functions, the general result then follows from

the monotone convergence theorem. [

LEMMA 9. Assume we are in the setting of Lemma 7. Assume that at time zero
there is just a single particle at x. Suppose that 1 — u*/2 — n2/2K?* < 0. Also,
assume there exist positive constants C| and Cy such that C1 K << /(1 —
Mz /2). Then there exists a constant C, depending on u, C1 and Cy, but not on x
or K, such that

1 t
E[Z(1)%] < Cet* etk <F + ﬁ)

PROOF. We apply Lemma 8 with f(y) = e/ sin(wry/K) to get

K 2
E[Z®)*] = /0 o1y sin(%) gi(x, y)dy

(24)
K 2
+2/0t/0 qs(x,z)<f0 euys1n<7;< )q, s (2, y)dy) dzds.

We begin by bounding the first term in (24). By Lemma 5, for all x, y € [0, K]
we have

C
(25) q:(x,y) < Ke“(x ) sm(?) sin(%),

where we are using that 1 — u?/2 — 72/2K? < 0. The assumption t > C;K? en-
sures that the error term from Lemma 5 can be bounded by a constant (throughout
the proof, we allow the value of C to change from line to line). Note that

K K K —
/ ety sm( ) dy = / M K= sin(in( y)) dy
0 K 0 K
K
(26) _ oK / ey s1n< )dy
0 K

K 79,4
< EMK‘/. _My(n— )dy < Ce .
0 K K
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Here we are using that u > 0 and that C may depend on u. Now using (25) and
(26) and the bound sin(ry/K)? < 1, we get

K Ty\?2 TX Ty
/(; o2y sin(%) gi(x, y)dy < — < / 21y (X =) sm( e >sm( < >dy

Cel* K
27) < 2 A e“ymn(K)dy

Celx etk
STxr
It remains to bound the second term in (24). Recall that v;(x, y), defined in (14),

denotes the density at time ¢ of Brownian motion started at x and killed when it
reaches 0 or K. Note that

/OOO v (x, ) ds = G(x, y),

where G (x, y) is Green’s function in (20). Since t < C> /(1 — Mz /2), we also have
fors <t,

(28) gs(x, y) = eI/ Dsy, (0 gy < CoPEDy (i y).

Since t > C1 K2, the bound (25) is valid for qi—s(x,y) when s <t/2. Using these
results and (21),

/2 K K Ty 2
/ f qs(x,z)(f e“ysin<—)qt_s(z,y)dy) dzds
0 0 0 K
/2 oK K
5/ / Ce“(x_Z)vs(x,z)</ e”%m(@).geu(z—y)
0 0 0 K K
(s )a) e
X [
sin e sin x ) zds
Celx rt/2 K 2 2
(29) < c f / e v (x, z)sm( >(/ sin(%) dy) dzds
t/2
§Ce“x/ eﬂzs1n(nz> (/ Vs (x,z)ds) dz
0 K 0

K 29v(K —
§Ce“x/0 e“%in(%) udz

K
K _ 3 ux ,uK
< Ce“x/ et? (K —2) dz < Cele ,
- 0 K? - K?
where for the third inequality, we used that sin(ry/K)? < 1, and for the next-to-

last inequality, we used that sin(wz/K) = sin(m(K — z)/K) < (K — z)/K and
x/K <1.
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Next, let v;(x, y) be the density at time ¢ of Brownian motion started at x and
killed when it hits 0. By the Reflection Principle, for s <t¢,

/K yv/(x y)dy = # /K(ye—(x—y)z/Zs _ ye—(x+y)2/2s) dy
0 Y 2ms Jo

1 K—x _ 2/2s
= > (z+x)e * /7 dz
AVLTTS J—x
1 K+x
-5 / (z — x)e_zz/zs dz
s Jx

1 X Ze 2/25 dZ + 2x —22/25‘ dz _ 2x

= Vams ) Jas )

Therefore, using that vy(x, y) = vs(K —x, K —y) < vS(K —x,K —y),

t K y 2
[ qs(x,z>(f e sin( 2 )i )y ) dzds
t/2 K
/ / —Hx=2) sm(nx)sin(ﬂ)
t/2 K K
K 2
X </ el et @=y) sin(?)v,_s(z, y) dy> dzds
C nx 2
¢ / / et s1n(nz) (/ sm(ﬂ>v;_s(z, y) dy) dzds
t/2 0 K
nx K — 2
< Ce / / et s1n(nz>(/ (—y>v;_s(z,y)dy) dzds
t/2 0 K
Celt* K , 2
/ / M s1n( )(/ yu,_ (K —2z,) dy) dzds
12 0
_ Cer
< ¢ / / e”zsm< )(K—z) dzds
12

Cel*t 3 CelxelKy
ra e“Z(K—z) dsz.
The result follows from (27), (29) and (30). [

3. Particles hitting the right-boundary. Recall that we are considering
(Xn(t),t > 0), which is a branching Brownian motion with drift —u and killing
at the origin. Recall also that Proposition 1 involves the processes (Zy(¢),t > 0),
where Zy () is a weighted sum of the positions of the particles at time ¢. Through-
out this entire section, as well as Sections 5, 6 and 7, we assume that the hypotheses
of Proposition 1 hold.
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3.1. The particles that never reach L. To prove Proposition 1, we will need
to consider these processes at two times u and u + s, where 0 < u < u + s.
Fix a small number 6 > 0 such that 6~ € N. For 0 < k < 6!, define the time
ty = (u + Oks)(log N )3. We will be interested in the value of the process Zy at
the times ;. The assumption that #~! € N is useful for defining the sequence
{t}g<k<o—1- However, many of our results pertain to the state of the process at
time #;, conditional on the state of the process up to time #;_;. For these results,
the assumption #~! € N is not necessary.

Since Yy (0)/N(log N)3 converges in probability to zero, there exists a nonran-
dom function 4 : N — (0, oo) such that #(N) — 0 and (log N)h(N) — coas N —
oo, and Yy (0)/(N(og N Yh(N)) converges in probability to zero. [This is a sim-
ple consequence of the following fact: if Xy — 0 in probability, then there exists
a nonrandom sequence iy such that Ay — 0as N — oo and P(Xy > hy) — 0.]
Lete>0.For0 <k <671, let G . be the event that for j =0,1,...,k, the
following two events occur:

e We have Zy(t;) <&~ '/2N(log N)>.
e We have Yy (#;) < N(log N)>h(N).

Finally, let Gn(e) = Gy g-1. Let (F;, ¢ > 0) be the natural filtration of (Xy (),
t > 0). This filtration, of course, depends on N, but we suppress this dependence
in the notation. We will need to consider the conditional distribution of Zy (#)
given F;,_,. Note that the event Gy x—1 is in Fy,_,.

In this section, we will consider the particles that would still be alive if, between
times #z—1 and fz, we Kkilled particles that hit L 4, where L4 was defined in (13).
Recall that both L4 and the drift & depend on N. We will always assume that N
is large enough that L 4 > 0 and
31) hN) < etla — oA /3= 1)log N+3loglog N—4).

N(log N)3
which is possible because, by (4), the right-hand side tends to ™4 as N — oo.
Because Yy () < N(log N)>h(N) on Gy j, this ensures that on Gy , all particles
at time #; are to the left of L4, a fact which will be invoked repeatedly in what
follows.

Note that we have defined three constants: €, A and 6. We think of ¢ as being
small. Typically A will be a large positive constant, but we will also at times con-
sider negative values of A. Finally, 6 will always be a small positive constant. In
particular, we will assume

(32) 0<1,
(33) |Al0 <1,
(34) A2 AGse ™12 < e A/4,

(35) fete™ 1% < 1.
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These assumptions will be in force through the rest of this section, except in Propo-
sition 23 below, where it will be convenient to allow 6 to be any number with
6~! e N. A stronger set of restrictions on # will then be introduced at the begin-
ning of Section 5.

For t € [tx—1, tx], we say i € S(¢) if for all v € [t;_1, t], the particle at time v
that is the ancestor of X; x(¢) is in (0, L 4). Consequently, for #;_; <t < #, the
positions of the particles in S(¢) follow a branching Brownian motion with drift
—u, with particles killed when they reach 0 or L 4. Define

My ()

. . (X N(tk)
(36) Zyay= 3 e sin( T )
i=1
and for t € [t;_1, t], define
My (@)
. . (T XinN(t)
(37) Z}V,l(t) = Z M XiN () Sm(#)l{ieS(I)}-

i=1
Although our interest is in Zy 1(#), we will need to approximate this random
variable by Z;V’l(tk), which is defined in the same way except with L4 in place
of L. The next result shows that the difference between these quantities is small.

LEMMA 10. On Gy k-1, both |Z;\/,1(lk71) — Zn(ty—1)| and E[|Z;\,’1(Z‘k) —
ZN (@)1 Fy 1 are o(N (log N)?).

PROOF. Ifa > 0, then
(5
—sin| — || =
dx X
Therefore, if 0 < x < L4, then
) <71x) . (nx) |L — Lalmx T|A|LA
sin[f — ) —sin| — )| < — 7 < - .

L La min{La, L}? = /2min{Ly4, L}?

On Gy k-1, all particles at time ;1 are to the left of both L 4 and L for sufficiently

large N. The indicators are therefore not needed in (9) and (37) when t = 41, and
we get

. <a>
—cos| —
x?2 X

a
< —.
x2

7T|A|LA My (tr—1)

1Ziy 1 (tee) — Zy ()] < iy
N1 V2min{L 4, L}? ;

(38)
_ T|A|LAY N (tk—1)

© V2min{L,, LY’

which is o(N (log N)?) on Gy _1. Applying the same reasoning at time # to the
particles in S(tx), we get

jTlA|LAE[YN(tk)|-¢.lk_1]
V2min{L 4, L}?

E[|Zy () — Zn 1)l Fry 1 <
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Note that
uro oo ) 2
2 " 212 (logN +3loglogN)?  (logN +3loglog N — A)?
(39
272 A (1 4 (1))
- T -3 o .
(log N)3

Since t;, — t—1 = (logN)393 and (33) holds, equations (18) and (39) give

E[YN )| Fy 1 < CZy(tk—1)(1 4+ o(1)). It follows that

ClAILAZN (tr—1)(1 + o(1))
min{L 4, L}?

’

(40)  ElZy () — Zna(m)|1 Fy_i1 <
which is o(N(log N)?) on Gy 1. O
We now estimate the conditional mean and variance of Zy 1(#) given F;, .

LEMMA 11. On Gy k-1, we have
E[Zn1t)| Fi_ 1= Zn(te—1)(1 — 2% Abs + O(A%6%)) + o(N (log N)?).
The same bound holds with E[Z;V,l (t)| F_, 1 on the left-hand side.

PROOF. By (19) and the Markov property of branching Brownian motion with
particles killed at O and L 4, we have for sufficiently large N on Gy x—1,

22 2 _
(41) E[Z}y ()| Fy_ ) = 12 RLDGS 0 700 (),

using the fact that for sufficiently large N, on Gy x—1 all particles at time 7, are
to the left of L 4. Since 7 — tx—1 = (log N)30s, it follows from (39) that

e(l—Mz/z—nz/zLﬁ)(zk—rk_l) _ e—2n2A95(1+0(1))

(42)
=1—272A60s + 0(A%0?) + 0(1),

where assumption (33) ensures that the error term is O(A%0?). The result now
follows from equations (41) and (42) together with the two bounds in Lemma 10.
]

LEMMA 12. Assume A>0.On Gy -1, we have

Var(Zy 1 (t)|Fy,_,) < CON(log N)*e™*(Zy (t—1) + o(N (log N)?)).

PROOF. Fort € [t;_1, tx], define Z;v,l(t) as in (37), and define

My (1)

Y=Y e Xiv 010,
i=1
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Define tx—1 =59 < 51 < --- < sy =t so that for some positive constants C| and
C», we have C1(log N)2 <sp —sp—1 < Ca(log N)? for all n. Recall that for any
random variable X and any o -fields F and G with F C G, we have

Var(X|F) = E[Var(X|G)|F] + Var(E[X|G]|F).
Therefore, for 1 <n < M, we have

Var(Zy 1 (sn)|Fsy) = E[Var(Zy 1 (sn) | Fs, )| Fsol + Var(E[Z)y 1 (s2)| Fs, 11 Fs)-

Equation (19) implies that E[Z)y | (s,)|Fy, ] = e /27721000 =51
Z}\,’l(sn_l). Because A > 0 and thus 1 — pu2/2 — 7'[2/2L124 < 0, it follows that

Var(E[Z)y | (s2)|Fs,_ 11 Fs,) < Var(Zy 1 (sp—1)|Fy,)-
Therefore,
Var(Zy | (sp)|Fsy) < E[Var(Zly 1 (s0)1Fs,_ )| Fsol + Var(Zly 1 (sa—1)|Fsp)-

Now Var(Z;\L 1(50)|Fs,) = 0, so by induction,

M
(43) Var(Zy 1 (sm)|Fyp) < D E[Var(Zly | (s0)| Fs,_ )| Fs 1.

n=1

Because the particles at time s,_; evolve independently between times s, |

and s, the conditional variance Var(Z }\/,1 ($n)|Fs,_,) s the sum of the conditional
variances of the contributions to Z}v’l(s,,) from the individual particles at time
sn—1. We will use the inequality Var(X|F) < E[X?|F] and apply Lemma 9 with
K =Ly and t = s, — sy,—1. The hypotheses are satisfied because 1 — u2/2 —
7r2/2L124 <0, and both s, — 5,1 and 1/(1 — ,u2/2) are of the order (logN)z.
Therefore,

1 Sp — Sp—1
Var(Zly (5l ) = Ce o) 3 + )
A A

Now eLa < N(log N)3e™™, so

1 log N)?
(44) Var(Zy {(s2)|Fs,_,) < CN(log N)3e™ (—2 +—( 0g4 ) )
: L L
A A

From (18), we get

max E[Y (s5-1)|F5) < CZly 1 (s0)(1 +0(1)
(45) -

= CZy 1 (t—)(1 + o(1)).



GENEALOGY OF BRANCHING BROWNIAN MOTION 551

Finally, note that M < CO(log N). Combining this with (43), (44) and (45) gives
thaton Gy -1,

Var(Zly | (t) | Fy_,) = Var(Zy 1 (sm)1Fs)

2
< CN(log N)3e—A(L2 + (logiv) )
LA LA
(46)
x (Yiy(s0) + COUog N) Z}y  (tr—1) (1 + o(1)))
Yy (t-1)

< CON(log N)? —A<
< (log N)“e flog N

+ 2y 10 ) (14 0().

The result now follows from Lemma 10 and the fact that Y} (fr—1) < Yy (tx—1) <
N(logN)3h(N)on Gy j—1. O

COROLLARY 13. Assume A>0.On Gy k-1, we have

P(1Zn.1(t) — Zn(ti—1)| > de Y4N(log N)2|F, ) < COe 42712 (1 4 0(1)).

PROOF. By the conditional form of Chebyshev’s inequality and Lemma 12,
on Gy x—1 we have

P(1Zy 1 () — E[Zy (1)1 Fy_, 11 > e A/* N (log N)?| F, )

Var(Z)y, | (t) Fy,_y)
- ,
~ e A/ZNZ(logN)*
< COe 42712 (1 4 0(1))

47

because Zy (tr—1) < e_l/zN(log N)2 on G N k—1. Using (39), some calculus and
the assumption that A > 0, we get that for N large enough that A <3loglog N,

Os(log N)> <272 Abs.

2 2
|e(1—Mz/z—ﬂz/zLi)(l‘k—fk—l) _ 1| < ‘1 KT
2 21}

Therefore, by (41), if A <3loglog N, then
|E[Zy ()| Fy_i] = Zy | (—D)| <212 A0S Zly | (tk-1).

Because Zy (1) = Zn(t—1) + o(N(logN)*) < & '2N(logN)* +
o(N(log N)?) on Gy s—1 by Lemma 10 and 272Afse~1/2 < e=4/4/2 by (34),
it follows that for sufficiently large N,

(48) \E[Zy (1)1 F_,1— Zy 1 (tr—1)| < e */*N(log N)?



552 J. BERESTYCKI, N. BERESTYCKI AND J. SCHWEINSBERG

on Gy k—1. By Lemma 10, on Gy x—1, we have

(49) 1Zy 1 (t-1) — Zn ()] < e N (log N)?

for sufficiently large N and

(50) P(1Zn.1 () — Z 1 0)] > e~ N (log N)?| F, ) = 0

uniformly as N — oo on Gy x—1. The result follows immediately from (47), (48),
(49) and (50). O

PROPOSITION 14. Suppose A =0. Let

My (t)
My () = Z Licsw
i=1
be the number of particles at time t, whose ancestor at time t is in (0, L) for all
t € [tk—1, tk]- On Gy k—1, there exists a constant C such that

Var(My ()| Fr,_,) < COsTV2N2 (14 o(1)).

PROOF. As in the proof of Lemma 12, the conditional variance can be
bounded by the sum of the variances of the contributions to M I/V (t) from the in-
dividual particles at time #;_;. The variance of the contribution from a particle at
x can be bounded by the expected square of the number of descendants of this
particle at time #;. This expectation is given by Lemma 8 with f(x) =1 for all x
and f; — tx—1 in place of . Therefore,

Var(My (1)1 Fr,_)

My (tr—1)

L
= Y [ s Ko dy
i=1

My (tg—1)

173 L I 2
+2 Z /t /OCIz—rkl(Xi,N(tk—l),z)(/o q;k_,(z,y)dy) dzdr.
i=1 Yl

The first term is E[M), (1) F;,_,]1, which by (17) with K = L is at most
CZn(t—1)( + o(l))/L2 because the integral on the right-hand side of (17) is
of the order 1/K . This expression is o(Nz) on Gy k—1.

The argument to bound the second term is similar to the proof of Lemma 9
but requires splitting the outer integral into four pieces. First consider the piece
between #;_1 and 1 + (log N2 Ifr < (log N)2, then (28) holds and

(51) /0 vt(x,y>ds=G<x,y)s¥52<L—y)
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by (21). Since 1 — u?/2 — 7%/2L* =0, Lemma 5 gives that on GN k-1,

MN W1y +(log N)?
J

L 2
/(; qt—tkl(Xi,N(tk—l)aZ)<A C]zk—t(Z,y)dy> dzdt

i=1 k=1

MN(tk l) (logN)2
<cC / / g (X N (1), 2)
L2
X (f —e“zsin(nz)e ’“‘ysm( )dy) dzdt
o L L L
MN(tk 1) 2
c (log V) -
=74 / / qr(Xi N (tk—1), 7)™ sm( L) dz dt

(52) <— Xk: / s1n( ) </0(logN)2qt(Xi’N(tk_1),Z)dt)dz
=1

MN(tk )] 2
/ sin( )

o0
x e 0= ([0 e, 2 dr ) d

C My (t—1) X ) L e g
< i,N k=1 sin L—2)d
ax ; ‘ /0 ¢ (L) (L —adz
C et >
=73 Yy (te-1) - —<CN h(N).

