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THE GENERAL ¢-HERMITIAN SOLUTION TO MIXED PAIRS
OF QUATERNION MATRIX SYLVESTER EQUATIONS*

ZHUO-HENG HET, JIANZHEN LIUT, AND TIN-YAU TAMT

Abstract. Let H™*"™ be the space of m x n matrices over H, where H is the real quaternion algebra. Let Ay be the n x m
matrix obtained by applying ¢ entrywise to the transposed matrix AT, where A € H™*™ and ¢ is a nonstandard involution of H.
In this paper, some properties of the Moore-Penrose inverse of the quaternion matrix Ay are given. Two systems of mixed pairs
of quaternion matrix Sylvester equations A1 X —YB; =Cq, A2Z —YBy =C2 and A1 X —YB; =C1, A2Y — ZBy = Cy are
considered, where Z is ¢-Hermitian. Some practical necessary and sufficient conditions for the existence of a solution (X,Y, Z)
to those systems in terms of the ranks and Moore-Penrose inverses of the given coefficient matrices are presented. Moreover,
the general solutions to these systems are explicitly given when they are solvable. Some numerical examples are provided to
illustrate the main results.
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1. Introduction. Quaternions and quaternion matrices have wide applications in many fields such as
signal and color image processing, control theory, orbital mechanics, computer science, and etc (e.g. [1], [23],
[25], [32]-[34], [46]). Linear control equations over quaternion algebra have been studied in [25] and [26].
There are various types of linear control equations over quaternion algebra. Sylvester-type equation is one
of the important equations in system and control theory and has a huge amount of practical applications
in neural network [47], robust control [36], output feedback control [31], the almost noninteracting control
([37], [42]), graph theory [6], and so on. There have been many papers discussing the Sylvester-type matrix
equations over a field and quaternion algebra H (e.g. [2]-[11], [18]-[20], [22], [28]-[30], [39]-[43], [48]).

Rodman [27] considered the standard Sylvester matrix equation AX — X B = C over quaternion algebra.
Futorny et al. [8] derived some solvability conditions for the generalized Sylvester equations AX — XB=C
and X — AXB = C over H. He et al. [9] gave some solvability conditions and general solution to the system
of two-sided coupled generalized Sylvester quaternion matrix equations with four unknowns

A XiBi +CiXip1 Dy = By, i=1,2,3,

where A;, B;,C;, D;, E; (i = 1,2,3) are given quaternion matrices, and Xi,..., X4 are unknowns. Very re-
cently, Dmytryshyn et al. [7] gave some solvability conditions for the system of quaternion matrix generalized
Sylvester equations

AXSM; — N X0 B =Cy, i €{l,...t}, i=1,....s,
where €;,0; € {1,*} and X* is the quaternion adjoint matrix. There are two forms of mixed pairs of matrix
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Sylvester equations with three variables:

(11) { AlX —YBl == Cl,

AyZ — Y By = Oy,

and

(12) { AlX—YBlzCh

AsY — ZBy = O,

where A;, B; and C; (i = 1,2) are given matrices and X,Y,Z are unknowns. Lee and Vu [21] presented
a solvability condition for the mixed pairs of matrix Sylvester equations (1.1) through the corresponding
equivalence relations of the block matrices. Wang and He [39] gave some new computable necessary and
sufficient solvability conditions for the system (1.1), and presented the general solution when (1.1) is solvable.
He and Wang [16] derived necessary and sufficient solvability conditions and gave the general solution to
(1.2).

Quaternion matrix equation and its general solution, especially Hermitian solutions, are important
in systems and control theory [27]. ¢-Hermitian quaternion matrix was first presented by Rodman [27,
Definition 2.4] in 2014. To our best knowledge, there has been little information on the ¢-Hermitian solutions
to quaternion matrix Sylvester-type equations. Motivated by the wide application of quaternion matrix
equations and Sylvester-type matrix equations and in order to improve the theoretical development of the
¢-Hermitian solutions to quaternion matrix equations, we consider the mixed pairs of quaternion matrix
Sylvester equations (1.1) and (1.2), where Z is ¢-Hermitian. More specifically,

AlX - YBl == Cl, o
(1.3) { AoZ —YBy=Cy, 2T
and

AlX - YBl == Cl, _
(1.4) { AsY — 7By = Co. Z =2Zy.

The remainder of the paper is organized as follows. In Section 2, we review some definitions of non-
standard involution ¢, quaternion matrix A, and the ¢-Hermitian quaternion matrix. We also give some
numerical examples to illustrate these definitions. In Section 3, we derive some properties of the Moore-
Penrose inverse of the quaternion matrix A4. In Sections 4 and 5, we provide some necessary and sufficient
conditions for the existence of a solution (X,Y, Z) to the mixed pairs of quaternion matrix Sylvester equa-
tions (1.3) and (1.4), respectively. Furthermore, we present the general solutions to (1.3) and (1.4) when
they are solvable.

2. Definition of ¢p-Hermitian quaternion matrix and examples. Let R and H™*" stand, respec-
tively, for the real field and the space of all m x n matrices over the real quaternion algebra
H = {ao + a1i + asj + azk| i* = j> =k* = ijk = —1, ap,a1,az,a3 € R}.

It is well known that the quaternion algebra is an associative and noncommutative division algebra. Denoted
by r(A) and A* the rank of a given real quaternion matrix A and its conjugate transpose A*, respectively.
I and 0 are the identity matrix and zero matrix with appropriate sizes, respectively.

The definitions of the nonstandard involution ¢, quaternion matrix A4, and the ¢-Hermitian quaternion
matrix were first presented by Rodman [27]. At first, we give the definition of an involution.
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DEFINITION 2.1 (Involution). [27] A map ¢: H — H is called an anti-endomorphism if ¢(zy) =
d(y)p(x) for all z,y € H, and ¢(x + y) = () + ¢(y) for all z,y € H. An anti-endomorphism ¢ is called an
involution if ¢? is the identity map.