We next consider the case #—1 + (log N? <t <t — (log N)2, and from
Lemma 5, we get that on Gy 1,

My (tx—1) tx—(log N)? L 2
/ / (It—tk_l(Xi,N(fk—l),Z)</ n—-1(z,y) dY> dzdt
tr—1+(log N)2 JO 0

My (tr—1) —(ogN)? /L .
<C Z /tk (log V) 2eMXz N (tk—1) H<M>
t

i=1

o JuatlegN2Jo L L

x e Mt sin(E)
L
L2
(53) X (‘/(; Ze"z sin<jzz>e wy sm< I )dy) dzdt
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5 C (1 tk_Ll3)ZN(tk—1) </0 ez sin(%) dz) I:/(; e sm( I )dy}

ce(log N Zn(ti—1) et 1

L3 L3 L2

Consider now the case #; — (log N <t<ig — (log N)7/4. Note that if t <
C(log N)?, then =12/t < C, so by (15) and Lemma 4,

C b4
g (x,y) < Ze’” sm< Lx>e Hy s1n< )Z 2p—mn’t/L?

<COs7 12 N2,

Breaking up the sum into blocks of size M = [L/+/t] gives

o0 o0 o
ZnZe—nznzt/L2 < ZM(M(E n 1))2e—n2(Mz)2z/L2 < M3 Z(Z + 1)26—71262

n=1 £=0 =0
cL’
< — .
- l»3/2
Therefore,

My (t=1) o —(log N)T/4

L 2
/ [ qt_tk_1<xl-,N(zk_1>,z>(/ C]zk—t(Z»)’)dY> dzdt
fe—(log N)? 0 0

My G-1) (1o N)2 )
<C Z /(Og : 2e“X’N(”‘ D n(inxl’lv(tk_l))e“zsin<ﬁ>
= JaogNy4Jo L L L

L2 b 84 Ty 2
oMz —HY 1 7 d d dt
x(/(; 73¢ sm(L)e sm(L) y) Z
(logN)? 1 L 7z\3
<CL*Zy(tx— (/ —dz)(/ “Zsin<—> d)
< N (te—1) togNyT/4 3 € 7 ) 4z
L 2
X [/ e “ysm(n )dy]
0 L

1 et 1 ceTV2N2
T —
(logN)7/2 L3 L%~ (logN)!/2

i=l

(54)

<CL*Zy(t-1) -

Next, consider the case 1 — (log N )7/ Y<r<p—1. Using (28), and the obvious
fact that the density v;(x, y) of Brownian motion killed at O and L is dominated
by the transition probabilities of standard Brownian motion, for r < (log N)?, we
have

1 CelX eIy
(55) qi(x,y) < Ce ™y, (x,y) < Cel*e . 2¢ S

—(x—y)*/2t
= 12
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We split the integral over z into two pieces and obtain

MN@-1) p 2

2L/3 L
/ Ji qt_t“(xi,N(zk_l),z)( [ qtk_t(z,wdy) dz dt
tr—(log N)7/4 JO 0

CZn(fr_ (log N)7/* 2L/3 L 2
< M/ / o He sin<E) (f 4z, y) dy) dzdt
L 1 0 L 0

CZy(tk—y) [QogM)* r2L/3 7z L ohzg=iy  \2
_CZyn 1)/ / o2 Sm( )(f —dy) dzdt
L 1 0 L 0 1172

CZn(tr_ (logN)"/* 2L/3 L
< CZn 1) (/ —dt) </ ettt sin(nz)dz)(/ e_“ydy>
L 1 t 0 L 0

- CZn(tk-1)

i=l

(56)

-loglog N - e**E/3 = o(N?)

and
My @e-1) g

L L 2
[ | q,_,kl(x,-,m_l),z)( Ji q,k_t<z,y>dy) dzdi
i tr—(og N)7/4 J2L/3 0

CZn(t (log N)7/4 L ?
_M‘/ / e““sin<ﬂ></ Qz(Z,y)d)’> dzdt
2L/3 L 0

- CZn(tk-1)
L

(logN)* +L L/3 ) L 2
X / / ettt (/ oMY@ /A dy—l—/ e dy) dzdt
1 2L/3 0 L/3

L/3 2
< 7CZNL(ZI<71) (log N)"/4erE (/ ! ¢HY g—(og M)!14/36 dy + e_“L/3>
0

57

< CN(Iog N)'5/* Zy (t_1) (e 108N 14136 | p=uL/3)2 _ (N2,
Finally, if 0 <t < 1, then fOL q:(z,y)dy <e' <C,so

My (te—1)

Z /tk 1/ Gr—t_ (Xi N (Tr—1), Z)(/()quk_;(z,y)dy>2dzdt

(58) CZN(tk 1)// _’”sm( )(/ q:(z, y)dy) dzdt

CZy(t— CZy(t
SiN(k 1)/ e"“sin(ﬂ)dz —N(k 1)— o(N?).
L 0 L L?

The result now follows from (52)—(54) and (56)—(58). [
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3.2. The number of particles that hit L 4. For k € N, let Ry denote the number
of times ¢ between f;_; and f; that a particle reaches L4 at time ¢ and, for all
u € [ty—1,1t), the ancestor of this particle at time u was in (0, L 4). Equivalently,
Ry is the number of particles that are killed by hitting L 4 between times #;_1 and
tr. Note that particles can reach L4 before time #;_; and still contribute to Ry.
Below we calculate the conditional mean and second moment of Ry given F;, .

LEMMA 15. Suppose there is a single particle at x at time zero, where x €
(0, L 4). Suppose particles undergo branching Brownian motion with drift —u and
are killed when they reach 0 or L 5. Let R be the number of particles that hit L 4
between times t and t + k, where 0 <k < 1. Then

E[R] = D11 /2=m2 2L )1
N sin(n—x) (1+ D)1 +o(1))(1 + o(k))
La N(ogN)5 ’

where |D| is bounded by the right-hand side of (16) with L 4 in place of K, and
o(k) is a term whose absolute value is bounded by g (k) for some bounded function
g:(0,1) — (0, co) with lim,_,9 g(x) =0.

(59)

PROOF. Let (B;,t > 0) be standard Brownian motion started at the origin.
Suppose that (for the branching Brownian motion), there is a particle at y at time ¢,
and let 0 < ¥ < 1. The expected number of descendants of the particle at time ¢ 4 «
is €, and the drift of —u can only reduce the probability that a Brownian particle
reaches L 4. Therefore, an upper bound for the expected number of descendants
that reach L 4 at by time ¢ + « is

eKP(max B, >La —y) —2¢“P(By> L —y)

0<t<k
2 o 5
_of /_/ 1% gy
KT JLs—y

where the first equality follows from the reflection principle. To get a lower bound,
we may ignore the branching, and bound the probability that Brownian motion
with drift —u reaches L 4 by time « without hitting the origin by the probability
that ordinary Brownian motion reaches L4 + uk by time « without hitting .
For y > u«, this leads to a lower bound of

(60)

P(max B,zLA—y+;uc>—P(min Btf—y—i—u/c)

0<t<k 0<t<k

— /i(/oo e_Zz/ZK dz — /Oo 6—22/2/( dz).
KTT \JLs—y+ux y—pK

(61)
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From Lemma 5, the expected number of particles in the set B at time ¢ is
(/g pi(x,y)dy)(1+ D;(x, B)). Now integrating over y and applying (60), we get

2 o0
[R]<<1+D)/ piley) e[ = (/L e‘zz/zkdz)dy
A—Y

(62) = (14 D)e* 2.2 1= /2= [2L3)1 pux sm(nx>
KT LA LA
La
X / / e MY sin(ﬂ)e_zz/z'( dzdy,
0 La—y La

where | D| is bounded by the right-hand side of (16) with L 4 in place of K. Inter-
changing the roles of y and L4 — y, then using Fubini’s theorem followed by the
bound siny <y for y > 0 gives

La
/ / e s1n< y) —2/ 2 dzdy
La—y
L
=e ”“LA/ A/OOe“ysm< ) *ZZ/ZKdZdy
0 y

oo pmin{z, L4}
= e HLa A /0 e“ysm(L ) _Zz/zxdydz
A

<t [T [ Ty Jerse e a
0 \Jo La

(63)

—uL

Te MLA o] )

= f 2elie™ /2K gy
2L4 Jo

me A s,y [T / nz 232 )
3L, ( —I— z (e e Z

The substitution y = z/./k gives
o
(64) fo et — e dZ—K3/2/ (@VE —1)y2e™ 2 dy,

and the last integral goes to zero as k — 0 by the dominated convergence theorem.
Therefore, combining (62), (63) and (64), we get

E[R] < (14 D)e*\|— 2 2 oI=12/2=72 2Lt puix sm(ﬂx)
- KT LA Ly

73/20—1LA 3/2
X T(l + O(K)).
Since L4 = 27 21og N)(1 + o(1)) and e #L4 = ¢4(1 4 0(1))/(N(og N)3), it
follows that E[R] is bounded above by the right-hand side of (59).
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We next establish the lower bound. Truncating the outer integral at L 4/2 and
using (61), we get, for some D whose absolute value is bounded by the right-hand
side of (16) with L 4 in place of K,

Ly 2
EIRI=(14+D) [ piteyn| =
La/2 KTT
o —22 /2 o —22 /2
X / e dz —/ e dz |dy
La—y+ux y—uK
— (14 D)2 E e 2L Sin(”_x)
KT LA LA
Ly o0 o]
X / e M sin<ﬂ> (/ eI gy / e dz) dy
La/2 La Lao—y+px y—uK
=+ D) /i . ie(l—ﬂz/z—ﬂz/ﬂﬁ)teux sin(ﬂ)
km Lg Ly
Ly roo
X (/ / e sin<2)e_zz/2" dzdy
0  JLa—y+pux La
Ly o)
— / e sin<ﬂ) (/ e dz> dy
La/2 Ly y—uk

La/2 poo T
—/ / e sin(—y)e_z2/2" dz dy).
0 La—y+uk La

To bound the second term in (65), note that by substituting w = z/+/k and using
the fact that [>° e W2 dw < x1e /2 we get

(65)

/ x o gy < VK a2 e
(1/2)L o—pux T Lag—2ux
Therefore,
LA T o
/ e sin(—y) (/ e/ dz) dy
La/2 La y—uk
LA T o
< / e sin(L—y) (/ e/ dz) dy
La/2 A (1/2)La—
(66) Al /2)La—pk

L
B f g Sin(”l) dy
L —2uk La/2 Ly

e MLa
(e
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To bound the third term in (65), note that

LA/2 oo ) T
/ / e M sin(—y>e_zz/2" dzdy
0 La—y+ux L
LA o0 T
= Ml / / et sin(—y>e_zz/2’( dzdy
La/2Jy+ux La

L
— ¢ MLa / fmm{z e A} My sin(ﬂ)e_zz/z" dydz
La/2J)La/2 La

Te MLa oo e—HLa
< / L2l g — ( )0(1).
LA La/2 LA

(67)

For the first term, we argue as in the proof of the upper bound, and then use that
e" >1andsiny >y — y3/6 forall y >0 to get

La
/ / e ”ysm( y) _ZZ/ZKdZdy
La—y+upx L
L
. HLA/ /mmz i, Lo} “ysm(ny) 712/2Kdydz
La

JTe_“LA 0o pmin{z—pux,La}
> // ye_zz/z"dydz

—nLa
6eL3 / /yeZ/zkdde

me Mla
=7 / min{z — uk, LA}23_22/2" dz
A Jo
3,~uLs poo
e
_ 3 / eI gy
2413 Jo

The second integral is a constant times x>/2. The first integral would be «3/%/7 /2
if we had z? in the integrand in place of min{z — uk, L 4}2. Also,

(0,0 o0
/ (z2 — min{z — ux, LA}Z)e_Zz/Z" dz < / max{2ukz, zzl{zzLA}}e_Zz/z" dz.
0 0

If we use 2ukz in the integrand, the integral is bounded by Ck2. If we use
zzl{zz L), the integral divided by «3/2 tends to zero uniformly over « € (0, 1) as
N — o0, so the integral is x3/%0(1). These observations, combined with (65) and
the bounds in (66) and (67), imply that E[R] is bounded below by the right-hand
side of (59). [
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PROPOSITION 16. We have
Z;\/,l (tx—1)0s
N(log N)?
CeYn(t—1)(1+0(1))
N(ogN)3

E[Ri|Fy_ 1 =2me? (1+ O(lA]0) + o(1))

On Gy k-1, we have

a ZntG-1)0s

E[Ry|F; =2
[ k| tk—l] e N(lOgN)2

(1+ 0(1A19)) +o(D).

PROOF. We first consider the particles that reach L4 between times #;_; and
tr—1 + (log N )2. Define Ry(¢) in the same manner as Ry, but counting only parti-
cles that reach L 4 between times #;_; and . Let Rx,1 = Rx(tx—1 + (log N)?). We
now consider the martingale from Lemma 6. Since u?/2 — 1 < 0, this process will
still be a supermartingale if particles are stopped, but not killed, when reaching

L 4. More precisely, for ty_1 <t <1, let Xfl’:,(t) =X; y@)if, forallu € [tx_1,1),
the ancestor at time u of the individual X; y(¢) isin (0, L4), and let X IL jﬁ,(t) =0
otherwise, and then for #;,_1 <t <1}, define

My (1)
VA(t) — Rk(t)LAe;LLA+(/L2/2—1)(t—tk—l) _|_ Z XlL]/:] (t)elLXiI:[e([)-‘1‘(#2/2—1)(1‘—[](,1).
i=1

Then (Va(?),tx—1 <t < 1) is a supermartingale with respect to (F;, fx_1 <t <
tr). Therefore,

Va(ti_1) = E[Va(ti_1 4+ (log N)?)|F, ]
> E[Rk 1LAelLLA—i_(Mz/z_l)(lOgN)z|-7:zk,1]
— LAeMLA-i-(MZ/Z—l)(lOgN)ZE[Rk 1 F 1.
Note that since XiLJ’Q,(t) < Ly, wehave Va(tr—1) < LaYnN(tx—1), which means

Yn(tk—1)
eMLA+(M2/2—1)(10gN)2 ’

Since (1 — ?/2) < C/(log N)? and e*4 > N(log N)3e=4(1 + o(1)), we have

Ce Yy (ie—)(1 4 o(1))
N(ogN)3

E[Ri 1| F_ 1=

(68) E[Ri11Fy_,] <

We next consider the particles that reach L4 between times #;_1 + (log N )2
and #;. The strategy will be to choose a small number §, break the time interval
[tx—1 + (log N )2, f] into time intervals of length § and then use Lemma 15 to
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estimate the number of particles that reach L 4 in each of these intervals. We first
make three remarks concerning the application of Lemma 15. First, note that if
the interval starts at time ¢, then t — #;_1 plays the role of ¢ in Lemma 15. Since
t —ti_1 < (log N)30s, equation (39) implies that

(69) ‘ (A—p?/2—722L%) (t—tk—1) 1| < C|A|f + o(1).

Second, we need to consider all particles at time ¢ rather than just a single particle
at x, so in place of e** sin(7wx /L 4), we have the expression Z l(tk 1) from (37).
Third, note that by (16) with K = L 4, the error term | D| is bounded by C(1+4+o0(1))
fort > ty_1 + (log N)2, and |D|is o(1) for t > t;_1 + (log N)>/2

Let R 2 be defined in the same way as R, but counting only particles that reach
L 4 between times #x—1 + (log N)? and 15— + (log N)>/%2. We can divide this time
interval into at most 8! (log N)>/? time intervals of length 8, so by Lemma 15,

Zy 1(tk—1) (log N)>/?

A
(70) E[Rk,2|-7:t]<,1] = Ce”s - N(]Og N)S . s . (1 +0(1))
_CerZy (1 +o(1)
- N (log N)>/2

Let Ry 3 be defined in the same way as R, but counting only particles that
reach L4 between times #;—1 + (log N )5/ 2 and f. This interval can be divided
into 87! (log N)30s(1 4 o(1)) intervals of length 4, so by Lemma 15 and (69),

E[Ri3|F,_ 1=2me8(1+ O(|A0))

Zy ()1 +o(1))(1 +0(8))  (log N)*6s
x N(log N)3 T

(71)

_5 AZ;V’I(l‘k_l)QS
N(log N)?2
The first statement of the proposition follows from (68), (70) and (71) by choosing

4 as a function of N so that § — 0 as N — co. On Gy x—1, the second statement
follows from Lemma 10. [J

(1+ 0(A10))(1 +0(8))(1 +o(1)) + o(1).

The corollary below follows immediately from the above proof, because the
number of particles that hit L 4 between t; — (log N )>/2 and t#;, can be bounded in
the same manner as E[Ry 3|F;,_, ], and the number of intervals of length § is only
(log N)>/?/8.

COROLLARY 17. Define Ry the same way as Ry, except only counting parti-
cles that reach L 4 between t;, — (log N)/2 and ty.. Then E[Ri|Fy_,1is o(1) on
GN k-1
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PROPOSITION 18. Assume A > 0. On Gy k-1, we have

COer Zn (tr—1)

ELR{IFy ] = — og V)2

+o(1).

PROOF. For the purposes of this proof, we may assume that particles are killed
upon reaching L 4. Note that R,% = Ry +2Y, where Y is the number of distinct pairs
of particles that get killed upon reaching L 4. We may further write Y = Y| + Y»,
where Y7 denotes the number of pairs of particles that get killed upon reaching L 4
whose most recent common ancestor is before time #;_1 and Y» counts the other
pairs of particles. Proposition 16 and (33) give thaton Gy x—1,

COe Zn (tr—1)
N(log N)?

If there is a particle at x at time #;_; and a descendant of this particle reaches
L 4 by time #, then the number of pairs in Y] involving this descendant will be
precisely the number of particles descended from particles other than the particle
at x at time #;_ that reach L4 by time f;, which is bounded by Rj. Because
descendants of different particles evolve independently, it follows that

Oe Zy (tr—1)
N(log N)?2

It remains to consider Y>. Because pairs of particles contributing to Y, have the
same ancestor at time f;_1, we may consider separately the contributions of the
particles at time ;1. Assume for now that there is a single particle at x at time
tx—1, and we denote the number of associated pairs of particles contributing to Y»
by Y5'. Let h(t, y) be the expected number of offspring of a single particle that is at
y at time #;_1 + ¢ that will hit L 4 before time #;. A branching event at (fx_1 +1, y)
produces, on average, h(t, y)? pairs of particles that hit L and have their most
recent common ancestor at time ¢. Since each particle branches at rate 1,

(72) E[Ri|Fy_]1= +o(1).

2
(73) E[Ylmk_l]s(E[kak_l])zsc( ) +o(l).

(logN)30s Ly 5
(74) ElYi] = /0 /0 g1 Cr A(t, )2 dy d.
Since h(t, y) < h(0, y), it follows from Proposition 16 that
Celely Ty Cele™ (1 +o(1))
h(t,y) < ———sin[ = )(1 1
9= §iog V)2 Sm(LA>( o)+ N ioe Ny
Cel(1 1 1"y

< ze Urotl)) (I +o(D) (Ge“y sin(ﬂ) + ¢ ),

N(log N)? Ly log N

where the o(1) term tends to zero uniformly in y as N — oo.
We first evaluate the portion of the integral in (74) when 7 < (log N)?. Recall
from (28) that when ¢ < (log N)?,

qr(x,y) < CePF* My (x, y),

(75)
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where v;(x, y) is the density of Brownian motion in the strip (0, L 4), defined as
in (14) with L 4 in place of K. Therefore, changing the order of integration,

(logN)? (Lx 5
fo [ gt o dy dr

- Ce2A el (1 + o(1))
- N2(log N)*

La Ty ey \2 (log N)?
X / <0e”“y sin(—) + —) e (/ v (x, y) dt) dy.
0 L4 log N 0

By (51), f§° v (x, y)dt <2(La — ). Using also that (a + b)> < C(a? + b?), that
sin(y/La) =sin(w(La—y)/La) <m(La—y)/La<C(La~—y)/(logN),that
e*la = N(log N)3e=A(1 + o(1)), and that (32) holds, we get

(logN)* La 5
fo /0 4 (v Yt y)2 dy di

76) < Ce*tel (14 0(1)) (La (ezeWLA — ) e (La— y))
=T NogN* o (log N)2 (logN)2 ) “
2A ,ux A ux
- Ce e (1+0(1))(926“LA+6“LA)§ Ce?e™(1+o0(1))

N2(log N)®
When ¢ > (log N)2, Lemma 5 implies that

q:(x,y) <Cp;(x, y)(1+0(1)) < %}0\,(1))6‘” sin(jLT—j)e_“y sin(Z—i)

N(log N)3

because A > 0. Therefore,
(logN)30s pLg 5
| [ ait yna, v ava
(log N)?2 0

2A
N2(log N)> Ly

(logN)30s (L, wy N2
x/ / e sin(ﬂ) (Ge“y sin(ﬂ) + ¢ > dydt
(log N)2 0 La Ly log N
24
_ GOt o) sin<ﬂ)
N2(log N)? La
/LA (GZeW(LA —y)? e (La- y))
X
0 (log N)3 (log N)3
A
- Coe™ (14 0(1)) ol s,ﬂ(n’x>’

N(log N)2 L

(77)
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using that the last integral can be bounded by Ce L4 /(logN)? < Ce *N. By
combining (76) and (77) and summing over the contributions from different parti-
cles, we geton Gy k—1,

CeAYN(l‘k_l) C9€AZ;\/’1(U<—1)

)(1 +o(1))

ElValF, ] < (

N(logN)3 N(logN)?
(78) iy A(Zog(> | (log N)
€ LN k-1
= "Naogny

where the last inequality uses Lemma 10. The result now follows from (72), (73)
and (78), using the assumption from (35) that fede~12<1. O

REMARK 19. By Proposition 16 and Markov’s inequality, we see that when 6
is small, during most intervals [#;_1, ], no particles reach L 4. Using Propositions
16 and 18 and the second moment method, we get that on Gy x—1,

E[Ri|F  ]?
P(Rk>0|~7:tk_1)2( [Ri|Fy D

E[R}F, ]
79) >C<06AZN(tk_1)>2< N (log N)? >(1+ W)
="\ "Naogn)? ) \berZy(tir) ¢
- COeAZN (tr—1)(1 + 0(1))
- N(log N)?
Thus, it follows that
E[Ri|Fy ]

E[Rkle > Oa ftkfl] =

<C(l1+4+o0(1)).
P(Rk > O|f.tk_1) ( )
That is, conditional on the event that at least one particle reaches L 4, the expected
number of particles that reach L4 is bounded by a constant that does not depend
on6orA.

3.3. The probability of Gy(¢). We have now acquired enough tools to prove
that the probability of Gy (¢) is close to 1 when ¢ is small and N is large. It is this
result that allows us to work on the event G throughout much of the paper.

Throughout this section, we will assume that particles are killed upon reaching
L 4. Define Zy (¢) and Yn(¢) in the same way as Zy (¢) and Yy (¢) in (9) and (10),
but for this modified process in which particles are killed upon reaching L 4. Also,
we use L 4 rather than L in the definition of Zy (1).

LEMMA 20. Forany fixed A € R and any fixed t > 0, under the hypotheses of
Proposition 1, we have

Jim P(Yy(t(logN)®) > N(log N)*h(N)) =0.



GENEALOGY OF BRANCHING BROWNIAN MOTION 565

PROOF. Let By be the event that all particles at time zero are in (0, L4).
We have P(By) — 1 as N — oo because on the event that there is a parti-
cle to the right of L4 at time zero, we have Yy (0) > N (log N)3h(N) by (31),
and Yn (0)/(N(log N Yh(N)) converges in probability to zero by the definition of
h(N). On By, we have Yy (0) = Yx(0), so the result holds when ¢ = 0.

Suppose instead ¢ > 0. By (18), on By we have

_ 4
E[¥y(t(log N)*)|Fol = ;e‘l—ﬂz/z—*/”?”“‘)w(1 + D)Zy(0),

where | D| is bounded by the right-hand side of (16) with L 4 in place of K. There-
fore, using (39), on By we have
E[¥x(t(log N)*)|Fol < Ce™ 27 410+ 7 0) (1 + o(1)).
Therefore, by Markov’s inequality, on By we have
E[Yy (t(log N)*)| Fo]

— 3 3
P(Yn(t(log N)*) > N(log N)3h(N)|Fo) < N(log N)3h(N)

B Ce—anAt(1+o(1))ZN(0)(1 +0(1))
- N(og N)3h(N) '
The right-hand side converges in probability to zero because Zy (0)/N (log N)?

converges in distribution to v and (log N)hA(N) — oo as N — oo. The result fol-
lows. [

For the rest of Section 3.3, we will assume that A < 0, so that L4 > L.

LEMMA 21. Fix A <OQandt > 0. For all k > 0, there exists a positive con-
stant Cy, depending on k but not on A or t, such that under the hypotheses of
Proposition 1,

- 1
P( max  Zy(r) > e~ Y?N(log N)2> <k 4 Cpe/2e=2m At (Fo(1)
0<r<t(logN)3 2

PROOF. By (19), if U(r) = e~(1=#*/2=7%/2L3)s 7, (). then (U (r), r > 0) is a
martingale. Since A < 0, we have 1 — u?/2 — 712/2L§‘ > 0. Therefore, by Doob’s
maximal inequality (see, e.g., the p = 1 case of Theorem 1.4 in [24]) and (39),

> L _ip 2
P max ZN(r) > =¢ N(ogN) ‘]-"0
0<r<t(log N)? 2

=P ( max U(”)>ls_l/zN(logN)ze_(l_“2/2—”2/2Li)t(10gN)3‘f0>
0<s<t(logN)3 2

22 (0)e1/2e (1= /2= 2LY)1 (log N)? 5 27y (0)e!/2¢=2m At (I+o(1)
< N(log N)? = N(log N)2
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Because the distribution of Zx(0)/N (log N)2, and therefore that of ZN(O)/
N (log N)2, converges to v, there exists a constant C; such that P(ZN(O)/
N (log N)2 > C) < k. The result follows. [

LEMMA 22. Let k > 0 and t > 0. Under the hypotheses of Proposition 1,
there exist positive constants Cy and vy, depending on k and t, such that for all
A < 0, the probability that some particle reaches L 4 before time t(log N)3 is at
most Cre¥4 + « for sufficiently large N.

PROOF. LetJ=[4rn%t].For1<j<J,letA;=2/"'Aands; = (j/47?) x
(log N)3. Let so = 0. Consider a modified branching Brownian motion, defined up
to time ¢ (log N)?, in which particles that reach L 4 ; between times s and s; are
killed. Because L 4; < L4 for all j, it suffices to bound the probability that at least
one particle gets killed in this new modified branching Brownian motion.

Let My (r) denote the number of partlcles alive at time r, and denote the posi-
tions of these particles by XLN(r) > ..o > XMN(,) N(r).Forr €[s;j_q,s;], define

My ()

Zn )= 3 ¥t sin( TN D)

i=1 La;
and

N My
Yn(r) = Z e Xin(r)
i=1

Forall r € [s;_1, s;], we have, using (19) and (39),

(1—p?/2—m?/2L% JU=si-1 5

E[Zy (DI Fs; 1=e Zn.j(sj-1)

< e 2AGs s+ /Gog NP 7 (s

— e_Aj(1+0(1))/22N’j(Sj_l)-

(80)

This bound allows us to bound the probability that a particle reaches La ; be-
tween times s; 1 and s; using Proposition 16. We divide the interval from s;_;
to s; into smaller subintervals of length approximately 6 (log N ). More precisely,
define times s; | =ug <uy < --- <up =s; such that 9(logN)3 <up —up_1=<
20 (log N)? for all k, which is possible as long as we choose 6 < 1/472. Letting
R .k denote the number of particles that reach L 4 i between times u;_; and uy, we
get from Proposition 16,

CetiZy j(up-1)0(1+0(1))  Ceti¥y(ur—1)(1+o(1))
N(log N)? N(ogN)3

E[R; k| Fu_ 1<
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By Markov’s inequality,
CeMi Zy,j(ur—1)0(1 +o(1))

P(Rji>O0lFy )<

N(log N)?
.{CeAf?N<uk_1)<1+o<1>> }
+ min ,1t.
N(ogN)3
By Lemma 20 applied at the times uo, ..., up, the second term is 0,(1), which

means it tends to zero in probability as N — oo for any fixed values of the param-
eters A and 6. Therefore,

P(Rj > O|F;,_) = E[P(Rjx > 01 Fy_ )|y, ]
_ CeMEIZy )| Fy; 100 +o(1)

.
= N(logN)2 +0p( )
Let R; = 3P| R; . By (80) and the fact that D < C/6,
) CoAi 025 4 4 o]
®8l)  P(R;>0lF, )< — v+ o) g

N(log N)?

Let G be the event that YN(sk) < N(logN)3h(N) for k=0,...,J, and let
G=G J—1. We have P(G) =1 —o0(1) by Lemma 20. We now show by induction
thatfor j=1,...,J,0n GJ_l we have

(82) E[Zy,j(s))|Fs] < Ce™Art=FANU+oW27,,(0) 4 o(N (log N)?).

The j = 1 case follows from (80) and the fact that |ZN, 1(0) — ZNy(0)] <
C|A1|YN(0)/(log N) by (38), the difference between the expressions coming from
the fact that L 4, is used in the definition of Zy 1(0) and L is used in the definition

of Zx(0). Suppose the result is true for j — 1. On G j—1, we have, using (80) and
the argument leading to (38),

E[ZN,J- (s}) |]:5ij 1< e_Af(HO(l))/ZZN,j (sj-1)

< e Ao M2Z, o (sj 1)

4o Ao 70 5o Y — Zn o1 (sj-1))]

e A (1+0(1))/2ZN ~1(sj-1)

4 Ce Ao/ |4 ATy (s;_1)/(log N)
< e_A_,z(1+o(1))/22N’j_l(sj_l) + o(N(log N)?).

Taking conditional expectations with respect to Fg, and applying the induction

hypothesis gives (82). The result (82) for all j =1,...,J on G j—1 follows by
induction.
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We now take conditional expectations with respect to F, on both sides of (81).
Using that |ZN,j(sj-_1) — ZN7j_1(sj~_1)| =o(N(log N)2) on Gj_l as shown above
and that

Aj— (A1 +-+A_N=274-Q —2277Aa=A=2"T4a= 4,
we get

CeAid+e2E[Zy i(sj—1)]Fs](1 +o(1))

P(R; > 0|Fy,) < N (log N)? +op(1)
Ce(Aj*(Al+"'+Aj—1))(1+0(1))/2ZN(O)(l +o(1))
< 3 + Op(l)
N(ogN)
CeM1U+oWN/27,.0)(1 + o(1))
< 5 +o0,(1).
N(logN)

Therefore, the probability, conditional on F,, that some particle reaches A = A
by time 7 (log N)? is at most
C]eATJ(H"(D)ZN(O)(l +0(1))
N(log N)?

+o0,(1).

Since Zy (0)/N (log N)? converges in distribution to v as N — 00, there is a con-
stant ¢ such that P(Zx(0)/N (log N 2 >e) <k /2 for sufficiently large N. The
result follows. [

PROPOSITION 23.  Under the hypotheses of Proposition 1, we have
lim sup(lim sup(1 — P(GN(e)))) =0,
e=0 g N No>oo
where the supremum is taken over all values of 0 > 0 such that 9~ € N.

PROOF. Let0 < e < 1,andlet k > 0. Choose C; as in Lemma 21, and choose
y and C as in Lemma 22, with u + s in place of z. Choose A = (loge) /(872 (u +
s)) < 0. We now assume that 9 is small enough that assumptions (32)—(35) hold
for these choices of € and A, so that previous results in this section may be applied.
This assumption is permissible because dividing 6 by a positive integer to make it
small enough to satisfy these conditions can only reduce the value of P(Gy(g))
by adding additional times at which conditions on Yy and Zy must hold.

By Lemma 22, the probability that some particle reaches L 4 by time (1 + s) X
(logN )3 is at most

(83) K + Crev l0ge)/ 87 u+s))

for sufficiently large N. By Lemma 20,

(84) Jim P(¥Yn(tj) > N(log N)*h(N) for some j <6~') =0.
— 00



GENEALOGY OF BRANCHING BROWNIAN MOTION 569
By Lemma 21,

- 1
limsupP(ZN(tj) > EE_I/ZN(logN)2 for some j < 0_1)

N—o0

<K+ C181/2€_(10g8)(1+0(1))/4
<+ Cpelro/a,

Using (38), on the event that Yy(t i) <N(logN )3h(N) and no particle reaches L 4

by time (« + s)(log N)3, we have

7|A|LsAN(log N)3h(N)
V212

ZN(t) < Zn(tj) +

- 1
<Zn(tj) + 5~ "N (log N)*

for sufficiently large N. Thus,
limsup P(Zn(tj) > ¢~ 1/2N(log N)? for some j <671)

N—o0

(85) 2
<2k + Crel/* 4 Cyevloge)/ B uts))

As YN(tj) = Yn(¢;) and ZN(tj) = Zn(t;) when no particles reach L4 by time
(u + s)3(log N)3, we see that 1 — P(Gy(¢)) is bounded by the sum of the prob-
abilities in (83), (84) and (85). Since none of the bounds depends on 6, it follows
that

lim sup sup(limsup(l - P(GN(S)))> <3k,

e—>0 6 N—o00

and the result follows by letting « — 0. [

4. Critical branching Brownian motion with Kkilling at —y. Consider a
branching Brownian motion with drift —+/2 started with a single particle at 0.
From this process, a modified process can be constructed in which particles that
reach —y are killed. Let Z, denote the number of particles that reach —y and are
killed. Note that Z, has the same distribution as the number of particles that hit
zero in branching Brownian motion with drift —+/2 and absorption at zero, started
with a single particle at y. Because this process almost surely goes extinct by The-
orem 1.1 of [43], and it is easy to verify that infinitely many particles will not
reach the origin within any finite time interval, we see that Z, is almost surely
finite for every 0 < y < oo. Furthermore, because each particle that reaches —x
behaves thereafter like another particle started at zero, the number of particles that
reach —(x + y) conditional on Z, is the same as the distribution of the sum of Z,
independent random variables with the same distribution as Z,. Consequently, the
process (Zy)y>0 is a continuous-time branching process, as is shown in Section 5
of [56]. As noted in [56] and in the more recent work of Maillard [53], this branch-
ing process is not in the L log L class. However, the following proposition appears
on page 238 of [56].
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PROPOSITION 24. There exists a random variable W such that almost surely

lim ye_‘/iyZy =W.

y—>00
Furthermore, for all u € R, we have

—eﬁ“W

(86) Ele |=v@,

where i :R — (0, 1) solves Kolmogorov’s equation
3= V20 =y ).
COROLLARY 25. Let n > 0. There exists y such that
(87) P(lye V2 Z,—W|>n) <n.
Moreover, there exists ¢ > 0 such that if particles are killed when they reach —y,

the probability that any particle remains alive after time ¢ is less than 1.

PROOF. Equation (87) is immediate from Proposition 24. The second state-
ment follows from the fact that Z, is almost surely finite, and therefore so is the
time when the last remaining particle hits —y. [J

Our goal in this section is to show that P(W > x) ~ B/x as x — oo for some
constant B. The strategy will be to consider the Laplace transform E[e~*V] for
small values of A, and then apply a Tauberian theorem. From (86), we see that
this requires having asymptotic results for ¥ (u) as u — —oo. Equivalently, if we
define w(x) = ¥ (—x), then

(88) " + V2w +ww - 1) =0,

and we are looking for asymptotic results for w(x) as x — oo. It is well known
that

(89) 1 — w(x) ~ Cxe V>,

see, for example, (11) in [47] or (1.13) in [16]. However, this result turns out to be
insufficient for our purposes. The asymptotic result that we will need is given in
the proposition below.

PROPOSITION 26. Suppose that w is an increasing function satisfying (88)
with limy_, oo w(x) = 1 and limy_, s w(x) = 0. For all x, let u(x) =1 — w(x)
and v(x) =u(x)/(xe” 2xy, Then for all ¢ > 0, we have

xli)ngox(v(x +¢) —v(x))=0.
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PROOF. Letx > 0.Let (R, t > 0) be a three-dimensional Bessel process with
Ro = x. According to (2.6) of [40], the process

t
X, = v(Rt)exp(—/ u(Rs)ds)
0

is a positive local martingale, and therefore a supermartingale. Let 7 = inf{z : R; =
x + c}. By the optional sampling theorem,

T
v(x) =E[Xo] = E[XT]=v(x +C)E|:exp<—/ u(Rs)ds)},
0

which means

v(x4+c)—vx) <vkx+ c)(l - E[exp(— _/(;T M(Rs)ds)D.