Involutions have matrix representation as given in the following lemma.

LEMMA 2.2. [27] Let ¢ be an anti-endomorphism of H. Assume that ¢ does not map H into zero. Then
¢ is bijective; thus, ¢ is in fact an anti-automorphism. Moreover, ¢ is real linear, and represents ¢ as a 4 x 4
real matrix with respect to the basis {1,1,j,k} and ¢ is an involution if and only if

(2.5) b= ((1) ;) ,

where either T'= —1I3 or T is a 3 x 3 real orthogonal symmetric matrix with eigenvalues 1,1, —1.
Based on Lemma 2.2, the involutions can be classified into two classes:

e standard involution ¢ = (é OI ) ;
—13

1 0

e nonstandard involution ¢ = (O T

) , where T' is a 3 x 3 real orthogonal symmetric matrix with

eigenvalues 1,1, —1.

For A € H™*", we denote by A, [27] the n X m matrix obtained by applying ¢ entrywise to the
transposed matrix AT, where ¢ is a nonstandard involution. Here are some examples of As, where ¢ is a
nonstandard involution.

EXAMPLE 2.3. The map ¢ : H™*" — H"*™ where ¢(4) = A"™ = —nA*n and n € {i,j,k}, is a

nonstandard involution. Some properties of this nonstandard involution can be found in [12], [15], [17] and
[35]. If 5 = i, we have ¢(i) = —i, 6(j) = j, ¢(k) = k, and

1 14k
( 1 —i4j —i+k) e 2+j
1 k _. . - -

lo2eg 2 ik 2o

EXAMPLE 2.4. The map ¢ : H™*" — H"*™ where ¢(A) = A = —£A*¢ and & € {TQ(i—i-j)7

?(i +k), ?(‘] + k)}, is a nonstandard involution. In particular,

e when a = ag + a1i + asj + ask € H,

aT (H)* = g0 — api — aij + ask, if € = = (i+]),

. 2

aé(l-‘rk)* =ag — a3i + G,Qj - a1k7 lff = \é»(i + k)’
. 2

@ ZUHO — g0 00i — agj — agk, if € = —\g(j +k).
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e when £ = g(J + k), nonstandard involution ¢ is ¢(i) = i, ¢(j) = —k, ¢(k) = —j, and

1+i—2j+k 1
i— 2k 3j — 2k

(1+i—j+2k i+2j i+k) B
@ i—j —j

1 2j—3k k

Now we recall the definition of the ¢-Hermitian matrix.

DEFINITION 2.5 (¢-Hermitian Matrix). [27] A € H"*" is said to be ¢-Hermitian if A = Ay, where ¢ is

a nonstandard involution.

use

We

REMARK 2.6. To have a good understanding of ¢-Hermitian matrix, we introduce two examples.

e For n € {i,j,k}, a square real quaternion matrix A is said to be n-Hermitian if A = A", where

AT = —nA*n. For example, (1 + ! + k
1—]

first proposed in [35], and further discussed in [17]. The n-Hermitian matrices arise in statistical
signal processing and widely linear modelling ([32]-[35]).

e For ¢ € {?(H—j), @(H—k), ?(_] 4—k)}7 a square real quaternion matrix A is said to be &-

I+i-j+k 2i+j-k\. 5. .

Cioojok ooy ) ST (HS

i+j)\ . ) o . o .
. J) is a j-Hermitian matrix. n-Hermitian matrix was
1

Hermitian if A = A%*, where AS* = —¢A*¢. For example, (

Hermitian matrix.

3. Properties of the Moore-Penrose inverse of A4. In order to solve (1.3) and (1.4), we will make
of Moore-Penrose inverse so we are going to study the properties of the Moore-Penrose inverse of Ag.
first give the algebraic properties of quaternion matrix nonstandard involution.

PROPERTY 3.1. [27] Let ¢ be a nonstandard involution. Then, the following hold:

=
=
I
=
N
<
b
m
=
:
X
3

The Moore-Penrose inverse Af of a quaternion matrix A, is defined to be the unique matrix A, such

that

(3.6) (1) AATA= A, (ii) ATAAT = AT, (iii) (AAT)* = AAT, (iv) (ATA)" = ATA.

Furthermore, L4 and R4 stand for the projectors Ly = I — ATA and Ry = I — AA" induced by A,
respectively. It is known that L4 = L% and R4 = R.

Property 3.1 helps us to derive properties of the Moore-Penrose inverse of the quaternion matrix A.
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THEOREM 3.2. Let A € H'™*™ be given. Then, the following hold:
(1) (Ag)T = (AT)g.

(2) (La)g = Ra,, (Ra)p = La,.

Proof. (1) It follows from Property 3.1 that

Ag(AN)yAy = (AATA)y, = Ay and (AT),A4(AT), = (ATAAT), = (AT),.

Hence, (A'), satisfies the first and second equations in (3.6). Now we want to prove that (AT), satisfies
the third and fourth equations in (3.6). It follows from Lemma 2.2 that the map A — A* and nonstandard
involution ¢ correspond to the real matrices

1 0 1 0
Q1=<O _13) and QQ:(O T)’

where the matrix 7" in @2 is a 3 x 3 real orthogonal symmetric matrix with eigenvalues 1,1, —1. Note that
Q1Q2 = @Q2Q1. Hence, we have

(3.7) (A%)s = (4s)"
It follows from (3.7) that

(As(AT)g)" = ((A1))" (4g)" = ((A1)), (A%)y = (A7 (AT)),
((AT4)7), = (AT4), = A4(A"),,

¢

((ANsds)" = (Ag)7 ((Ah)g)" = (A7), ((AT)"), = (A1) A7),
= ((44h)), = (AAT), = (A1), 4.