Let 0 <y < 1, and let A be the event that R; < yx for some ¢t < T. Thatis, A
is the event that the Bessel process reaches yx before reaching x 4 ¢. By Corol-
lary 3.4 on page 253 of [61], we have

(x+c) 1 —x71 _ cy
x+o) =)l c+1—yp)x’

P(A) =

In view of (89), there are constants C| and C, such that for sufficiently large x, we
have v(x + ¢) < Cy and

max u(y) < szefﬁyx.
yx<y<x-+c

It follows that for sufficiently large x,

T
v(x+c¢)—vx) < ClE[l — exp(—/O u(Rs)ds)}

T
< clE[lA + ( /O u(Rs)ds)lAc]

< C|P(A) + C|Coxe V' E[T].

To bound E[T], note that using E to denote expectation for the Bessel process
started at x, and 7, to be the first time that the Bessel process hits z, we have
Eolti4c] = Eolts] + Ex[Tx+c] by the strong Markov property. Therefore, E[T] =
E [tytc]l < Eolty4c]. Furthermore, the three-dimensional Bessel process is the
Euclidean norm of three-dimensional Brownian motion, which is bounded below
by the absolute value of the first coordinate, which is a one-dimensional Brownian
motion. Therefore, Eg[7y+.] is at most the the expected time for a one-dimensional
Brownian motion to reach —(x + ¢) or x + ¢, which for sufficiently large x is at
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most Czx? for some constant Cs. It follows that

limsupx(v(x +¢) —v(x)) < limsup(x .Cy v + C1C2C3x4e_ﬁ7’x>
X—>00 X—>00 c+(1—y)x
_cyCy
=1,
Because this holds for any y > 0, and C| does not depend on y, the result follows.

O

PROPOSITION 27. Let W be the limiting random variable in Proposition 24.
Then, there exists a constant B > 0 such that as x — 00,

B
P(W>x)~—.
X

PROOE. Let ¢p(A) = E[e*W]. According to the discussion on page 335 of
[12], the condition that P(W > x) ~ B/x as x — o0 is equivalent to the condition
that the function f(z) = z(1 — ¢ (1/z)) has B-index 1, meaning (see page 128 of
[12]) that for all » > 1, we have

lim (f(r2) = f(z)) = Blogr.
Thatis, P(W > x) ~ B/x is equivalent to the condition that for all » > 1, we have
Jim rz(1 = (1/rz)) —z(1 = ¢(1/2)) = Blogr,

or equivalently, letting A = 1/z,

(90) Ahn%r(l—<75(?»/r)3&—(1—cb(?»)) _

Blogr

Consequently we need to show that (90) holds for all » > 1.

By (86), we have ¢ (1) = w((logk)/ﬁ). Let w(x) = ¥ (—x), so w satisfies
(88). For all x, let u(x) =1 — w(x) and v(x) = u(x)/(xe‘ﬁx), as in Proposi-
tion 26. Then

I_M):l_w(%>=u(—$§x>=u(mg%m>

_ v<10g\(/1§/A))(10g\(/1§/A)>A.

logf/rz/k) ) (logf/r%k) ) %

Likewise,

1—¢(x/r)=v<
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Letting x = (log(1/1))/+/2 and ¢ = (logr)/+/2, it follows that

r(l=¢(/r) —(1—-9¢{)
A

_ v(log\(/g/)»)) (log\(/g/)»)) _ v(log\(/lﬁ/l))(log\(/l%%))

=v(x +o)(x+¢) —v(x)x =x(vx +¢) —v(x)) + cv(x + o).

As x — 0o, we have v(x + ¢) — C, where C is the constant from (89), and
x(v(x + ¢) — v(x)) — 0 by Proposition 26. Therefore,

r(=¢(/r) -0 -90R)) _
m

i Py = lim [x(v(x +¢) —v(x)) + cv(x +0)]
_ Clogr
=7

50 (90) holds with B =C/~/2. O
We will see later in the proof of Proposition 41 that B = 1/+/2.

COROLLARY 28. There is a constant C such that P(W > x) < C/x for all x,
and E{lW1jw<x}] < Clogx and E[Wzl{ng}] <Cx forall x > 2.

PROOF. The first statement is immediate from Proposition 27. Since
X X C
EWlwen] < [ POW=ydy=1+ [ Tdy=1+Clogx
0 Ly
and
2 X X C
E[W 1 (w=x)] 5/ 2yP(W > y)dy <1 +2f y-—dy <1+42Cx,
0 1 y
the other two statements follow. [

5. The particles after hitting L 4. Recall that in Section 3.1, we obtained
estimates on the number of particles in branching Brownian motion that never
reach the level L 4, while in Section 3.2 we estimated the number of particles that
reach L 4. In this section, we determine how much the descendants of the particles
that reach L 4 will contribute to the process at later times. The basic strategy will
be to argue that if a particle reaches L 4, then the number of descendants that it
will have in the population a long time into the future can be approximated by the
number of its descendants that reach L4 — y, where y is some large constant. The
number of descendants that reach L4 — y can be approximated using the random
variable W in Proposition 24.
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5.1. Notation and constants. Recall from Section 3.2 that Ry particles reach
L 4 between times #—1 and #;. By Propositions 16 and 18, on Gy x—1 we have

(91) E[Ri|Fy_ 1< COte™2 £ 0o(1)
and
(92) E[R}|F,_, 1< COete™12 1 0(1).

These moment estimates will be used repeatedly in what follows. Denote by u| <
uy < --- < ug, the times at which these particles reach L 4. Recalling (9) and (36),
define

My (1)
, . (T Xi N ()
Znat)= ) e“X”N(’”Sln(%)1{i¢S(zk>}1{X,«,N<zk>sL}-

i=I

Note that
INt) =Zna (k) + Zn 2 (1),

and the particles contributing to Zx 2(#x) are precisely the particles at time # that
are descended from the particles that reach L4 at one of the times uy, ..., ug,.
Our aim in this section will be to estimate, on G y x—1, the expectation

(93) E[(Zn (1) = ZN D)2y () 2y 1) <e N (og Ny2) | Fie s ]
as well as probabilities of the form
(94) P(Zn(t) — Zn(tr—1) > rN(log N)*|F,_,)

for r > . We apply the truncation at ¢ N (log N)? to focus separately on particles
reaching L 4 that make a small addition to the value of the process, whose contri-
butions are counted in (93), and particles reaching L 4 that lead to large jumps in
the value of the process, an event whose probability is estimated by (94).

Estimating these quantities precisely will involve manipulating seven constants.
Recall that we have been already working with the three constants ¢, A and 6.
Throughout this section, ¢ will be a fixed number with 0 < ¢ < 1. We will also
introduce a new constant § > 0 and in fact will fix

(95) s<e’.
By Proposition 27, one can choose x large enough that if z > x, then
1-6)B 14+6)B
96) Q=08 pws o< T8
Z

where B comes from Proposition 27. We will then choose A > 1 large enough that
(97) 2V2me A x <e,
(98) 4e=4% < 5/6.
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Once ¢, § and A are chosen, we will choose 6 > 0 small enough to satisfy the
following equations:

(99) A6 < 1;
(100) 42 Afse 12 < =A%,
(101) 40'% < 5/6;
(102) gl/4eA <5,
(103) 0A2 < 512,
(104) 0A%e e < 1,
(105) CoAl'? <1,

where Cy is a constant to be defined later in (112). Note that (99) and (100) were
already assumed in (33) and (34), while (104) implies (35) because A > 1. In this
section, we will also work with the additional constants 7, y and ¢ from Corol-
lary 25. We will choose n = 6. We will then choose y to be large enough to satisfy
both (87) and the equation

(106) 1 <0y.

We finally choose ¢ to satisfy the conditions of Corollary 25 for these values of n
and y.

Consider the particle that reaches L 4 at time uj € (tx—1, tx]. Denote by V; i the
number of descendants of this particle that, at some time # > uj, reach L4 — y +
(t—u j)(ﬁ — w) and have the property that, for all u € [u, 1), the ancestor of this
particle was in the interval (L4 — y + (u — u,-)(ﬁ — W), 00). This is equivalent to
the number of descendant particles that would reach L4 — y + ( — u j)(«/i — W)
at time ¢ for some ¢ if particles were killed upon reaching this level. Denote the
first times at which these V; ;. particles reach level Ly —y + (t — u J-)(«/E — 1)
by rijk<rjx<---< TV gk Note that V; ; has the same distribution as the

random variable Z, of Proposition 24, and the adjustment of (f — u j)(ﬁ — W) is

necessary because particles drift to the left at rate u, rather than at rate +/2 as in
the setting of Proposition 24. Now let

Wj/‘,k = ye_ﬁy Vik.

By Corollary 25, there exists a random variable W; ; with the same distribution
as the random variable W in Corollary 25 such that P(|Wj/~ « — Wikl>n <n.
Furthermore, it is clear that for fixed k, conditional on F;_, and conditional on
Ry =r, the random variables W/ P W/ - are independent and have the same
distribution as ye_fy Zy. Likewise, the random variables W ; can be chosen such

that conditional on ,7-},(71 and conditional on Ry =r, Wik, ..., W, are indepen-
dent and have the same distribution as the random variable W in Corollary 25.
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5.2. The contribution of one particle at L 4. In this subsection, we show that
the contribution to Zy > (#x) from the jth particle to hit L 4 can be approximated by
7/2e AN (log N)>W; k. As a result, typically Zy (t) — Zn (tx—1) > eN (log N)?
precisely when W; > ¢/(m V2e=4) for some j < Ry. Establishing the validity of
this approximation requires bounding the probabilities of several unlikely events.

LEMMA 29. Let By be the event that there exist ji, j» < Ry with j| # jj such
that Wj, j > A3 and Wi, k> e2A3_ Then on GN.k—1, we have P(B1|Fy_|) <
Che=43=112 1 o(1).

PrROOF. Conditional on F;,_, and Ry, the expected number of pairs (ji, j2)
with ji # j» such that W, x > e*A/3 and Wik = 2413 g (I;k)P(W > 24/3)2,
where W is the random variable defined in Corollary 25. By Proposition 27,
P(W > e?4A3) < Ce™24/3, 50

P(Bi1|F,_,) < CE[R}|Fy_ Je 443 < Coe 23712 L o(1),

where the last inequality uses (92). U

LEMMA 30. Fixr > ¢, and let By be the event that
r— de— A1t _ oA _ 414 F ot de=Al4 4 49174
<Wji =
7/ 2e=A 7/ 2eA

forsome j < Ri.On Gy k—1,we have P(By|F;, ) < COH8c7/%2 +0(1), where the
constant C does not depend on r.

PROOF. Let y = 4e=4/% 4 ¢=4/9 4 49'/% Note that y < §/2 < /2 be-
cause de~ A/ < 4¢74/9 < 8/6 and 49174 < 8/6 by (98) and (101). Assume x
is chosen so that (96) holds for z > x. By (97), we have (r — y)/(n«/ie_A) >
(e — y)/(n\/ie_"‘) > x. Therefore,

r—y r+vy )
P<7 <wW<—
T/ 2e—A T/ 2e—A
_ Ba +8)rV2e 4 B(l =8)m2e A

r—y r+vy

148 1-6 2y +2r8 Ce 48
SCeA( o >:CeA< rr rz)s —
r—y r+vy re—vy

&

It follows from this bound and Markov’s inequality that P(B,|F;, ) <C e 468 x
s‘zE[Rkl}",k_l]. The result now follows from (91). [l
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LEMMA 31. Let B3 be the event that for some j, the particle that reaches
L4 at time uj has a descendant that at some time t € (u, ty] reaches Ly — y +
(t—u ,-)(ﬁ — 1), and that this descendant itself has a descendant that reaches
L s before time t,. Then on Gy -1, we have P(B3|F,_,) < Cel93/2e=1/2 4
o(1).

PROOF. The particle that reaches L, at time u; has V;; descendants that
reach Lyp —y+ (t — uj)(ﬁ — ) at some time ¢ > u ;. Let A; ; be the event that
one of these particles reaches L4 —y + (t — uj)(«/i — ) atsome time r > u; +¢.
By Corollary 25 and Proposition 27, since 6 =n < 1,

P(Ajx U{W) >07"/?} for some j < Ri|Fy_,)
(107) < E[R(Fy )20+ P(W > 0712 —p))
< CE[R|Fy,_ )(n +/0).

At most y_le‘/iy Wj/. « descendants of the particle that reaches L 4 at time u; will

hitLy —y+ (¢t — uj)(\/i — ) at some time ¢ < ;. This is an upper bound rather
than an equality because some particles may reach this level after time #;. We now
consider N large enough that y > {(\/5 — ). On the event A;,k N {W;’k < 9_1/2},
the probability that a descendant of one of these particles reaches L4 by time #
can be bounded above by y‘leﬁy 6~1/2 times the probability that a single particle
at Ly —y + ;(\/E — w) has a descendant that reaches L4 by time (log N)36s.
Using Markov’s inequality to bound this latter probability by the expectation of the
number of such descendants, it follows from Proposition 16 that the probability is
bounded above by

A
L(@eﬂ(m—y—k;(ﬁ—u)) Sin(n(LA —y+ {(\/5 N M)))
N(log N)2 o

eM(LA_Y+§(\/§—u))

oy )(1 +o(1)).

Note that we are applying Proposition 16 in the case when k = 1, and there is
just a single particle initially at the location L — y + £(v/2 — ). Since el =
N(logN)’e=*(1+ o(1)), sin((La — y + {(v/2 = w))/La) < (Cy/log N)(1 +
o(1)), and M (V2= g | 4+ o(1) this expression can be bounded above by

CeA
N(log N)?
<Ce ™ @y + (14 o(1)).

(Oye™™ N(log N)?e™ +e™™ N (log N)*e~*) (1 + o(1))



578 J. BERESTYCKI, N. BERESTYCKI AND J. SCHWEINSBERG

Combining these observations gives
P(B3|Fy_,)
< CE[RUFy_ 11+ V0 +y'e¥V20 12 01 9y + 1)) (1 + o(1))
< CE[Ri|Fy_J(n+ V0 +07"2y ) (1 +0(1)).

The result now follows from (91) and the assumptions that n =6 and 1 <6y. U

Recall that the particles at time #; contributing to Zy 2(#%) are precisely the
particles at time #; that are descended from the particles that reach L4 at one of
the times u1, ..., ug,. To separate the contributions from each of these particles,
write i € §; if the particle at X; y () at time  is descended from the particle that
was at L 4 at time u ;. Then for 1 < j < Ry, define

My ()
. . (X N ()
(108) ZN,Z,j(fk)I Z eMXz,N(lk) Sln(%)l{iESj}l{Xi,N(t)fL}'

i=l

Note that Zy 2(t) = Zfil Zn 2, j(tr). The next lemma shows that Zy 5 ;(#) is
approximately determined by the random variable W; .

LEMMA 32. Let By be the event that for some j < Ry, we have
|Zn 2. () — t/2e AN (log N)>W; x| > 4N (log N)*6 /4.
On Gy k-1, we have P(By|F;,_,) < CeA03/4e~1/2 4 0(1).

PROOF. Define a new random variable va,z, j () by modifying Zy  j(#) in
the following three ways:

o We set Z}V,Z,j (tx) to zero if uj > 1y — (log N) /2,

e We set Z;v,z,j (t) to zeroif ry, , jx > uj+¢.

e We modify §; to exclude particles that, after time u;, reach Ly — y + (t —
u j)(«/i — () at some time ¢ € (u, ] but then reach L 4 again before time 7.
[Note that this modification is equivalent to killing particles that reach L 4 after
they reach Ly — y + (t — u‘,-)(\/i — p) at some time ¢ > u;.]

Then define ZXl,z, j(tk) by making these three modifications and replacing L by
L 4 in the definition (108).

By Corollary 17 and Markov’s inequality, P(ug, > tx — (log N)5/2|.7-",k_1) =
o(1) on Gy x—1. This implies that the first of the four modifications above is un-
likely to occur. By Corollary 25 and (91),

P(rv,,.jk > uj + ¢ for some j|F,_) < nE[R|Fy_, 1< Cnoete™* +o(1),
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which bounds the probability of the second type of modification. Lemma 31
bounds the probability of the third type of modification. These results and the fact
that n =6 imply thaton Gy —1,

P(Zy 5. ; () # ZN 2, (t) for some j < R¢|Fy, ;)
< Ce03?e712 1 0(1).

Let I'; be the event that u; < 1 — (log N)5/2, that Pk Suj+¢ and that
W}, 0 = 6~1/4_ The probability that either of the first two of these events fails to
occur has already been bounded, so using the argument given in (107), on Gy 4, ,
we have

Ry
(110) P(U r¢

j=1

(109)

frﬂ) < Ce0 e 2 4 o().

Let Hi—1 = o (Fy_ys Viksoos VRido Uls oo s URy, (Ti jk)1<i< Vi 1<j<R;)- Note
that I'; € Hy_; for all j, and on I'; for sufficiently large N, the V;; particles
thatreach Ly —y+ (t —u j)(«/§ — ) for some 7 > u; are all reaching a level be-

tween Ly —yand Ly — y + g“(«/i — () at some time between ;1 and 7. These
particles and their descendants then evolve independently until time #;, and we kill
particles that return to L 4 if we are evaluating Zﬁv,z, j(tk) or Z}(,’Z’ j(tk).

By the argument leading to (40), with the times r; j x playing the role of 7;_1,
on I'; we have

El|Zy5,j(t) = Zy 5, j ()| He—1]

< m%(l +o(h)
Ae AN (log N)3e
log N
< Cy 'N@1og N)*07 14 (1 + o(1)).
Therefore, by Markov’s inequality and assumption (106), that 1 <6y, on I';, we
have

P(1Z 2. (t) = Zi 5, (@) > N(log N)?6'/* [ Hi1) < Cy~'07'/% +o(1)
(111) ” ”

<Cy VWi, -

(14+0(1))

< COY2 4 o(1).
Let

Vi jk = eM(LA_y"l‘(ri.j,k_uj)(\/i—ll))

and

m(La—y+(rijx—u)(/2— M)))

Zi.j.k = Vi jk Siﬂ( Ly
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The ith of the V; ; particles thatreach Ly — y + (t — uj)(«/i — ) for some t > u
reaches this level at time r; ; ;. Therefore, by (19) and (39), on I'; the expected
contribution to Z}(,’z’ () from descendants of this particle is given by

2 a2 19T 2\ (4
=1 /2=m2 [ 2L%) (1 r,,,,k)zl.mk

=(1+ 0(A0) + 0(1))6”(“_”%(1 - 0(@))

_ emm—y)ﬂ(] + O(A9) + 0(1))-
La
Thus, on T'j,

E[ZY 5 ()| Hi—11= V,-,k(e“(“—y)?(l + 0(A0) + 0(1)))
A

= j’k(N(IOgN)?’e_Ae_MYH)(l =+ O(AQ) —|—0(1))
La

= W/ (mv2e " N(log N)*)(1 + O(A0) + o(1)).
This means there is a constant Cy such that for sufficiently large N, on I},
|ELZ} . ;(t)|Hk—1] — 73/2e" AN (log N)* W) | < CoN (log N)* W/ ; A®
< CoN (log N)*>A6%/%.
Therefore, using (105),
(112)  |ELZ 5 ;) Hk—1] — 7v/2e AN (log N)* W) | < N(log N)*0'/*

for sufficiently large N. On I'; we can similarly estimate the variance of the con-
tribution of each of these particles. We apply (46), with the times r; ; x playing the
role of 7. Since the descendants of these particles after times ry j, ..., PV ik
evolve independently, we get

Vik

—_ i, j,k
Var(Z} 5 ()| Hk-1) < Y CON (log N)’e A(z,-,j,ﬁeyl’ong)(Ho(l)).
i=1

Arguing as above and using (106), we find that on I,
Var(Z}y 5 (6 Hi-1)

< CV; 0N (logN)*

— (La—y)
—A( uLa-y) g [T LA y)) el ) 1+ ol
e (e sm( Ly Olog N (1+0())

(113) < CV; 8N (log N)*
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x e 24 (ye "' N(log N)> 4+ 6~ Le ™™ N(log N)?)(1 + o(1))
<CW; N*(logN)*0e > (14067 y (1 +0(1))
< CN?(log N)*0¥*(1 + o(1)).
By (112), (113) and the conditional form of Chebyshev’s inequality, on I"; we have
P(|Z} 5. (1) — v/2e AN (log N)> W/ ;| > 2N (log N)*0' /4| Hy_)

- CN?*(log N)*03/4(1 4+ 0(1))
- (N (log N)261/4)2

Note that +/2e=4n < 6/% because A >0, n =6, 8 < 1 by (95), and thus 63/* <
1/243 by (101). Therefore, since P(|W;’k — Wkl >n) <n,onT; we have

<col* 4+ 0(1).

P(1Z} 5. ;(t) — m~/2e"* N (log N)> W, x| > 3N (log N)*0/*|H; 1)
<Co* 4 n+o(1)<COY* +o(1).
Now (111) leads to
P(|Z}y 5. (1) — v/2e AN (log N)>W; | > 4N (log N)*0 /4| Hy_1)
<1pc+ CcoY* +o(1).

Taking the union over over j < Ry and then taking conditional expectations of
both sides with respect to F, |, we get

P(|Zy 5. (t) — m/2¢"*N(log N)>W; x| > 4N (log N)*0'/*
(114) for some j < Ri|Fy, )

Ry
<r(Urs

j=1

ftk_l) +(COY* 4 o(1)) E[ R | Fyy_, 1.

The result now follows from (109), (110) and (91). [

LEMMA 33. Let Bs be the event that

Ry
> ZN2.j (), <283y > e N(log N)?
j=1
or
R o8A/9
Wilow. <243 > .
jz=:1 J {Wji=<e } 7'[\/5

Then P(Bs|F;,_,) < C(0*eA +0e=4/%)e=1/2 4 0(1) on Gy 1.



582 J. BERESTYCKI, N. BERESTYCKI AND J. SCHWEINSBERG

PROOF. We have

P(Bs|Fy_,) < P(Bal|Fy_,)
(115)

Ry o8A/9
+ P(jZ::l(Wj,k + ﬂ)l{Wj,kse“B} > n_ﬁ‘ftkl)’

where 8 = 4eh9l/4 /( \/5), which by (102) is bounded by a constant. Let G =
o (Fy_,» Ri). Using Corollary 28 with x = ¢>4/3 and (91),

Ry
E[VM(Z(WL]( + ﬂ)l{wﬁkym/s}lgk1> ‘fzk_l}

j=1
= E[Ryc Var((W + B) Ly <2a3)) 1 Fy ]

(116) < E[(W + B)* 1y <243 ) E[Re| Fy ]
<Ce*A3 . Coete™ 2 4 0(1)
<COSAPe12 L o(1).

Likewise, using Corollary 28 and (92),

Ry
Var(E[Z(W/,k + ﬂ)l{quksgﬂ/.%}’gk—l} ‘»7'7,(_1)

j=1

(117) < Var(ReE[(W + B) 1y <243 ]| Fy )
<Var(CARy|F,_,) < CA’E[R}|Fy_, 1< COA?eAe™12 1 o(1).
Recall that for all random variables X and o -fields F and G with F C G,
Var(X|F) = E[Var(X|G)|F] + Var(E[X|G]|F).

Therefore, summing (116) and (117) gives

R

Var(Z(Wj,k + ﬂ)l{w,,ksem/s})ﬁk.> < Co 312 1 0(1),
j=1

as A%2e24/3 is bounded by a constant. Also, using again Corollary 28 and since
A%0e4¢1/2 < 1 by (104),

Ry
E[Z(WM + B, <243 ]szl} < CE(Ri|Fy_)(B+24/3)
j=1

<Che7'?Ae? +0(1) < C +0(1).
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Thus by the conditional form of Chebyshev’s inequality, we get

eSA/9‘}_ 5 COSABg—1/2
Wj,kfezA/3} > 77:«/—_2 le—1 ) = (68‘4/9/7[\/5)2

< COhe 4012 4 o(1),

Ry
P(Z(Wj,k-i-ﬁ)l{ +o(1)

j=1

which, combined with (115) and Lemma 32, gives the result. [J

LEMMA 34. Fix r > e. Consider the event E that Zy(ty) — Zn(tr—1) >
rN (log N)2, and consider the event F that Wix>r/(m ﬁe‘A)for some j < Ry.
Let Bg be the event that one of these two events occurs but not the other (i.e., the
symmetric difference of these two events). Then P(Bg|F;_,) < CH8e>/2 + o(l)
on Gy k-1, where the constant C does not depend on r.

PROOF. Let By be the event that |Zy 1 () — Zn (tx—1)| > 4e~4/*N (log N)?.
By Corollary 13 and Lemmas 29-33 as well as the assumptions (98) and (102), we
have on Gy k-1,

P(O B;

i=0

J-';H) <C80e™? +o(1).

Therefore, it suffices to show that

5
BsC B=|]B.
i=0
Thus, suppose first w € E° N F, and let us show that € B. We have W, ; >
r/(nﬁe‘A) for some j < Ry. It follows that if w € BS, we have W, > (r +
4e=Al* 4 401/4)/(nﬁe_A). If furthermore w € B N By, we have Zy 2 ;(t) >
N(log N)*(r + 4e=4/*). Now if also w € B§, we have Zy 1(tx) > Zn(tx—1) —
4e=A/*N(log N)?, so on BSNByNB§,wehave Zy (1) > Zn 1 () +Zn 2, j (1) >
Zn(tx—1) + rN(log N)Z, and so E occurs. Since we have assumed that @ ¢ E, it
must be that w € By U B, U B4 C B.
Alternatively, suppose w € E N F¢, hence W, ; < r/(w/2e=4) for all j < Ry.
It follows that on BS, we have W , < (r — Qe A/ _ o= A 491/4)/(7T\/§€_A)
for all j < Ri. Then on B5 N By, we have Zy > j(t) < N(log N2 (r — de= A4 —
e_A/g) for all j < Ri. On Blc, there exists at most one j < Ry such that W; ; >
e24A/3  Therefore, on B5 N Bj N B{ N Bs, we have

Ry
Zya(t) =Y Zw () < N(log N2 (r — 4™ /%),
j=1
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Finally, on Bj, we have Zy 1 (tx) < Zn(tx—1) +4e‘A/4N(log N)2, so on ﬂ?:o Bf,
we have Zy(tx) < Zy(tr—1) + rN(og N )2 which means that E does not occur.
Since we assumed w € E, it must be that » € | J7_, B; = B, which finishes the
proof of the lemma. [J

5.3. The small jumps. In this subsection, we estimate the expectation in (93),
which covers the case in which the process Zy does not jump by more than
eN(logN )2 between times x_1 and #;. We have

Ry
Zn(t) — Zn (1) = (Zna (@) — Zn(-D) + Y Zn2,j (1)
j=1

Lemma 34 with r = ¢ shows that with high probability, we have Zy(#;) —
Zn(tx—1) > eN(log N)?if and only if one of the random variables Wy g, ..., Wg, «
is greater than &/(7+/2¢~4). Therefore, in view of Lemma 32, we can approxi-
mate the quantity in (93) by

Sk =(Zn1(tk) — Zn(tk—1))
(118)

Ry
—A 2
+7/2e N(logN) ZWj,kl{wi.kse/(n«/?e*A)}’
j=1

which omits the contributions from terms with W; x > ¢/( \/ie_A). ‘We now cal-
culate the expected value of S; and will later justify in Lemma 38 that this is
sufficiently close to the quantity in (93).

LEMMA 35. On Gy k-1, we have
E[St1Fi 1= Zn (-85 V2 E[W Ly _ (1 /ey ] — 277 A)

+ 0(A%0% 2N (1og N)?) + o(N (log N)?).

PROOF. By Lemma 11, we have on Gy x—1
E[ZN1(t) — ZN (- | Fy ]
(119)
= —Zn(tr—1)(27% Afs + O(A%6%)) 4+ o(N (log N)?).

Also, since the random variables W ; are independent of one another, and of F;,_,
and Ry, we have

Ry
E[Z Wj’kl{Wj,kSS/(ﬂ\/zeA)})ﬂkl:| = EWhiy < e yae-anJELRI i )
=1
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Combining this result with Proposition 16, we get on Gy x—1,

Ry
t {Nﬁe_AN(IOg N D Wik, <eseae ) ‘f”“l}
i=1
(120) = EIW1iy <c/rvze-))]
x (2v/27%0s Zy (t—1) (1 + O(AB)) + o(N (log N)?)).

Note that from Corollary 28,

&
E[Wly o /ryzeapl S1+C 10%(@)

<14+ C(oge+ A) <CA,

(121)

since loge < 0. The result now follows by combining (119) and (120), and using
(121) to help bound some of the error terms. [

It remains to bound the expected error that is made when approximating the
increment (ZN(tk) — ZN(tk_l))I{ZN(l‘k)—ZN(lk_l)fé‘N(IOgN)z} by Sk

LEMMA 36. We have E[(Zy (1) — Zn(tx—1))*|Fy,_,] < CON*(log N)* x
(e *e712 4 o(1)) on Gy k-1.

PROOF. By Lemmas 11 and 12, 0on Gy k-1,

E[(Zy () = Zn (1)1 P, ]
= Var(Zy 1 )| Fy ) + (E[Zy () — Zn (W=D Fy 1)
< CON(log N)?e 4 (Zn (tx—1) + o(N (log N)?))
+(CABZy (tr-1) + o(N (log N)?))?
< CON?*(log N)*e 412 + CA%0°N*(log N)*e ™! + o(N?(log N)*)
< CON*(log N)*(e™e™1/2 + A%0e7 +0(1)),

and the result follows from (104). [

LEMMA 37. On Gy k-1, we have

Ry 2
E|:<Z Wj’kl{ijkfs/(T[\/ie_A)}> ‘ftk—l:| S C9e2A81/2 +0(1)
j=1



586 J. BERESTYCKI, N. BERESTYCKI AND J. SCHWEINSBERG

PROOF. Note that e~/ < C§ < Ce by (95) and (98). Because A2e =84/ is
bounded above by a constant, it follows that A2 < Cee?. Therefore, by (91), (92),
(121) and Corollary 28, on Gy -1,

Ry 2
E[(Z ijkl{Wj,kfs/(n«/ieA)}) ’f}kl:|
j=1

= E[Rk|‘Ftk—1]E[Wzl{Wgs/(nﬁe*A)}]
+ E[Rc (R = DIFy JEW i /3e-ay))
< (COee™V2 4 0(1))(se? + A%) < CO*Ae? +0(1)

as claimed. O

LEMMA 38. On Gy k-1, we have
E[|Sk = (Zn (1) — Zn t-D)V 20 (1) Zn (1) <eN (o N2} | [ F i1 ]

(122)
< CON(log N)*8'%2e73 + o(N(log N)?).

PROOF. Throughout this proof, we work on the event Gy x—1. Choose r = ¢,
and recall from the proof of Lemma 34 that the event B = U?:o B; can also be

written as B = U?:O B; since Bg C U?:o B;. We will bound the following three
terms:

(123)  E[1pe|Sk — (Zn () — ZN(t—1) Y2, (50— Zn (1) <eN Gog N2y |1 Ft1 ]

(124) E[1[(Zn ) — ZN 1) 2, (10— Zw (1) <eN Gog M2y |1 Ft1 ]
(125) E[1g[Skl|Fe_ 1.

We first bound (123). On B¢, we have Zy(t) — Zn(tx—1) > sN(logN)Z if
and only if W;; > g/(m+/2e~4) for some j < Ry. In this case, on the event that

Wiok > 8/(7“/56**‘) for some jo < Ry, the difference between Sy and (Zy (;) —
ZN (=) 2y (1)~ Zn (1) <N (log Ny2) Will simply be Si, as the latter expression
will be zero. However, on Bjj, we have

|Zn 1(te) — Zn (tx—1)| < de"*N(log N)?.

By (98) and the fact that § € (0, ¢) we have 8/(n«/§e_A) > ¢24/3_ Thus Wiok =
e24/3 and on By, for all j # jo, W < e24/3 Thus, the definition of Bs from
Lemma 33 implies that on B{ N BS, we have

R
k e8A/9

Wil e
; JENW; <e/(mv/2e=4)} 7
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Therefore, |Si| < (e~ A/ + e_A/9)N(10g N)? on BN {Wiok > 8/(7‘[\/56‘_A)
for some jo < Ry}. If, however, W, x < e/(w+/2e=4) for all j < Ry, then on B,
the difference between Sy and (Zy (tx) — Zn (tk—1))1{ZN(tk)—ZN(tk,1)ssN(log N2} is
bounded by 4Ry N (log N)?6'/4. Therefore,

E[|Sk = (Zn (1) = ZN k=) Yz, (1) - zy (1) <e N tog N2y [ LB 1 F iy ]
< ((4e= A% 4 ¢=AP9)
x P(Wi,x > &/(w~/2¢=%) for some jo|Fy,_,)
+ 494 E[Ry|F,,_,1)N(log N)*.
Now (91) gives E[Ry|F;,_,1 =< Chete1/2 4 o(1), and Proposition 27 implies
P(Wjyx = &/(r+/2¢™4) for some jo|F,_,) < Ce e VE[Ri|F,,_,]
< Coe7% +o(1).
Therefore,

(126) E[[Sk = (Zn(t) — Zn (tk-0) Y2y (10— zx (e <N Gog N2y LB | F ]
< (€324 1 Co/*ee™12 £ 0(1))N(log N)?,

which gives a bound on (123).
We next bound (124). By Lemma 34 and its proof, we have

(127) P(B|F,_,) <CO8e7/2 +o(1).

The random variable in (124) is bounded in absolute value by max{Zy (fx—1),
eN(log N)?}. Therefore, on GN.k—1,
(128) E[[(Zn (1) — ZN (1) 2y, (1) Zx (te_1)<eN Qo N2} | 1B Fr ]

< P(B|F;,_,)N(og N)?e~ 12 < C08s 73N (log N)* + o(N (log N)?).

It remains to bound (125). By the conditional Cauchy—Schwarz inequality,
Lemma 36, and (127),

E[|Zy () — Zn () 18| Fy_, ]

= \/E[(Zﬁvﬁl(tk) - ZN(tk—l))zlj:lkfl]P(B|f'tk71)
(129)

< /CON?(log Nyte=4e=1/2 . 056 =5/2(1 + o(1))

< CHe 2812312 N (log N)* (1 + o(1)).
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Likewise, by the conditional Cauchy—Schwarz inequality and Lemma 37,

|

(130) < Ce AN (log N)*\J0e2461/2 . 056=5/2(1 + o(1))

Ry
TN2e AN (0g N 37 Wil ooy |15 ’f”‘l}
j=1

< CON(log N)?62¢71(1 + 0(1)).
Now Lemma 10, (129) and (130) imply

E[|Sk|15]F;,_,]1 < CON (log N)?5'/?
(131)
x (e A2e™32 o7y 4 o(N (log N)?).

The result follows from (126), (128) and (131) in view of the inequality (98) and
6 <e,aswell as (102). O

PROPOSITION 39. There exists a real number ¢ such that
E[(Zwn () = Zn (D) 2y () 2y (1) =eN (og N2} Fie 1]
= Zn(t_1)0s(c + 272 loge + g(e, A))
+ O(ON(log N)?8'2¢73) + o(N(log N)?),
where g : (0, 00) x (0, 00) — R is a function such that limy_, c g(x, y) =0 for all

x> 0.

PROOF. By combining Lemmas 35 and 38 and using (103), we get
E[(Zn (@) = Zy =D) Y 2y )~z ey <eV tog v 21 i ]
(132) = ZN(tk_l)Hs(2«/§n2E[W1{W§8/(nﬁe_A)}] —27%A)
+ O(ON(log N)?8'2¢73) + o(N (log N)?).

Denote the conditional expectation on the left-hand side of this equation by
f(N, e, 0). Note that this expectation depends on N, ¢ and 6, but can not depend
on § or A, as these constants were introduced just for the proof. Assume for the mo-
ment that kK = 1, and the initial conditions are chosen so that Zx (0) = N(log N )2.
Then there exists a positive constant C such that

f(N,&,0)

limsuplimsup ——————
60" Nsoe N(log N)20s

< (2v2r’E[W1, | —2724) + C8'/%e™3

W<e/(n/2e74))
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and likewise

.o .. f(N,g,0)
liminfliminf ————
6—0 N—oo N(logN)20s

> V2P E[W Ly _y(r/etyy) — 270 A) — €826,

We now simultaneously take § — 0 and A — oo. This can be done without vio-
lating the constraints on the constants because once § is chosen, we can pick A
large enough to satisfy (97) and (98), and then only consider 8 small enough that
(99)—(105) are satisfied. The second term C§'/2¢~3 then tends to zero. Since the
left-hand side does not depend on A, the first term must also tend to a limit as
A — o0o. That is, we know that

. 2 2 .
(133) All)moo(Z\/En E[W1y o /nae-ay] —27°A)  exists.
Now let r = e/(n\/ie_A), o)

T/ 2r

A= log( > =log(m~/2r) — loge.