(2) By the definitions of L4, R4 and the properties of Moore-Penrose inverse of Ay, it follows that
(La)e = (I — ATA)y = Iy — (ATA)y = T — A4(AT)y = T — A4(Ag)" = Ra,,
(Ra)o = (I — AAT)y = I — (AAT)y =1 — (AT)s Ay = T — (Ag)'Ay = La,,

establishing (La)y = Ra, and (Ra)g = La,. d

4. The solution to system (1.3). In this section, using the ranks and generalized inverses of matrices,
we give some solvability conditions and the general solution to the mixed pairs of quaternion matrix Sylvester
equations (1.3). At first, we review some results which will be used in this paper. The following lemma gives
the solvability conditions and general solution to the mixed Sylvester matrix equations

(4.8)

A1 X1 — XoBy =4,
A2X3 —X9By =y

over H.
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LEMMA 4.1. [39] Let A;, B;, and C; (i = 1,2) be given matrices over H. Set
Dy =Rp By, A=RuA|,B=DByLp,, C=Ra(RaCiB{Bs—Cs)Lp,.
Then, the following statements are equivalent:
(1) The mized Sylvester real quaternion matriz equations (4.8) has a solution.
(2) Ra,CiLp, =0, RaC =0, CLp = 0.
3)

, (gi 1‘3)1) — r(A1) +r(By),

. (gz “(1)2) — 1(Ag) + r(Ba),

(B2 B 0 O
r

Cy C1 A 142):70(1417 Az) + (B, Bo).

In this case, the general solution to (.8) can be expressed as

X, = AlC, + U By 4 La, Wy,
X, = —Ra,C1B] + A1Uy + ViR, ,

X5 = Al (Cy — Ra,C1 BI By + AUy By) + WaDy + Lo, W,

where
U, = Afo Bt + LaWsy +W3Rp,
Vi = —Ra,(Co — Ra,C1B] By + A;Uy B) D] + Ay Wy + WsRp,
and W1, ..., Ws are arbitrary matrices over H with appropriate sizes.

By applying the Lemma 4.8 with conjugation, we can solve the following system of quaternion matrix
equations

(4.9) A X —YB, =Cy, AyX — ZBy = Cs.

More specifically,
LEMMA 4.2. Let A;, B;, and C;(i = 1,2) be given matrices over H. Set

At = Ra,p,)A2, Bui=Bilp,, Cii=Ra,r,,)(Ca— A ATCY) L, .

Then, the following statements are equivalent:
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(1) The system of quaternion matriz equations (4.9) has a solution.
(2) RAlclLBl - O’ RAIIC]-l - 07 CllLBll - 0.
3)

. (gi /(1)1) = (Ay) + (B,

. (C2 AQ) = 7(As) +(Ba),

By 0
C: A

r G2 4, =r A +r By
Bl 0 o A2 Bg '
By, 0

In this case, the general solution to (4.9) can be expressed as

X = AlCy + V2B + La, Us,
Y = —RAlclBI + A Vo + WGRBU

Z =—Ria,1,,)(C2 — A2 AJCy — A3V By)BY + AsLa, W1 + W3R, ,

where
Vo= Al ,CiBY, + L, Wy + WsRp,,,
Us = (A2La,)!(Co — Ay ATCt — AsULBy) + WiBa + Ly, W,
and W1, ..., Ws are arbitrary matrices over H with appropriate sizes.

The following real quaternion matrix equation
(410) A1X1 + XQBl + CngDg + C4X4D4 = E1

is needed in solving the systems (1.3) and (1.4). The solution to (4.10) over any arbitrary division rings
with involutional anti-automorphisms are given in [14]. Note that quaternion algebra is a special case of an
arbitrary division ring. Hence, we can also give the solvability conditions and the general solution to real

quaternion matrix equation (4.10).

LEMMA 4.3. [14, 38] Let Ay, B1,C3, D3,Cy4, Dy, and E; be given matrices over H. Set
A=Ry,Cs, B=DsLp, C=RsCy D=DyLp,

E=RjE\Lg,, M=RsC, N=DLg, S=CLy.
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Then the quaternion matriz equation (4.10) has a solution if and only if
RyRAE =0, ELgpLy=0, RsqELp=0, RcELp=0.

In this case, the general solution can be expressed as

X, = Al(By — C5X3D3 — C4X4Dy) — ATy By + Lo, T,
Xy = Ry, (By — C3X3Ds — C4X4Dy)B} + A1 AIT: + Ty R,
X3 =A'EBY — ATCMYEBT — AYSCYENTDBY — A'STOoRNDB + LuT, + T5R5,
Xy =M'ED" + S'SCTENT + Ly LsTy + Ly ToRy + TsRp,

where Ty, ..., Ty are arbitrary matrices over H with appropriate sizes.

To simplify the solution of (1.3), we introduce the following lemma.

LEMMA 4.4. [24] Given A € H™*" B € H™*k, and C € H'*", we have:

(1) r(A) +r(RaB) =r(B)+r(RgA) =r(A, B).

(2) r(A) +7(CLa) =7(C)+r(ALc) =7 <CA') :

In the following theorem, we will give two solvability conditions and the general solution to the mixed
pairs of quaternion matrix Sylvester equations (1.3). For simplicity, put

(4.11) Ay = Rg,By, Biy=Ra, Ay, Ciyi=DBiLa,, Dy =Ra, (Ra,CoBiBy —Cy)La,,,
(4.12) Agy = (La,,—(Re,,B2)g), Baz = <i%fi) . Dy =[Ra,(—C1 + CoBIB1) LA, ls,
(4.13) Chz = (ASCaLp,)g + (B2)s(Cl)s Doz (Bly)s — AYCs — B DiiCY, Bs,

(4.14) A=Ra,,Lp,, B=ByLp,, C=—Ra,(Bs)s, D=(Lp,)¢Lp,,

(4.15) E =Ry,,CooLp,,, M=RsC, N=DLg, S=CLy.

THEOREM 4.5. Let A;, B; and C; (i = 1,2) be given matrices over H. Then the following statements are
equivalent:

(1) The mized pairs of quaternion matriz Sylvester equations (1.3) has a solution (X,Y, Z).