Therefore, the limit in (133) is equal to

&

(134)  lim 212 (V2E[Wlw<p] — log(m~/2r) +loge) = ¢ + 2% loge

for some real number ¢ that does not depend on €. The proposition follows. [l
REMARK 40. Equation (133) is a statement which concerns only critical

branching Brownian motion with absorption and does not depend on N. It would

be desirable to find a direct proof of this fact, but we were not able to obtain one.
This would follow if one could show that
P(W>x)— —|dx < o0.

I Vi

An explicit expression for the value of the limit in (133) would also make it possi-
ble to identify the constant a appearing in the statement of Proposition 1.

1

5.4. The large jumps. We now estimate the probability in (94) that the process
Zn makes a large jump between times #;_1 and f%.
PROPOSITION 41. Forallr > ¢, 0on Gy -1 we have
P(Zn (1) = Zn(tx—1) > rN (log N)*| F )

_ 27%0s  Zn(tk-1)

Nt T 000D (.
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PROOF. By Lemma 34, we have
P(Zn(t) — Zn(tx—1) > rN(log N)*| Fy,_,)
= P(W; > r/(m~/2e™4) for some j|F,_,) + 008 + o(1).

Recall that e/(rr\/ie_A) > ¢24/3 by (98) and the fact that § € (0,¢). By
Lemma 29, for sufficiently large A the probability that W, x > r/(w V2e=4) and

Wi,k > r/(w~/2e=4) for some ji # jo is at most COe=4/3=1/2 4 o(1). There-
fore,

P(Wji> r/(n«/ie‘A) for some j|Fy, )
= E[Ri|Fy,_ JP(W > /(2™ 2)) + 0(0e 22712 1 0(1),

and the error term is smaller than O (68¢>/?) by (98).
By Proposition 27, if we use ~ to mean that the ratio of the two sides tends to
one as x — 00, then

E[W1{w<y] =/0 P(y <W <x)dy
=/ P(W>y)dy —xP(W > x)~ Blogx.
0

Therefore, (134) implies that B =1/ V2. Therefore, by (96),

(1—5)JT§P(W> r ><(1+8)n‘
ref T/ 2e—A red

Combining this result with Proposition 16, we get on Gy x—1,

E[R(|Fy JP(W > r/(mv/2¢71))

_27%0s  Zn(ik-1)
~r  N(logN)?

(135)

(14 0(A0))(1 + 0(8)) +o(1),

which is enough to imply the result. Since 1/r <&~ ! and Zy (tx_1)/N(log N)* <
¢ Y2 on G N .k—1, the dominant error term coming from (135) is 0(958_3/2). O

6. Convergence to the CSBP. In this section, we prove Proposition 1 and
Theorem 2. Both of these results require proving that a sequence of processes
converges to the continuous-state branching process (Z(¢), t > 0) with branching
mechanism

o0
W (u) = au + 2 *ulogu = —cu + 27T2/ (67 — 14 uxljx<y))x *dx,
0

where c is the constant defined in (134). We will first establish Proposition 1, and
then use this result to deduce Theorem 2.
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6.1. The generator of the CSBP. Let Cy([0, 00)) be the set of continuous func-
tions f:[0, co) — R that vanish at infinity, endowed with the sup norm so that for
f € Co([0, 0)), we have

A1l =Su1())lf(X)|-

For f € Co([0,00)) and x € [0,00), let T; f(x) = E[f(Z(t))|Z(0) = x]. It is
well-known (see, e.g., [23]) that (T;,t > 0) is a Feller semigroup. The follow-
ing result describes the associated infinitesimal generator. This result is essentially
well-known. The form of the generator appeared in [64], and later in [26] where
a particle representation of continuous-state branching processes was constructed.
The fact that the set £ defined below is a core for the generator was established for
closely related families of processes in [51, 52]. However, we give a short proof of
the result below for completeness.

PROPOSITION 42. Let A be the infinitesimal generator for (Z(t),t > 0). Let
E C Co([0, 00)) be the set of functions of the form

(136) f@) =are™¥ - ape,

where ai, ...,am € Rand ©y, ..., Ay > 0. Then € is a core for A, and for f € £,

(137) Af@x)=x(cf (x)+27 Oo(f(x+y)—f(X)—yl{ys}f/(X))y_zdy :
0

PROOF. If f(x)=e**, then by (5) and (6), we have

T _ —xur(A) _ ,—ix
Af(x) = lim M = lim e e
t—0 t t—0 t
= ie_x”’m =xe W),
ot 1=0

which equals the right-hand side of (137). The result (137) then follows for all
f € & by linearity. By the Stone—Weierstrass theorem, £ is dense in Cy([0, 00)).
By (5), we have T; f € £ whenever f € £. It now follows from Proposition 3.3 in
Chapter 1 of [31] that £ is a core for A. [J

6.2. Proof of Proposition 1. The next result is Theorem 8.2 in Chapter 4 of
[31] in the present context.

PROPOSITION 43. Suppose the distribution of Vi (0) converges to the distri-
bution of Z(0) as N — oo. Then the finite-dimensional distributions of (Vy(t),
t > 0) converge to those of (Z(t),t > 0) as N — oo if and only if for all
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J=0,all0<s; <s3<---<sj <u<u-+s, all bounded continuous functions
hi,...,h;:[0,00) = R, and all f € £, we have

Jim E[( F(VnG+5) — F(Vy@)

N—o0

(138) .
u+s J
- Af(VN(t))dt> I hi(vms,-))} 0.
u i=1

In view of this result, we will aim to establish (138), which will imply Proposi-
tion 1. We will assume that 0 <51 <s2 <--- <s; <u <u +s. We also define the
times

U=T)<T| < <Typ-1=U+S,

where 1 = #/(log N)? for all k. This means that Vy (z) = Zn(tr)/ (N (log N)?)
for all k. We also assume that the function f € £ and the bounded continuous
functions A1, ..., h; are fixed throughout this subsection.

Since f is of the form given in (136), the norms || ||, || //|| and || f”|| are finite
and thus can be treated as constants. If g(x) = xf (x) and d(x) = xf'(x), then | g/,
llg’ll and ||d|| are likewise finite. Also, if we define

(139) h(x)=supx|f" (NI, k(x)=supx|f()l,

yzx yzx

then it is easy to check that ||| < co and ||k|| < oo. Finally, if y > 0, then by
Taylor’s theorem there is a z € [x, x + y] such that f(x + y) = f(x) + yf'(x) +
%yz f"(z). Therefore,

1 1
c [ (rern - fe - yf/(x))y‘zdy‘ <SG

and

[TaEn - rwp dy’ < k()| + 1g(0)].
It follows that

(140) LAS I < lellldll + 2> (llgl + Ikl + 3111]) < o

LEMMA 44. We have

)E[(f(VN(Tk)) — FOUN @)Yy () =i e <} Fiey MGy s

(141
= (VN (1) VN (te—1)0s(c + 2% log &)1, ,_, + OBe'/?) +o(1).
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PROOF. Define

- Zy () — Zn(te—1) L
= NogN? T mV/2e Zl WiskLiw, <o /(e vae=yy-
j:
Note that S would be equal to Si/(N (log N)?), where S is defined in (118), if
Z}v,] (tx) were replaced in the definition by Zy 1(#). Therefore, by Lemma 10,

_ Sk
(142) E[ S — NiogV)?

P [ 16y, =t
Thus, by Lemma 38,
E[|Sk = (VN (@) = Vv (1) vy (m) - Vv (men) <e) | Fie 1 LG iy
<CO8%e3 +0(1).
It follows from (143) that
E[|f (V@) — £ (Vi (1) + Si) 1wy e vy e <ed | Foe 1 LG w i
<C|f108"%e73 +0(1) < €823 +0(1).

By Taylor’s theorem, there exists & between Vy(tx—1) and Vy(tx—1) + Sk such
that

E[(f(VN(te=1) + Sk) — £ VN =) Ly -V (e <l Frs 16w 1oy
= E[(f' (VN (t—) Sk + £ €S /2 vy () — vy ey <) [ Fie TGy s
= f' (VN (k= D) E[Sid vy () - v (ren) <} Fre 1 16w o
+ O(E[SHF i MGy, 1)
Lemma 38 and (142) give
(146)  E[ISkIL{vy -V =l Fu Gy 1 < CO82e™3 +o(1).

Note that §'/2673 < ¢!/2 by (95), and A can be chosen large enough so that
g(e, A) < e, where g is the function from Proposition 39. Therefore, (146) com-
bined with Lemma 38, equation (142), and Proposition 39 implies

I VN @) E[Skl vy =iy (e =et 1 Fre_i MGy
(147) = f' (VN (@) E[Sk|Fy_ MGy, + 00" +o(1)
= (VN (—1) VN (te—1)0s(c + 272 log &) LG ) + O (Be'/?) + o(1).
Since e e~ 1/2 < ¢1/2 by (95) and (98), it follows from Lemmas 36 and 37 that
E[S{1Fy NGy, <C@Oe 2™ 4724 .0 e!/?) +0(1)

(143)

(144)

(145)

(148)
<Coe'? +0o(1).

The result follows from (144), (145), (147) and (148). [
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LEMMA 45. We have
E[(f(VN(@) = fFOVN (@) Ly )V @ >el [ Freoi 116y 4
=2720s V(D) 1Gy ., /:O(f(VN(Tkl) +3) = F(Vn(—1))y 2 dy

+00e'?) +0(1).

PROOF. By Proposition 41 with r = ¢,

E[f (VN (@=L vy (Vi (m-n>e) [ Fie G i

= f(VN(t—1) P (Vv () — VN (tk—1) > &l Fy_ )Gy,

(149)
29s

16y, + 0087 %) +0(1)

2
= f(VN(tk—1) VN (Tk—1) - -

(0,0]
:2n295VN(Tk_1)IGNTk7]/ F(Vn(m—1)y 2dy + 0(08¢~%) 4+ o(1).
&

To simplify notation, assume that £ ! is an integer. Then

E[f (VN @)Ly o-V-n=ellFr 1 1oy,
o0

= Y E[f(VN@D a2 <y (o) Vi (e <(ma De2) | Fieos Gy iy
n1:€71

-3 1

= Y f(e®m+ Vy(n-)

m=g~!
(150) x P(me® < Vy(m) — Vi (th-1) < (m+ DX Fy Gy,
e73—1
+ > E[(f(Vn(@) — f(e'm+ V(1))

X Lpme2 < vy (m)—Vy () <+ De2} [ F et LGy iy
+ E[f(VN@OD) Ly - vy mn=e 1 Fa 1 1y i -

Denote the three terms on the right-hand side of (150) by 77, 7> and T3. Proposi-
tion 41 gives

1Tal < & F/IP (Vi (i) — Viv(ti—1) > €l Fr_ MGy
(151) < COeVy(ti)1Gy,_, + 008 +0(1)
<CO@E"?+8¢712) 4 0(1)
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and
T3] < I FIP(Vv(m) — Vv(ti-1) > € 1 Fo )Gy
(152) < COVN(t—)lGy,, + 0087 +0(1)
< COEY? + 867 + 0(1).

By Proposition 41 and the fact that

1 (1 1 )_ 1
e2\m m+1) Emm+1)’
we have
P(me* < Vy(to) — Vv (=) < (m + De*|Fy_ gy,

27205V (k1)

1 0(05s7/? 1.
82m(l’l’l + 1) GN,kfl + ( & )+0( )

Adding up at most £~ error terms of order 8s75/% to get a single error term of
order 08~ 11/2 we get

e3-1 2
(e“m + VN (tk—1))
T, = 21205 VN(fkfl)lGN,k_l Z f 82m(m )

Wl:S_l

+ 008V 1+ 0(1)

(153)
) e -1 ) St
= 20205V (e Dlay ., Y Fem+ V(1) / y2dy

1 &Zm
m=e

+ 00872 +0(1).

Because an error of at most ||f/||e92 is made when replacing f(82m + Vn(tk—1))
by f(Vn(ti—1) + y) with e2m <y < &2(m + 1), we get

et 2 (m+1)
> fem+ Vo) [

m=g~1

g1 o]
< C(/ szy_zdy +/ 1 y_zdy) <Ce.
& e~

Combining this with (153) gives

y_zdy—/ F(Vn (o) +y)y2dy

2m

o0
Ty = 22205 Vy (te-D)1Gy / F(Vn @) + )y~ 2dy
£
(154) 1/2 11/2
+ 00"+ 0187 ?) +0(1).
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Since we have chosen § < &7 < by (95), the lemma now follows by summing
(151), (152) and (154) and subtracting (149) from the result. [J

Note that
= 4 2 ’ ! 1 /
f Yp<n f )y~ dy=f(x)f y dy=—f"(x)loge.
€ £

Therefore, for every & > 0 one can write

Af(x) = Arf(x) + A2 f(x),

where
Arf(x) = x((e + 272 loge) /(x)
(155) .
2 _ _ / -2
#2022 [ (FGr 4 ) = 0 = 3f @)y dy)
and

Arf(x) = x(2n2 [T - fy dy).
LEMMA 46. On Gy k-1, we have

%
2
EU{ 1{|VN(1)_VN(Tk1)>52}dt"7:t’<1:|5C08 +o(l).
k—1

PROOF. Since 6 < #'/4, and since § < &/2 by (95), it follows from (102) that
Oele™1/2 < g2 Therefore, by Proposition 16 and Markov’s inequality, on Gy k-1,

P(Ry > O|F, ) < COee™'/% 4+ 0(1) < Ce? + o(1).

(Zn1(tk) — Zn (tk—1)) /(N (log N)?) = Vv (i) — Vv (tk—1) on Gy k—1 N { Ry = 0}
and 4e~4/% < ¢2 by (95) and (98), it follows from Corollary 13 that

P(\Vy(m) = Vy(m—1)| > &2|Fy_,) < Ce> + Che 42712 L o(1)
(156)
<Ce? +o(1).

We claim that (156) also holds with t; replaced by any ¢ such that 71 <t < 7.
Applying Corollary 13 requires specifying five parameters: u, s, &, A and 6. To
establish the claim, we apply Corollary 13 with new parameters ii = f;_1/(log N)3,
§=s,8=¢,A=Aandf = (1 — Tx—1)/s. Note that 6 < 0, so conditions (32)—(35)
continue to hold with the new parameters. Also, using the new parameters, we get
fo=i(logN)? =1,_y and f] = (i +0s)(log N)? =t (log N)3. It thus follows from
Corollary 13 that

P(IVn(t) — V(i 1)| > 2| Fy_,) < Ce®+ Che %6712 4 o(1) < Ce® + o(1).
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Here the constant C does not depend upon the choice of . The absolute value of
the o(1) can be bounded above by By (¢), where By (¢) <1 for all N and ¢, and
limy_, oo By (t) = 0 for every fixed . Thus, by Fubini’s theorem and the dominated
convergence theorem,

Tk Tk
2 2
E[Lkl 1{VN(I)—VN(Tk—1)|>82}dt“Ek1:| = /rkl Ce” + By (1) dr < Che” +o(1)
as claimed. O

LEMMA 47. We have

e[ [* avronanalF, oy,

= f(VN(t—1) Vi (—1)Bs(c + 2% log e)1G, ., + O Be'/?) +o(1).

PROOF. If0 <y <eg,then

FVN@ +3) = FVN@D) + 3 (Vv @) + 5 7 EDY
for some &, satisfying Vi (1) < &, < Vy(¢) + ¢. Therefore,

/ “ v /O VD) 4 y) = FVN D) — v (Vn@))y 2 dydi
Tk—1

[ ([ 317 €ay)

e
<6s sup sup VNI f" (2]
telt—1, ] z€[VN (1), VN (1) +€] 2

< Cegbs,

(157)

where the last inequality follows from the fact that ||| < oo, where £ is defined
in (139). Equations (155) and (157) give

E[ [ A1f<VN(z>)dr{fzk_l]lczv,k_l
(158

— (c+ 272 log 8)15[/:1 V() £/ (Vi (1)) d:\ftkl}lg,v,k, +0(0¢).
Recall that d(x) = x/’(x) for x = 0. Therefore,
E[[" vworvealr e,
(159) = f' (VN (@—1) VN (tk—1)0s1Gy

| [ awn) - a@nendil £, e,
Tk—1
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The absolute value of the second term on the right-hand side of (159) is at most

Tk
2||d||E|:/ 1{|VN(I)_VN(TI{—1)‘>€2} dt‘ftk—l:|1GN,k—l + QS”d/”gZ’
T

k—1

which is at most C8&2 + o(1) by Lemma 46.
Therefore, the result follows from (158) and (159), since ¢|loge| < el/2 for
sufficiently small . [J

LEMMA 48. We have

E[ [ Azf(vw))dr\ftk_l}lcN,k_l
Tk—1

=2720sVn (t—D)1Gy ., / (f (Vv (me—D) +¥) = £ (Vi (e=1)))y > dy

+ 0(0¢e) +o(1).

PROOF. For y > 0, define the function g,(x) = xf(x + y). Note that
sup,> llgyll < oo and sup,-¢ llg} || < co. We have

E| 7 aromanaF oy

_ E[an / S [ (P +y) = FV @)y Ry dr\ﬂkl]
Tk—1 €
(160) ~
=2120sVn (t—D)1Gy fg (f (Vv (=) + ) — fF(Vy(t—1)))y > dy

Tk

+2n2E[ [ (e w0 = 0V @) = g, (V1)

Tk—1
+ gO(VN(Tk—l))))’_2 dy dt‘ftk—1:|1GN.k—1 .

The absolute value of the second term on the right-hand side of (160) is at most

272

Tk
(2 sup [[gy Il + 2”80”>E|:/ 1{|VN(t)—VN(rk,1)|>82} dt‘Ftkl}IGN,kl
y=0 Tk—1

+27°9se(sup gy | + loll)-
y=0

using that [>° y~2dy =&~ !. By Lemma 46, this expression is at most Cs +o(1),
which, combined with (160), implies the result. [
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PROOF OF PROPOSITION 1. Recall that we need to establish (138). For 1 <
k<0~ define

Je= FVn(m) — F(Viy (1)) — f CAF(Vn @) dr.
Tk—1

Then

u-+s 6"

A6 F(VxGu+) = FVue) = [ AF(Vy)dr= Z Ji.

u
Let Byo = G% . and for 1 <k < 67!, let Byx = Gyi—1 N Gy . Then
—1
G (&) =Ul—o By x and

91
1-P(Gn() =) P(Byy).

k=0
Now
! J
[(Z k) Hhi(vm))}
k=1 i=1
0! k=1 J
=E ( Jk <1GN,kl +ZIBN,[>>Hhi(VN(Si))]
k=1 =0 i=1
(162)
0! J
=E ( Jkl(;N’k_1>l_[hi(VN(si)):|
=1 i=1

ff [( 92 Jk>1BM]‘[h (vN(sl»}

=0 k=(+1 i=1

ForO<¢<o~1—1,

6-1
>

k={+1

u-+s

= | Fut ) = Ve - |

4

Af(VN(t))dz\

<20f 1 +slIAfI.

Therefore, the absolute value of the second term on the right-hand side of (162) is
at most

011
(]_[ [ 72 II>(2IIf|I+SI|Af||) Z P(By,) <C(1 - P(Gn(e))),

i=1 £=0
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using (140). To bound the first term on the right-hand side of (162), note that by
conditioning on F;,_,,

0! J
E|:<Z JleN.k_1> l_[ hi(Vn (Sz)):|

k=1 i=1

0~ J
= E|:JleN,k_1 Hhi(VN(Si)):|

i=1

> bl
0

J
> E|:(H hi(VN(Si))>E[Jk|‘Ek1]1GN,kl:|'

k=1 i=1
By Lemmas 44, 45, 47 and 48,

|EL Fy MGy, | < CO2 +0(1)
for all k. Therefore,

6! J
E|:<Z JleN,kl) 1_[ hl(VN(sl)):H
k i=1

=1

j 0!
< (1‘[ [ ||) (Z E[|E[J|Fy NGy, |])

<Ce'? +0(1).
It follows that

E [(923 Jk> ﬁ hi(VN(si)):|

k=1 i=1

<Ce'?4+C(1 - P(Gy(e))) + o(D).

In view of (161) and Proposition 23, equation (138) now follows by letting N —
oo and then letting ¢ — 0. [J

6.3. The number of particles. Because the value of Zy () approximately de-
termines the number of particles a short time after time ¢, the fact that the number
of particles converges to a continuous-state branching process follows rather sim-
ply from Proposition 1.

PROOF OF THEOREM 2. In view of Proposition 1, it suffices to show that for
any fixed ¢t > 0, we have

1
(163) N v((log N)*t) — Vi (1)| =, 0.
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Let y > 0 be arbitrary. Set u = 0 and s = ¢. By Proposition 23, we can choose
¢ € (0, y) sufficiently small that

(164) sup(hmsup(l - P(GN(s)))>
N—o0 2

where the supremum is taken over all  such that #~! € N. Proposition 41 implies
that for sufficiently small 6,

(165) P(|[Vn(t) = Vn(t(1 = 0))| = y) < COe3? + (1 — P(Gn(e))) + o(1).

It follows from (164) and (165) that for sufficiently small 6 and sufficiently
large N,

(166) P(lVN@) — V(1 —0)) <y)>1—y

Let M 1/\, ((logN )31) denote the number of particles at time (log N )3t whose an-
cestor at time u is in (0, L) for all (log N¥3@t(1—0) <u< (log N)3t. By Propo-
sition 16 and (164), for sufficiently small 6 > 0 and sufficiently large N,

(167) P(My((log N)*t) = My ((log N)*1)) > 1 —y
By (17) and the fact that 1 — ?/2 — 72/2L% =0,
E[My ((1og NY* )| Fog w3 (1-0)]

2N(og N)*Vn(t(1 =0) (1 +o(1)) (L _ = (;y
= 3 e s1n<—)dy.

Now

L o]
/0 e M sin(%) dy:/ %e "ydy—}—/ e W(sm(j;y) — %) dy
/ e dy

L
:L’; +0(/0 e“yy dy>+0(e nly

T

1
uLy _
=10 +0< )—i—O(e )= L(l—l—o(l)).

It follows that

N(og N)2Vy(t(1 —0))(1 1
E[Mj/\/((logN)3t)|-7:(10gN)3(t(1—9))]:T[ (log N) N(tL(z NA+o)

=27 NVy(t(1 —6))(1+0(1)).

Therefore, for sufficiently large N,

My ((log N)3t)
(168) P(‘E[NzT faogmm_e»} —Vn(r(l —9>)‘ < V) >1-y
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By Proposition 14, we have
Var(M}; ((10g N> )1 F gog vy 1 -6y)) < CO™ 2N (1+ 0(1))

on an event defined in the same manner as Gy x—1 but with (log N Y3 (t(1 —0))
playing the role of #;_;. Combining this result with (164) and the conditional form
of Chebyshev’s inequality, we get for sufficiently small 6 and sufficiently large N,

» (' My ((logN)’1) E[M;V((log N)*t)

2n N 2n N }}—(IOgNP(Z(l_Q))” = )/)
(169)

>1—y.
If now follows from (166)—(169) that for sufficiently large N, we have

1
P(’—MN((log N)?) — VN(t)‘ < 3)/) >1—4y.

2n N

Result (163) follows. [

7. Convergence to the Bolthausen—Sznitman coalescent. In this section, we
prove Theorem 3. The strategy will be to show that a sequence of processes that de-
scribe the genealogy of branching Brownian motion converges to a flow of bridges
defined in [8], which is known to be dual to the Bolthausen—Sznitman coalescent.

7.1. The flow of bridges. Consider the continuous state branching process of
Proposition 1 and Theorem 2 with branching mechanism W (1) = au + 27 %u logu.
Recall from [7] that we can define this as a two-parameter process (Z(t, x), t > 0,
x > 0), where ¢ is the time parameter, and x is the initial population size. Also
recall from [7] that we can associate with this continuous-state branching pro-
cess a flow of subordinators. On some probability space, there exists a process
(§6D(x),0 <s <t,x > 0) such that:

e Forevery 0 <s <t, the process S = (§)(x), x > 0) is a subordinator with
Laplace exponent u;_g.

e For every integer k > 2 and every 0 <t < --- < 1, the subordinators
st - §U-1.1) are independent, and

St — glte—1:16) o ... o gt112)

e The processes (Z(t,x),t > 0,x > 0) and (S(O’”)(x), t >0, x > 0) have the same
finite-dimensional marginals.

Here S (x) can be understood as the descendants in the population at time ¢ of
the first x individuals in the population at time s.

Suppose that we start with the initial population Z(0) = z. For each s <1, we
can define the renormalized process (Bs((x),0 <x < 1) by

By i(x) = S0 (x8T(2) /50 (2).
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It is easily seen that By ; is a bridge, which we define as in [8] to be a nondecreas-
ing, [0, 1]-valued stochastic process (B(r),0 <r < 1) with exchangeable incre-
ments and right-continuous paths such that B(0) =0 and B(1) = 1.

It follows from (7) that when W (1) = au + 27 2u log u, the subordinator S0
is a stable subordinator with index e ~27~%)_ Consequently, letting Ry, denote the
range of By ;, the lengths of the disjoint open intervals whose union is [0, 1]\ Ry ;
are independent of S(*)(z) and have the Poisson—Dirichlet distribution with pa-
rameters (e 27 =% ). See [60] for a definition and further discussion of the two-
parameter Poisson—Dirichlet distribution and its connections with stable subordi-
nators. It now follows (see Example 2 in [8]) that (B; ;(x),0<s <r,0<x <1)
is a flow of bridges, which is a collection (B, 0 < s <) of bridges such that if
Id denotes the identity function from [0, 1] to itself, then:

e Forevery s <t <u, we have By, = B, o By ;.
e The law of B, ; only depends on t — 5.
o If 51 <53 <--- < sy, then the bridges By, s,, ..., By, s, are independent.

e Bpo=1Id and By; — Id as + — 0 in probability, in the sense of Skorohod’s
topology.

Note that we are using a different convention for the time parameters than in [8].
The bridge B ; defined here would be called B_; _; in [8].
If B is a bridge, define, for u € [0, 1],

(170) B~ (u) = inf{s € [0, 1]: B(s) > u}.

If s <t < u, then B;L} = By, Lo By, . Given independent random variables
Uy, ..., U, with the uniform distribution on [0, 1], we can define 7 (B) to be the
partition of {1, ..., n} such thati and j are in the same block of 7 (B) if and only if
B YU, = B‘l(Uj). Now, given a flow of bridges (B;;, 0 <s <) and indepen-
dent uniform random variables Uy, ..., U,, we can fix a time ¢ > 0 and consider
the partition-valued process (I1(s),0 <s <1t) defined by I1(s) = 7w (B;—s ). The
main result of Bertoin and Le Gall [8] establishes that this process is a so-called ex-
changeable coalescent process and that there is in fact a one-to-one correspondence
between flows of bridges and exchangeable coalescent processes. In the example
above, in which the flow of bridges is defined from a continuous-state branching
process with W (u) = au + 2m%u log u, the process (m(B;—s/27,1),0 <5 < 2mt) is
the Bolthausen—Sznitman coalescent run for time 27 ¢ (see, e.g., Example 2 in [8]).

7.2. Flows describing the genealogy of branching Brownian motion. To rep-
resent the genealogy of branching Brownian motion, we now introduce a sequence
of discrete versions of these flows of bridges. We fix K € N and the times 0 = £y <
f <---<tg.For0<i < j<K we will define a process (Bfl,\f,j(s),O <s<1).

We consider the branching Brownian motion Xy at the successive times
tj(log N )3. We assign labels to the particles at these times, and denote by u;. j
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the label of the ith largest particle at time 7; (log N )3, that is, the particle in posi-
tion X; n(¢j(log N )3). We first define a collection of independent random variables
(vi,j,i 20,0 < j < K) having the uniform distribution on [0, 1]. For i < My (0),
we define u; o = v; o. That is, the individuals at time zero are labeled by inde-
pendent uniform random variables. For j > 1, the u; ; are sequences of length
J + 1 which are defined inductively by saying that u; ; = (u ), j—1, vi,j), where
U p(y, j—1 is the label of the particle at time 7; _; (log N )3 from which the ith parti-
cle at time 7; (log N )3 has descended. That is, we concatenate v;,j with the label of
the ancestor of the ith particle to obtain the label of the ith particle. The particles at
time #; (log N )> can now be ordered using the lexicographical order of their labels.
We denote by x; ; the position of the ith individual in this lexicographical order at
time ¢; (log N)3.

We now assign weights to the individuals. For 0 < j < K and 1 <i <
My (tj(log N)?), define

1 .. TTX; i
———eMiii J 1. . F0<i<K—1
- Zn (1 (logN)»)© Sm( L )“‘wsu» if0<j=< ,
W(l,])z 1
My (t;(log N)3)’ ifj=K.
MN(tj(logN) )

That is, the particles are weighted proportional to their contribution to the sum in
(9), except at time ¢ (log N)> when all particles are weighted equally. We use these
weights because we will later sample particles uniformly at time tx (log N)?, but
the number of descendants that a particle at time #; (log N)? has at time tg (log N)*
will be roughly proportional to the weight that it has been assigned. Also define
A;(j, k) to be the set of descendants at time #; (log N )3 of the ith individual at time
tj(logN )3. More precisely, A;(J, k) is the set of indices £ such that the individual
at position xg x at time #;(log N )3 is descended from the individual in position
x;,j at time ;(log N )3. We are now ready to define the discrete bridges. First, for
0<y<l,and 0 <j < K, define

I
(171) Lj(y)zmax{leN:Zw(i,j)gy ,
i=1
with the convention that the maximum of the empty set is 0. We think of L;(y)
as being approximately the yth quantile of the population at time #; (log N )3 when
individuals are weighted as above and ordered according to their labels. Then for
O<y<landO0<j<k<K,let

N Li(y)
B, 0= > wimkh.
i=1 meA;(j,k)

Note that these discrete bridges BZIX ;, are not exactly bridges in the sense defined
above; for example, their increments are not exactly exchangeable because there
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are only finitely many particles at time #;. However, we will show in Lemmas 52
and 54 below that these discrete bridges converge to the bridges By, , .

LEMMA 49. If0<i<j<k<K,then B, =B} oBY, and (B} )~'=
(B 4 y“lo (Bt ) I Where the inverse functions are defined as in (170).

PROOF. For0<y <1,

Li(y)
BY, =Y > wmk.
=1 meAy(i,k)

Note that m € A, (i, k) for some £ < L;(y) if and only if m € A;(j, k) for some
L<L; (B 4 (»)). Therefore,

( 11[ (y))
BY, ()= Z Y. wm k)= B, (BY, ().

=1 meAg(j,k)

That is, BtNtk = Btlj\-],zk o B,jl_\f,j. Also,

BY,)7'(y)=infls: B}, (s) >y}
:inf{s 1 tk(B Ny (S))>y}
=inf{s: By, (s) = (B , ) 7' )

:( t, )7 ((Bt] tk)i ()’)),

1j

which implies that (B, )~ 1—(3, 1) IO(Bt ) O

7.3. Convergence of one bridge. Let (B, 0 <s <t) be the flow of bridges
defined above from the continuous-state branching process with branching mecha-
nism W (u) = au + 27 2u log u. We will now show that for 1 <i < K, the sequence
of discrete bridges (B (u) 0 <u <1) converges to (By;(u),0 <u <1) in the
sense of finite- dlmenswnal distributions. The first step is the following extension
of Proposition 1.

LEMMA 50. Assume that the initial population is subdivided into m possibly
random subgroups Sy, ..., Sy, and that given the initial positions of the parti-
cles, they evolve according to branching Brownian motion killed at 0. Assume that
Yn(©0)/(N(ogN )3) converges to zero in probability. Let Z; y(t) denote the con-
tribution to the sum in (9) from particles descended from one of the particles that
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is in S; at time zero, and let M; y(t) denote the number of particles at time t de-
scended from one of the particles that is in S; at time zero. Assume that the initial
Jjoint distribution of

Z; n(0) \™
(172) (N(log N)Z)i=1

converges as N — o0 to some probability measure p on [0, 00)™. Then the finite-
dimensional distributions of the m-dimensional vector-valued processes

. 3\ m . 3\ m
{(Zz,N(l(IOgN) )) ’120} and {(Mz,N(l(logN) )) ,t>0}
N(log N)? 1 27 N 1

each converge as N — oo to the finite-dimensional distributions of {(Z;(t))},
t > 0}, where (Z;(0))!_, has distribution p, and conditional on (Z;(0))7_,, each
Z; evolves independently as a continuous-state branching process with branching
mechanism W (u) = au + 2nulogu.

1= 1=

PROOF. While this is in principle a simple extension of Proposition 1, some
care is needed in the proof because the components of the process are not indepen-
dent but only conditionally independent given the initial configuration. To ease no-
tation, we only show here the proof of the one-dimensional marginal convergence
(which is all that is needed later), as the general result is conceptually identical
but more cumbersome. Thus, let ¢ > 0, and fix arbitrary bounded and continuous
test functions fi, ..., fi :[0, 00) — R. By Skorohod’s Representation Theorem,
we may assume that all the branching Brownian motions X are constructed on
the same probability space in such a way that the expression in (172) converges
almost surely to (Z;(0))7_, having joint distribution p.

Fori=1,...,m,let X; y denote the branching Brownian motion obtained by
considering only the descendants of the particles in S;. Let F = o (X; n(0),i =
1,...,m,N =1,2,...) be the filtration generated by all the processes at time

zero for all subgroups. Let also G = 0(Z1(0), ..., Z,;(0)). Note that the ran-
dom variables Z; y(t(log N3, ..., Zm N (t(log N)3) are conditionally indepen-
dent given F. Therefore,

T Zin@og NN | r o (Zin(t(log N)*)
E[Ulf< N(logN)? )}‘E[E[.nf’( N(logN)? )‘fﬂ

i=1

Z; n(t(logN)?)
- | [T 5 (“roa i) |

By Proposition 1, for 1 <i < m we have that E[ f;(Z; n(t log N)*)/(N (log N)?))|
F] converges almost surely to the random variable Ez (o)[fi(Z(t))], where
E.[fi(Z(t))] denotes the expected value for the continuous-state branching pro-
cess started from the value Z(0) = x. The application of Proposition 1 is justified

(173)
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here because the condition that Yy (0)/(N (log N )3) converges in probability to
zero is satisfied for the entire process, and hence the analogous condition is satis-
fied for each of the m components. We may rewrite this random variable as

Ez,olfi(Z()] = E[fi(Zi(1))|G].

Since all random variables on the right-hand side of (173) are bounded, we deduce
by the dominated convergence theorem that

) G Zin@logN)H\] [ o
lim E[Eﬁ(w)} = E|;l;[] E[fl(Z,(t))|g]:|

N—o0

m

= E{l‘[ fi(Zi (r))},
i=1

since the random variables (Z;());. | are conditionally independent given G. This

completes the proof of convergence for the processes Z; . The proof for the pro-

cesses M; y is identical, except that we invoke Theorem 2 instead of Proposition 1.

0

Before proving the convergence of bridges, we establish the following lemma,
which states that at a typical time ¢, no single particle makes too large a contribu-

tion to Zy (¢).

LEMMA 51. Let

mX; n(s(log N)3)>

mpy(s) = max M XiN(s(ogN)?) sin(
L

1<i<Mp (s(log N)?)

Then for all s > 0, we have my (s)/(N (log N)?) = 0in probability as N — 0.

PROOF. Suppose (xy)}_; is a sequence such that e**V /(N (log N )?) = 0 as
N — oo. Letting wy = L — xy, we have wy — oo as N — oo. Therefore,

L
. (TTXN _ . (Twy et _
et N sm(—) = eH(L—wN) sm( 7 ) < 7 ~wye HUN

= o(N(log N)?).

(174)

Observe that Yy (s(log N )3) /(N (log N )3) converges in probability to zero, which
is true by assumption when s = 0 and by Proposition 23 when s > 0. Therefore,
given any subsequence (N j)?i |» there is a further subsequence (N, )72 | such that
Yn i (s(log N jk)3) /(Nj,(log N jk)3) converges to zero almost surely. It follows from
(174) that m y i (s)/(Nj,(logNj, )2) converges to zero almost surely, which implies
the result. [
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LEMMA 52. Assume the hypotheses of Theorem 3 hold. Recall that 0 =ty <
1 <---<tg.Letm>1andlet 0 =ug <uy; <--- <uy = 1. Then for each fixed
i,withl <i <K, we have

(BQ),, )1y = (Bo.g; )y,

where = denotes convergence in distribution as N — 00.