(2)

(4.16) r (g f)l) =r(4) +r(By), i=1,2,



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I

Volume 32, pp. 475-499, December 2017.

483 The General ¢-Hermitian Solution to Mixed Pairs of Quaternion Matrix Sylvester Equations

C1 Cy Ay Az
(417) (Bl B2 0 0 ) = ’I“(Al, Az) + ’I“(Bl, Bg),
C1 Ca(Az)p — A2(Ca)y A1 Aa(B2)g) _
(418) T (Bl BQ(A2)¢, O 0 = ’I“(Al, AQ(BQ)¢) +’I“(Bl, BQ(A2)¢)7
C2(A2)g — A2(C2)p  A2(B2)e\ _
(4.19) T ( BQ(A2)¢ O = 2T(A2(BQ)¢>7
C1 C3(Az)p — A2(C2)y A1 A2(Ba2)y
0 —(C1)g 0 (Bi)g (Al A2(32)¢>
4.20 =2 .
(4.20) By Bs(Asz)y 0 0 "o (B1)¢
0 (A1), 0 0
(3)
(421) RAQC’2LBQ = 07 DllLCu = Oa RB11D11 = 07
(4.22) RyRsE =0, ReELp =0, RaELp =0.

In this case, the general solution to (1.3) can be expressed as

(4.23) X +2(X5)¢7 y o Xzt (X4)¢’ Z—7,- X3 +2(X3)¢,
where

(4.24) X, = Al(Cy — Ra,CoBIBy + AUy By) + WyAyy + La, W,

(4.25) Xy = —Ra,CoBl + AUy + ViR,

(4.26) Xy =—(C2B])4 + Va(A2)s + (Rp,) U2,

(4.27) X5 = —[(A)(=C1 + C2BIBy — A2(Va)yB1) Ly, Jo + (A1) Ti + T3(La, ),
(4.28) X5 = ALCo 4+ Uy By + Lo, Wi,

or

(4.29) X3 = (ALCoLp,) s + (B2)sVa + Ts(Lay)g,

(4.30) Uy = BI,D11Cl, + Lg,, Wy + W3Rq,, ,
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(4.31) Vi = —Ra,(C1 — Ra,CaBiB) + AUy By) AL, + AyWy + WisRa,,,

(4.32) Va = (C]))sDaa(Bly)e + (Rey, )oTu + Ts(L,, o,

(4.33) Up = [(=C1 + C2BI By — A2(Va)6B1) (A1) ]s + Th (A1) + (Ra,, )6 T2,

(4.34) Wy = (I, 0)[AL,(Cos — L, WaBsy + (B2)sT5(Ls,, )s) — ALy Z: Bay + L a,, Ze),

(4.35) Ty = (0, I,,)[Aly(Cas — L, WaBa + (B2)yTs(Lp,, o) — ALy Z7Bas + Lay, Z),

(4.36) W3 = [Ra,, (Coz — Lp,, WaBy + (B2)yTs(Lp,,)¢)Bly + Asa AL, Z: + ZsRp,,] (%2) ,

(4.37) Ts = [Ray (Coz — Lp,, WaBy + (B2)oTs(L,,)¢)Bly + A2 ALy Z7 + Zs R, ( IS) ,

(4.38) Wy =ATEB' — ATCMTEB" — ATSC'ENTDB' — A'SZ,RyDB' + LaZy + Z3Rp,

(4.39) Ts = MTED' 4+ STSCYENT + Ly LsZy + Ly Z1Ry + ZsRp,

and the remaining W;,T;, Z; are arbitrary matrices over H, py is the column number of As, ps is the row
number of Bj.

Proof. We first prove that the mixed pairs of quaternion matrix Sylvester equations (1.3) has a solution
(X,Y, Z) if and only if the following system of quaternion matrix equations

A1 Xy — XoBy = (1,

Ay X3 — XoBy = Cs,
(B2)g X1 — X3(A2)g = —(C2)s,
(B1)g X1 — X5(A1)p = —(C1)g

has a solution. If (1.3) has a solution, say, (X, Yy, Zo), then (4.40) clearly has a solution (X7, X, X3, X4, X5)
= (X0, Y0, Zo, (Y0) 4, (X0)e). Conversely, if (4.40) has a solution (X7, X2, X3, X4, X5), then

(X1+(X5)¢ Xo 4 (X4)g X3+(X3)¢>
2 : 2 : 2

(4.40)

(X,Y,2) =

is a solution of (1.3). Now we want to solve (4.40).

The main idea for solving (4.40) is that (4.40) has a solution if and only if the systems

(4.41) { Ay X3 — XoBy = Cs,

A1 X — XoBy = Ch,
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and

(B2)gXa — X3(A2) = —(C2)s4,
(4.42) { (B1)pXa — X5(A1)p = —(Ch)g

are solvable, and the X3 in (4.41) is the same as in (4.42).

It follows from Lemma 4.1 that (4.41) is consistent if and only if

Ci A\ Co As\ _
(1.43) (G ) =rtan e, (5 AT) = w4 i),
C; Cy A A
(4.44) , (Bi ¢ 02) = r(A1, As) +r(Bi, Ba),
or
(4.45) Ra,C3Lp, =0, DiiLle, =0, Rp, D11 =0,

where Bj1,C11, and Dy; are defined in (4.11). In this case, the general solution to (4.41) can be expressed
as

(4.46) X3 =ALCy + Uy By + La, W,
Xy = —Ra,CoB} + AUy + ViRp,,

X, = Al(Cy — Ra,CoBIBy + AU By) + WiA1q + La, W,
where

Ul = BIlDllcql + LB11W2 + W3R011a

Vi = —Ra, (C1 — Ra,CoBI By + AU B)) AL, + A\Wy 4+ WsRa,,,

A11, B11,C11, and Dy, are defined in (4.11), and W1, ..., Wj are arbitrary matrices over H with appropriate
sizes.