PROOF. It suffices to prove the joint convergence of the increments
(Bg, (uj) — By, (uj-1))"_,. Define Lo as in (171), and for 1 < j <m, let

Sj={Lo(uj—1)+ 1, Lo(uj—1)+2,..., Lo(u;)}

be the subset of particles in the population at time zero associated with the quan-
tiles in [uj_1, u ;). Note that the S; are disjoint, and divide the population at time
zero into m subgroups. We treat the positions of the particles in these m subgroups
as m random starting configurations, to which we will apply Lemma 50.
For 1 < j < m, define the process (Z; y(t),t > 0) as in Lemma 50. We claim

that the distribution of

m
(175) (—ZJ’N © )

N(log N)?

converges as N — oo to some probability measure p on [0, c0)”. Here p has
the distribution of (SjX)T:p where 6; =u; —u;_y for 1 < j <m and X has
distribution v. To check that this convergence holds, note that

1Zj,n(0) = 8;Zn(0)] < 2mp(0),

where m y(0) is defined as in Lemma 51 and the error term 2my (0) comes from
the fact that Z)i:l el 0 sin(mx 0/ L) increases discontinuously with j. In view of
Lemma 51, the convergence of the distribution of (175) to p follows by Slutsky’s
theorem (see Corollary 3.3 in Chapter 3 of [31]) and Proposition 1. Therefore, the
hypotheses of Lemma 50 are satisfied.
Assume for now thati < K — 1. By Lemma 50,
Zj,n (1 (log N)») \" m
( N(logN)? )= @

where {(Z; (t))’}’zl, t > 0} is defined as in Lemma 50. Thus for any « > 0,
Zj n(ti(log N)*) )m _ < Zj() )m
Zn(ti(log N)3) vV aN(log N)? a VY Ze(t) ) j=1

Choose y > 0, and let @ be such that P(Z(t;) < «) <y, where (Z(¢),t >0)isa
continuous-state branching process with branching mechanism ¥ and initial dis-
tribution v, which is possible because v({0}) = 0 and (Z(¢), ¢t > 0) never goes
extinct. Thus, by Proposition 1 we have for N large enough,

P(Zy(t:(log N)®) <aN(log N)?) <2y.

j=1

j=

(176) (

j=1
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Now fix fi,..., fm, some arbitrary bounded and continuous test functions on
[0,1]and let M = || f1l| - - - | fe |l. Thus, we have

m Z t;
E[H f]'(Bé\,]ti(uj) BOt(uJ 1)} [H fj(Zk ](Zk)(tl)>”

j=1

L Zj n(ti(logN)?)
= E|:Jl_[1 f](o[N(]()gN)zVZN(li(]OgN)3)>:|

“ Z;i(t;)
_ED:[] fj<aVZ —1 Zi(t;) )”

+ MP(Zy(t;(log N)*) <aN(log N)?) + MP(Z(1;) < ).

Taking the limsup of both sides, we find that the first term in the right-hand side of
the above inequality converges to 0 by (176), and the second and third terms are
respectively smaller than 2My and My . Since y > 0 is arbitrary, and since

(e, 7).

has the same distribution as (Bo, (u;) — Bo,s; (u;—1))"" 1 this finishes the proof
whenl1 <i<K —1.

The proof when i = K is the same, except Z; y(f; (log N )3 ) /(N (log N )?) needs
to be replaced throughout the argument by M y (t; (log N )3) /(2w N), where the
processes (M n(t),t > 0) are defined as in Lemma 50. []

7.4. Joint convergence of bridges. In this subsection we extend the conver-
gence obtained in Lemma 52 to the joint convergence of the finite-dimensional
distributions of several bridges. We begin by establishing a result about the conver-
gence of the distribution of a single bridge, conditional on the branching Brownian
motion up to the starting point of the bridge.

LEMMA 53. Assume the hypotheses of Theorem 3 hold. Recall that 0 =ty <
Hh<---<tg.Letm>1,andlet O =ug <uy <--- <uy. Let :[0,1] m+l _ R
be bounded and continuous. For 0 <i < K — 1, we have

E[f(B), . o). ... B,  (m)IFpogny]
_)p E[f(Bt,',l‘i_H (MO)v RN Bt,‘,tH_l (Mm))]»

where — , denotes convergence in probability as N — oo.

PROOF. Let (Z(t),t > 0) be a continuous-state branching process with
branching mechanism W and initial distribution v. By Proposition 1,

Zy(t;(log N)3)

NogN = Z(t).
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Also, we have Yy (¢; (log N)3)/(N(log N)®) — p 0 by assumption if i = 0 and by
Proposition 23 if i > 1. Therefore, by Skorohod’s Representation Theorem, the
branching Brownian motion processes (X, N > 1) can be constructed on a single
probability space in such a way that Zy(¢; (log N )3) /(N (log N = Z() as.
and Yy (¢; (log N)3)/(N(log N)3) — 0 a.s. Furthermore, it can be arranged that the
processes Xy evolve independently of one another after time #; (log N )3.

Let 7y = o (Xn(s), N > 1,0 <s <t) be the o-field generated by all the in-
formation up to time ¢ by all processes. By the Markov property, conditional on
.7-"t (log N)3» the process Xy evolves after time #; (log N )3 like a branching Brown-

ian motion with absorption whose initial configuration is that of Xy (#; (log N )3).
Therefore, we can apply Lemma 52, with ¢, — #; playing the role of # in
Lemma 52, to get that on this probability space

E[f(B) tip 0), - By tl+1(um))|f, (log N3]
- E[f(BO,tH_l—T,' (MO)v LR R) Bo,li+1—l,' (um))] a.s.

The result follows because the bridges Bo s, and By, 1., have the same law.
O

LEMMA 54. Assume the hypotheses of Theorem 3 hold. Recall that 0 = tg <
fhH<---<tgandlet0=ug<uy <---<uy <1.Then
N , .
(177) (BfivtiJrl (I/t])) 0<i<K—1 = (Bt,',lH_l (Mj)) OfifK—l’
1<j<m 1<j=m

where the bridges By, 1,0 <i < K — 1, are independent.

PROOF. We proceed by induction. The convergence of (Bt’(\)” nWi))i<j<m to
(Bry,1; (j))1<j<m 18 a consequence of Lemma 52. Thus assume that the con-
vergence (177) holds for 0 <i <k —1 with 2 <k <K — 1. Let fi,..., fr:
[0, 17"T! — R be bounded continuous functions. By Proposition 1, we know that

(178)  (Zy(t1(log N)*), ..., Zn(t(log N)*) = (Z(11), ..., Z(%)),

where (Z (1), 1 > 0) is a continuous-state branching process with branching mech-
anism V¥ and initial distribution v. Let F; = o (Xn(s), N > 1,0 <s <t) be the
o -field generated by the information up to time ¢. To simplify notation, we write
/Sl-N = (Bz],»\{z,-ﬂ(“j))lstm and B; = (B,l.,,m(uj));f’:l. Since ,B,iv is conditionally
independent of ,va, e /8,?]_1 given -7:tk_1(10g N)3s

k k—1
(179) E[]‘[ figY )] = E[(]‘[ figY ))E[fk(ﬁkN )@_mogms]]-

i=1 i=1

Lemma 53 states that

(180) E[f BOIF,_ a0eny3] = p ELA(BO],
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where — , denotes convergence in probability as N — oo. Using the identity of
real numbers

Xy —xy=x'(y' = y) +y(x" —x)

in (179) with x' = [Z/ fiBY), ¥ = ELBIF, qognr) * =
]_[f.:l] E[fi(Bi)] and y = E| fi(Br)], and then taking the expectation, we get

k k
E[]‘[ ﬁ(ﬂﬁ)} —TTELAB)

i=1 i=I

k—1
= E[l‘[ SiBIOELf BT, qogny] — E[fkwk)])]

i=1

k—1 k—1
+ E[fkwk)](E[]‘[ fi B )] -11 E[fi(ﬂi)]>.
i=1 i=1
The first term on the right-hand side converges to 0 by the dominated convergence
theorem and (180) since f1, ..., fx are bounded, and the second term converges to

0 by the induction hypothesis. This finishes the proof of Lemma 54. [J

7.5. Tightness. Our goal in this subsection is to prove the following tightness
result.

LEMMA 55. Assume the hypotheses of Theorem 3 hold. For 0 <i < K — 1,
the sequence of random discrete bridges (Btlx i1 (u),0<u <1)isatight sequence
with respect to the Skorohod topology.

PrROOF. For § > 0 and a function B :[0, 1] — [0, 1], define
w'(B,§)=infmax sup  |B(x) — B(y)|,

Wil T xoyelxj.xjen)
where the infimum is taken over all subdivisions {x;} of [0, 1] with 0 =xo < x1 <
- <Xy =1and min(x; 41 — x;) > 4. It suffices to show (see Chapter 13 of [11])
that for all & > 0, there exists § > 0 such that
(181) limsup P(w'(B), .8)>¢)<e.
N—o0 pi

Assume for now that i < K — 2. To prove (181), we need to show that two
jumps do not occur very close to one another. Let ¢ > 0. Let (Z(¢),¢ > 0) be a
continuous-state branching process with branching mechanism W and initial dis-
tribution v. Since v({0}) = 0, the continuous-state branching process does not ex-
plode or go extinct, so we can fix 0 < a < 1 such that

P(a < Z(tit1) < l/a) >1—¢/4.
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Let A(a, N) be the event that aN (log N)? < Zn(ti+1(log N)) < a_lN(log N)2.
By Proposition 1, we can choose Ny so that for all N > Ny, we have P(A(a, N)) >
1—¢/2.

ForO<x <1, let

21t @) = Zy (G Gog NY) B, ()
Li(x)

-y ¥ eMan~i+1sin<nx”Zi+l>.

{=1 meAy(,i+1)

We now define our subdivision {x;}. Let xo =0, and for j > 1 such thatx; | <1,
let

xj=1Amin{x>0:2  (x)—2Z), (xj1)>acN(ogN)*}.

Iitiq1

Since P(A(a, N)) > 1 —¢/2, and since this subdivision ensures that |BtN i1 (x)—
Bt, i1 ()| < e forall x,y € [xj,x;41) on the event A(a, N), it remains only to
show that there is a § > 0 such that

lim sup P(A(a, N)N {mjn(Xj —Xj_1) < 8]) <eg/2.

N—o00 J
Let D; be the event that x; <1 — . On the event A(a, N), there can be at most
1/8a Values of x; less than 1 Also onthe event D, we have x; —x;_; <4 if and
only if Z: tH(xj 1+98) — ,l it (xj—1) > aeN(log N)Z2. Therefore, it suffices to
show that there exists § > 0 such that

limsup P(ZY, (1)=Z),  (1-8)>asN(ogN)*) <e/4

N—o0
and for all 0 <i < (1/ea®) — 1,
limsup P(D; N {ZY

N—o00

(xj—1+8) — (xj-1) = asN(log N)*}) < £%a’ /4.

i ti+1 l’, tit1

In view of Lemma 51, both of these statements follow from an application of
Proposition 1, in which the distribution of § Z(#;) plays the role of v.

If i = K — 1, the proof proceeds in the same way, except that instead of working
inth .Zév’tiﬂ, we define Mti_mK (x) = My(tx (log N)3)Bt,(7],tK (x). The subdivi-
sion is defined by xg = 0 and, for j > 1,

xj=1Amin{x >0:M tK LX) — ,K Lt Xj—1) = 2magN}.
The proof concludes with an application of Theorem 2 rather than Proposition 1.

O

Because the tightness of each sequence (Bt i (1), 0 <u <1) implies the joint
tightness of the K sequences of bridges, Lemmas 54 and 55 combine to yield the
following corollary.
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COROLLARY 56. The sequence of processes ((Bfg{,l(u),Btll\”tz(u),...,
Btly<—1,t1< )),0 < u < 1) converges in the Skorohod topology to ((By, (1),

BZ],Zz(u)’ LR Bl‘](,],l‘[( (M))v O S u E 1)

7.6. Coalescence. Let D be the set of functions f:[0, 1] — R that are right
continuous and have left limits. Let p denote the Skorohod metric on D. Let A
denote the set of functions A : [0, 1] — [0, 1] that are continuous and strictly in-
creasing and satisfy A(0) =0 and A(1) = 1. Recall (see Chapter 12 of [11]) that
if f, f1, f2,... are functions in D, then lim,_ ~ o (f,, f) = 0 if and only if there
exists a sequence of functions (1,)>>; in A such that

(182) lim sup [f,(An(2)) — f()| =0
n—>o<>0§tSl
and
(183) lim sup |A,(¢) —t] =0.
n_)OOOSISI

The lemma below is similar to Lemma 1 of [8] but differs in that we do not
require the processes By to have exchangeable increments.

LEMMA 57. Suppose b, b1, b, ... are functions from [0, 1] to [0, 1] that are
nondecreasing and right continuous and have left limits at every point other than Q.
Suppose limy_, 5 p(by, b) = 0, where p denotes the Skorohod metric. Suppose
(xN)S—; and (y[\z)?\,o:1 are sequences in [0, 1] such that xy — x and yy — ¥
as N — oo. Suppose x and y are not in the closure of the range of b. Then for
sufficiently large N we have bx,l(xN) = bX,l(yN) if and only ifb_l(x) = b_l(y).
Furthermore,

(184) Nhinoob;vl(xlv) — bl ().

PROOF. Because x is not in the closure of the range of b, there exists some
maximal open interval (u, v) with u < x < v such that (1, v) does not intersect the
range of b. For sufficiently small §, we have u + 2§ < x < v 4 24, which implies
u+ 6 < xy < v — 4 for sufficiently large N. By condition (182) applied to b and
b, for sufficiently large N the interval (1 + §, v — §) does not intersect the range of
by . Therefore, there exists yy such that by (yy) > v — 8 and by (yn—) <u + 8.
Then b;,l (xn) = yn for sufficiently large N. Also, there is a sequence of functions
(AN)R—; in A such that A N () = yn for sufficiently large N by (182) and
therefore limy — o0 YN = b~ 1(x) by (183). Result (184) follows.

Suppose b~ l(x) = b_l(y). Because b is right continuous with left limits, we
have u < y < v. Arguing as above, we have bx,l(yN) = yy for sufficiently large
N, and thus b;,l(xN) = b;,l(yN) for sufficiently large N. Alternatively, suppose
b1 (x) + b_l(y). We may assume without loss of generality that x < y. Then
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y > v, and there is some open interval (r, s) with v < r < y < s such that (7, s)
does not intersect the range of b. As above, there exists § > 0 and &y such
that for sufficiently large N, we have by(§y) > s — 6, by(En—) <r + 8, and
bx,l(yN) = &y. Therefore, b;,l(xN) + b;,l(yN) for sufficiently large N, and the
lemma follows. [

PROOF OF THEOREM 3. Fix times 0 =19 <t < --- < tg = t. By Corol-
lary 56 and Skorohod’s representation theorem, we may work on a probabil-
ity space on which the sequence of discrete bridges ((Bro f (u), Bt1 t (u), ...,
Bt];’( Lk (®)),0 < u < 1) converges almost surely to ((Byy,, (), By, (), ...,
By 1 ()),0 <u <1). Note that in this setting, almost sure convergence means
that ,o(Bl T B t;,) > 0as N —>oofori=0,1,..., K — 1, where p denotes
the Skorohod metric.

Fix a positive integer n, and let Uy, ..., U, be independent random variables
having the uniform distribution on [0, 1]. For 0 <i < K — 1, define the partition
rr(B )= n(Bt 1) to be the partition of {1, . n} such that i and j are in the
same block of the partition if and only if (B, lK) W) = (Bt ,K) 1(Uj). Like-
wise, define 7 (By; ;) = w(By; 1) to be the partition of {1, . n} such that i and
J are in the same block of the partition if and only if B ,K (Ui) = B, tK(U ).
It follows from the definition of the processes B,Ii\{ i that i and j are in the
same block of the partition if and only if the individuals who are in positions
[U;My(tg (log N)3)] and [UjMpy (tk (log N)®1 in the lexicographical order at
time tx (log N )3 are descended from the same ancestor at time (log N )3. As a
result, we have the equality in distribution

@B, w(BY, )

=q (MyQ2r@t —tk-1)),.... INQ2r( —19))),

where I1y is the process defined in Theorem 3. We note that the sampling scheme
here using the random variables Uy, ..., U, corresponds to sampling with replace-
ment from the individuals at time 7x (log N)?, but the difference between sampling
with and without replacement is unimportant because the probability of sampling
the same individual twice tends to zero as N — co.

We claim that for 0 <i < K — 1, almost surely

(186) m(BY, ) =m(By.ix)

(185)

for sufficiently large N. Because we know the process (7 (B;—s/27,1),0 < s < 27t)
is the Bolthausen—Sznitman coalescent run for time ¢, this claim in combination
with (185) will imply Theorem 3.

We now prove (186) by backward induction. Since the lengths of the intervals of
the complement of the range of By, _, ;, have a Poisson—Dirichlet distribution and
thus sum to 1 (see, e.g., Proposition 2 in [60]), the closure of the range of By, ;| 14
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has Lebesgue measure zero almost surely. Therefore, almost surely Uy, ..., U,
are not in the closure of the range of By, , ;.. It follows from Lemma 57 that

n(BtK 11x) = T (Biy 1) for sufficiently large N almost surely. Furthermore,

hm (BIK )TN Up =B L (U))

almost surely for j = 1,...,n. Also, by Lemma 2 of [8], the random variables
B,K1 ..t (Uj) each have the uniform distribution on [0, 1].
For the induction step, suppose that for some i =2, ..., K — 1, the following

hold:
e We have hrnN_wo(Bt ) 1(U )= Bt, 1 (Uj) almost surely for j =1, .

e The random variables Bt.’, « (U;) each have the uniform distribution on [0, 1].

Now (B . IK)*‘(UJ-) (Btl L) HBY, )TN U))) by Lemma 49, and likewise

B, | tK(U )= t,_ (B ,K(U )). Because the random variables B, tK (Uj) each
have the uniform distribution on [0, 1] and are independent of B;,_, ;, almost
surely none of these random variables is in the closure of the range of B;, , ;.

Since also (Bt ,K)_I(U ) — By tK (U;) almost surely for j =1, ...,n, Lemma 57
implies that n(BN i) =7(By ;K) for sufficiently large N almost surely. Fur-
thermore, (BNl ) l(U i) —> B, 1,K(U‘-) almost surely for j = 1,...,n. By

Lemma 2 of [8], the random variables t_ 1.ix (Uj) each have the uniform dis-
tribution on [0, 1]. The claim (186) now follows by induction. [
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