Next we consider (4.42). It follows from Lemma 4.2 that (4.42) is solvable if and only if

)

(Ar), 0 ) =1(A2)p +1(B2)e,

Iy N

. —(C2)¢  (B2)e . (A1) . B1)g

(A)s 0 <<A2>¢>+ ((Bg>¢>’
(A2)g 0
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i.e., (4.43) and (4.44). In this case, the general solution to (4.42) can be expressed as

(4.47) X3 = (A}CsLp,)g + (B2)sVa + To(Lay) s,
Xy = —(C2B})y + Va(A2)p + (Rp,) Uz,

X5 = —[(A1)'(=C1 + C2B]B1 — A2(Va)yB1)Lay,]s + (A11)sT + T5(La, ) g
where

Vo = (C]1)D22(Bly)g + (Reyy )oTa + T5(Lp,, g,

Us = [(—Cy + C2BY By — As(Va)B1)(A11) g + T1(A1)g + (Ray, ) To,

A11, B11,Ch1, and Dag are defined in (4.11) and (4.12), and T3, ...,Ts are arbitrary matrices over H with
appropriate sizes.

Equating X3 in (4.46) and X3 in (4.47) gives

W- R¢,, B
(Lsz_(RCuB?)tb) (T:) + (W37 T6) (_(CE; )2¢> —I_LBHVVQB2 - (BQ)¢T5(LBH)¢
2

= (ALCaLp,)s + (B2)y(Cl)) ¢ Das(B,) s — AYCy — B}, D11C, Bo,
ie.,

Wi

(4.48) Ass ( T

) + (W3, Ts)Baa + Lp,,WaBy — (B2)¢T5(Lp,,)e = Ca2,

where Agg, Bag, Cao are defined in (4.12) and (4.13). It follows from Lemma 4.3 that the equation (4.48) is
consistent if and only if

RyRAaE =0, ELgLy=0, RsqELp=0, RcELp=0.
In this case, the general solution to the equation (4.48) can be expressed as
Wi\ _ 4 i
7))~ A3 (Caz2 = Lp,, WaBy + (B2)sT5(Lb,, )¢) — Asy Z1 B2z + L a,, Zs,
(Ws, Ts) = Ra,,(Cas — L, WaBa + (Ba)oT5(L,, )g) Bl + Ass ALy Z7 + Zs R,

Wy = ATEBT — AtCMTEBT — A'SCTENTDBY — A'SZ,RNDBY + LaZy + Z3Rp,

Ty = MYED' + STSCTENT + LysLsZs + Ly Z1Ry + ZsRp,

where A, B,C,D,E, M, N, S are defined in (4.14) and (4.15), Z1,..., Z; are arbitrary matrices over H.
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Now we want to show the equivalence (4.22) < (4.18)—(4.20). It follows from Lemma 4.4 that

RyRAF =0<& T(RAE, RAC) = T(RAC) ~ T(E, A, C) = T(A, O)

<:>T(RA22022L3227 RA22L3117 RAQQ(B2)¢) = T(RAzzLBu? RAzz(B2)¢)

Cys L B A
(4.49) N et (B2)o Az = r(Lp,,, (Ba)g, Asz)+ 7(Baz).
Boy 0 0 0

Note that the systems (4.41) and (4.42) are consistent, under the equalities in (4.45), i.e., (4.43) and (4.44).

In this case,

X3 = AlCo + B, DuCl| B, and X3 = (A{C2Lp,)y + (B2)s(C1y)gDaa(B1)s
are special solutions to (4.41) and (4.42), respectively. Then, we have
(4.50) Cao = X3 — X3.
Substituting (4.50) into (4.49) yields

Xz2-_x! L B A
RMRAE=O<:>’I“< Sng 3 JS“ ( S)¢ 022> =r(Lp,,, (B2)g, A2z) +r(Ba2)

X?? - X?} LBu (32)45 LAz R B
=T RCHBQ 0 0 0 = ’I“(LB117 (B2)¢, LA2) +7r (Rcu 2)
Ray, O 0 0 (Az)e
X2-X: I (Ba)y 0 O 0 0
Bs 0 0 0 B 0 0 I (By)g 0 0 B B 0
& I 0 0 0 0 (A)g O |=rl4s 0 0 A +r(12 01 (A))
0 Ay 0 0 0 0 A 0 0 Ay 0 2/¢
0 0 0 Ay, 0 0 0

Cy Cy(Ag)y — As(Ca)g A1 As(Ba)y\
e (Bi : }Z(@)Z o 01 : 02 ¢) =7(A1, A2(B2)g) +7(B1, Ba(A2)s).

Similarly, it can be shown that
RcELB =0 (419) and RuFLp =0« (420) a
We remark that both Conditions (2) and (3) in Theorem 4.5 are practical. In fact, the proof of The-

orem 4.5 reveals that Condition (2) is the result of applying Lemma 4.4 on Condition (3) and is more
straightforward than Condition (3) in terms of checking the solvability of (1.3).



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I

Volume 32, pp. 475-499, December 2017.

Zhuo-Heng He, Jianzhen Liu, and Tin-Yau Tam 488

REMARK 4.6. We can also give some solvability conditions and general solution to the following system
of quaternion matrix equations

{Adzyazch X=X,

AyZ — Y By = O,

by exchanging X and Z in the system (1.3).

REMARK 4.7. The study on the n-Hermitian solutions to quaternion matrix equations has drawn more
attention in recent years (e.g. [12], [13], [15], [44], [45]).

e As a special case of the mixed pairs of quaternion matrix Sylvester equations (1.3), we can give
some necessary and sufficient conditions for the existence of a solution (X,Y,Z) to the systems
(1.3), where Z is n-Hermitian, i.e., Z = Z"™ = —nZ*n, n € {i,j,k}.

e As another special case of the mixed pairs of quaternion matrix Sylvester equations (1.3), we can
give some necessary and sufficient conditions for the existence of a solution (X,Y, Z) to the systems
(1.3), where Z is &-Hermitian, i.e., Z = Z8 = —£2*¢, € € {¥2(i+j), 2 (i + k), 2+ k)}.

We give two examples to illustrate Theorem 4.5 for the two special cases, respectively.
ExXAMPLE 4.8. Let
2—i+] i+k 1+j+k

A= 1+42i-j -1-k i-j—-k |,
1-3i+2 14+i+2k 1-i+2j+2k

i+ 2k 1+j—k  j
By = —1 -2 i+j+k k|,
~14+i-2j+2k 1+i+2j j+k

242j+k —i+j—k 14+2i+j

Ay=| -1-k i+k 2i-j |,
1+ 2j j 1
i+ i+k 1+2j
By=|-1+i-j -1+i-k 1+i-2j]|,
~1 -1 i

5-Ti+11j+9k  2+8i—-j—k  6—6i+4j—5k
= -2+7i-3j —1—4i— 9j + 6k 3+ 6i ,
17— 18i+14j+k —5+14i+2j—9k  3—8i—T7k

4-2i+11j—2k 5—-4i+3j+k —1-2i+j+3k
Co=|—-2+i-5j+2k —2+42j+k —1—-i—4j—2k
5+3j—4k  4-Ti+2j—2k 4—i+j—2k
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We consider the mixed pairs of quaternion matrix Sylvester equations (1.3), where Z is k-Hermitian. Direct

computations yield

C AN L. L3, ifi=1,
r(Bi 0)—7"(141)"‘7"(31)—{ 4 ifi=2

?"(Cl Cy A A

Bl BZ 0 0 > - T(A17 A2) * T(B17 BQ) - 6,

((11 CoAk* — A,C* A, A,BY*

B BQAlzc* 0 0 ) = T(Alv Ang*) + T(Bh B2A]2c*) =6,

; (chlg* — A0k A,Bk

_ kxy
B2A12(* 0 ) =2r(A3Bs™) =4,

Cy CoAk* — A,Ck* Ay A,BE*

0 —Ck* 0 B¥ Ay A,BX*
=2 = 10.
" B By Ak 0 0 "\o B 0
0 Ak 0 0

All the rank equalities in (4.16)—(4.20) hold. Hence, the mixed pairs of quaternion matrix Sylvester equations
(1.3) has a solution (X,Y, Z), where Z is k-Hermitian. Also, it is easy to show that

1+2i+k  i+j+k 1+j-k

X=|1-242j-k i—j+k 0 ,
2+ 2j 2i+2k 1+j-k
i+j 1+k 2
Y = 1 j 1+k |,

1+i4+j 1-2j 14+j+k
and

1+i+j 1-k k
7 = 7k — 1+k i 0
—k 0 j

satisfy (1.3).
EXAMPLE 4.9. Let
i+j—k 2+i+j+k J
A= -1+j+k -1+2i-j+k k |,
—14+i+2j 1+ 3i+ 2k jt+k
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1+i+k j—3k 3i
By = —2+j+k i—-j+2k -2i+j],
~1+i+j+2k i-k it

2i+k 3+j+k l1—i+j—k

Ay = | 141 j 14+k ,
k i+2j+k j
j 2i+ k 3
BQZ k —2—j 3i 9

j+k —2+2i—j+k 3+3i

5+ 2i + 9j + 5k 2 —j+7k —5+2i+5j— 9k

Cr=(8+2—8j+9k  —5+3i—8j —2i+2j+7k |,
A4i4+2j+11k —2+4i+2j+2k -9+i+9j—k
~1-3i-8j+2k —2-3i+7k —5—-j+k

Co=| 5+6i—4j—-k 9—-6i—2j+8k —6—8i—12j— 8k

5+i-2j+3k 2—4i+5j—k —5—3i—2j+4k

Now we consider the mixed pairs of quaternion matrix Sylvester equations (1.3), where Z = Z ENCEIE

Direct computations yield
C; A\ 3, ifi=1,
T(Bi 0)—7"(141)"‘7’(31)—{ 4 ifi2

Cl Cz Al A2 _ _
(Bl B2 0 O) _T(A17 A2)+T(B17 BQ) _57

Cl CQA?G—H)* A C%(H‘J)* Al A B 5 (H‘J)*
B By A B4 0 0

i V2 (14§)#
= (Ala A232 +J) ) Ny (Bl7 BQA222(1+J) ) :4’

r

V2 (j4j)x V2 (1)« V2 (i4)
02A22 (e _ A2022 (+D) A2322 (+) —9 A, B 2 (i+j)* —9
L2 (i) - -

BoA? 0

Cq CQA222(I+J) — AxC, 2 (i) Ay A2B 2 (14))

0 C 3 (1+J)* 0 B 5 (1+.]) A A BTZ(I+J)*
r =2r ! 2 Ao = 6.
B By A7 () 0 0 0 B

0 A7 O 0 0
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All the rank equalities in (4.16)—(4.20) hold. Hence, the mixed pairs of quaternion matrix Sylvester equations
(1.3) has a solution (X,Y, Z), where Z = 7 (i), Moreover, it is easy to show that

i 1+k 2+i+2ji+k
2—i+j 1+k 2+42i+72j

2+k  i+j+2k 0
Y=[1+i+] 1—1i i+3k|,
0 0 1+j

and

1+i—j+k i+2j i
N

7z =777 () = —2i—j i—j

—j -i k

satisfy (1.3).
5. The solution to system (1.4). In this section, we consider some solvability conditions and the

general solution to the mixed pairs of quaternion matrix Sylvester equations (1.4). The following lemma
gives the solvability conditions and general solution to the mixed Sylvester matrix equations

(5.51) { A1 Xy — XoBy =y,

AQXQ — X3B2 = CQ

over C.
LEMMA 5.1. [16] Let A;, B;, and C; (i = 1,2) be given matrices over H. Set

A1 = Ra,a,)A2, Bu =R Lp,, Ci1= R(AgAl)(AQRAlclBI + C3)Lp,.
Then the following statements are equivalent:

(1) The mized generalized Sylvester quaternion matriz equations (5.51) is solvable.

(2)
RAlClLBl =0, RAuCll =0, CllL311 =0.

, (gi %1> —r(Ay) +r(By), 7 (gz ’%2) = 1(A2) +7(By),

. AsAy AxCi 4 CoBy
0 By By

) =r(A2A1) + (B2 By1).

If any of the above condition is satisfied, then the general solution to (5.51) can be expressed as

X, = AlC) + UyBy + La, Wi,
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Xy = —Ra,C1 Bl + AU, 4+ ViRp,,

X3 = *R(AQAI)(CQ + AQRAlCLBir - A2V1R31)B; + Ao AWy + W5RB2,

where
Vi = Al,C11 B, + La,, Wa + WsRp,,,
Ui = (A2A1)1(Co + AR, C1 B} — AsViRp,) + WaBo + L, 4,)We,
and Wy, ..., Ws are arbitrary matrices over H with appropriate sizes.

Using the similar method, we can extend Lemma 5.1 to H. For simplicity, put

(5.52) A1 = Ra,a)A2, Bu =R Lp,, Cii= R(A2A1)(A2RAlclBI + C3)Lp,,
(5.53) Ay = (BiL(p,p,))¢, Boo = (Ra,La,)e, Coo = —[Ra,(C1+ AYC2Lp, B1)L(p,5,)e:
(5.54) Asy = (4241, (Rp,)s), Bss = Rp,, Rp, B,

(555) C33 = — [CQB; —+ AQ(Cl + A;CQLBQBl)(BQBl)T]¢ + ]%(AZAI)(142]‘%,416’131L +Cy — AQAIICHBLRBl)B;,
(556) A= RA33A11’ B = B33(RA33)¢7 C= RA33 (R(BzBl))ti” D= (RA33A2)¢7

(5.57) E = Ru,,Cs3(Ras)s, M =RsC, N=DLp, S§=CLy.

Then we have the following theorem with two solvability conditions and the general solution to (1.4).

THEOREM 5.2. Let A;, B;, and C; (i = 1,2) be given matrices over H. Then the following statements
are equivalent:

(1) The mized pairs of quaternion matriz Sylvester equations (1.4) has a solution (X,Y, Z).
(2)

(5.58) r (B'i 0 ) =r(A;) +r(B:), i=1,2,
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AsAy  AxCh + 2B
(5.59) r( 20 v 232312 1) = r(A241) 4 r(B2By),
B2)AsCy + (Ba)sCaBy — (C2)BaBy  (Ba)sAsA
(5.60) T(( 2)pA2C1 + (B2)sCaB1 = (C2)g BaBr - (B2)oAs 1) =1((B2)pA241) +7((A2)¢B2B1),
(A2)¢B2 By 0

B3B1)$A2C B3B1)$C2A1 — (C2B1)gA2A1 — (B2C1)gA2A B2B1)¢A2A
(5.61)1”((2 1oA2C1 + (B2B1)gCaAr — (C2B1)g Az A1 — (BaCh)s Az A1 (BaBi)gAs 1>_2r((A2A1)¢BQBl)7

(B2)yC2 — (C2) B2 (Bz)¢f42)

5.62 r =2r((A3)4B2).

(5:62) (P ) ((43)052)
(3)

(5.63) Ra,CiLp, =0, R4,,C11 =0, Culg, =0,

(5.64) RyRAE =0, RcELp=0, RAELp =0.

The general solution to (1.4) can be expressed as

X; + (X X5+ (X X3+ (X

(5.65) x= 0t Xy y Xot (Xa)y Z—7,— 3+ (Xo)o.
2 2 2

where
(5.66) X, = AlCy, + U By 4 La, Wy,
(5.67) Xy = —Ra,C1B] + AUy + ViRp,,
(5.68) X, = (ALCoLp,) g + (Ba)gUs + Va(L a,) s,
(5.69) X5 = [Al(Cy + AYCsLp, By + La,(Va)B1)L(p,5,)le — (B2B1)sTs + T5(La, ),
(570) X3 = _R(AQAl)(C2 + AQRAlclBI — 142‘/1R31).B;r + A AWy + W5R52,
or
(5.71) X3 = —(C2B])¢ + Ua(As)s — (Rp,)sTh,

(5.72) Vi = Al C11Bl, + La, W + WsRp,,,
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(5.73) Uy = (A24,)7(Cy + AR, C1 Bl — AyViRp,) + W4Bs + La,4)We,
(5.74) Va = A},CosBYy + Ly, To + T3 R,
(5.75) Up = —[(Cy + ALCaLp, By + La,(Va)sB1)(B2B1) s — Ta(A1) — (R(p,5,))6 T,
(5.76) Wi = (Ip,, 0)[Al;(Css — A11W3sBss — (R(p,5,))6T6(As2)s) — ALy Z7(As3)s + Lay, Zs),
(5.77) Ty = (0, Ip,)[Al;(Css — AiWsBss — (R(5,5,))eT6(A2)p) — Als Z7(Ass)s + Lag, Zo),
(5.78) Ty = [Rag;(Css — A1 WsBss — (R(p,5,))6T6(A2)s)(Alg)s + Ass Al Z7 + Zs(Lagy)g) (Igl> :
(5.79) W5 = [Ras;(Cas — A1iWaBss — (R(p,5y))0T6(A2)e) (Als)e + Ass Aly Z7 + Zs(Lagy ) o) <122> :

(5.80) Wy =A"EB' — ATCMTEBT — ATSCTENTDBY — A'SZ,RNDBT + LsZy + Z3Rp,

(5.81) Ts = MTEDY + STSCTENT + LyyLsZs + Ly Z1Ry + ZsRp,

and the remaining W;,T;, Z; are arbitrary matrices over H, p1 is the column number of A1, p2 is the row
number of Bs.

Proof. The proof is similar to that for Theorem 4.5. It can be shown that (1.4) has a solution (X,Y, Z)
if and only if the following system of quaternion matrix equations

A Xy - XoBy =C,

Ay Xy — X3By = Cs,
(B2)g X3 — Xa(A2)g = —(C2)g,
(B1)pXa — X5(A1)p = —(Ch)g

(5.82)

has a solution. ]
REMARK 5.3. We can also give some solvability conditions and general solution to the following system

of quaternion matrix equations

{ A X —YB;, =y,

X=X
A)Y — ZBsy = Cs, ¢

by taking ¢ to the first and second matrix equations in (1.4).
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Based on Remark 4.7, we can also give two examples with respect to the two special cases.

ExaMPLE 5.4. Given the quaternion matrices:
2i+j+k —-14j—-k j
Ay =|—2-j+k —i+j+k k |,
24+i+2j -14i-2k j—k

i+2j+3k i 1+k
Bi=|1+i+3j+3k i+k 2+j+k]|,
1+j k 1+]

14k i+j-k i+2j+k
Ap=|i-j —14j+k -1-j+2k|,
2+2k 2i+2j—2k 2i+4j+2k

i+2j+k 1+j—k —1+]

B2: -1 i+,] —i ’
1+j -i+k i
2 — 9i — 4j —3—j+6k —3—i—j—6k
Ci=|6-6i—7j—8k —-3-T7i—4j—-3k —2—Ti+2j ,
5 — 6i — 8j + 5k 3i + 8k —245i —10j — 9k
5+ 3i—j —7—5i —5 4 6i 4+ 2j + 4k
Co=|-5+i—-8—3k 1—-6i—j+4k —2-T7i—8j+3k

34+7i+j+5k —-9-Ti+6j—k —1445i+5j+9k

Direct computations yield

C; A\ [ 3, ifi=1,
T(Bi o)‘r(Ai)”(BZ)_{zL, if i =2,

A Ay AxCr+ O3B

By AyCy + (Bo)*CoBy — (Co)* By By (Ba)i* A5 A y iy
r(( SR EAjij*BjBi (P (B s 1>r(<Bg>J AsAr) +1((A2)7 ByBy) =2,

r (BQBl)j*AQCl + (B2Bl)j*02A1 - (CQBl)j*A2A1 — (BQCl)j*AZAl (BQBl)j*AZAl
(A2A1)¥* B2 By 0

= 2T((A2A1)j*BQBl) = 2,
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(B2)i*Cy — (C2)* By (Bs)i*As\ )
" ( (A2)¥* By 0 ) =2r((A2)"By) = 2.

All the rank equalities in (5.58)—(5.62) hold. Hence, (1.4) has a solution (X,Y, Z), where Z is j-Hermitian
It is easy to show that

i+2j)  1+j+2k i
X = -1 j 1+k |,
—1+i+2k 1 1+1i+ 3
2 -k —1+92j i+j+k
Y= [1+i+j+k 1 j ,
1—i+j 2j  1+2j+k

and

1+i+k 2+j i
Z=z"= 2-j i 0

i 0 k
satisfy (1.4).
EXAMPLE 5.5. Let

2i+j 14+k 2-i 1+i+3k j 1
A = .. .|, Bi= . )
24k i—-j 142 0 1+2j k

A2<1+1+k 21+k>’ B2<1+21+J+k 1+_]k>’

14i-j 2—j —24+i-j+k i+j+k

o (~l-Bi+it2k Si-dj-k  —1+3j-k
T 2i-3j-2k —7-Ti-k —-1-i+j+k/)’

o (1-4+105 45k 1—i-j+4k
> \-3-204+7j+4k —8i—2j+3k/’
Now we consider (1.4), where Z = Z 20+ Direct computations yield

AN L. L3, ifi=1,
r(Bi 0)—7"(141)"‘7"(31)—{ 5 ifi—2

As Ay AxC1 4+ CsB

(A2)§<j+k)*3231

, ((Bz)?(ﬁk)*AzCH + (Bz)g(j+k)*C2B1 - (02)§U+k)*3231 (Bz)\f(Hk)*AQz‘h)
0

V2 s « V2 s «
=r((B2) 2 U" 45 41) +r((4A2) 2 99" B, By) =0,
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V3 s
Q BB, )5 0+k)* A, 4 E s

241) 2 21
, <(32)¢2§(j+k)*02 — (Co) BB, (By) Rtk 4,

V3 (5
= 9r((As) T GHk)x By —
(Ay) R+, 0 ) (s ) =0,

where
Q= (B2B1) 2 9% 4,0 + (BaBy) T 0T oAy — (C2By1) T 0T9% A5 Ay — (BoCy) T GT9% 4,4,

All the rank equalities in (5.58)—(5.62) hold. Hence, (1.4) has a solution (X,Y, Z), where Z = 72+,
It is easy to show that

i+j+2k 2+2j+k -1
X = 1-k —1-2j i+j ,
1+i+j+k 1+k —1+i+j

v (1Hit2i-k 1+2i+k
B k 1 ’

and

V2 (k) i+j—k J
7 — 75 (tk)x _
’ k14252

satisfy (1.4).

6. Conclusions. We have derived some practical necessary and sufficient conditions for the existence
of a solution (X,Y, Z) (with a ¢-Hermitian Z) to the mixed pairs of quaternion matrix Sylvester equations
(1.3) and (1.4) and presented general solutions to (1.3) and (1.4) when they are solvable. Moreover, some
numerical examples have been provided.

A more challenging problem is to give the solvability conditions and general solutions to the mixed pairs
of quaternion matrix Sylvester equations (1.3) and (1.4), where all of the unknowns X,Y, Z are ¢-Hermitian.
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